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Abstract

In this paper we set up a representation theorem for tracial gauge norms on finite von Neumann algebras
satisfying the weak Dixmier property in terms of Ky Fan norms. Examples of tracial gauge norms on finite
von Neumann algebras satisfying the weak Dixmier property include unitarily invariant norms on finite
factors (type 1I; factors and M, (C)) and symmetric gauge norms on L°°[0, 1] and C". As the first appli-
cation, we obtain that the class of unitarily invariant norms on a type Il factor coincides with the class of
symmetric gauge norms on L°°[0, 1] and von Neumann’s classical result [J. von Neumann, Some matrix-
inequalities and metrization of matrix-space, Tomsk. Univ. Rev. 1 (1937) 286-300] on unitarily invariant
norms on M, (C). As the second application, Ky Fan’s dominance theorem [Ky Fan, Maximum properties
and inequalities for the eigenvalues of completely continuous operators, Proc. Natl. Acad. Sci. USA 37
(1951) 760-766] is obtained for finite von Neumann algebras satisfying the weak Dixmier property. As the
third application, some classical results in non-commutative L?-theory (e.g., non-commutative Holder’s in-
equality, duality and reflexivity of non-commutative L”-spaces) are obtained for general unitarily invariant
norms on finite factors. We also investigate the extreme points of 91(M), the convex compact set (in the
pointwise weak topology) of normalized unitarily invariant norms (the norm of the identity operator is 1)
on a finite factor M. We obtain all extreme points of 91(M;(C)) and some extreme points of (M, (C))
(n > 3). For a type II; factor M, we prove that if ¢ (0 < ¢ < 1) is a rational number then the Ky Fan ¢th
norm is an extreme point of S1(M).
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1. Introduction

The unitarily invariant norms were introduced by von Neumann [21] for the purpose of
metrizing matrix spaces. Von Neumann, together with his associates, established that the class
of unitarily invariant norms of n x n complex matrices coincides with the class of symmet-
ric gauge functions of their s-numbers. These norms have now been variously generalized and
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utilized in several contexts. For example, Schatten [17,18] defined norms on two-sided ideals
of completely continuous operators on an arbitrary Hilbert space; Ky Fan [13] studied Ky Fan
norms and obtained his dominance theorem. The unitarily invariant norms play a crucial role in
the study of function spaces and group representations (see e.g. [12]) and in obtaining certain
bounds of importance in quantum field theory (see [20]). For historical perspectives and surveys
of unitarily invariant norms, see Schatten [17,18], Hewitt and Ross [9], Gohberg and Krein [7]
and Simon [20].

The theory of non-commutative L”-spaces has been developed under the name ‘“non-
commutative integration" beginning with pioneer work of Segal, Dixmier, and Kunze. Since
then the theory has been extensively studied, extended and applied by Nelson, Haagerup, Fack,
Kosaki, Junge, Xu, and many others. The recent survey by Pisier and Xu [15] presents a rather
complete picture on non-commutative integration and contains a lot of references. This theory
is still a very active subject of investigation. Some tools in the study of the usual commu-
tative LP-spaces still work in the non-commutative setting. However, most of the time, new
techniques must be invented. To illustrate the difficulties one may encounter in studying the non-
commutative L”-spaces, we mention here one basic well-known fact. Let H be a complex Hilbert
space, and let B(H) denote the algebra of all bounded linear operators on H. The basic fact states
that the usual triangle inequality for the absolute values of complex numbers is no longer valid for
the absolute values of operators, namely, in general, we do not have |[S+T'| < |S|+|T|for S, T €
B(H), where |S| = (5*S)!/2 is the absolute value of S. Despite such difficulties, by now the
strong parallelism between non-commutative and classical Lebesgue integration is well known.

Motivated by von Neumann’s theorem and the analogies between non-commutative and clas-
sical L?-spaces, in this paper, we will systematically study tracial gauge norms on finite von
Neumann algebras that satisfy the weak Dixmier property. Before stating the main theorem and
its consequences, we explain some of the notation and terminology that will be used throughout
the paper.

In this paper, a finite von Neumann algebra (M, ) means a von Neumann algebra M with
a faithful normal tracial state t. A finite von Neumann algebra (M, t) is said to satisfy the
weak Dixmier property if for every positive operator T € M, t(T) is in the operator norm
closure of the convex hull of {S € M: S and T are equi-measurable, i.e., ($") = 7(T") for all
n=0,1,2,...}. Recall that finite factors satisfy the Dixmier property: if T € M, then ©(T) is
in the operator norm closure of the convex hull of {UTU*: U € M is a unitary operator} and
hence satisfy the weak Dixmier property. In Section 3.5, we prove that a finite von Neumann
algebra (M, 7) satisfies the weak Dixmier property if and only if either (M, t) can be identified
as a von Neumann subalgebra of (M,,(C), t,,) that contains all diagonal matrices, where 7, is the
normalized trace on M,,(C), or M is diffuse. Throughout the paper, we will reserve the notation
|| - || for the operator norm on von Neumann algebras.

A tracial gauge norm || - || on a finite von Neumann algebra (M, ) is a norm on M sat-
isfying ||T|| = I|T||l for all T € M (gauge invariant) and [|S]| = ||| if S and T are two
equi-measurable positive operators in M (tracial). For a finite von Neumann algebra (M, ),
let Aut(M, ) be the set of x-automorphisms on M that preserve the trace. A symmetric
gauge norm || - || on a finite von Neumann algebra (M, ) is a gauge norm on M satisfying
II6(T)HIl = IIT || for all positive operators T € M and 6 € Aut(M, t). A unitarily invariant norm
[l - Il on a finite von Neumann algebra (M, t) is a norm on M satisfying |[UT W|| = || T]|
for all T € M and unitary operators U, W in M. On (L°[0, 1], fol dx) and (C", 1), where
T((x1,...,xp)) = )”JFIIA a norm is a tracial gauge norm if and only if it is a symmetric gauge
norm. A norm on a finite factor is a tracial gauge norm if and only if it is a unitarily invariant
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norm. A normalized norm is one that assigns the value 1 to the identity operator (which is also
denoted by 1).

In [5], Fack and Kosaki defined s (T'), the generalized s-numbers of an operator T in a finite
von Neumann algebra (M, 7) by

us(T) =inf{||TE||: E is a projection in M with 7(1 — E) < s}, 0<s <.

For 0 < t < 1, the Ky Fan tth norm, ||T ||(), on a finite von Neumann algebra (M, 7) is defined
by

t
1
Tl = " / ws(T)ds.
0
Then || - [l is a tracial gauge norm on (M, 7). Note that || T'||(1y =t (|T|) = IT |1 is the trace

norm.
LetneN, a1 >2a 2+ 2ay 2 aypy1 =0 and f(x) Zal)([o)l)(x) +02X[1y2)(x) + -+

anx[u’l](x). For T € M, define ||T || f = fol f(s)us(T)ds. Then

 k(ax — ag41)
— Qi+
Il =Y ————WTll)
k=1

Therefore, ||| f is a tracial gauge norm on (M, 7). Note that if f(x) is the constant 1 function
on [0, 1], then [Tl = T lqy = T 1 = =(T]).

Let F={f(x)= alX[o,%)(x) + aZX[nl,%)(x) +-+ anX[nn;l,]](x): ayzayz---zay 20,
W <1, n=1,2,...}. In Section 7, we prove the following representation theorem, which
is the main result of this paper.

Theorem A. Let (M, ) be a finite von Neumann algebra satisfying the weak Dixmier property.
If |l - |l is @ normalized tracial gauge norm on M, then there is a subset F' of F containing the
constant 1 function on [0, 1] such that for every T € M,

T =sup{liTlls: feF},
where ||T|| ¢ is defined as above.

To prove Theorem A, we firstly prove the following technical theorem in Section 4.
Theorem B. Let (M, 1) be a finite von Neumann algebra satisfying the weak Dixmier property
and let || - || be a tracial gauge norm on M. Then M .y ={T € M: ||T|| < 1} is closed in the
weak operator topology.

The Russo-Dye theorem [16] and the Kadison—Peterson theorem [10] on convex hulls of

unitary operators in von Neumann algebras and the idea of Dixmier’s averaging theorem [2] play
fundamental roles in the proof of Theorem B. An important consequence of Theorem B is the
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following corollary which enables us to apply the powerful techniques of normal conditional
expectations from finite von Neumann algebras to abelian von Neumann subalgebras.

Corollary 1. Let (M, 1) be a finite von Neumann algebra satisfying the weak Dixmier property
and let || - || be a tracial gauge norm on M. If A is a separable abelian von Neumann subal-
gebra of M and E 4 is the normal conditional expectation from M onto A preserving t, then
NEADI < Tl for all T € M.

The notion of dual norms plays a key role in the proof of Theorem A. Let || - || be a norm on
a finite von Neumann algebra (M, 7). Then the dual norm || - ||* is defined by

NI =supf{|z(TX)|: X e M, IXI <1}, T eM.

In Section 5, we study the dual norms systematically. By applying Corollary 1 and careful anal-
ysis, we prove the following theorem.

Theorem C. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier property
and || - || be a tracial gauge norm on M. Then || - ||* is also a tracial gauge norm on M and

I 17 = - -

Combining Corollary 1, Theorem C and the following theorem on non-increasing rearrange-
ments of functions (see [8, 10.13] for instance), we prove Theorem A in Section 7.

Hardy-Littlewood-Pdlya. Let f(x), g(x) be non-negative Lebesgue measurable functions on
[0, 1] and let f*(x), g*(x) be the non-increasing rearrangements of f(x), g(x), respectively,

then fol f(x)g(x)dx <f01 F*(x)g*(x)dx.

Now we state some important consequences of Theorem A. Since there is a natural one-to-one
correspondence between Ky Fan 7th norms on finite von Neumann algebras (satisfying the weak
Dixmier property) and Ky Fan ¢th norms on (L°°[0, 1], fol dx) or (C", ), the first application of
Theorem A is the following.

Theorem D. Let (M, t) be a diffuse finite von Neumann algebra (or a von Neumann subalgebra
of M,(C), T = t,|zm, such that M contains all diagonal matrices). Then there is a one-to-
one correspondence between tracial gauge norms on (M, t) and symmetric gauge norms on
(L°°[0, 17, fol dx) (or (C", "), /((x1,...,%x,)) = xﬁ'nﬂ respectively). Namely:

L. If I - l is a tracial gauge norm on (M, t) and 0 is an embedding from (L°°[0, 1], fol dx)

into (M, t) (or x1 ® -+ & x,, is the diagonal matrix with diagonal elements xi, ..., xy,
respectively), then || f ()" = IO(f )| defines a symmetric gauge norm on (L*°[0, 1],
fol dx) (or ||(x1, ..., x)Il' = llx1 ® - - - ® x, || defines a symmetric gauge norm on (C", t'),
respectively).

2. If I - I is @ symmetric gauge norm on (L°°[0, 1], fol dx) (or (C", 1) respectively), then
NT I = Mlees (TN Cor NTN = W(s1(T), ..., sa (T, respectively) defines a tracial gauge
norm on (M, 1).
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As consequences of Theorem D, we have the following corollary and von Neumann’s theo-
rem.

Corollary 2. There is a one-to-one correspondence between unitarily invariant norms on a
type 11y factor (M, t) and symmetric gauge norms on (L*°[0, 1], fol dx). Namely:

1. If |l - |l is a unitarily invariant norm on M and 6 is an embedding from (L*°[0, 1], fol dx) into
(M, 1), then || f X)|I' = IO (f (x)) || defines a symmetric gauge norm on (L*°[0, 1], fol dx).

2. If |l - I is a symmetric gauge norm on (L*°[0, 1], fol dx), then ||T|| = s (T defines a
unitarily invariant norm on M.

Von Neumann. There is a one-to-one correspondence between unitarily invariant norms on
M, (C) and symmetric gauge norms on (C", 1), t((x1,...,x,)) = w Namely:

L. If I - Il is @ unitarily invariant norm on M, (C), then ||(x1,...,x )’ = llx1 @ --- & xull
defines a symmetric gauge norm on (C", ).

2. If |l - I is a symmetric gauge norm on (C", 1), then ||T || = |(s1(T), ..., su (T)|| defines a
unitarily invariant norm on M, (C).

Theorem D establishes the one-to-one correspondence between tracial gauge norms on finite
von Neumann algebras satisfying the weak Dixmier property and symmetric gauge norms on
abelian von Neumann algebras. The following theorem further establishes the one-to-one corre-
spondence between the dual norms on finite von Neumann algebras satisfying the weak Dixmier
property and the dual norms on abelian von Neumann algebras, which plays a key role in the
studying of duality and reflexivity of the completion of type II; factors with respect to unitarily
invariant norms.

Theorem E. Let (M, 1) be a diffuse finite von Neumann algebra (or a von Neumann subalgebra
of My, (C), t = 1| M, such that M contains all diagonal matrices). If || - || is a tracial gauge
norm on (M, t) corresponding to the symmetric gauge norm || - || on (L*°[0, 1], fol dx) (or
(C", t'), respectively) as in Theorem D, then || - ||¥ on M is the tracial gauge norm correspond-
ing to the symmetric gauge norm || - |||#f on (L*°[0, 1], fol dx) (or (C",1"), respectively) as in
Theorem D.

The second consequence of Theorem A is the following theorem.
Theorem F. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier property
and S, T € M.If ISy < T lllr) for all Ky Fan t-th norms, 0 <t < 1, then ||S|| < | T|| for all
tracial gauge norms || - || on M.

