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In [6] R. Fernandes has constructed a sequence of secondary characteristic classes of a Lie algebroid whose first ele-
ment coincides with the modular class. In this note we extend Fernandes’ construction and use the general definition of
D. Lehmann [12] in order to produce secondary characteristic classes of a base-preserving morphism of two Lie algebroids.
In particular, like in [6], we get a sequence of secondary characteristic classes whose first element coincides with the mod-
ular class of the morphism [7,9]. We assume that the reader is familiar with Lie algebroids and Lie-algebroid connections
and will consult [6,13,12,14] whenever needed. The framework of the paper is the C*°-category. We mention that other
constructions of secondary characteristic classes of Lie algebroids may also be found in the literature e.g., [2,3,11].

1. Selected topics on A-connections

Let (A,fa,[,]a) be a Lie algebroid and V a vector bundle with the same base manifold M™ (m = dimM). By an
A-connection we shall understand an A-covariant derivative V: I"'A x I'V — I'V (I" denotes the space of cross sections of
a vector bundle), written as (a, v) — V4V, which is R-bilinear and has the properties

ViV = fVav, Va(fv)=fVav +taa(f)v (f eC®M)). (11)

Accordingly, the value V,v(x) depends only on a(x) and on v|y, where Uy is a neighborhood of x € M. In order to write
down the local expression of V, we take a local basis (b;){_; (s =rankA) of I"A, with the dual basis (b*') of I"'A* and a
local basis (wy)],_; (r =rankV) of I'V. Then, with the notation Q%(A) = I" Ak A* for the space of A-forms of degree k and
using the Einstein summation convention, we get

Vb, Wy = ol (b)we, ol =y b* € 21(A), (1.2)

and we say that (o) is the local connection matrix. Correspondingly, the curvature
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Rv(ar,a)w = Vg, Vg, W — Vg, Vg, W — Vg, 4,14 W

gets the local expression
Ry(bi,bjywy = Q25 (bi,bj)we, 2} =dac), — & Al € 2%(A), (1.3)

where d4 denotes the A-exterior differential [13]. We will say that (£2}) is the local curvature matrix and a change of the
basis (wy) implies an ad(Gl(r, R))-transformation of (£2%). Like in classical differential geometry, one has the covariant
derivative machinery of V-tensors and tensor valued A-forms and the computation of the d,£2! produces the Bianchi
identity that may be written under the form V£, =0.

In the study of characteristic classes we shall need the direct product of two Lie algebroids p.: Ac — M. (c=1,2) and
we recall its definition given in [13]. Consider the pullback bundles ﬂglAC, where 7. is the projection of M1 x M, on M.
Identify

F(r;'Ac)={0 : M1 x My — Ac/pc oo =mc} (1.4)

and notice that local bases (b;c)) of I'Ac have natural lifts to local bases of I' (7. TA¢), which will also be denoted by (b;c)).
Take local cross sections
00 =0lbi”. ke =kigh” (0l ki € CF (M1 x My))

(there is no summation on indices in parentheses) and define the following anchors and brackets

B0 = G(ic)ﬁ'/“cb;o’ o). Kol = a(c) ©) [b(C) b(C)] { (c)[(i*cu/“cb;o)’((ic)] - K(jc)[(L*CﬁAcbg'C))O'(ic)]}b;C)’

where (4 is the natural injection of TM¢ in T(M; x M>). In these operations, the M_1mod2)-Variable is just a passive
parameter and, since the anchor and bracket of each A are invariant, the results are independent of the choice of the
bases. Thus, the vector bundles n{lAC are Lie algebroids over M1 x M, and the direct product of the Lie algebroids A is
the Whitney sum A= TAr o Ty A, endowed with the direct sum of the anchors and brackets of the two pullbacks (in

particular, [b", bE-z)] =0).

Proposition 1.1. Let g : V — M be a vector bundle on M. Then, any A-connection V on the pullback Ty L(V) defines a differentiable

family V®2) (x, € M) of Aj-connections on V. Conversely, any x,-parameterized, differentiable famlly of Ai-connections on V is
induced by an A-connection on 711_] V).

