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Abstract—In this paper, we are concerned with the delay difference equations of the form
Yntl ~Yn +DPn¥n-r =0, n=0,1,2,..., (%)
where p, > 0 and k is a positive integer. We prove by using a new technique that
oo |n+k n+k n+k n+k n+k n+k
5 zpim(zpm—signzm) - | Y s S )| =0
n=0{i=n i=n i=n i=n+1 t=n+1 i=n+1

, guarantees that all solutions of equation (*) oscillate, which improves many previous well-known
results. In particular, our theorems also fit the case where E;:;_kpi < kk+1/(k + 1)k+1. In
addition, we present a nonoscillation sufficient condition for equation (). © 1999 Elsevier Science
Ltd. All rights reserved.
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1. INTRODUCTION
We are concerned with the delay difference equations of the form
Yn+1 — Yn +Pn?/n—k: :07 n:071727"~5 (1)

where {p.} is a sequence of nonnegative real numbers and k is a positive integer.
As is customary, a solution {y,} of (1) is said to be oscillatory if the terms y, of the sequence
are not eventually positive or eventually negative. Otherwise, the solution is called nonoscillatory.
In 1989, Erbe and Zhang (1] first proved that if

k
ler_l)'g(])fpn > (k—+1)_kﬁ’ (2)
then every solution of (1) oscillates. If
kk
Pn < CESES for large n, (3)

then (1) has a nonoscillatory solution.
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In the same year, Ladas, Philos and Sficas [2] proved that condition (2) can be replaced by the

weaker condition
n—1 k k+1
it 3 p> (747) | @

i=n—k

We remark that condition (4) is a discrete analogue of a well-known oscillation criteria

t—oo

t

liminf/ p(s)ds > é (5)
t—1

for the following delay differential equation:

z'(t) + p(t)x(t — 7) =0, (6)
)

where p(t) € C([0,00),[0,00)) and 7 is a positive constant. A nonoscillation criteria for (6
corresponding to (5) is

1
/ p(s)ds < l for large ¢. (7)
t—7 e’

As a discrete analogue of (7), Ladas [3] presented the following open problem in 1990.
OPEN PROBLEM A. Assume that

g\ Kt
Z P < (k n 1) , for large n. (8)

i=n—k

Does (1) have an eventually positive solution?

In 1994, Yu, Zhang and Wang [4] obtained a better sufficient condition than (4) for the oscil-
lation of all solutions of (1) and used the result to construct an example which shows that the
answer to Open Problem A is negative. That is, if for some integer N > 1,

n—1
sup | A H (1-2p)| <1, (9)
ACEn2N | ok

where E = {A>0|1-Ap, >0,n=0,1,2,...}, then every solution of (1) oscillates; if there
exists a Ag € E such that

n—1

Ao H (1= Dopi) > 1, for large n, (10)

i=n—k

then (1) has an eventually positive solution.
Since for A € E,

k
A T @ < BLEE DT
i=n—k _;:_kpz'

which follows that if (4) holds then (9) holds naturally. However, the converse is not true. As
one has seen, from the example given in [4], oscillation criteria (9) fit the case when (8) holds.
The negative answer to Open Problem A shows that the discrete analogue of the oscillation
results for delay differential equations may be not true. Therefore, it is valuable to study the
oscillation criteria for delay difference equations.
The aim of this note is to give some new explicit conditions for oscillation and nonoscillation
for (1). Our oscillation criterion improves condition (4), in which condition (2) or (4) or even the

condition
n—1

liminf ) p;i >0 (11)

i=n—k

is no longer necessary. In particular, our results are still effective when (8) holds.
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2. LEMMAS

LeEMMA 1. Let {yn} be an eventually positive solution of (1). If

limsup p,, > 0,
n—oo
then

lim inf Z2=*
n—o00 y'fl

< 00.

PROOF. From (1), we have eventually

Yn  Unt1 < 1

Pn = = )
Yn-k  Yn—k  Yn—k/Yn
It follows that 1
limsupp, < — A )
00 L T™ infy, oo (Yn—k/yn)

which implies that the conclusion of Lemma 1 is true. The proof is complete.
LEMMA 2. (See [1].) If (1) has an eventually positive solution, then
n
Z pi<1
i=n—k
eventually.
LEMMA 3. Assume thata,b>0,2; >0,7=1,2,...,k, and Zf=1 x; = b. Then

Ek:(a+xi)ln(a+:ci) 2k(a+%) In (a+%>_

=1

PROOF. Let L(z;,z2,...,2k) = Zle(a +z;)In(a + z;) + )‘(E?=1 z; — b). Then

oL
=1 ; , =12k,
92; n(a+ ;) +1+ X i=1,2,...,k
d’L 85
= ,j=1,2,...
ordz; a+z’ Lj=12,...,k
where
0’ 17&])
1, i=3j.