As a corollary, we obtain the following
Ky Fan’s dominance theorem. (See [13].) If S,T € M,(C) and ||Sllx/n)y < WT llk/ny i-e.,

ZLI si (S) < ZL] si(T) for 1 <k < n, then ||S|| < IT || for all unitarily invariant norms ||| - ||
on M, (C).
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A unitarily invariant norm || - || on a type II; factor M is called singular if lim;g)— o4+ | E|l
> 0 and continuous if lim; gy, o4 || E|| = 0. The following theorem is proved in Section 11.

Theorem G. Let || - || be a unitarily invariant norm on M and let T be the topology induced by
- on My ={T e M: IT| <1} If |l - |l is singular, then T is the operator norm topology
on My .- If I - I is continuous, then T is the measure topology (in the sense of Nelson [14])
on My |-

Let M be a type II; factor and let || - || be a unitarily invariant norm on M. We denote by
M. the completion of M with respect to ||| - [|. Let M be the completion of M with respect
to the measure topology in the sense of Nelson [14]. In Section 12, we prove that there is an
injective map from /\m into M that extends the identity map from M onto M. An element
in M can be identified with a closed, densely defined operator affiliated with M (see [14]). So
generally speaking, an element in M. should be treated as an unbounded operator. We will
consider the following two questions in Section 13:

Question 1. Under what conditions is M.+ the dual space of M. in the following sense: for

every ¢ € M. ¥, there is a unique X € M+ such that
¢(T)=t(TX), VT eMyy,
and [lp] = ITI?

Question 2. Under what conditions is M .| a reflexive Banach space?

Let || - I be the symmetric gauge norm on (L*°[0, 1], fol dx) corresponding to || - || on M

as in Corollary 2. Then the same questions can be asked about L°[0, 1]y, , the completion of
L®°[0, 1] with respect to ||| - [ll1.

As further consequences of Theorem A, we prove the following theorems that answer the
Questions 1 and 2, respectively.

Theorem H. Let M be a type 11y factor, || - || be a unitarily invariant norm on M and
Il - II* be the dual unitarily invariant norm on M. Let || - || be the symmetric gauge norm on

(L°°[0, 11, fol dx) corresponding to || - ||| on M as in Corollary 2. Then the following conditions
are equivalent:

L. M # is the dual space of M. in the sense of Question 1;
2. L*°[0, 1]“|4|”¢1@¢ is the dual space of L*°[0, 1]}y, in the sense of Question 1;
3. I - Il is a continuous norm on M,

4. I - Il is a continuous norm on L*°[0, 1].
Theorem 1. Let M be a type 11} factor, || - || be a unitarily invariant norm on M and let
Il - II* be the dual unitarily invariant norm on M. Let || - || be the symmetric gauge norm on

(L°°[0, 11, fol dx) corresponding to || - || on M as in Corollary 2. Then the following conditions
are equivalent:
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1. My is a reflexive space;
2. L®[0, 11y, is a reflexive space;

3. both || - || and || - |* are continuous norms on M;
4. both ||| - |l and || - |||¢1F are continuous norms on L*°[0, 1].
A key step to proving Theorem H is based on the following fact: if || - ||| is a continuous

unitarily invariant norm on M and ¢ € ./\m # then the restriction of ¢ to M is an ultraweakly
continuous linear functional, i.e., ¢ is in the predual space of M. A significant advantage of
our approach is that we develop a relatively complete theory of unitarily invariant norms on
type II; factors before handling unbounded operators. Indeed, unbounded operators are slightly
involved only in the last two sections (Sections 12 and 13). Compared with the classical methods
(e.g., [19]), which have to do a lot of subtle analysis on unbounded operators, our methods are
much simpler.

Let M be a finite factor. Recall that a norm ||| - || on M is called a normalized norm if
11| = 1. Let 91(M) be the set of normalized unitarily invariant norms on M. Then (M) is
a convex compact set in the pointwise weak topology. Let 91.(M) be the set of extreme points
of 91(M). By the Krein—Milman theorem, 91(M) is the closure of the convex hull of 91 (M)
in the pointwise weak topology. So it is an interesting question of characterizing the set 1. (M).
In Section 10, we prove the following theorems.

Theorem J. N (M2(C)) = {max{t||T'(|, I TlI1}: 1/2 <t <1}, where | T|l1 = ©2(IT)).

Theorem K. If M is a type 11| factor and t is a rational number such that 0 < t < 1, then the
Ky Fan tth norm is an extreme point of Y(M).

This paper is almost self-contained and we do not assume any backgrounds on non-
commutative L?-theory.

2. Preliminaries
2.1. Nonincreasing rearrangements of functions

Throughout this paper, we denote by m the Lebesgue measure on [0, 1]. In the following,
a measurable function and a measurable set mean a Lebesgue measurable function and a
Lebesgue measurable set, respectively. For two measurable sets A and B, A = B means
m((A\ B)U(B\ A))=0.

Let f(x) be areal measurable function on [0, 1]. The non-increasing rearrangement function,
f*(x), of f(x) is defined by

f*(x) _ {SUP{)’I M({f > y}) >x}, 0<x<1; .

essinf f, x=1.
We summarize some useful properties of f*(x) in the following proposition.

Proposition 2.1. Let f(x), g(x) be real measurable functions on [0, 1]. Then we have the fol-
lowing:
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1. f*(x) is a non-increasing, right-continuous function on [0, 1] such that f*(0) =esssup f;

2. if f(x) and g(x) are bounded functions and fol f*x)dx = fol g"(x)dx for all n =
0,1,2,..., then f*(x) = g*(x);

3. f(x)and f*(x) are equi-measurable and fol fx)dx = fol f*(x) dx when either integral is
well defined.

2.2. Invertible measure-preserving transformations on [0, 1]

Let & = {¢: ¢(x) is an invertible measure-preserving transformation on [0, 1]}. It is well
known that & acts on [0, 1] ergodically (see [6, pp. 3, 4], for instance), i.e., for a measurable
subset A of [0, 1], ¢(A) = A for all ¢ € & implies that m(A) =0 or m(A) = 1.

Lemma 2.2. Let A, B be two measurable subsets of [0, 1] such that m(A) = m(B). Then there
isa ¢ € ® such that ¢ (A) = B.

Proof. We can assume that m(A) = m(B) > 0. Since & acts ergodically on [0, 1], there is a
¢ € & such thatm(¢(A)NB) > 0.Let By =¢(A)NBand A = ¢~ ' (B;). Thenm(A) =m(B))
and ¢ (A1) = B;. By Zorn’s lemma and maximality arguments, we prove the lemma. 0O

Corollary 2.3. Let A1, ..., A, and By, ..., B, be disjoint measurable subsets of [0, 1] such that
m(Ay) =m(By) for 1 <k < n. Then there is a ¢ € & such that ¢ (Ag) = By for 1 <k < n.

Proof. We can assume that AjU---UA, =B U---UB, =[0, 1]. By Lemma 2.2, there is a
¢r € & such that ¢r(Ar) = By, 1 <k < n. Define ¢p(x) = ¢ (x) for x € Ag. Then ¢ € & and
¢(Ay) =By forl <k<n. O

For f(x) € L*°[0, 1], define 7(f) = fol f(x)dx. The following theorem is a version of the
Dixmier’s averaging theorem (see [3] or [11]) and it has a similar proof.

Theorem 2.4. Let f(x) € L*°[0, 1] be a real function. Then t(f) is in the L°°-norm closure of
the convex hull of { f - p(x): ¢ € B}.

We end this subsection with the following proposition.
Proposition 2.5. If ¢ (x) is an invertible measure-preserving transformation on [0, 1], then
0(f)=foo

is a *-automorphism of L°°[0, 1] preserving t. Conversely, if 6 is a x-automorphism of L*°[0, 1]
preserving T, then there is an invertible measure-preserving transformation on [0, 1] such that

O0(f)=fod
forall f(x)e L*[0,1].

Proof. The first part of the proposition is easy to see. Suppose 6 is a x-automorphism of
L*°[0, 1]. Let ¢ (x) = 6(f)(x), where f(x) = x. Then it is easy to see the second part of the
proposition. 0O
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2.3. s-Numbers of operators in type 11 factors

In [5], Fack and Kosaki give a rather complete exposition of generalized s-numbers of
T-measurable operators affiliated with semi-finite von Neumann algebras. For the sake of reader’s
convenience and our purpose, we provide sufficient details on s-numbers of bounded operators
in finite von Neumann algebras in the following. We will define s-numbers of bounded opera-
tors in finite von Neumann algebras from the point of view of non-increasing rearrangement of
functions.

The following lemma is well known. The proof is an easy exercise.

Lemma 2.6. Let (A, t) be a separable (i.e., with separable predual) diffuse abelian von Neu-
mann algebra with a faithful normal trace t on A. Then there is a *-isomorphism o from (A, T)

onto (L®[0, 11, [, dx) such that t = [ dx o a.

Let M be a type I1; factor and let 7 be the unique trace on M. For T € M, there is a separable
diffuse abelian von Neumann subalgebra A of M containing |7'|. By Lemma 2.6, there is a *-iso-
morphism & from (A, 7) onto (L%([0, 1], [} dx) such that = [} dx o . Let f(x) = a(|T])
and f*(x) be the non-increasing rearrangement of f(x) (see (2.1)). Then the s-numbers of T,
ws(T), are defined as

us(Ty=f*@s), 0<s<L
Lemma 2.7. ;3 (T) does not depend on A and .

Proof. Let .4; be another separable diffuse abelian von Neumann subalgebra of M containing
|T| and let B8 be a x-isomorphism from (A1, 7) onto (L*°[0, 1], fol dx) such that T = fol dx - B.
Let g(x) = B(|T]). For every number n = 0,1,2,..., fi f"(x)dx = t(IT|") = [, g"(x)dx.
Since both f(x) and g(x) are bounded positive functions, by 2 of Proposition 2.1, f*(x) = g*(x)
forall x € [0,1]. O

Corollary 2.8. For T € M and p >0, t(IT|?) = [} uy(T)P ds.

The following lemma says that the above definition of s-numbers coincides with the definition
of s-numbers given by Fack and Kosaki. Recall that P (M) is the set of projections in M.

Lemma 2.9. For 0 <s <1,
jus(T) = inf{ | TE||: E e P(M), t(EY) =5).

Proof. By the polar decomposition and the definition of (7)), we may assume that T is pos-
itive. Let A be a separable diffuse abelian von Neumann subalgebra of M containing 7 and
let & be a *-isomorphism from (A, ) onto (L°°[0, 1], fol dx) such that T = fol dx - «a. Let
f(x) =a(T) and let f*(x) be the non-increasing rearrangement of f(x). Then us(T) = f*(s).
By the definition of f*,

. 1
m({f* > /‘LS(T)}) =nli)IIolom<{f* > s (T) + ;}) <
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and
. 1
m({f* 2 n (D)) = nlggom({f* > g (T) — ;}) > 5.

Since f* and f are equi-measurable, m({f > us(T)}) <s and m({f > us(T)}) > s. There-
fore, there is a measurable subset A of [0, 1], {f > us(T)} C [0,1]1\ A C {f > us(T)}, such
that m([0, 1]\ A) = s and || f (x) xa(X)lloo = ps(T) and || f(x)xB () oo = ps(T) for all B C
[0, 1]\ A such that m(B) > 0. Let F =a~'(x4). Then t(FY) =s, |[TF| = o " (fxa) lloo =
ws(T) and || T F'|| > jus(T) for all non-zero subprojections F’ of F--. This proves that (7)) >
inf{|TE|: E € P(M), t(E+) =s). Similarly, for every € > 0, there is a projection F, € M
such that r(Fj) =s+¢€, |[TF| = ps1e(T) and ||TF'|| > psae(T) for all non-zero subpro-
jections F’ of Fj‘. Suppose E € M is a projection such that T(E+) = s. Then t(E A FGJ-) =
T(E)+t(FYH) —t(EVFY)=1+e—t(EV F') >e>0.Hence, |[TE| > |T(EAFH| >
Wse(T). This proves that inf{|TE|: E € P(M), T(EY) =5} > uy4e(T). Since uy (T) is right-
continuous, i (T) < inf{||TE|: E € P(M), t(E1) =5}, O

Corollary 2.10. Let S, T € M. Then s (ST) < ||S||us(T) for s € [0, 1].
We refer to [4,5] for other interesting properties of s-numbers of operators in type II; factors.
2.4. s-Numbers of operators in finite von Neumann algebras

Throughout this paper, a finite von Neumann algebra (M, t) means a finite von Neumann
algebra M with a faithful normal tracial state T. An embedding of a finite von Neumann algebra
(M, 1) into another finite von Neumann algebra (M, 1) means a *-isomorphism « from M
to M such that T = 7| o a. Let (L(F3), T’) be the free group factor with the faithful normal
trace t’. Then the reduced free product von Neumann algebra M| = (M, t) x (L(F), ') is a
type II; factor with a (unique) faithful normal trace 7| such that the restriction of 7; to M is 7.
So every finite von Neumann algebra can be embedded into a type II; factor.

Definition 2.11. Let (M, 7) be a finite von Neumann algebra and 7 € M. If « is an embedding
of (M, ) into a type II; factor (M, t1), then the s-numbers of T are defined as

s (T) = g (a(T)).

Similar to the proof of Lemma 2.7, we can see that u;(T) is well defined, i.e., does not depend
on the choice of o and M.

Let T € (M, (C), 7,,), where 7, is the normalized trace on M, (C). Then |T'| is unitarily equiv-
alent to a diagonal matrix with diagonal elements s;(T) > --- > 5,(T) > 0. In the classical
matrices theory [1,7], s1(T), ..., s,(T) are also called s-numbers of T. It is easy to see that the
relation between g (T) and 51(T), ..., s, (T) is the following

ws(T) = s1(T) x10,1/m)(8) +52(T) X[1/0,2/0) (8) + -+ + 50 (T) X(n—1/n,11(5)- (2.2)

Since no confusions will arise, we will use both s-numbers for matrices in M,,(C). We refer
to [1,7] for other interesting properties of s-numbers of matrices.
We end this section by the following definition.
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Definition 2.12. Positive operators S and 7 in a finite von Neumann algebra (M, t) are equi-
measurable if pug(S) = us(T) for 0 < s < 1.