Proof. Assume that we have the covariant derivatives V i pM +ol b<z>(v wy), where o’ v are local, differentiable func-

©)’
1) i
tions on M{ x Ms. Then, the required family of connections on V 1s given by the covariant derivatives

(V;f;f_)])(n”wu))(x])_( Ibm(n Wu)) (X1, X2),

where si, n' are local, differentiable fungtions on My, x1 € M1, x2 € M and we use an identification like (1.4) for V. Notice
that, if the local connection matrices of V are

@y = Yy *1, X271 + Vo) ju (1, Xz)bg), (15)
the connection V*2) has the matrices y(l)m(xl,xz)b(l) with the fixed value of x,. Conversely, if the family V®2) is given,
we get an .A-connection V by adding the local equations @bmwu = 0. The local matrices of this connection V are the same

i
as the matrices of V*2) where x, is allowed to vary in M. O

In partlcular we may apply Proposition 1.1 for M =M, My =1={0< 1t <1}, A1 = A, A =TI. Then, an A-connection
V on Ty 1(V) is called a link between the A-connections VO vlionV. Formula (1.5) shows that the local connection forms

of V are given by

@y = Wy, + Ay (%, T)dT, (1.6)

where () is the local connection matrix at the fixed value T and 4, € C°°(M x I). A simple calculation gives the corre-
sponding local curvature forms

2y =0y, + Ay AdT, (1.7)

where
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Ay =daky + Ay 0y — Ay @y, +

(the partial derivative with respect to t is applied to the coefficients of the form).

Now, we present another “selected topic”. Let V — M be a vector bundle of rank r endowed with either a positive,
symmetric tensor g, € I" % V* or a 2-form g_ € I A> V*. We shall say that (V, g4) is a quasi-(skew)-metric vector bundle.
Notice that we do not ask rank gy to be constant on M. An A-connection V on V such that Vg =0 will be called a
quasi-(skew)-metric connection. If g4 is non-degenerate, the particle “quasi” will not be used and the connection is called
orthogonal for g, and symplectic for g_. For a Lie algebroid A over M we shall denote by L a generic, integral leaf of the
distribution imf4 and by Ly the leaf through the point x € M. In what follows we establish properties of a quasi-(skew)-
metric connection that are relevant to the construction of characteristic classes.

Proposition 1.2. Assume that there exists a quasi-(skew)-metric connection V on (V, g+). Then, the following properties hold. 1. If
xeMand k € I'V is such that k| x) € K|rx) (K =anngx+), then Vgk(x) € Ky, Ya € I'A. 2. q = rank g+ |1 is constant along each
leaf L and Vx € M there exists an open neighborhood Uy where V has a local basis of cross sections of the form (sy, t;)) (h=1,...,q,l=
1,...,r —q) such that tj|y,nt, € Klu,nr, and the projections [sy] = s, (mod K) define a canonical basis of the (skew)-metric vector
bundle ((V /K)|u,ni,. &), where g,_is non-degenerate and induced by g.. 3. With respect to this basis, the A-connection V has local
equations

_ Lk p _ Lk p
Vs = D Sk + D o)utp, Vit = W (3ySk + D 4tp, (1.8)

where the coefficients are local 1-A-forms, w("3>,(x) =0and (w(k])h (x)) € 0(q), the orthogonal Lie algebra, in the g -case, (w(k])h x)) e

sp(q, R), the symplectic Lie algebra, in the g_-case. 4. The curvature of V has the local expression
k p k p
Rysp = (P(<1)h5k + (p(Z)htP’ Ryty= @550+ (P(4)1tp, (1.9)

where the coefficients are local 2-A-forms and qbg),(x) =0, @2(1)!1 (X)) € 0(q) in the g4 -case, (Cbé‘l)h (x)) € sp(q, R) in the g_-case.

Proof. 1. For any ae I"A,v € 'V one has

(Vag2)x(v(0), k() = (Ba0)x (82 (V. k) — 82 x(VaV (), k(X)) — g2 x(V(X), Vak(x)) = 0. (1.10)

Since (#a4a)x(g+(v,k)) depends only on k|; ) € ann gy, it vanishes, and we get the required result.

