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Abstract

An edge colored graph G = (V(G), E(G)) is said rainbow connected, if any two vertices are connnected by a path whose edges
have distinct colors. The rainbow connection number of G, denoted by rc(G), is the smallest positive integer of colors needed in
order to make G rainbow connected. The vertex-colored graph G is said rainbow vertex-connected, if for every two vertices « and
vin V(G), there is a u-v path with all internal vertices have distinct color. The rainbow vertex connection number of G, denoted by
rve(G), is the smallest number of colors needed in order to make G rainbow vertex-connected. In this paper, we determine rainbow
(vertex) connection number of pencil graphs.
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1. Introduction

Let G be a simple, finite, and connected graph, and ¢ : E(G) — {1, 2, ..., k} be an edge k-coloring, for some k € N.
A path P in G with an edge k-coloring is said rainbow path, if no colors repeated. The graph G is said rainbow
connected, if for any two vertices 1 and v in V(G) there exist a rainbow u-v path. An edge k-coloring of G is said
rainbow coloring, if G rainbow connected under c. The rainbow connection number, denoted by rc(G), is the smallest
positive integer k such that G has rainbow k-coloring. The concept of rainbow connection in graphs was introduced
by Chartrand et al'!l. Let G be a connected graph with size m and diameter diam(G), then they stated that

diam(G) < re(G) < m. €))

The concept of rainbow connection has several interesting variants, one of them is rainbow vertex-connection. It
was introduced by Krivelevich and Yuster'?. Let ¢’ : V(G) — {1, 2, ..., k} be a vertex k-coloring, for some k € N. A
path P in G with a vertex k-coloring is said rainbow vertex-path, if all internal vertices of P have distinct colors. The
graph G is said rainbow vertex-connected, if for any two vertices u and v in V(G) there is a rainbow vertex-path. The
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rainbow vertex-connection number of a graph G, denoted by rvc(G), is the smallest positive integer k such that G is
rainbow vertex connected under the ¢’ coloring. Krivelevich and Yuster'?! gave the lower bound for rve(G), namely

rve(G) > diam(G) - 1. 2

In some cases rvc(G) is not always larger than rc(G). For example (seel?), take n vertex-disjoint triangles and
designate one vertex from each of them, create a complete graph on designated vertices. The graph has n cut vertices
and hence rvc(G) > n. In fact, by coloring the cut vertices with distinct colors, we obtain rvc(G) = n. In other hand,
to determine rc(G), we just color the edges of K, with 1, and color the edges of each triangle with 2, 3, 4. We obtain
rc(G) < 4. Meanwhile, rvc(G) may also be smaller than rc(G). For example, let S, be a star graph on n + 1 vertices.
We have rc(S,) = nand rve(S,) = 1.

There are many interesting results about rainbow connection numbers and rainbow vertex-connection numbers.
Some of them are stated by Li and Liu®®! and Estikasari and Syafrizal®!. Li and Liu®! determined the rainbow vertex-
connection number of cycle C,, of order n > 3. Based on it, they prove that for any 2-connected graph G, rve(G) <
rve(C,). In 2013, Estikasari and Syafrizal® determined the rainbow connection number for some corona graphs.

In this paper, we introduce a new cubic graph that we called a pencil graphs. We derive the rainbow (vertex)
connection number of pencil graphs. For simplifying, we define [a, b] = {x € Z|a < x < b} and pg mod p = p, for any
two integers p and q.

2. Main Results

Definition 1. Let n be a positive integer with n > 2. A pencil graph with 2n + 2 vertices, denoted by Pc,, is a graph
with the vertex set and the edge set as follows.

V(Pcy) = {u;, vili € [0, n]}

E(Pc,) = {uinip1, viviprli € [1,n = 11} U {wyvli € [0, n]} U {uguo, vio, upvo, vavo}.

It is easy to check that the diameter of Pc,, is diam(Pc,) = d = ’-g-‘ + 1, forn > 2.
Theorem 2. Let n be an integer at least 2, then
re(Pc,) = [g-‘ + 1.

Proof. By using (1), we obtain

re(Pcy) > [g-‘ +1. 3)
In order to show that rc¢(Pc,) < [g] + 1, we construct a coloring ¢ : E(Pc,) — [1,d] as follows :
c(uouy) = d
c(ujuip1) =imodd,i € [1,n—1]
clvovy) =d -2
c(viviz1) =imodd,i € [1,n—1]
c(ugvg) =d -1

c(uvy) =d,i €{0,1}
c(uv;)) =(—1)modd,i€[2,n—1]
c(uvy) =d—-2,i€{0,n}.

Futhermore, we can evaluate that Pc,, is rainbow connected under c¢. Let u and v be two vertices of Pc,. It is obvious
that there exist a rainbow u — v path if u is adjacent to v. In order to show a rainbow u — v path if u is not adjacent to
v, we shall devide the proof into 14 cases as shown in Table 1.