By a simple calculation, it is easy to see that the unique stationary point of the function
L{zy,x2,...,2x) is (b/k,b/k,...,b/k). Since the matrix

%L 0’L %L k
8—:1:% 8z10zy = 0Oxz.0z, ak + b
%L 9L %L
M = | 08z901) 6_39%_ T Oze0zy, = ak+b
%L %L %L k
01,01 01,00 6_-1:?: z;=b/k ak +b

is positive definite. It is easy to know that the point (b/k,b/k,...,b/k) is the minimum point of
the function L. Hence, in view of Lagrange’s method of multipliers, we obtain

iz:(a+xi)ln(a+a:,-) Zk(a+%> In <a+%>_

The proof is complete.
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3. MAIN RESULTS

THEOREM 1. If
co [n+k n+k n+k n+k n+k n+k
E [Zpiln (Zpi +1 —siganz) - Z piln ( Z pi + 1 —sign Z p,-)] =00, (12)
n=0 Li=n i=n i=n i=n+1 i=n+1 i=n+1

then every solution of (1) oscillates.

PROOF. Assume the contrary. Without loss of generality, we may assume that (1) has an even-
tually positive solution {y,}. Choose a positive integer n; so large that

Yo >0 and yny1 -y <0, n2m. (13)
Define two functions p(t) and z(t) as follows:

p(t) = Pn, n<t<n+1l, n=012...,
z(t) = Yn + (Unt1 — Un)(t — 1), n<t<n+1l, n=0,12,....

Let z'(t) denote derivative on the right. Then z'(t) = yp41 —~yn forn <t <n+1,n=0,1,2,....
Hence, we may rewrite (1) as

Z'(t) +p(t)z(t - k) =0, n=>0, (14)
where and in the sequel, [-] denotes the greatest integer function. In view of (13), then
z(t) >0 and Z'(t) <0, t>n. (15)

Set A(t) = —2'(t)/z(t) for t > ny. Then A(t) > 0 for ¢ > n;y. It follows from (14) that

(t~k]

At) = p(t) exp </t A(s) ds) , t>n+k
or

[t+k+1] [t+k+1] t
)\(t)/t p(s)ds = p(t)/t p(s)ds - exp (/[t ]A(s) ds) , t>n; + k. (16)

—k
One can easily show that
o(ryre® > ¢(r)z + ¢(r) In(er + 1 — signr), forr>0 and z€R, (17)

where ¢(0) = 0 and ¢(r) > 0 for r > 0.
By the definition of p(t), we see that p(t) is right-continuous. Therefore, ft[t+k+1] p(s)ds =0
implies that p(t) = 0. Employing inequality (17) on the right-hand side of (16), we get

[t+k+1] [t+k+1] t
/\(t)/t p(s)ds = p(t)/t p(s) dsexp (/ A(s) ds)

[t—K]

t ft+k+1] '
> p(t) / A(s)ds +p(t)In [e/t p(s)ds (18)

[t—k]

[t+k+1]
+ 1 — sign / p(s)ds ||, t>ny + k.
¢
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Set A(t) =e ft[t+k+1l p(s)ds + 1 —sign ( [e+k+1] p(s) ds). Then (18) can be rewritten as

[t+k+1] t
A(t) /t p(s)ds — p(t) - A(s)ds > p(t) In A(t), t>n + k. (19)

Thus for any integer N > ng + 2k (ng = n1 + k),

[t ] t
/N /\(t)/ i p(s)dsdt — /N p(t)/ A(s)dsdt > /N p(t) In A(t) dt. (20)
n t n n

2 2 {t—k] 2

Let D; = {(t,s) | no <t < N,[t—k] < s <t} and Dy = {(s,t) | ne <s< N-ks<t<
[s + k + 1]}. Clearly, D2 C D;. Hence

/n]: p(t) /;_kl A(s)dsdt = //D1 p(t)A(s)dsdt > //Dz s)dsdt. (21)