2. Vg1 =0 is equivalent with the fact that g4 is preserved by parallel translations along paths in a leaf L [6], therefore,
g+ has a constant rank q along L. This implies the existence of bases with the required properties on a neighborhood UyNL
of x. (In the metric case canonical means orthonormal and in the skew-metric case canonical means symplectic.) Then, take
any extension of such a basis to Uy and shrink the neighborhood Uy as needed to ensure the linear independence of the
extended cross sections.

3. The equality w(’g)l(x) =0 is an immediate consequence of part 1. Then, in (1.10), replace v,k by sp,sk. Since the
canonical character of the basis (sp|;) implies g+ (si|r, Sk|r) = const., we get

8+.x(Vasn (%), k(%)) + g+.x(Sh (%), Vasi(x)) =0,

whence, (w(j])i(x)) €0(q), sp(q, R), respectively.
4. The (skew)-metric condition (1.10) also implies

falar, a2]a(g£(v1, v2)) = 8£(Via1.a304 V1. V2) + 8£(V1, Viay .az14V2)-

where aj,a; € I'A, v1, vy € 'V, whence, after some obvious cancellations we get

falar, a2la(w(v1,v2)) = —o(Rv(a1,a2)v1, v2) — @(v1, Rv(ar, az)va). (111)

J

Like in the proof of 3, (1.11) for sp, s, implies (qﬁ(l)i

(x)) € 0(q), sp(q, R), respectively. Then, (1.11) for sy, t; together with
part 1 of the proposition implies q)é)](x) =0. O

In the theory of characteristic classes we need the Weil algebra I(GI(r,R)) = @k>0 I¥(Gl(r, R)), where I¥(GI(r,R)) is
the space of real, ad-invariant, symmetric, k-multilinear functions (equivalently, invariant, homogeneous polynomials of
degree k) on the Lie algebra of the general, linear group (r =rank V). Using the exterior product A, such functions may be
evaluated on arguments that are local matrices of A-commuting A-forms on M with transition functions of the adjoint type
and the result is a global A-form on M (e.g., [14]). Secondary characteristic classes appear as a consequence of vanishing
phenomena encountered in the evaluation process described above. We shall need the following vanishing phenomenon
(see [6]):
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Proposition 1.3. If the bundle V endowed with the form g has a connection V such that Vg+ = 0 and if Ry (a1, a2)ky = 0 for x € M,
ay,a; € I'A k e ker g4 x, then, V¢ € 1?~1(Gl(r, R)), one has ¢ (®) = 0, where @ is the local curvature matrix of the connection V.

Proof. By ¢(®) we understand the evaluation of ¢ where all the arguments are equal to &. It is known that (with a
harmless abuse of terminology and notation) the required functions ¢ are spanned by the Chern polynomials

1
ch(F) = max:::ﬁ: i (112)

(6 is the multi-Kronecker index), which are the sums of the principal minors of order h in det(F — AId) (F € gl(r, R)).
With the notation of Proposition 1.2 and since Ry (a1, az)ky =0, we have to take

F= <¢(” 0) .
Therefore, Vx € M, we have ¢, (F) = cp(®(1)x). It is known that the polynomials cy—; vanish on o(q) and on sp(q, R) (in the
first case @(1y is skew-symmetric; for the second case see Remark 2.1.10 in [14], for instance). O

2. Secondary characteristic classes

A brief exposition of the classical theory of real characteristic classes may be found in [14]. In this section, we present a
Lie algebroid version of the basic facts of the theory.
Consider the direct product Lie algebroid A= A x TAK — M x Ak, where

k
Ak = {(to,ﬁ,...,fk) e R/t EO,Zth 21}
h=0

is the standard k-simplex, A is a Lie algebroid over M and TAF is the tangent bundle of A¥ endowed with the standard
orientation Kk =dt! A --- Adtk. Then, Y& e 2*(A), the fiber-integral fAk @ is defined as zero except for the case

|

1 ) )
d=a Ak, o= p—ail.i.i,,(x, Db A Ab*P (xe M, te A

when

1 , :
/d):E</an...ip(x,t)/<>b*“ A AbTP € 2P(A)