By 2 of Proposition 2.1 and Corollary 2.8, positive operators S and 7 in a finite von Neumann
algebra (M, 7) are equi-measurable if and only if t(§") =7 (T") foralln =0, 1,2, ....

3. Tracial gauge semi-norms on finite von Neumann algebras satisfying the weak Dixmier
property

3.1. Gauge semi-norms

Definition 3.1. Let (M, 7) be a finite von Neumann algebra. A semi-norm ||| - || on M is called
gauge invariant if for every T € M,

Nz =[i71f-

Lemma 3.2. Let (M, 1) be a finite von Neumann algebra and let || - || be a semi-norm on M.
Then the following conditions are equivalent:

L.l - Il is gauge invariant;
2. I - I is left unitarily invariant, i.e., for every unitary operator U € M and operator T € M,
NoTi =7

3. for operators A, T € M, ||AT|| < ||All - IT|l.

Proof. “3 = 2” and “2 = 1” are easy to see. We only prove “1 = 3.” We need to prove that
if |JA| < 1, then ||AT|| < |IT]I. Since ||A| < 1, there are unitary operators Uy, ..., Uy such
that A = P50 (see [10,16]). Since [U1T| = - = [UT| = |T|, |AT|| = | 5L <
H|U1T”|+'l‘(‘+|||UkT|” <IITN. o©

Corollary 3.3. Let (M, 1) be a finite von Neumann algebra and let || - || be a gauge invariant
semi-norm on M such that ||[TV|| = |IT|| for every unitary operator V. € M and operator
TeM.IFOSSKT, then |IS|I < 1Tl

Proof. Since 0 < § < T, there is an operator A € M such that S = AT A* and || A|| < 1. Similar
to the proof of Lemma 3.2, [|S|I = [JAT A*[| < Al - T - A" < WTH. ©

Definition 3.4. A normalized semi-norm on a finite von Neumann algebra (M, 7) is a semi-norm
Il - Il such that [ 1]| = 1.

By Lemma 3.2, we have the following corollary.

Corollary 3.5. Let (M, t) be a finite von Neumann algebra and let || - || be a normalized gauge
semi-norm on M. Then for every T € M,

N7 < 1171l

A simple operator in a finite von Neumann algebra (M, 7) is an operator T = a1 E| +--- +
anE,, where Ey, ..., E, are projections in M such that E{ +---+ E,, = 1.
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Corollary 3.6. Let (M, t) be a finite von Neumann algebra, || - |1 and || - |2 be two gauge
invariant semi-norms on M. Then || - |1 = Il - ll2 on M if T 1 = T ll2 for all positive simple
operators T € M.

Proof. Without loss of generality, assume [|1[|; = [|1flo = 1. Let T € M be a positive op-
erator. By the spectral decomposition theorem, there is a sequence of positive simple op-
erators 7, € M such that lim,_. |7 — T,|| = 0. By Corollary 3.5, lim, [|T — T,|l1 =
lim, 00 IT — Tyll2 = 0. By the assumption of the corollary, |[|7,|l1 = II7.ll.. Hence,
WTMllv = WT1l2. Since both || - [l and || - [ll2 are gauge invariant, ||| - [ly =l - ll2. O

3.2. Tracial gauge semi-norms

Definition 3.7. Let (M, t) be a finite von Neumann algebra. A semi-norm ||| - || on M is called
tracial if || S|| = || T||| for every two equi-measurable positive operators S, T in M. A semi-norm
Il - Il on M is called a tracial gauge semi-norm if it is both tracial and gauge invariant.

Since for a positive operator 7 in a finite von Neumann algebra (M, 1), |T|| =
limn_mo(t(T”))%, the operator norm || - || is a tracial gauge norm on (M, 7). Another less
obvious example of a tracial gauge norm on (M, 1) is the non-commutative L'-norm: ||T'||; =
t(|T|) = fol ws(T)ds. The less obvious part is to show that || - ||1 satisfies the triangle inequality.
The following lemma overcomes this difficulty.

Lemma 3.8. ||A|| = sup{|t(UA)|: U € U(M)}, where U(M) is the set of unitary operators
in M.

Proof. By the polar decomposition theorem, there is a unitary operator V € M such that A =
V|A|. By the Schwarz inequality, |t(UA)| = |t(UV|A|)| = [t (UV|A|'2|A|V?)| < t(|ADV? -
t(JAD'/? = t(JAl). Hence ||A|l; = sup{|t(UA)|: U e U(M)}. Let U = V*, we obtain [|A||; <
sup{|[t(UA)|: U eUU(M)}. O

Corollary 3.9. |A+ B|; < ||All1 + | Bl

Lemma 3.10. Let (M, t) be a finite von Neumann algebra and let || - || be a gauge invariant
semi-norm on M. Then || - || is tracial if ||S|| = T || for every two equi-measurable positive
simple operators S, T in M.

Proof. We can assume that ||1|| = 1. Let A, B be two equi-measurable positive operators
in M. By the spectral decomposition theorem, there are two sequences of positive simple
operators A,, B, in M such that A, and B, are equi-measurable and lim,_,  ||[A — A,| =
lim,— || B — B, || =0. By Corollary 3.5, lim,,_, o |[A — A, || = lim,— || B — B, || = 0. By the
assumption of the lemma, || A, || = || Bx|l. Hence, [|All = IB]l. O

3.3. Symmetric gauge semi-norms

Definition 3.11. Let (M, ) be a finite von Neumann algebra and let Aut(M, t) be the set of
x-automorphisms on M preserving 7. A semi-norm || - || on M is called symmetric if

oD =TI, YT € M, 6 € Aut(M, 7).
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A semi-norm ||| - || on M is called a symmetric gauge semi-norm if it is both symmetric and
gauge invariant.

Example 3.12. Let M = C" and t(T) = w, where T = (x1,...,x,) € C". Then

Aut(M, 1) is the set of permutations on {1, ..., n}. So a semi-norm || - || on M is a symmetric
gauge semi-norm if and only if for every (x, ..., x,;) € C" and a permutation 7 on {1, ..., n},
Gz = [ (xl, - Beal)
and
s [ = |Gy, - X)) |-
Lemma 3.13. Let (M, ) be a finite von Neumann algebra and let || - || be a semi-norm on M.
If I - I is tracial gauge invariant, then || - ||| is symmetric gauge invariant.

Proof. Let 6 € Aut(M, t) and T € M. We need to prove that [|6(T)|| = ||IT]|. Since |6(T)| =
O(|T|) and || - || is gauge invariant, we can assume that 7 is positive. Since 8 € Aut(M, ),
T and 6(T) are equi-measurable. Hence, ||T|| = [16(T)|l. O

Example 3.14. Let M =C @ M»(C) and t(a ® B) = 5 + #, where 1, is the normalized
trace on M, (C). Define |la & B]| = |a|/2 + 72(|B]). Then || - || is a symmetric gauge norm but
not a tracial gauge norm. Note that 1 & 0 and 0 @ 1 are equi-measurable, but 1/2 = ||1 & O]|| #

o 1) = 1.
Aut(M, t) acts on M ergodically if 6(T) =T for all 8 € Aut(M, t) implies T = Al.

Lemma 3.15. Let (M, 1) be a finite von Neumann algebra and let ||| - || be a semi-norm on M.
If Aut(M, 1) acts on M ergodically, then the following are equivalent:

L. I - |l is a tracial gauge semi-norm;
2. I - Il is a symmetric gauge semi-norm.

Proof. “1 = 2” by Lemma 3.13. We need to prove “2 = 1.” By Corollary 3.6, we need to
prove [|S|| = |IT|| for two equi-measurable simple operators S, 7' in M. Similar to the proof of
Corollary 2.3, there is a 6 € Aut(M, t) such that S =6(T). Hence ||S|| = IT]l. O

Corollary 3.16. A semi-norm on (L*°[0, 1], fol dx) or (C", 1) is a tracial gauge norm if and

only if it is a symmetric gauge norm, where t((x1, ..., Xx,)) = X|+-r-l<+xn'

3.4. Unitarily invariant semi-norms

Definition 3.17. Let (M, ) be a von Neumann algebra. A semi-norm || - || on M is unitarily
invariant if |UT V|| = || T||| for all T € M and unitary operators U, V € M.
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Proposition 3.18. Let || - || be a semi-norm on M. Then the following statements are equivalent:
1. I - Il is unitarily invariant,
2. I - I is gauge invariant and unitarily conjugate invariant, i.e., |UTU*|| = T || for all
T € M and unitary operators U € M,
3. I - I is left-unitarily invariant and || T || = ||T*|| for every T € M,
4. for all operators T, A, B e M, |ATB|| < Al - Tl - || BI|-

Proof. “1 = 4” is similar to the proof of Lemma 3.2. “4 = 3,” “3 = 2.” and “2 = 1" are
routine. O

For a unitary operator U € M, let (T) = UTU*. Then 6 € Aut(M, 7). By Proposition 3.18,
we have the following.

Corollary 3.19. Let (M, t) be a finite von Neumann algebra and let || - || be a symmetric, gauge
invariant semi-norm on M. Then ||| - || is a unitarily invariant semi-norm on M.

Example 3.20. Let M =C", n >2 and t((x1, ..., X;)) = 2552 Define || (x1, ..., x|l =
|x1|. Then || - ||| is a unitarily invariant semi-norm but not a symmetric gauge semi-norm on M.

Lemma 3.21. Let (M, 1) be a finite factor and ||| - || be a semi-norm on M. Then the following
conditions are equivalent:

1. I - Il is a tracial gauge semi-norm;
2. -l is a symmetric gauge semi-norm;
3. I - I is a unitarily invariant semi-norm.

Proof. “1 = 2” by Lemma 3.13 and “2 = 3” by Corollary 3.19. We need to prove “3 = 1.” By
Corollary 3.6, we need to prove ||S|| = [|7||| for two equi-measurable positive simple operators
S, T € M. Suppose S=a1E1+---+ay,E, and T =aF) + --- + a, F,,, where E| + --- +
E,=1land F1 +---+ F, =1 and t(Ey) = t(Fy) for 1 < k < n. Since M is a factor, there is
a unitary operator U € M such that E; = U F, U* for 1 < k < n. Therefore, S = UTU* and
WSi=1uri. o

3.5. Weak Dixmier property

Definition 3.22. A finite von Neumann algebra (M, t) satisfies the weak Dixmier property if
for every positive operator 7' € M, 7(T) is in the operator norm closure of the convex hull of
{SeM: Sand T are equi-measurable}.

A finite factor (M, t) satisfies the Dixmier property (see [2,11]): for every operator T € M,
T(T) is in the operator norm closure of the convex hull of {UTU*: U € U(M)}. Hence finite
factors satisfy the weak Dixmier property. In the following, we will characterize finite von Neu-
mann algebras satisfying the weak Dixmier property.

There is a central projection P in a finite von Neumann algebra (M, t) such that P M is
of type I and (1 — P)M is of type II. A type II von Neumann algebra is diffuse, i.e, there are
no non-zero minimal projections in the von Neumann algebra. Furthermore, there are central
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projections Py, ..., P,,...in M, such that Py +---+ P, +---= P and P, M = A, @ M,,(C),
A, is abelian. We can decompose A, into an atomic part A3 and a diffuse part A¢, i.e., there is
a projection Q, in A,, A2 = Q,A,, such that O, = Ej;1 + Ep2 + -+ -, where Ejx is a minimal
projection in Aj and t(Ex) > 0, and A5, = (1 — Q,) A, is diffuse. Let M, =) o AZ ® M, (C)
and M. =) o As ® M,(C) & (1 — P)M. Then M = M, @ M. We call M, the atomic
part of M and M. the diffuse part of M. A finite von Neumann algebra (M, t) is atomic if
M = M, and is diffuse if M = M_.

Lemma 3.23. Let (M, 1) be a finite-dimensional von Neumann algebra such that for every two
non-zero minimal projections E, F € M, t(E) = t©(F). Then (M, t) satisfies the weak Dixmier
property.

Proof. Since M is finite-dimensional, M = M;, (C) @ - -- @ My, (C). Since t(E) = t(F) for
every two non-zero minimal projections E, F € M, (M, 1) can be embedded into (M,,(C), t,),
where n = k; + --- 4+ k. So we can assume that (M, 7) is a von Neumann subalgebra of
(M,,(C), 1) such that M contains all diagonal matrices a; E| + - - - + a, E,,. Now for every pos-
itive operator T € M, there is a unitary operator U € M suchthat UTU* =a;E1+---+a,E,,

Ej4 E,
ai,...,a,>0and t(T) = 4*F=F Then r(T) = Zalxw bt darmb

Lemma 3.24. Let (M, 1) be a diffuse finite von Neumann algebra. Then (M, t) satisfies the
weak Dixmier property.

Proof. Let A be a separable diffuse abelian von Neumann subalgebra of M. By Lemma 2.6,
there is a *-isomorphism o from (A, 1) onto (L*°[0, 1],f01 dx) such that fol dx - o = 1.
For a positive operator T € M, there is an operator S € A such that «(S) = us(T). Hence
t(T)y=1(S) = fol ws(T)ds. By Theorem 2.4, for any € > 0, there are Sy, ..., S, in A such that

S, 81, ..., S, are equi-measurable and || T(S) — w || < €. Hence (M, t) satisfies the weak
Dixmier property. 0O

Lemma 3.25. Let (M, t) be an atomic finite von Neumann algebra with two minimal projections
E and F in M such that t(E) # t(F). Then (M, 1) does not satisfy the weak Dixmier property.