So, we conclude that ¢ is a rainbow coloring. We obtain
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Table 1. u — v rainbow path in Pc,

Case u v Condition Rainbow path
1 ug u; ie€[l,d] UQ, U, U, ..., Uj
2 uo u; ield+1,n] U, VO, Uy Up—1 5 oey Uj
3 uo vj jell,d] UQ, V15 V25 oees Vj
4 uo vj jeld+1,n] UQ,> V05 Viis Vi1 -vs Vj
5 u; uj i<jie[l,n—1],and j<d+i Uiy Uit ], Uig2enes U
6 u; uj i<jiell,n—1],and j>d+i Uiy Ui—] s ooy UQ, Vs Ups Up—1 5 ooy U
7 Vi v i<jiell,n—1],and j<d+i Viy Vitl, Vid2eos V)
8 Vi vj i<jiel[l,n—1],and j>d+i Vis VieLs ooy U05 VO Vits Vii—15 -0y Vj
9 Vo u; i€ [l,d—l] Vo, UQ, UL, U2, ...y U
10 Vo u; i€ld,n] VO, Uy Up—1 5 oevy Uj
11 Vo v ie[l,d-1] VO, UQs V15 V2 ey Vi
12 Vo v i€d,n] VO, Vits Viie 1 eves Ui
13 u; v i<j
ie[2,n]and j<d+i-1 Uiy Vis Vigls oo Vj
ie[2,n]and j>d+i-1 Uiy Ui oes UQ5 V0> Vits Vii—1 00y Vj
14 uj Vj i> jand
(ie[l,d-1]or
ield,n]and je[d—-1,n]) Wiy Ui s Uiy ey Uj, V
i>j,ield,n],and je[l,d-1] Ujs Uit 15 -es U VO, UO> V15 V2 ey Vi
n
re(Pc,) < [ﬂ + 1. “é)
From equation (3) and (4), we have rc(Pc,) = [%] + 1. O

Theorem 3. Let n be a positive integer at least 2, then

[3] in<7,

rve(Pcy,) =
(Pe) [ﬂ + 1 otherwise.

Proof. We devide a proof into two cases.
Casel.n <7
Based on equation (2), we have rvc(Pc,) > (d — 1). We may define a rainbow vertex (d — 1)-coloring on Pc, as shown
in Fig 2. It is not difficult to verify that all graphs are rainbow-vertex connected.
Case2.n > 8
By using (2), we obtain

n
rve(Pcy) > b-‘
Suppose that b is an r-vertex coloring, where r = ’—g-‘ In what follows, we describe a coloring on Pc, by b. First,
color the inner vertices of the v,_, — u,, path. Without loss of generality, color the vertices as follows :

e(ug) =1
e(vg) =2
ev)=i+2,ie[l,r-2].

Let P a subgraph of Pc, whose the vertex set is V(P) = {v;|i € [1,n]} and the edge set E(P) = {v;vi.1li € [1,n - 1]}.
In fact, for every two vertices with distance less than d — 2 in P may not be colored with a same color. Consequently,
v,—1 and v, must be colored with 1, 2 or 3. Secondly, color v,_; by one of the three colors, so that the color can not be
used to color vertices vy, Vy41, ..., Vy—2. Since the v,_; — v,_; path has length d — 2, v,_; must be colored with 1,2 or 3.
Therefore, the v, — v,.4 path or the v; — v,,3 path are not rainbow vertex-path. This is due to a path which connect v,
and v,,4 or vy and v,.3, should have ug, vy, vy and v, as its inner vertices, whilst v,_; should have a same color with
ugy, vo or vq. Since Pc, is not rainbow vertex-connected under b, we obtain
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Fig. 1. A rainbow Vertex[%]»co]oring on Pc,, forn € [2,7]

rve(Pey) > [g] Y )

Now, we need to prove that rvc(Pc,) < [g] + 1. We construct a vertex coloring ¢’ : V(Pc,) — [1,d] as follows :

(ug) =d-1
' (u;)) =imodd,i€[l,n]
c'(vp) =d

c'(v) =imodd,i€[1,n].

In order to prove that Pc, is rainbow-vertex connected under ¢’, we devide the proof into 14 subcases. The subcases
almost similar with cases in the proof of Theorem 2.2. So, we obtain

n

re(Pcy,) < [2} + 1. (6)

From equation (5) and (6), we get rvc(Pc,) = [g-‘ +1.

We conclude,
[3] ifns<7,
g-‘ + 1 otherwise.

rve(Pcy) = {[

O

For illustration, we give a rainbow 6-coloring on Pcjg and a rainbow vertex 6-coloring on Pc; in Fig 2 (a) and Fig
2 (b), respectively.
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Fig. 2. (a) A rainbow 6-coloring on Pcjg; (b) A rainbow vertex 6-coloring on Pcjg.
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