Since
N-k-1 i+k+1
/ / pt)A(s)dsdt = > / / p(t) dt ds
i=ng
N-k [s+k+1]
- / As) / p(t) dt ds (22)

2
N-k [t+k+1]
At) / p(s)dsdt.
t

nz

It follows from (20), (21), and (22) that

N [t+k+1] N
/ k/\(t)/t p(s)dsdtZ/n p(t) In A(t) dt. (23)

N~ 2

Note that for n <t <n+1,

[t+k+1] n+k+1 n+tk
[ s [ peds =3
¢ i=n

n

By Lemma 2, we have eventually

[t+k+1]
/ p(s)ds < 1. (24)
¢
From (23) and (24), we obtain
N o]
im [ A@)de> / p(t) In A(¢) dt
N—oo SNk na

or

. YN-k i
lm——>/ t)In A(t) dt. 25
Jim B> [ p0)n A) (25)
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Set E = {n > n2 | pn > 0}. Then

[t ] t+k+1
/ p(t)In A(t) dt = Z / p(t)In [e/ i p(s)ds + 1 — sign (/[ e ]p(s) ds)} dt

n=nz
n+k+1 n+k+1
= Z Pn/ In e/ p(s)ds + 1 — sign / p(3) ds) dt
n=nsz t
+1 n+k
:an/ ln[eZpi+epn(n+l—t)J dt
nekE i=n+1
n+k n+k n+k n+k n+k
=) {szln (sz) -y piln( Y pi+l-sign Y pi)}
nek Li=n i=n+1 i=n+1 i=n+1
oo [n+k n+k n+1
= Iszln (sz +1- SIganz)
n=nsz =n
n+k n+k n+k
- Z p,-ln( Z p; + 1 -~ sign Z pz>:|
t=n+1 i=n+1 i=n+1
In view of (12),
/ p(t)In A(t) dt = oco. (26)
ng
Substituting this into (25), we have
lim ¥2=% = . (27)
n—oo Y,
On the other hand, from (12), we can show that
limsup p, > 0. (28)

n—oo

In fact, if (28) is not true, then lim, . p, = 0. Hence, El —n Di < 1/e for large n. Since the
function zInz is decreasing in (0,1/e), it follows that for large n,

n+k n+k n+k n+k n+-k n+k
szln (szﬁ-l—SlgﬂZPz) -y pﬂn( > pi+1-sign Y p¢> <0,

i=n i=n t=n+1 i=n+1 i=n+1
and so
oo [n+k n+k n+k n+k n+k n+k
Z [Zp,ln (sz+1—51gn2p,) - Z piln< Z pi + 1 —sign Z p,)] < oo
n=0 Li= i=n i=n+1 t=n+1 i=n+1

which contradicts (12). Therefore, (28) holds. Hence, by Lemma 1, we have

liminf ¥=% < 0.

n—00 Yn

This contradicts (27) and complete the proof.
From Theorem 1, we obtain immediately the following.

COROLLARY 1. If there exists an integer N > 0 such that E;H': 41 Pi >0 forn> N, and
o [ntk ntk n+k n+k
> [Snn(Ln)- 5 nn( 5 )| - )
n=N li=n i=n i=n+1 t=n+1

then every solution of (1) oscillates.
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REMARK 1. Corollary 1 substantially improves condition (4). In fact, if (4) holds, then there
exist @ > 1 and an integer s > 0 such that

n+tk k k+1
Z pi > (k+1) = 0,, for n > sk. (30)

t=n+1

For d > 0, the function (d + z)In(d + z) — zlnx is nondecreasing in (0, +00), it follows that for
n > sk,

n+k n+k n+k n+k
Zpiln (Zpi) Z pzln( Z pz) pn+9 )ln(pn‘*‘el)-ellngl»

i=n+1 i=n+1

andsofor j=s,s+1,54+2,...,

n=jk i=n i=n i=n+1 i=n+l
G+1D)k—-1
> > [(pn+61)In(pn +61) — 61 In6y] (31)
n=jk
1 (J+1D)k-1 1 (j+1)k-1
>k |61+ T;k po|In| 61+ o Z;k pn| — 6106,

In the last inequality, we have used Lemma 3. Since the function = Inz is increasing on [1/e, c0),
and by (30)
(J+1 k-1

k+1 k1
wip 3oneieso(gn) o0
=]

hence, from (31), we have

B () (0]

n=jk i=n i=n+1 i=n+1

o1 (en) (o)) () o () ™)

k k+1

It follows that (29) holds with N = sk.