Ak Ak

(bj is a local basis of cross sections of A). The same proof as in the classical case (e.g., [14], Theorem 4.1.6) yields the Stokes
formula:

/dA<D —dA/<D = (—1)des @k / o, :aakc Ak (2.1)
Ak Ak Ak

Assume that we have k + 1 A-connections V on the vector bundle V — M that have the local connection matrices

@) (¢ =0,...,k) with respect to the local basis (wy) of V. Then, the convex combination
k
vo — Zt"‘v“, t=(...,t5 e Ak, (2.2)
a=0

defines a family of A-connections parameterized by A¥ with the corresponding .A-connection V on nfl(V) — M x Ak

(1 : M x A¥ = M). The connection and curvature matrices of V will be denoted by @, £2; generally, the curvature ma-
trix of a connection will be denoted by the upper case of the letter that denotes the connection matrix. There exists a
homomorphism

AV, ... V) MGl B)) — 22K (A),

defined by R. Bott in the classical case, given by

A(vo,...,v’<)¢=(—1)l’%’1f¢(:}), ¢ € I"(Gl(r, R)). (2.3)
Ak
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Moreover, Bott’s proof in the classical case [14, Proposition 4.2.3] also holds in the Lie algebroid version and yields the
following formula

k
da(A(VO.....VF)p) =D (=D A(VO,... . ve L vt L vhe. (2.4)
a=0

Let V be an A-connection on the vector bundle V — M. As a consequence of the Bianchi identity, V¢ € I"(GI(r, R)),
A(V)$ € 221 (A) is a dy-closed A-form and the A-cohomology classes defined by the A-forms A(V)¢ are called the A-
principal characteristic classes of V [6]. If VO, V! are two A-connections, formula (2.4) yields

A(V)p — A(VO)p=daA(VO, V). (2.5)

Therefore, the principal characteristic classes do not depend on the choice of the connection.
The A-connection V to be used in definition (2.3) of A(V?, V1)¢ is the link between V°, V! given by the family of
A-connections

V(T):(I—T)VO+TV1=VO+TD, D=v!'_V0 (tel).

For this link, we have (1.6) and (1.7) where A} =0, 8a)("f)u/ar = «, the local matrix of the connection difference D, and
formula (2.3) yields

1
AV, Vg =h/¢>(a, 2wy, .- ) dr, (2.6)
N— —’
0 (h—1)-times
where
Roy=1-1R0 +T20)+T(1 - Do Aa (2.7)

is the local curvature matrix of the connection V¥,
We shall use the Lehmann version of the theory of secondary characteristic classes [12,14]. Let (Jo, J1) be two (proper)
homogeneous ideals of I = I(GI(r, R)). Define the algebra

W (Jo, J1) =/]Jo)® (I/]J1) & (A(IT)) <1+ = 691’<>, (2.8)

k>0

with the graduation

deg[p] ), = deg[¢]), =2h,  degd=2h—1,
and the differential
d[g]j, =d[¢]}, =0, d¢3=[¢]h —[&]),,

where we refer to the three elements defined by ¢ € I" in the factors of W.
Now, take a vector bundle V — M and two A-connections V°, V! on V such that Jec Cker A(V), ¢ =0, 1. By putting

Plglio=A(V)d.  pldly =A(V)g,  pd=A(V0, Ve, (2.9)
we get a homomorphism of differential graded algebras

PVo, V1) : W(Jo, J1) — £2(A)
with an induced cohomology homomorphism

p*(VO, V1)t H* (W (Jo., J1)) — H*(A).

The cohomology classes in im p* that are not principal characteristic classes are called A-secondary characteristic classes.