Proof. Since (M, 7) is an atomic finite von Neumann algebra, M = M, (C) & M, (C) & ---.

Let E;; be minimal projections in My, such that ) E;; = 1. Without loss of generality, assume
that T(Eq11) > t(E21) > t(E31) = ---. Let

k1
where

1 (%)k2+1

(Hk ‘ ($)kaths
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If T) € M and T are equi-measurable, then

1
T]: .'. ®A19

1 k
where A and A are equi-measurable. Hence, if t(7) is in the operator norm closure of the con-
vex hull of {S € M: S and T are equi-measurable}, then 7(7') = 1. This is a contradiction. O

Let (M, 7) be a finite von Neumann algebra and let E € M be a non-zero projection. The
induced finite von Neumann algebra (Mg, tg) is the von Neumann algebra Mg = EME with
a faithful normal trace tg(ETE) = % The proof of the following lemma is similar to the

proof of Lemma 3.25.

Lemma 3.26. Let (M, 1) be a finite von Neumann algebra such that M, # 0 and M. # 0. Then
M does not satisfy the weak Dixmier property.

Proof. Let P be the central projection such that M, = PM and M, = (1 — P)M. Let A
be a separable diffuse abelian von Neumann subalgebra of (M., t1_p). By Lemma 2.6, there
is a positive operator A in M, such that u;(A) = 1%‘ with respect to (M, t1—p). Consider

T =P+ A(1 — P). Then

0<s <t(P);

17
I"LA(T): 1—s g%’ ‘L’(P)SSSI

2t (1=P)

with respect to (M, 7). If T} € M and T are equi-measurable, then 71 = P + A; such that A;
and A are equi-measurable. Hence, if t(7') is in the operator norm closure of the convex hull of
{S e M: Sand T are equi-measurable}, then 7(7) = 1. This is a contradiction. O

Summarizing Lemmas 3.23-3.26, we can characterize finite von Neumann algebras satisfying
the weak Dixmier property as the following theorem.

Theorem 3.27. Let (M, ) be a finite von Neumann algebra. Then M satisfies the weak Dixmier
property if and only if M satisfies one of the following conditions:

1. M is finite-dimensional (hence atomic) and for every two non-zero minimal projections
E.F e M, t(E) =t(F), or equivalently, (M, t) can be identified as a von Neumann sub-
algebra of (M, (C), 1,,) that contains all diagonal matrices;,

2. M is diffuse.

Corollary 3.28. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier prop-
erty and E € M be a non-zero projection. Then (Mg, tg) also satisfies the weak Dixmier

property.

The following example shows that we cannot replace the weak Dixmier property by the
following condition: t(7") is in the operator norm closure of the convex hull of {(T):
0 € Aut(M, 1)}.
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Example 3.29. (C® M>(C), 1), t(a® B) = %a + %rz(B), satisfies the weak Dixmier property.
On the other hand, let T = 162 € C® M>(C). Then for every 6 € Aut(M, t),0(T) = T. Hence,
7(T) is not in the operator norm closure of the convex hull of {6(T): 6 € Aut(M, 1)}.

3.6. A comparison theorem

The following theorem is the main result of this section.

Theorem 3.30. Let (M, 1) be a finite von Neumann algebra satisfying the weak Dixmier prop-
erty. If || - || is @ normalized tracial gauge semi-norm on M, then for all T € M,

1T < W7 < 171
In particular, every tracial gauge semi-norm on M is a norm.

Proof. By Corollary 3.5, ||T|| < ||T|| for every T € M. To prove | T||; < ||IT|l, we can assume
T > 0. Let € > 0. Since (M, 1) satisfies the weak Dixmier property, there are Si, ..., Sg in
M such that T, Sy, ..., Sx are equi-measurable and || t(7T") — wu < €. By Corollary 3.5,
llz(T) = S )| < o(T) — 525 < e Hence [T = [2(T)] < P25 + € <
lIS1 \”+']'{-+|”Sk”| +e=|Tll+e O

By Theorem 3.30 and Lemma 3.21, we have the following corollary.

Corollary 3.31. Let (M, ) be a finite factor and let || - || be a normalized unitarily invariant
norm on M. Then

ITIh <NTN<ITI, VT eM.
In particular, every unitarily invariant semi-norm on a finite factor is a norm.

By Theorem 3.30 and Lemma 3.15, we have the following corollary.

Corollary 3.32. Let || - || be a normalized symmetric gauge semi-norm on (L°°[0, 1], fol dx)
(or (C", 1), where T((x1,...,Xp)) = XH'HJ) Then

ITI <UTW<ITI, YT € L®[0,1] (or C").

In particular, every symmetric gauge semi-norm on (L°°[0, 1], fol dx) (or (C", ©), respectively)
is a norm.

4. Proof of Theorem B
To prove Theorem B, we need the following lemmas.

Lemmad.l. Let Ey, ..., E, be projections in M such that E\+---+ E, =1 and T € M. Then
S=E\TE\+---+ E,TE, is in the convex hull of {UTU*: U € U(M)}.
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Proof. Let T = (7;;) be the matrix with respect to the decomposition 1 = Ej + --- + E,. Let
U=—-E|+ E>+---+ E,. Then simple computation shows that

Tn 0 -+ 0
1 0 T - Ty
E(UTU*—i—T): . o | =E\TEi+(Q—-E)DTA — Ey).
0 Tno -+ Twn

By induction, S = E\TE| +---+ E,TE, is in the convex hull of {UTU*: U e U(M)}. O

Corollary 4.2. Let (M, t) be a finite von Neumann algebra and let ||| - || be a unitarily invariant
normon M. Let E1, ..., E, be projections in M suchthat E{ +---+ E, =1 and T € M and
S=ETE +:-+ E,TE,. Then [|S|I < IT|l.

T(ETE)

=) is the induced trace

Recall that for a (non-zero) finite projection E in M, tg(ETE) =
on Mg =EME.

Lemma 4.3. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier property
and || - || be a tracial gauge norm on M. Suppose T,Ey,...,E, e M, T >0, E;+---+E, = 1.
Then Tl = e, (ExTEV)Ey + - + TE, (En T Ep) En .

Proof. We may assume that ||1]| = 1. Since M satisfies the weak Dixmier property, by Corol-
lary 3.28, (ME;, tg;) also satisfies the weak Dixmier property, 1 <i < n. Let € > 0. There are
operators S;1, ..., Six in Mg, such that E;TE;, S;1, ..., Sk are equi-measurable and

- TEI.(E,'TE,')E,' < €.

Sit+ -+ Sik
k

LetS; =S1;E1+---+8yjEy, 1< j<k.ThenT,Si,...,S, are equi-measurable and

— (te,(EXTENE + -+ + 15, (E, TE,) Ey)

HS1+-~-+Sk -

k

By Corollary 3.5,

Si+-+ S

I k

— (v, (E\TEN)E\ + -+ 15,(E,TE)E, )| < €.

Hence, ||tg, (E\TE)E1+---+71g,(E T E) ELll < |IT ]| +e€. Since € > 0 is arbitrary, we obtain
the lemma. O

Corollary 4.4. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier property
and let || - || be a tracial gauge norm on M. If A is a finite-dimensional abelian von Neumann
subalgebra of M and E 4 is the normal conditional expectation from M onto A preserving T,
then for every T € M, I[EA(D)II < IIT |l
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Proof. Let A={E1,..., E,}" suchthat E| +---+ E, = 1. Then forevery T € M,
EA(T) =1t (EATE)E| +---+ 1, (E,TEy)E,.
By Corollary 4.2 and Lemma 4.3, [EAo (D) < ITl. O

Proof of Theorem B. By Lemma 3.13 and Corollary 3.19, || - || is unitarily invariant. Sup-
pose Ty is a net in M . such that limy, T, = T in the weak operator topology. Let T =
U|T| be the polar decomposition of T. Then limy, U*Ty, = |T| in the weak operator topol-
ogy. Since || - || is unitarily invariant, |[UT|| < 1 and |[|T||| = IT|l. So we may assume
that T > 0 and T, = T,;. By the spectral decomposition theorem and Corollary 3.5, to prove
Tl < 1, we need to prove ||S|| < 1 for every positive simple operator S such that S < T.
Let S=a1E1+---+a,E,and € > 0. Since lim, Ty =T > S, limy E;TyE; = E;TE; > a; E;
for 1 <i < n. Hence, lim, 1g, (E; (Ty + €)E;) > a; + € > a;. So there is a B such that
15, (E1(Tg +€)EE + - + 1g,(Ey(Tg + €)Ey)E, > S. By Lemma 4.3 and Corollary 3.3,
l+e>|Tp+ell Z llt(E1(Tp+€)EDE1 + -+ T(Ex(Tg +€)Ep) Exll 2 ISl Since € > O is
arbitrary, [|S|| < 1. O

Proof of Corollary 1. Since A is a separable abelian von Neumann algebra, there is a sequence
of finite-dimensional abelian von Neumann subalgebras A, such that 4; Cc Ay C--- C A and
A is the closure of | J, A, in the strong operator topology. Let E 4, be the normal conditional
expectation from M onto A, preserving t. Then for every T € M, Eo(T) =1lim, o E 4, (T)
in the strong operator topology. By Theorem B and Corollary 4.4, [EA(T)|| < IT||l. O

In the following we give some other useful corollaries of Theorem B.

Corollary 4.5. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier property
and let || - || be a tracial gauge norm on M. Suppose 0 < T1 < Tr» < --- < T in M such that
lim,,—, o T, = T in the weak operator topology. Then limy,_, oo | T |l = I T ||I.

Proof. By Corollary 3.3, 71| < 172l < --- < ITl. Hence, limy,— o0 [| 7l < IT'[ll. By Theo-
rem B, limy, o0 I Tl Z ITl. O

Corollary 4.6. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier property
and || - Iy and || - l2 be two tracial gauge norms on M. Then ||| - l1 = Il - ll2 on M if IT |1 =
T2 for every operator T = a1E1 + --- + a, E, in M such that a1, ...,a, >0 and t(Ey) =
=B =1n=12,...

Proof. We need only to prove ||T||{ = IT|l> for every positive operator T in M. By Theo-
rem 3.27, M is either a finite-dimensional von Neumann algebra such that t(E) = t(F) for
arbitrary two non-zero minimal projections in M or M is diffuse. If M is a finite-dimensional
von Neumann algebra such that 7(E) = t(F) for arbitrary two non-zero minimal projections
in M, then the corollary is obvious. If M is diffuse, by the spectral decomposition theorem,
there is a sequence of operators 7;, € M satisfying the following conditions:

L.OSKTT < << T,
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2. Th=amEn +- +amEpn, ant, ..., ann 2 0and t(Ey) =+ =t(Epp) = %7
3. lim,_, o T;, = T in the weak operator topology.

By the assumption of the corollary, ||7,[l1 = |7xll2. By Corollary 4.5, |T|l1 =T l2. O

Corollary 4.7. Let M be a type 11| factor and ||| - ||| and || - |2 be two unitarily invariant norms
on M. Then ||-lli =1l ll2 on M if||- It =l - ll2 on all type 1,, subfactors of M, n=1,2,....

5. Ky Fan norms on finite von Neumann algebras

Let (M, 7) be a finite von Neumann algebra and 0 < ¢ < 1. For T € M, define the Ky Fan
tth norm by

i {1 (=0
O LS ug(Tyds, 0<1<1.

Let M| = (M, 1) % (LF,, ') be the reduced free product von Neumann algebra of M and
the free group factor £Lz,. Then M is a type II; factor with a faithful normal trace 71 such that
the restriction of 71 to M is 7. Recall that ¢/(M) is the set of unitary operators in M; and
P(M)) is the set of projections in M.

Lemma 5.1. For 0 <1 < 1, t]|T|l¢y = sup{|ri(UT E)|: U € U(M,), E € P(M)), T1(E) =1},

Proof. We may assume that T is a positive operator. Let 4 be a separable diffuse abelian von
Neumann subalgebra of M containing 7 and let & be a *-isomorphism from (A, t;) onto
(L0, 1], fol dx) such that 1) = fol dx-a.Let f(x) =a(T) andlet f*(x) be the non-increasing
rearrangement of f(x). Then uy(T) = f*(s). By the definition of f*(see (2.1)),

1
m({f*> 1)) =n1ggom({f* > f50) + ;}> <t
and
. 1
m({f* > f*0}) = m@m({f > fr(6) - ;}) "

Since f* and f are equi-measurable, m({f > f*(t)}) <t and m({f > f*(¢)}) > t. Therefore,
there is a measurable subset A of [0, 1], {f > f*(t)} C A C {f = f*()}, such that m(A) =1t.
Since f(x) and f*(x) are equimeasurable, [, f(s)ds = f(; f*(s)ds. Let E' = a~'(xa).
Then ©1(E") = ¢ and ©(TE) = [, f(s)ds = [} f*(s)ds = tl|Tll. Hence, tITll¢) <
sup{|ti(UTE)|: U eUU(M), E € P(M,), 11(E) =t}.

We need to prove that if E is a projectionin My, t{(E) =t,and U e U(M 1), then ¢||T ||l ) =
|71 (UT E)|. By the Schwarz inequality, |t (UT E)| = 1y (EUTY?>TV2E) < 1y (U*EUT)'/? x
T (ET)Y/?. By Corollary 2.8, 7((ET) = /01 ws(ET)ds. By Corollary 2.10, us(ET) <
min{us(T), us(E)||T|}. Note that us(E) =0 for s > t1(E) =t. Hence, 11 (ET) < fot us(T)ds
=1||T||;. Similarly, 7, (U* EUT) < t||T||;. So |ti (UT E)| < t||T||;. This proves that £[| T | ;) >
sup{|ti(UTE)|: U eU(M;), E€ P(M)), t1(E)=t}. O
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Theorem 5.2. For 0 <t < 1, || - ll) is a normalized tracial gauge norm on (M, 7).