ExaMPLE 1. Consider the delay difference equation

Yn+l — YUn +pny'n.—3 =0a n=071’27"'7 (32)

where p3, = 0, P3nt1 = Pan+2 =d, n=0,1,2,..., d € (4/27,81/512]. Observe that

n—1 3 4
Z Pi=2dS(Z) )

i=n-3
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which implies that condition (8) is satisfied. But, on the other hand, for j = 0,1, 2,

() £ (30

cevy

n=3j i=n i=n i=n+1 i=n+1
2 n+3 n+3 n+3 n+3
s [zmn (zpi) =5 ( 5 p)}
n=0 Li=n i=n i=n+1 1=n+1
= 2(3d1In3d — 2d1In 2d)
=2dIn 2—? > 0.

It follows that
oo [n+3 n+3 n+3 n+3
>, {Zmln (Zm) -y piln( Y. pz-)J =00
n=0 Li=n i=n i=n+1 i=n+1

In view of Corollary 1, every solution of (32) oscillates.

The above example shows that Theorem 1 and Corollary 1 fits the case when (8) holds. Next,
we give another example for the comparison with condition (9) and obtain the oscillation of all
solutions which cannot be obtained by condition (9).

ExXaMPLE 2. Consider the delay difference equation
Yn+1 — Yn + Pnyn-2 =0, n=0,12,..., (33)

where pgn = Psnt1 =0, Pent2 = Pent3 = -+ = Pans7 = d, d € (2/9,1/3).
By a simple calculation, one can obtain for j =0,1,2,...,

8j+7 [n+2 n+2 n+2 n+2 n+2 n+2
Z [Zp,ln (Zp,+1 ~s1gn2p,> — Z p;In ( Z p; +1 —sign Z pz)}

n=8j Li=n i=n+1 i=n+1 t=n+1
7 [n+2 n+2 n+2 n+2 n+2 n+2
=3 S (S r-wmdn) - 5w ( 5 nicam 3 )
n=0 Li=n i=n+1 i=n+1 i=n+1

= 4(3dIn3d — 2dIn2d) + (2dIn2d — dInd) + dInd
=6dln <9d) > 0.
2
It follows that
o [n+2 n+2 n+2 n+2 n+2 n+2
Z [szln (Zp,+1 —-SIganl> - Z p;In ( Z +1 —sign Z pi)} = 0.
n=0 Li=n i=n+1 i=n+1 i=n+1

In view of Theorem 1, every solution of (33) oscillates. The same conclusion, however, cannot be
inferred from the aforementioned results. Since

n—1
hnnllgf Z p; =0 and llinjolip'z pi=3d <1,
i=n—2 i=n-2
and for A >1
8n+1
AJa-xaw)y=a>1, n=012....
1=8n

These show that conditions (4) and (9) do not hold. In fact, to the best of our knowledge,
Example 2 does not satisfy the known oscillation conditions in the literature.
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We now present a nonoscillation result for (1).

THEOREM 2. If for large n,

(34)

Q| -

n
Z pi <
i=n—k

then (1) has a nonoscillatory solution.

Proor. By [5, Theorem 8.3.3], (1) has an eventually positive solution is equivalent to that the
following delay differential equation:

z'(t) + p(t)z([t — k]) = 0 (35)
has an eventually positive solution, where p(t) = p,,n <t <n+1,n=0,1,2,.... By a similar
method of proof of Corollary 2.1.1 in [6], we can prove that condition

‘ 1
/ p(s)ds € —, for large t (36)
[t—k] €

guarantees that (35) has-an eventually positive solution. Note that for n <t <n+1,

t n+1 n
/[t p(S)dSS/n pis)ds= > pi

—k] ~k i=n—k

Hence, (34) implies that (36) holds, and so condition (34) guarantees that (1) has an eventually
positive solution. The proof is complete.

Using the fact k*+1/(k + 1)**! < 1/e, we have the following nonoscillation condition from
Theorem 2, which may be looked upon as a correction for (8).

COROLLARY 2. If for large n,

Xn: pi < (kLJrl)kH, (37)

i=n—k

then (1) has a nonoscillatory solution.
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