If J is a homogeneous ideal of I(Gl(r, R)), two A-connections V,V’ on V are called J-homotopic connections if there
exists a finite chain of links V©, ..., V" that starts with V, ends with V" and is such that | € [, ker A(V!). By replacing
the usual Stokes’ formula by formula (2.1) in the proof of Theorem 4.2.28 of [14], one gets

Proposition 2.1. (See [12].) The cohomology homomorphism p*(V°, V1) remains unchanged if V°, V1 are replaced by Jo, J1-
homotopic connections V'°, V'1, respectively (J. C ker A(VS), Jc C ker A(V'®), c=0,1).
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Corollary 2.1. The secondary characteristic classes are invariant by any Jo J1-homotopy of the connections.

Denote by Jodqa € I(Gl(r, R)) the ideal spanned by {¢ € I?""1(GI(r,R)),h =1,2,...}. As explained in Proposition 1.3, if
V is an orthogonal connection for some metric g on the vector bundle V, then J,qq C ker A(V). Notice that there always
exist positive definite metrics g on V and corresponding metric A-connections V, Vg =0 (e.g., take V, = Vﬁ o Where V/
is a usual orthogonal connection on (V, g)). Furthermore, any two orthogonal A-connections on V are J,qq-homotopic.
Indeed, if V,V’ are orthogonal for the same metric g, then (1 — 7)V + tV’ (0 < T < 1) defines an orthogonal link. If
orthogonality is with respect to different metrics g, g/, then (1 — t)g + tg’ is a metric on the pullback of V to M x [0, 1]
and a correspondmg metric connection provides an orthogonal link between two orthogonal connections V, V' with the
metrics g, g/, respectively. Thus, there exists a chain of three orthogonal links leading from V to V, from V to V’ and from
V' to V’, which proves the Joqq-homotopy of V, V'

Now, let (V,g+) be a quasi-(skew)-metric vector bundle that has a K-flat quasi-(skew)-metric connection V! (K =
ann g+). Then, Proposition 1.3 tells us that J,qq € ker A(V!). Accordingly (like in the case of the Maslov classes [14]), if we
also take an orthogonal A-connection V° on V, we shall obtain secondary characteristic classes corresponding to the ideals
Jo=J1=Jodd-

Following [14], Theorem 4.2.26, we may replace the algebra W (Jo, J1) by the algebra

W =R[cz, ¢4, ... ®R[ch, ¢}, ...] @ AE1,E3,..), (2.10)

where c, are the Chern polynomials and the accent and hat indicate the place in the three factors of (2.10); the homomor-
phism p(V°, V1) is defined like on W (Jo, J1), while using orthogonal and quasi-(skew)-metric A-connections, respectively,
and we get the same set of characteristic classes. Then, by the same argument like for [14], Theorem 4.4.37 we get

Proposition 2.2. The A-secondary characteristic classes of (V, g+) are the real linear combinations of cup-products of A-Pontrjagin
classes of V [6] and classes of the form

pan—1=[A(V®, V)ean-1] € H(A). (211)
The classes o1 Will be called simple A-secondary characteristic classes.

Remark 2.1. If we start with an arbitrary vector bundle (V, g+), a K-flat, quasi-(skew)-metric A-connection V! may not
exist. Furthermore, if V! exists, it may happen that all the secondary characteristic classes vanish. For instance, if we have a
non-degenerate form g_, a usual connection on the bundle of g_-canonical frames produces an A-connection V! such that
Vlg_ =0 and, since K =0, we get A-secondary characteristic classes. Because of the [,qq-homotopy of orthogonal connec-
tions, these classes do not depend on the choice of the orthogonal connection V°. Moreover, these classes are independent
of the skew-metric connection V! because of the existence of the link (1 — 7)V! 4+ tV’! between two such connections.
But, the structure group of V may be reduced from the symplectic to the unitary group [14] and a unitary connection V
on V will be skew-metric and orthogonal simultaneously. From (2.6), and taking V® = V! = V, we see that the secondary
characteristic classes above vanish.