Proof. We only prove the triangle inequality, since the other parts are obvious. We may as-
sume that 0 < < 1. Let S, T € M. By Lemma 5.1, ¢[|S + T|l¢:) = sup{lti(U(S + T)E)|: U €
UMy), E e P(My), ti(E) =t} <sup{|ti(USE)|: U elU(My), E e P(My), 11(E) =t} +
sup{|ti(UTE)|: U eU(M1), E € PMy), ti(E) =t} =1lISlly + 1Tl ry- O

Proposition 5.3. Let (M, t) be a finite von Neumann algebra and T € (M, t). Then ||T || is
a non-increasing continuous function on [0, 1].

Proof. Let0 <1t <1 < 1.

n 9}

1 1
L / pTyds = / s (T dis

0 0
= ot s (Tyds — o [2 g (T) ds
= >0
t(ty —11)

Since s (T') is right-continuous, [|T[|(;) is a non-increasing continuous function on [0, 1]. O
Example 5.4. The Ky Fan %th norm of a matrix T € (M,,(C), 1,,) is

s1(T) +--- +5(T)
WM\ = l<k<n.

X )

6. Dual norms of tracial gauge norms on finite von Neumann algebras satisfying the weak
Dixmier property

6.1. Dual norms
Let || - || be a norm on a finite von Neumann algebra (M, 7). For T € M, define
T % = sup{|z(TX)|: X e M, IX]| <1}

When no confusion arises, we simply write || - ||

instead of || - I, -
Lemma 6.1. || - || is a norm on M.

Proof. If T # 0, |||T|||# > (TT*/IIT*|l > 0. It is easy to see that |||AT|||# = |A|- |||T|||# and
N7y + Sl < N7 F + I 720%. ©

Definition 6.2. || - [|* is called the dual norm of || - || on M with respect to .

The next lemma follows directly from the definition of dual norm.
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Lemma 6.3. Let || - || be a norm on a finite von Neumann algebra (M, t) and let || - ||* be the
dual norm on M. Then for S, T € M, |t(ST)| < S|l - ITII*.

The following corollary is a generalization of Holder’s inequality for bounded operators in
finite von Neumann algebras.

Corollary 6.4. Let (M, t) be a finite von Neumann algebra and let ||| - || be a gauge norm on
M. Then for S, T € M, | ST ||y < IISII - 1T II*.

Proof. By Lemma 3.8, ||ST||; = sup{|t(UST)|: U € U(M)}. By Lemmas 6.3 and 3.2,
TS < NUSI-NTIF =Sl - N7i*. o

Proposition 6.5. If ||| - || is a unitarily invariant norm on a finite von Neumann algebra (M, 1),
then || - I* is also a unitarily invariant norm on M.

Proof. Let U be a unitary operator. Then [|[UT||* = sup{|t(UTX)|: X e M, |IX|| < 1} =
sup{|t(TXU)|: X € M, X[ < 1} =sup{|t(TX)|: X e M, IX[| < 1} = [IT|| and [|TU|I* =
sup{[t(TUX)|: X e M, IX|I < 1} =sup{[t(TX)]: X e M, IXII <} =ITll. O

Proposition 6.6. If ||| - || is a symmetric gauge norm on a finite von Neumann algebra (M, 1),
then || - |I* is also a symmetric gauge norm on (M, 7).

Proof. Let 6 € Aut(M, 7). Then [|6(T)||* = sup{|t(@(T)X)|: X € M, ||X]|
sup{|t(@O(TOLCONI: X e M, |IX]| < 1} = sup{[t(TOL(X)]: X € M, |IX]|
sup{lt(TX)|: X e M, IXII <1} =(ITll. O

<1y =
<=
Lemma 6.7. Let (M, ) be a finite von Neumann algebra satisfying the weak Dixmier property
and let || - || be a tracial gauge norm on M. If T € M is a positive operator, then
ITI* =sup{r(TX): X e M, X >0, XT =TX, |IX|I<1}.
Proof. Let A be a separable abelian von Neumann subalgebra of M containing 7 and let E 4
be the normal conditional expectation from M onto A preserving t. For every ¥ € M such that
Y < 1,let X =E4(Y). By Corollary 1, ||| X]||l = Xl < IY || < 1. Furthermore, |7(TY)| =
IT(EATY)| = |t(TEA))| = [t(TX)| < =(T|X]). Hence,
ITI* =sup{z(TX): Xe M, X>0, XT =TX, [|X|I<1}. O
Lemma 6.8. Let (M, 1) be a finite von Neumann algebra satisfying the weak Dixmier property

and let || - || be a tracial gauge norm on M. Suppose T = aE| + - - -+ a, E, is a positive simple
operator in M. Then

T Il = sup{z(TX): X =b1E\+ - +byEy >0and | X||* < 1}

n
=sup| D kbt (EQ): X =b1Ey + -+ by Ey > 0and [IX|I* < 1}.
k=1
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Proof. By Lemma 6.7, ||T||* = sup{|t(TX)|: X e M, X >0, XT =TX, ||X|| <1}. Let
A={E,..., E;}’ and let E 4 be the normal conditional expectation from M onto A pre-
serving 7. Then S =E4(X) =15 (EAXE)E| + -+ + g, (E,XE,) E, is a positive operator,
T(TX)=1t(EATX)) =t(TEA(X)) =t(TS), and ||S|| < IX]|I by Corollary 4.4. Combining
the definition of dual norm, this proves the lemma. O

Corollary 6.9. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier property
and let || - || be a tracial gauge norm on M. Suppose S, T are equi-measurable, positive simple
operators in M. Then || S||* = ||T||*.

Theorem 6.10. Let (M, ©) be a finite von Neumann algebra satisfying the weak Dixmier property
and let || - || be a tracial gauge norm on M. Then || - ||* is also a tracial gauge norm on M.
Furthermore, if ||1|| = 1, then ||1||* = 1.

Proof. By Lemma 3.13, || - || is a symmetric gauge norm on M. By Proposition 6.6, Corol-
lary 6.9 and Lemma 3.10, || - ||* is a tracial gauge norm on M. Note that ||1]| = 1, hence,
¥ > z(1 - 1) = 1. On the other hand, by Theorem 3.30, ||1||* = sup{|t(X)|: X € M,
XN <1} <sup{liX|ll: Xe M, lIXII<}<1. O

Corollary 6.11. Let (M, 7) be a finite von Neumann algebra satisfying the weak Dixmier prop-
erty and let || - || be a tracial gauge norm on M. If N is a von Neumann subalgebra of M
satisfying the weak Dixmier property, then | - |||7V— is the restriction of || - ”P;vt to N.

Proof. Let || - [I1 = || - Il and let || - [|2 be the restriction of || - [|I% ; to V. By Theorem 6.10,
both || - I; and || - |2 are tracial gauge norms on A/. By Lemma 3.6, to prove || - [l1 = || - ll2,
we need to prove ||T||; = || T |2 for every positive simple operator T € A. Let A be a finite-

dimensional abelian von Neumann subalgebra of N containing 7. By Lemma 6.8, |||T|||j*\/l =
TR = 0T W% So Tl =Tz ©

6.2. Dual norms of Ky Fan norms

For (x1,...,x,) € C*, t(x) = % defines a trace on C". For 1 < k < n, the Ky Fan

. Fpotxf . .
fth norm on (C", ) is || (x1, ...,xn)|||(k) = %, where (x, ..., x;) is the decreasing rear-
rangement of (Jxi],..., |xx]). Let T ={(x1, ..., x,) €C": x; > xp 2 X = Xpy1 = =% 20,

A 1} and € be the set of extreme points of T
The proof of the following lemma is an easy exercise.

Lemma 6.12. £ consists of k + 1 points: (k,0,...),(5.5,0,..0, ..., (&, ... 2£5.0,..),
(1,1,...,1) and (0,0, ...,0).

The following lemma is well known. For a proof we refer to [8, 10.2].

Lemma 6.13. Let s1 > 52 > - =5, 2 0and ty, ..., t, 2 0. If t{ > t5 > --- > 17 is the decreas-
ing rearrangement of ty, ..., ty, then sit{ + - 4 suty = s1t] + -+ + Suly.
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Lemma 6.14. For T € (M,,(C), ty,),

k
IT % =maxy =TI, [T -
(5)
n n

Proof. Let |7l = |||T|||?&) and ||l = max{£ T, IT[l1}. Then both || - ||, and [ - || are

n
unitarily invariant norms on M, (C). To prove || - [l1 = || - ll2, we need only to prove ||T||; =
IT > for every positive matrix T in M, (C). We can assume that

S1

Sn
where s, ..., s, are s-numbers of T such that s; > s > --- > s,. By Lemmas 6.8 and 6.13,

n n
E .18t E - 18t
T = supy == =l
n n

:(tl,...,tn)el"}:sup :(tl,...,tn)eé'}.

Note that |T|| =s1 =52 > --- > s, > 0. By Lemma 6.12 and simple computations, ||T||; =
max{&| T[T} = T2 O

The next lemma simply follows from the definition of dual norms.

Lemma 6.15. Let (M, t) be a finite von Neumann algebra and || - ||, Il - 1, Il - l2 be norms on
M such that

W7 <WTN<WTH2, VT eM.

Then

NTws <nrn* < Ty, vrem.
Corollary 6.16. Let (M, t) be a finite von Neumann algebra and || - |1, || - ll2 be equivalent
norms on M. Then ||| - |||*'iE and || - |||§ are equivalent norms on M.

Theorem 6.17. Let M be a type 11} factor and 0 <t < 1. Then

TG, = max{e | TILIT i}, VT € M.

Proof. Firstly, we assume ¢t = % is a rational number. Let N, be a type I,, subfactor of M.
Then the restriction of ||| - [l to N is || - |||(¢). By Lemma 6.14 and Corollary 6.11, |||T|||?t) =
max{t||T]|, || T |1} for T € N;. By Corollary 4.7, |||T|||?t) = max{z||T|, |T]} for all T € M.

Now assume ¢ is an irrational number. Let ¢, » be two rational numbers such that t; <t < 5.
By Lemma 6.15, for every T € M,

max{n | T, IT [} < T W) < max{a T, 1T 11}

Since t; <t < 1y are arbitrary, |||T|||’2;) =max{t|T|, T|:}. O
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6.3. Proof of Theorem C

Lemma 6.18. Let n € N and t be an arbitrary faithful state on C". If || - || is a norm on (C", 1)
and || - ||* is the dual norm with respect to t, then || - || = ||| - ||.

Proof. By Lemma 6.3, ||T||*# = sup{|t (T X)|: X € C", || X|I* < 1} < |IT||. We need to prove
Tl < IIT1*¥. By the Hahn—Banach theorem, there is a continuous linear functional ¢ on C”
with respect to the topology induced by || - [| on C” such that ||T|| = ¢(T) and ||¢|| = 1. Since
all norms on C" induce the same topology, there is an element ¥ € C" such that ¢ (S) = t(SY)
for all § € C". By the definition of dual norm, || Y ||* = ||¢|| = 1. By Lemma 6.3, ||T|| = ¢(T) =
t(TY) <|ITI*. o

Proof of Theorem C. By Theorem 6.10, both || - || and || - || are tracial gauge norms on
M. By Corollary 3.6, to prove || - | = || - ||, we need to prove that ||T|| = || T || for every
positive simple operator T € M. Let A be the abelian von Neumann subalgebra generated by 7.
By Corollary 6.11 and Lemma 6.18, || T | = ITI%{ = ITll. O

7. Proof of Theorem A

Let (M, 7) be a finite von Neumann algebra.

Lemma7.l.LletneN,aj >2ay > > ay, > ayy1 = Oandf(x)zalx[o l)(x)+a2)([l ;)(x)+
ot ap -1 (). For T € M, define

0Tl = [ Foms(rds. .1
Then
n k _
il = 30 S = )y (712)
o ()

Proof. Since t||T ||t = f(; ws(T)ds, summation by parts shows that

1 i 2 1
|||T|||fZ/f(s)ﬂs(T)df=Cl1/Ms(T)dS+612/Ms(T)dS+"'+an/Ms(T)dS
0

0 1 n—1
n n

k
Z (ax — ak+1)|”T”| £>. -

k=1 n

Corollary 7.2. The norm || - || s defined as above is a tracial gauge norm on M and ||1]| f =
fo f(x)dx = M

Lemma 7.3. Let (M, t) be a finite von Neumann algebra satisfying the weak Dixmier property
and let {||| - lo} be a set of tracial gauge norms on (M, t) such that ||1||lq < 1 for all a. For
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every T € M, define

Tl = sup [I7"llle-
o
Then || - || & Vo Il -l is also a tracial gauge norm on (M, 7).
Proof. By Corollary 3.5, ||T|| < ||T'|| is well defined. It is easy to check that || - || is a tracial

gauge normon (M, t). O

Proof of Theorem A. Let
F = {Ms(X): XeM, IXII*<1, X=b1F+---+bF >0,

1
whereF1+---+Fk=1andt(F1)=---=r(Fk)=%, k:l,Z,...}.

For every positive operator X € M such that || X[|* <1, fol Us(X)ds = t(X) = || X1 <
IIX[I* < 1 by Theorem 3.30. Hence ' C F and (1) = x[0.1)(s) € F' by Theorem 6.10. For
T € M, define

N7 =sup{liTlls: feF}

By Corollary 7.2, || - ||’ is a tracial gauge norm on M. To prove that || - |" = || - |ll, by Corollary 4.6,
we need prove that ||T||" = || T ||l for every positive operator T € M suchthat T =a;E; +--- +
anEpand 1(E)) = =t(E,) =+

By Lemma 6.8 and Theorem C,

] n
IT1=supf ~ > axbi: X =b1Ey+--+byEy > 0 and [IX]|* < 1}.
k=1

Note that if X = b E| + --- + b, E, is a positive simple operator in M and [|X[|* < 1
then py(X) € F' and |IT |l x) = fol ws(X)us(T)ds = %ZLI a;by, where {af} and {b})}
are non-increasing rearrangements of {ar} and {by}, respectively. By Lemma 6.13, ||T]| <
sup{liTlls: feF =TI

We need to prove ||T|| > ||T|l’. Let X = by F| + - - - 4+ bg Fx be a positive operator in M such
that Fi+---+Fy=1,t(F))=---=1(Fy) = % and || X||* < 1. We need only prove that ||T'||| >
17 Nl 45 x)- Since (M, T) satisfies the weak Dixmier property, by Theorem 3.27, (M, 1) is either
a von Neumann subalgebra of (M,,(C), t,) that contains all diagonal matrices or M is a diffuse
von Neumann algebra. In either case, we may assume that 7 = alE 4+ +akE,and X =
b1F1+ +b, Fr,whereEl—i— +E _F1+ +F _landt(E)_t(F)_ 1 for1 <i<r,
a =---=a >Oandb1 > 21) /O.LetY_b1E1+ +b E .ThenXandYaretwoeqm-
measurable operators in M and s (X) = s (Y). By Theorem 6.10, [|Y[|* < 1. By Lemma 6.3,

1 1

e -~
([val >r(TY)=;ZEz;bi :/MS(Y)/LS(T)dS://LS(X)MX(T)dS:|”T|”us(X)- O
i=l1

0 0
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Combining Theorem A and Lemma 3.21, we obtain the following corollary.

Corollary 7.4. Let (M, 1) be a finite factor and let || - || be a normalized unitarily invariant
norm on M. Then there is a subset F' of F containing the constant 1 function on [0, 1] such
that for all T € M, |IT|| =sup{lIT|ls: f € F'}.

Combining Theorem A and Lemma 3.15 we obtain the following corollary.

Corollary 7.5. Let || - || be a normalized symmetric gauge norm on (L*°[0, 1], fol dx). Then there
is a subset F' of F containing the constant 1 function on [0, 1] such that for all T € L*°[0, 1],
N7 = sup{liTllls: f€F}.

8. Proof of Theorems D and E

Lemma 8.1. Let 61,0, be two embeddings from (L*°[0, 1], fol dx) into a finite von Neumann
algebra (M, ). If || - || is a tracial gauge norm on M, then |61 ()|l = I62(H)Il for every
f eL™®[0,1].

Proof. If f € L°°[0, 1] is a positive function, then 6 (f) and 6> (f) are equi-measurable opera-
tors in M. Hence [|01 (/) = l62(NIl. O

Proof of Theorem D. We prove Theorem D for diffuse finite von Neumann algebras. The proof
of the atomic case is similar. We may assume that the norms on M or L*°[0, 1] are normalized.
By the definition of Ky Fan norms, there is a one-to-one correspondence between Ky Fan tth
norms on (M, t) and Ky Fan zth norms on (L*°[0, 1], fol dx) as in Theorem D. By Lemma 7.1,
Theorems 3.27 and A, there is a one-to-one correspondence between normalized tracial norms

on (M, t) and normalized symmetric gauge norms on (L*°[0, 1], fol dx) asin Theorem D. O

Example 8.2. For 1 < p < 00, the L?-norm on L*°[0, 1] defined by

(o 1Fo)1P )P,

1
||f(x>||p_:esssup|f|, p =00

is a normalized symmetric gauge norm on (L*°[0, 1], fol dx). By Corollaries 2 and 2.8, the in-
duced norm

T, = T(TIPNVP = (fy lus(DIPds)'/P, 1< p < o0
"L, b oo

is a normalized unitarily invariant norm on a type IIy factor M. The norms {|| - || ,: 1 < p < o0}
are called L?-norms on M.

Corollary 8.3. Let (M, 1) be a finite von Neumann algebra satisfying the weak Dixmier property
and let || - || be a tracial gauge norm on (M, t). If (M, t) can be embedded into a finite factor
(M1, 11), then there is a unitarily invariant norm || - |1 on (My, t1) such that || - || is the
restriction of || - I1 to (M, 7).
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The following example shows that without the weak Dixmier property, Corollary 8.3 may
fail.

Example 8.4. On (C2,7), 7((x,y)) = 1x + %y, let [|(x, )l = Z|x| + 3[y]. It is easy to see
that || - || is a tracial gauge norm on (CZ, 7). Let M be the reduced free product of (CZ, 1)
with the free group factor £(F3). Then M is a type II; factor with a faithful normal trace t;
such that the restriction of 7; to C? is 7. Suppose || - |1 is a unitarily invariant norm on M
such that the restriction of || - || to CZ is || - ||. Let E = (1,0) and F = (0, 1) in C2. Then
T1(E) = t(E) < t(F) = t1(F). So there is a unitary operator U in M such that UEU™* < F.
By Corollary 3.3, § = [|E|| = [|E|l; = lUEU*||; < [IFlly = [|Fl = 5. This is a contradic-
tion.

Proof of Theorem E. Let || - ||2 be the tracial gauge norm on M corresponding to the symmetric

gauge norm || - |||"iE on (L°°[0, 1], fol dx) as in Theorem D. By Lemma 4.6, to prove || - || = || - ||
on M, we need to prove || T |2 = | T||* for every positive simple operator T = a1 Ej + --- +
ay,E, in M suchthat t(E|) =---=1(E,) = % We may assume that a; > --- > a, > 0. Then

s (T) Zalxlo,%)(s) + ... +a”Xl"n;l,ll(S)' By Lemma 6.8,

1 n
I = sup{; > axbi: X =biEy+ -+ by E, > 0and || X||* < 1}.
k=1

By Lemma 6.13,
1 n
|||T|||#=sup{—2akbk: X=biEj++bEy >0, by > >b, >0, |||X|||<1}.
nk:l
By Theorem D and Lemma 6.8,
# 1 o
N7l = [lias (T = supy = > Sawbic: g(s) = baxpg 1) () + -+ + buxazt y(s) >0,
k=1

e < 1}.

By Lemma 6.13,

1 n
W7 M2 = [|us (D] = sup{; D abic () =bixpg 1)(5) + -+ buxgazt () >0,
k=1

bi>-->b, >0,

ol <1}

Note thatif by > --- > b, > 0, then us(b1E1 +---+ b Ey) = le[o,l)(S) + .- +bnx[ﬂ’1](s).
Since || - || is the tracial gauge norm on (M, t) corresponding to the symmetric gauge norm || - [||;
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on (L°[0, 1], fol dx) as in Theorem D, ||b1E1 + - - - + by Ep || < 1 if and only if |||b])([0 l)(s) +
wo+baXpuor ()l < 1. Therefore, T2 = Ir*. o

Example 8.5.If p=1,letg =00.If 1 < p <00, letqg = %. Then the L4-norm on L>°[0, 1] is
the dual norm of the L”-norm on L°°[0, 1]. By Theorem E, the L?-norm on a type II; factor M
is the dual norm of the L”-norm on M.

9. Proof of Theorem F

Proof of Theorem F. Let || - || be a tracial gauge norm on M. By Lemma 7.1, ISl s < T |l r
for every f € F. By Theorem A, ||S|| <||IT||. O

Corollary 9.1. Let M be a type 111 factor and S, T € M. If ISll¢xy < T ) for all Ky Fan tth
norms, 0 <t < 1, then ||S|| < Tl for all unitarily invariant norms || - || on M.

By Corollary 9.1, we obtain Ky Fan’s dominance theorem [13].

Ky Fan’s dominance theorem. If S, T € M, (C) and (Sl /n) < NT llk/n), Le., Zle 5i(S) <
Zf;l 5i(T) for 1 <k < n, then ||S|| < IT |l for all unitarily invariant norms || - || on M,,(C).

10. Extreme points of normalized unitarily invariant norms on finite factors
In this section, we assume that M is a finite factor with the unique tracial state t.
10.1. (M)

Let 91(M) be the set of normalized unitarily invariant norms on M. It is easy to see that
N(M) is a convex set. Let §(M) be the set of complex functions defined on M. Then (M) is
a locally convex space such that a neighborhood of f € F(M) is

N(f,Ti,.... Ty, €)= {g € FM): |g(T) — f(T)| <€)

In this topology, fo — f means limy f,,(T) = f(T) for every T € M. We call this topology the
pointwise weak topology.

Lemma 10.1. 9(M) C F(M) is a compact convex subset in the pointwise weak topology.

Proof. It is clear that 91(M) is a convex subset of F(M). Suppose || - [l € F(M) and f(T) =
limy || T |l forevery T € M. Itis easy to check that f(T") defines a unitarily invariant semi-norm
on M such that f(1) = 1. By Corollary 3.31, f(7T) is anorm and f € M(M). O

Let 9.(M) be the subset of extreme points of 91(M). By the Krein—-Milman theorem, the
closure of the convex hull of 91, (M) is 91(M) in the pointwise weak topology. It is an interesting
question of characterizing 9. (M). In the following, we will provide some results on 91 (M).
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10.2. N (M, (C))

Forn>2,let1® sy D --- D s, be the matrix

1
52
e M, (C).
Sn
Let || - || be a normalized unitarily invariant norm on M,,(C). For 0 < s, < --- <sp < 1, define
fGo, s =filnG2, .50 =152 - D sull. (10.1)

In the following, let £2,,_1 = {(s2, ..., 5,): 0<s,, < -+ <sp < 1)
By [7, Lemma 3.2] and Corollary 3.31, we have the following lemma.

Lemma 10.2. Let f(s2,...,s,) be a function defined on $2,—1. In order that f(sa,...,s,) =
fin(s2, ..., sn) for some || - || € UM, (C)), it is necessary and sufficient that the following

conditions are satisfied:

1. f(s2,...,8,)>0forall (s3,...,8,) € 2p—1and f(1,...,1)=1;

2. f(s2,...,8y) is a convex function on $2,,_1;
. k k
3. forO< sy <sp—1 <--- <81, 0K, <ty <--- <1y, lfzizjsi gz,':ltiforlgkgny
) ) t :
then s1 ~f(;—f,..., ;41’ gtl-f(ﬁ,...,#).
If f(s2,...,sy) satisfies the above conditions, then f satisfies
I+so+--+s,

< fls2,...,80) <1
forall (sp,...,8,) € $2,—1.

Let Il - fll, - lll2 € UM, (C). I ST = WSll2 forall S=1@ 52 @ -+ D sp, (52,...,50) €
2,1, then || Tl = IT |2 for every matrix T € M,,(C). This implies the following lemma.

Lemma 10.3. Let |- I1, I - ll2 € (M (). Then || -ll1 = Ill- W12 if and only if fij.y, (s2, ... sn) =
f”|.”|2(S2, Ceey sn)for all (S2, ey Sn) (S .Qn_l.

Let 1 < m < n. Suppose || - || is a normalized unitarily invariant norm on M,,(C) and
8(s2, ..., 8m) = g|)1(52, . .., Sm) is the function on £2,,_1 induced by || - ||| (see (10.1)). Define
f(s2,...,5,) on £2,_1 by

fls2, o sn) =802, ..., 8m),  (52,...,5) € 2p_1.

It is easy to check that f(s2,...,s,) is a function on £2,_ satisfying Lemma 10.2. By Lem-
mas 10.2 and 10.3, there is a unique normalized unitarily invariant norm || - ||} € D%(M,,(C))
suchthat f(s2,...,8:) = fijli, (52, .- -, 8n) = 8(52, ..., 8p) forall (sq, ..., s,) € £2,,_1. (This fact
can also be obtained by Corollary 7.4 and Lemma 10.3.) ||| - |1 is called the induced norm of ||| - |||.
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Conversely, suppose || - [|{ is a normalized unitarily invariant norm on M,(C) and
fGs2,...,80) = fi-, (52, ..., sp) is the function on £2,,_ induced by || - I1. If f(s2,...,5,) =
g(s2, ..., 8y) forall (s2,...,s,) € §2,—1, then g(s2, ..., s,) satisfies Lemma 10.2. Hence, there
is a unique normalized unitarily invariant norm || - || on M,,(C) such that g(s2,...,s,) =
gu-nts2, ..., sp) forall (s2, ..., 5,) € 2py—1. |l - |ll is called the reduced norm of || - ||;.

Proposition 10.4. For 1 < k < n, the Ky Fan %th norm (see Example 5.4) on M,(C) is an
extreme point of (M, (C)).

Proof. Suppose 0 <o <1 and || - fl1, Il - ll2 € UM, (C)) satisfy I - ll k) = el - I +
(I =)l - lll2. Let fs2,-cvs80) = fi i (5255 8n)s f1(52, 0 cs8n) = fipyy (52, -+, s0) and

02,080 = [l (2, ...,80) for (s2,...,8,) € £2,-1. Then f(s2,...,5.—1) =
afi(s2, ..., sn—1) + (1 — ) falsz, ..., 8n—1)-

Since f(s2, ..., ;) = L A — = S = 0. Since fi(s2,...,50), f2(52, -, 50)
are convex functions on £2,,_1, d—{; >0fori=1,2andk+1< j <n.Since f =afi+(1—a)f2,

g—g =0fori=1,2and k + 1 < j < n. This implies that f;(s2,...,s;) = gi(s2, ..., sx) for all
(s2,...,8,)€2,—1andi=1,2.

By the discussions above the proposition, there are normalized unitarily invariant norms ||| - ||| 1,
Il ll2 on My (C) such that g;(s2,...,sk) = (&)-; (52, - .., sx) for all (s2,...,s%) € £2%—1 and
i =1,2. By Lemma 10.2,

l+s0+-- 45k
gi(s2,...,50) 22—

k
for all (s2,...,8k) € 2¢k—1andi =1,2.Since f =afi + (1 — @) fo,

L+sy+-+s5i
k

=agi(s2,...,5) + (1 —a)galsa, ..., k).
This implies that g1 (52, ..., 5) = g2(52, ..., ) = T2 F% o f= fi= . O

The proof of the following proposition is similar to that of Proposition 10.4.

Proposition 10.5. Let 1 <m < n and ||| - || be a normalized unitarily invariant norm on M, (C).
If I - Il is an extreme point of (M, (C)), then the induced norm || - ||; on M,,(C) is also an
extreme point of (M, (C)).

Question. For n > 3, find all extreme points of NU(M,, (C)).
10.3. N (M>(C))

In this subsection, we will prove Theorem J. We need the following auxiliary results. The
following lemma is a corollary of Lemma 10.2 in the case n = 2.
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Lemma 10.6. Let f(s) be a function on [0, 1]. If there is a normalized unitarily invariant norm
Il - I on M2(C) such that f(s) = fi.(s) = I1 @ s|l, then f(s) is an increasing convex function
on [0, 1] satisfying

1+s
2

<f@s) <1, Vsel0,1].

Corollary 10.7. For 0 < a < b < 1, we have

1

0< flla=) < fllah) < ffo—) < f'bH) < ff1—-) < 5

Proof. Since f(s) is an increasing convex function, 0 < f'(a—) < f'(a+) < f/(b—) <
f'(b+) < f/(1-). By Lemma 10.6,

fO-fAd=m . 1-C=-m/2 1

‘(1-) = i < L
£ hi%h h h—0+ h 2
For 3 <t < 1, define || - [l = max{t| 7| [|T|1}.
Lemma 10.8. For 1/2 <t < 1, || - l¢) is an extreme point of (M (C)).
Proof. Suppose 0 <« < 1 and || - [l1, II - ll2 € M(M2(C)) such that [ - [l = all - I +

(I =)l - ll2- Let f(s) = firne, ), fi(s) = S, () and fo(s) = fj.,(s). Then f(s) =
afi(s) + (1 — ) f2(s). Note that

t
Hence, f'(s) =0if 0<s < 231 and f/(s) = 1 if Z71 <5 < 1. By Corollary 10.7, f{(s) =
£ =0if0<s < 27 and f{(s) = f5(s) = 5 if 251 <5 < 1. Since f(s), fi(s), fa(s) are
convex functions and hence continuous and f (1) = f1(1) = f2,(1) =1, f(s) = fi1(s) = fa(s) for
all 0 <s < 1. This implies that [| - Iy =l - i =l - 2. O

Lemma 10.9. The mapping: t — || - ¢ is continuous with respect to the usual topology on
[1/2, 1] and the pointwise weak topology on W(M>(C)). In particular, {|| - l¢): 1/2 <t < 1} is
compact in the pointwise weak topology.

Proof. Forevery 0 <s <1, |1 ® s|l) = max{z, %} is a continuous function on [0, 1]. Hence,

the mapping: ¢ — || - [ll;) is continuous with respect to the usual topology on [1/2, 1] and the
pointwise weak topology on 91(M>(C)). O

Lemma 10.10. The set

1
S= {III A= / Il - rydm(t), wpis aregular Borel probability measure on [1/2,1]
1/2

is a convex compact subset of W(M,(C)) in the pointwise weak topology.
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Proof. Suppose {|| - |l }is anetin S such that || - [l = Il - || € N(M2(C)) in the pointwise weak
topology. Let 1, be the regular Borel probability measure on [1/2, 1] corresponding to || - |[l-
Then there is a subnet of 1, that converges weakly to a regular Borel probability measure p on
[1/2, 1], i.e., for every continuous function ¢ (¢) on [1/2, 1],

1 1
1i0{n/¢(t)duaﬁ(t)=/¢(t)du(t)-

1/2 1/2

In particular, for every T € M,(C), we have

1 1
(vall 21321 N7 Mlep =1£I;l/ NT Ml ey d ey (1) = / T ey da(2).
1/2 1/2

Hence || - | €S. O

Lemma 10.11. Let f(s) be a convex, increasing function on [0, 1] such that

1+s
> <f) <L, Vsel0,1]
Then there is an element ||| - || € S such that f(s) = |1 & s]|.

Proof. We can approximate f uniformly by piecewise linear functions satisfying the conditions
of the lemma. By Lemma 10.10, we may assume that f(s) is a piecewise linear function. Further-
more, we may assume that 0 =ap <a; <ay <--- <a, =1 and f(s) is linear on [a;, a;11] for
0<i<n—1.Let f'(s) =a;/2on[a;,aj1]. By Corollary 10.7, 0 =ag < a; < --- <oy < 1
Let g(s) = (1 — oy 11 @ 5| + (@1 — tu-2)|1 @ sllia_y) + - + (@1 — @011 & s1l(a) +
aplll @ s||;. Then g(1) = f(1) =1 and g'(s) = ; /2 on [a;, a;jy1]. So g'(s) = f'(s) except
s=o; for 1 <i<n.Hence f(s)=g(s)forall0<s<1. O

Proof of Theorem J. By Lemma 10.8, {|| - [l¢): 1/2 <t < 1} are extreme points of J1(M).
By Lemmas 10.10, 10.11 and 10.3, the closure of the convex hull of {|| - [l¢s: 1/2 <t < 1} in
the pointwise weak topology is 91(M>(C)). By Lemmas 10.8, 10.9 and by [11, Theorem 1.4.5],
Ne(M2(C) ={ll - lly: 1/2<1 <1} O

Corollary 10.12. Let f(s) be a function on [0, 1]. Then the following conditions are equivalent:

L. f(s) = fjns) =1 @ sl for some normalized unitarily invariant norm || - || on M>(C);
2. f(s) is an increasing convex function on [0, 1] such that I—'ZH < f(s) <1 forall s €[0,1];
3. f(s) is an increasing convex function on [0, 1] such that f(1) =1 and f'(1-) < %

In the following, we will show how to write the L”-norms on M,(C) in terms of extreme
points of 9M(M3(C)). Recall that for 1 < p < oo, the LP-norm of 1 & s is

1+sP\ P
||1€BS||p=< 3 ) :
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Let fp(s) = fil,(s) = (‘+;”)1/P,o<s < L. Then f,(1) =1 and

sP=l /1 s\ /P71
fl/'(s):T( ) ,

2

[0 =0, f()=3.
Lemma 10.13. For 1 < p <ocoand 0 <s < 1,

1

Sp(s)= / |||1€BS|||<t>4f,/,/(2l— D) dt.
1/2

Proof.

1
e siyare-nar

1/2

1
= [ W@l 25700 dx
0

s 1
1+ 1+ x
= / TQ,fI/?/(x) dx + / TQfI/)/(x) dx

0 s
1
= +9)f(s) =L+ O)+2f (1) = A +5)f'(s) - / fp(x)dx

=1—=fp()+ fp(s) = fpls). o

Corollary 10.14. For 1 < p <ocoand T € M (C),

1
”T”pzf"|T|”(t)4f[/;,(2t_1)dt~

1/2
10.4. Proof of Theorem K

Lemma 10.15. Let M be a type 111 factor and let || - ||| be a normalized unitarily invariant norm
on M. Suppose N1 C N C -+ - is a sequence of type I, subfactors of M such that N\ = M,,, (C)
and lim,_, oo n, = o0o. If the restriction of || - || to N, is an extreme point of M(N,) for all
r=1,2,..., then || - || is an extreme point of SI(M).

Proof. Suppose 0 <« <1 and || -1, Il - [l2 € M(M) such that || - | =« - Il1 + (L =)l - 2
on M. Thenforeveryr =1,2,..., |- ll=«ll - ll1 + (1 — )| - [|2 on N,. By the assumption of
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the lemma, || - [| = [ - ll1 = Il - ll2 on ;.. By Corollary 4.7, || - [ = [l - ll1 = IIl - [l on M. So || - I
is an extreme point of SI(M). O

Proof of Theorem K. By the assumption of the theorem, t = % is a rational number. Then we
can construct a sequence of type I, subfactor M,,, of M such that M,, € My,, € ---. Then the
restriction of || - [Il;) on M, is|| - |||(%). By Proposition 10.4, the restriction of || - |||,y on M, is
an extreme point of N(M,,(C)). By Lemma 10.15, | - |l is an extreme point of Y(M). O

Remark 10.16. Here we point out other interesting examples of extreme points of 91(M). For
0 <t < 1, recall that]| - ||| is the #th Ky Fan norm on M. For any non-negative function c(¢) on
[0, 1] such that ||c(?)]lco =1 and T € M, define

1T ey = [Tl | -

Then it is easy to see that || - [l[¢(;)] iS @ normalized unitarily invariant norm on M. It can be
proved that if ¢(#) is a simple function or if z¢(z) is a simple function, then| - [[lc()) is an extreme
point of (M).

11. Proof of Theorem G

In this section, we assume that M is a type II; factor with the unique tracial state t and || - ||
is a unitarily invariant norm on M. For two projections E, F in M, t(E) < t(F) if and only
if there is a unitary operator U € M such that U EU* < F. By Corollary 3.3, if 7(E) < ©(F),
NEI < IF|I. So we can define

r(ll- 1) = r(blgw -

Definition 11.1. A unitarily invariant norm || - || on M is singular if r (|| - ||) > 0 and continuous
ifr(ll -1 =0.

Example 11.2. The operator norm is singular since r (|| - ||) =limy gy 04 [|E[| = 1. If 0 <7 < 1,
the Ky Fan tth norm || - |||+ is continuous since (|| - l1y) =7l - I1) = limy(gy—0+ T(E) =0
and r(|| - ) < % (Il - lay) =0.If 1 < p < o0, it is easy to see that the LP-norm on M is
also continuous.

Lemma 11.3. If || - || is singular, then ||| - || is equivalent to the operator norm || - ||. Indeed, for
every T € M, we have

r(I-IITH< T < I 171

Proof. By Lemma 3.2, ||T|| < |IL|]-IT]|. We need to prove r (|| - D1 T || < || T]|. We may assume
that T > 0. Forany € > 0, let £ = x[j1|—e, 71(T) > 0.Then T > (||T|| —€) E. By Corollary 3.3
and Lemma 3.2, Tl = TN — ) EN = AT —e€) - NEI = (TN — e)rl - ). Since € > 0 is
arbitrary, ([l - IDIT I < WT. O
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Recall that a neighborhood N (e, §) of 0 € M in the measure topology (see [14]) is
N(e,8) ={T € M, there is a projection E € M such that T(E) <8 and |TE*| <€}

Proof of Theorem G. By Lemma 11.3, if || - || is singular, then 7 is the operator topology
on My j. . Suppose || - || is continuous. For €, > 0 and T € M such that |T| < 1 and
IT]l < €8, by Corollary 3.31, t(x[e,11(IT]) < @ < @ < dand T - x10,6)(IT DI < €. This
implies that {T € My . : Tl < €8} € N(e, ). Conversely, let @ > 0. Since r(|| - [I) =0,
there is an €, 0 < € < w/2, such that if T(E) < € then ||E|| < w/2. For every T € N(€, w/2)
and ||T| < 1, choose E € M such that t(E) < € and |[TEL| < w/2. By Proposition 3.18
and Corollary 3.5, || < | TEll + I TEXI < T - WEI 4+ IT E*|| < @/2 + »/2 = . Hence
{TeNEw2): ITI<VS{T e M: |ITll<w}. O

Corollary 11.4. Topologies induced by the L?-norms, 1 < p < 00, on the unit ball of a type 11;
factor are the same.

12. Completion of type II; factors with respect to unitarily invariant norms

In this section, we assume that M is a type II; factor with the unique tracial state t and || - ||| is
a unitarily invariant norm on M. The completion of M with respect to || - ||| is denoted by M.
We will use the traditional notation L”(M, ) to denote the completion of M with respect to
the L?-norm defined as in Example 11.2. Note that L°°(M, ) = M. Let M be the completion
of M in the measure topology in the sense of [14].

12.1. Embedding of M. into M

Lemma 12.1. Let || - || be a continuous unitarily invariant norm on M and T € M. For every
€ >0, thereisa § > 0 such thatif t(E) <6, then ||[TE|| <e€.

Proof. Since || - || is continuous, lim;(g)—o | Ell = 0. Hence, for every € > 0, thereisa § > 0
such that if T(E) < &, then || E|| < m By Proposition 3.18, |[TE|| < T - IEll <e. O
Lemma 12.2. Let || - || be a continuous unitarily invariant norm on M and let {T,} in M be a
Cauchy sequence with respect to ||| - ||. For every € > 0, there is a § > 0 such that if T(E) < §,
then | T, E|| < € for all n.

Proof. Since {7,,} is a Cauchy sequence with respect to || - ||, there is an N such that for all
n>= N, |T, — Tn|| < €/2. By Lemma 12.1, there is a 1 such that if T(E) < §; then ||[Ty E|| <
€/2. By Proposition 3.18, forn = N, IT, E|| < (T, = TN ENl+ TN ENl < I(Tw = TR - I EN +
€/2 < €. A simple argument shows that we can choose 0 < § < §; such that if 7(E) < § then
IT,E|l <€ foralln. O

The following proposition generalizes Theorem 5 of [14].

Proposition 12.3. Let M be a type 11, Jactor and let || - || be a unitarily invariant norm on M.
There is an injective map from M. to M that extends the identity map from M to M.
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Proof. If || - || is singular, by Lemma 11.3, m = M. So we will assume that || - ||| is contin-
uous. If {7,,} in M is a Cauchy sequence with respect to || - ||, then {7, } is a Cauchy sequence
in the L'-norm by Corollary 3.31. Forevery § >0 and T € M, t(x(5,00)(IT]) < @ Hence,
if {T,} is a Cauchy sequence in M in the L'-norm, then {7},} is a Cauchy sequence in the
measure topology. So there is a natural map @ from m to M that extends the identity map
from M to M. To prove that @ is injective, we need to prove that if {7,} in M is a Cauchy
sequence with respect to || - || and 7, — O in the measure topology, then lim,_, « [|7; || = O.
Let € > 0. By Lemma 12.2, there is a § > 0O such that if 7(E) < § then ||TL,E|| < ¢/2 for
all n. Since T, — 0 in the measure topology, there are N and §;, 0 < §; < §, such that for
all n > N, there is a projection E,, such that t(E,) < §; and ||T,,E,Jl- || < €/2. By Corollary 3.31,
ITll < NTwEx il + T Enll < 1T E; | + €/2 < €. This proves that lim, e ||T, ]| = 0 and
hence @ is an injective map from M. to M that extends the identity map from M to M. O

By the proof of Proposition 12.3, we have the following.

Corollary 12.4. There is an injective map from M. to L' (M, 1) that extends the identity map
Sfrom M to M.

By Proposition 12.3, we will consider M. as a subset of M. The following corollary is very
useful.

Corollary 12.5. Let M be a type 111 factor and let ||| - || be a unitarily invariant norm on M.
If {T,} C M is a Cauchy sequence with respect to ||| - || and lim,,_, oo T;, = T in the measure
topology, then T € M. and lim,,_.oo T;, = T in the topology induced by || - |||.

Corollary 12.6. M. is a linear subspace of M satisfying the following conditions:

L if T e My, then T* € M3
2. T € My if and only if |T| € My ;
3. if Te My yand A, B e M, then AT B € M. and ||AT B|| <Al - Tl - | BII.

In particular, || - || can be extended to a unitarily invariant norm, also denoted by || - |l, on M.
12.2. Mand L"(M, 1)
The following theorem is due to Nelson [14].

Theorem 12.7. (See Nelson [14].) Misa x-algebra and T € M if and only if T is a closed,

densely defined operator affiliated with M. Furthermore, if T € Misa positive operator, then
limy, s 00 X[0,n](T) =T in the measure topology.

In the following, we define s-numbers for unbounded operators in M asin [5].
Definition 12.8. For T € ./W and 0 < s < 1, define the sth numbers of T by

ws(T) = inf{ ITE|: E € M is a projection such that r(EJ‘) = s}.
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Theorem 12.9. (See Fack and Kosaki [5].) Let T and T,, be a sequence of operators in M such
that lim,, . Ty, = T in the measure topology. Then for almost all s € [0, 1], lim,,_ 5o s (T) =
s (T).

Let {T,,} be a sequence of operators in M such that T = lim,_, » T, in the L'-norm. By
Lemma 3.8, {t(7},)} is a Cauchy sequence in C. Define t(7T") = lim,,_, o, T(7},). It is obvious that
7(T) does not depend on the sequence {7, }. In this way, t is extended to a linear functional on
LY(M, 7).

Lemma 12.10. Let || - || be a normalized unitarily invariant norm on a type 11j factor M. If
T € M. and X € M, then TX € L'(M, 7).

Proof. By the proof of Proposition 12.3, lim, .o 7, = T in the measure topology. Hence
lim;,_, s T, X = T X in the measure topology (see [14, Theorem 1]). By Corollary 6.4, ||T,,X —
T X1 < Tw =Tl - X |I¥. So {T;, X} is a Cauchy sequence in the L'-norm. By Corollary 12.5,
TX e L'(M, t) and lim,,_, oo T, X = TX inthe L'-norm. O

12.3. Elements in M.,
Lemma 12.11. For all T € M,
T =sup{ |t (TX)|: X e M, IIX|I* < 1}.

Proof. Let {7,,} be a sequence of operators in M such that lim,_, . 7, = T with respect
to || - . By Corollary 6.4, if X € M and ||X||* < 1, then |t(TX)| = lim,_ o0 |7(T, X)| <
limy, o0 | Tl = IT|ll. Therefore, [T = sup{|t(TX)|: X € M, [IX[I* <1}.

We need to prove that ||T|| < sup{|t(TX)|: X € M, [IX|I¥ < 1}. Let € > 0. Since
lim,_ » T, = T with respect to || - ||, there is an N such that ||T — Tx|| < €/3. For Ty, there

isan X € M, ||X|I* < 1, such that || Ty || < |t(Ty X)| + €/3. By the proof of Lemma 12.10 and
Corollary 6.4,

|[7(TX) — 1 (TxX)| = lim [7(T,X) — T(TyX)|

< Jim 7, — Tl - IXI* <NT = Twll < €/3.

So [t(TX)| 2 [t(InX)| — [t (Tny = T)X)| = TNl —€/3 —€/3 = IT|ll — €. Therefore, ||T|| <
sup{|7(TX)|: X e M, IXII* <1} O

The following theorem generalizes Theorem A. Its proof is based on Lemma 12.11 and is
similar to the proof of Theorem A. So we omit the proof.

Theorem 12.12. If || - || is a unitarily invariant norm on a type 1y factor M, then there is a
subset F' of F containing the constant 1 function on [0, 1] such that for all T € My,

ITI =sup{IiTls: feF},
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where ||T || y is defined in Lemma 7.1 by Eq. (3) or by Eq. (4) and F = {f(x) = atxp l)(x) +
aZX[lyZ)(x) + - +anX[ﬂ’]](x): arzayz=---=a, 20, w <lLn=12,...}

Combining Theorems 12.12 and 12.9, we have the following corollary.

Corollary 12.13. Let || - || be a unitarily invariant norm on a type 11} factor M and let || - |||/
be the corresponding symmetric gauge norm on (L*°[0, 1], fo dx) as in Corollary 2. If T € M,
then T € M\II-HI if and only if us(T) € L0, 00) .- In this case, ||T|| = s (DI -

Example 12.14. Let T € M and 1 < p<oo. Then T € LP(M, ) if and only if uy(T) €
LP(0, 1]). In this case, | T, = (fy ss(T)? ds)'/P = (J§° AP dpuyr (1)) /7.

12.4. A generalization of Holder’s inequality

Lemma 12.15. Let ||| - || be a unitarily invariant norm on a finite factor M and let T € M. be
a positive operator. Then limy,_, o x[0,,](T) = T with respect to || - ||.

Proof. If || - || is singular, then 7 € M by Lemma 11.3 and the lemma is obvious. We may
assume that || - || is continuous. Let T, = x[0,,)(7)) and € > 0. By Lemma 12.2, there is a
& > 0 such that if T(E) < § then ||TE|| < €. There is an N such that us([N, 00)) < §. So for
m>n2z=N, [Ty —Tull = T - Xgn.n (Tl < €. This implies that {7,,} is a Cauchy sequence
of M with respect to || - [|. Since lim,—.oc 7, = T in the measure topology, by Corollary 12.5,
lim,_,» T, = T in the topology induced by ||| - [|. O

The following theorem is a generalization of Holder’s inequality.

Theorem 12.16. Let || - || be a normalized unitarily invariant norm on a finite factor M. If T €
My and S € M.+, then T S € LYM, t)y and | TS| < ITI - NISIF.

Proof. By the polar decomposition and Corollary 12.6, we may assume that S and 7 are pos-
itive operators. Let T, = x[0,,)(T) and S, = x(0,,1(S). By Lemma 12.15, lim, o |17 — T, |l =
lim,— o0 [IS — S, |I* = 0. Let K be a positive number such that ||7, || < K and ||S,||* < K for all
n and € > 0. Then there is an N such that for allm >n > N, ||T,, — Tull < €/(2K) and ||S,, —
Snm# < 6/(21()- By Corollary 6.4, ”TmSm - TnSn”l < ”(Tm - Tn)Sm”l + ”Tn(Sm - Sn)”l <
W = Toll - WS ¥ + NTll - 1S — Skl < €. This implies that {7},S,} is a Cauchy sequence
in M with respect to || - ||1. Since lim,_ 7, S, = TS in the measure topology, by Proposi-
tion 12.3, lim,, o0 7, S, = TS in || - ||1. By Corollary 6.4, || T,,Su|l1 < 1Tl - 1S, I for every n.
Hence, | TS|y < IITII- IISI*. O

Combining Example 8.5 and Theorem 12.16, we obtain the non-commutative Holder’s in-
equality.

Corollary 12.17. Let M be a finite factor with the faithful normal tracial state . If T €
LP(M,T)and S € L1(M, 1), then TS € L' (M, 1) and

ITSH < IT1p-ISlg.

wherelgp,qgooand%—i—ql:l.
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13. Proof of Theorems H and I

In this section, we assume that M is a type II; factor with the unique tracial state t, || - ||
is a unitarily invariant norm on M and || - || is the dual unitarily invariant norm on M (see
Definition 6.2). Let || - ||; be the corresponding symmetric gauge norm on (L°°[0, 1], fol dx) as

in Theorem D and ||| - |||’;’t be the dual norm on (L*°[0, 1], fol dx).

Lemma 13.1. If M+ is the dual space of M. in the sense of Question 1, then L*°[0, e
is the dual space of L*°[0, 1]y, in the sense of Question 1.

Proof. By Corollary 2 and Lemma 2.6, there is a separable diffuse abelian von Neumann sub-
algebra A of M and a x-isomorphism « from A onto L°°[0, 1] such that T = fol dx o« and
lle (M)l = T for each T € A. By Theorem E, |||oz(T)|||4f = ||IT|I* for each T € A. So we need
only prove that A+ is the dual space of m in the sense of Question 1. Let ¢ € m#. By
the Hahn-Banach extension theorem, ¢ can be extended to a bounded linear functional ¢ on

M. such that ||| = [|¢]|. By the assumption of the lemma, there is an operator X € Mfﬁ-m
such that ¥ (S) = 7(SX) for all § € M) and ||[¢| = lIXII. Let X = U|X| be the polar de-
composition of X and X, = U - x(0,,1(|X]). By Lemma 12.15, lim,, . oc X, = X with respect to
the norm || - . Let ¥, = E4(X,,) forn =1,2,.... By Corollary 1, {¥,} is a Cauchy sequence
in A with respect to the norm || - ||* and [|Y,[|¥ < |IX,[*. Let ¥ =lim,_, « ¥, with respect

(0 the norm || - I¥. Then ¥ & AT = and IY[I* < IXII* = ]| = g1l. For T € Ayy, ¢(T) =
Y(T) =t(TX) =limy 00 T(T X)) = limy 00 T(EA(T X)) = limy 00 T(T'Y,) = 7(TY). By

Lemma 12.11, o] = IYI*. O

Recall that || - ||l is a singular norm on M if lim;(g)— 0+ | E[| > O and is a continuous norm
on M if lim(gy—o+ I Ell = 0 (see Section 11).

Corollary 13.2. If || - |l is a singular unitarily invariant norm on M, then M.+ is not the dual
space of M| in the sense of Question 1.

Proof. Since || - || is a singular norm on M, by Lemma 11.3, || - || is equivalent to the operator
norm on M and M., = M. By Corollary 6.16 and Theorem 6.17, || - |* is equivalent to the
L'-norm on M. So || - [l is equivalent to the L°°-norm on L*°[0, 1] and || - |||’@1|E is equivalent
to the L'-norm on L*°[0, 1] by Theorem E. Note that L>°[0, 1].;, = L*°[0, 1] is not separable

with respect to || - [|I; but L°[0, 1]“‘_‘”? is separable with respect to || - |||#1*. So L>°[0, 1]‘”_‘”? is not

the dual space of L°[0, 1], in the sense of Question 1. By Lemma 13.1, MIH-HI# is not the dual
space of M. in the sense of Question 1. O

Lemma 13.3. If || - || is a continuous unitarily invariant norm on M, then M.+ is the dual
space of M.y in the sense of Question 1.

Proof. We may assume that |[1]| = 1. By Theorem 12.16, M is a subspace of the dual
space of M in the sense of Question 1. Let ¢ be a linear functional in the dual space of
M- Then for every T € My, 1¢(T)| < |I¢ll - IT|l. By Corollary 3.31, for every T € M,
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[ (T)| < 1@l - IIT|l. So ¢ is a bounded linear functional on M. Since || - || is a continuous norm
on M, lim;(g)-o [|E]l = 0. Hence, lim;(gy—o ¢ (E) = 0. This implies that ¢ is an ultraweakly
continuous linear functional on M and hence in the predual space of M. So there is an operator
X € LY (M, 1) such that for all T € M, ¢(T) = t(T X). By Lemma 12.11, [| X||* = ||¢| < oc.
This implies that X € M. So ¢(T) = (T X) forall T € My and [|p]| = lIX|I¥. This proves
the lemma. O

Proof of Theorems H and I. Combining Lemmas 13.1, 13.3 and Theorem A gives the proof of
Theorems HandI. O

Example 134. If 1 < p < o0 and % + % =1, then LY(M, 7) is the dual space of L?(M, 7).
L'(M, 1) is not the dual space of M.

Example 13.5. For 1 < p < 00, L?(M, 1) is a reflexive space. L'(M, 7) and M are not reflex-
ive spaces. By Theorem 6.17, for 0 <7 < 1, M, is not a reflexive space.
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