3. Characteristic classes of morphisms

Let A be an arbitrary Lie algebroid on M, V, W vector bundles with the same basis M and ¢ : V — W a morphism over
the identity on M. The A-connections VY, VW on V, W, respectively, will be called ¢-compatible if VW oo =¢ o VY. An
equivalent way to characterize compatibility is obtained by considering the vector bundle S =V @ W*, which is endowed
with the 2-forms

g+ ((v1,v1), (v2,12)) = (v2, @(v1)) £ (v1, 0(v2)), (3.1)

vi,v2 € V,v1, 12 € W* It suffices to work with one of these forms, but it is nice to mention that both may be used with
the same effect. The pair of A-connections VY, VW produces an A-connection VS =V" @ VW" on S, where VW is defined

by
(V;’V*v, V)= Eaa) (v, v) = (v, VVV), vew* veV.

A straightforward calculation shows that VY, VW are g-compatible iff either VSg, =0 or VSg_ = 0. We also notice that
the forms g4 have the same annihilator

K =kerg x ker' ¢ (3.2)

where the index t denotes transposition.
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Proposition 3.1. If V = A, if W = A’ is a second Lie algebroid and if ¢ is a base-preserving Lie algebroid morphism, then there exist
K -flat, p-compatible A-connections (V, V).

Proof. We may proceed like in [6]. Take a neighborhood of M where I'A, I'A’ have the fixed local bases (b;), (b},). Define
local A-connections VY, V'V by asking that
Vpbj=1Ibi,bjla,  Vy'by =[@bi,by],, (3.3)

then, extending the operators to arbitrary local cross sections in accordance with the properties of a connection. Using the
local expression @b; = @}'by, it is easy to check that ¢ o VU =v'U o . If we consider a locally finite covering {Uy} of M
by such neighborhoods U and glue up the local connections by a subordinated partition of unity {6, € C*°(M)}, we get
@-compatible, global A-connections V, V' defined by

Va0 = Y 60Vax.  Vid =) 0V, d (), (3.4)
xeUqs xeUy
where xe M, ve Ay, acI'A, d e T"A'.
Now, we notice that the local connections (3.3) satisfy the following properties

Vﬁa = [b;, ala, Vl’]l_ua’ = [gbi.d'],. (3.5)
Indeed, if we put a = fjbj, a’ =h'b),, (3.3) and the properties of the Lie algebroid bracket imply (3.5). Furthermore, using
(3.5), it is easy to check the following properties of the global compatible connections (3.4)

Vyk(x) = [V, kla(x), (3.6)

(Vie' (0, d )= an){a,d') — (o' ). [V, d] ,, ().

VxeM, ke (kerp),a e A, o € I'(ker* @) and vV = vib; is a cross section of I"A that extends v € A,. The restrictions put
on k, o’ ensure the correctness of the passage from the covariant derivative to the Lie algebroid bracket and the indepen-
dence of the result on the choice of v. Formulas (3.6), (3.7) imply ¢(V,k) =0, V,*a’ o ¢ =0, which means that ker¢ and
ker ¢ are preserved by the connections V, V', respectively.

Finally, if we denote S=A @ A’* and V5 =V @ V'*, we can compute the curvature [Rys(ay, az)(k, o')](x), which has
components on A and A’*. The component on A is

(Vay Va, — Vay Vay — Viay agt )k 2 ([air, [z, k1a], — [a2, [a@r, k1a], — [[d1, G214, K] ) 0 =0,

where tilde denotes extensions to cross sections and the final result holds because of the Jacobi identity. For the component
on A’* we get the following evaluation on any a’ € I"'A’:

- (37) /~ ~ o - o - ~
(VarVar = Ve Var = Vig a,) @ @) 0 = (&', [paa, [par, klar], — [pa1, [paa, klar], — [[edr, pazlar, k], )@)
= O’
where the annulation is justified by the Jacobi identity again. Therefore,

[Rys (a1, az) (k. )] (x) =0,

which is the meaning of K-flatness. O

Remark 3.1. During the proof of Proposition 3.1 we saw that ker¢ is preserved by V, hence, it is preserved by the parallel
translation along the paths in the leaves L of A. This shows that rank¢ is constant along the leaves L.

Remark 3.2. If we use the definition of V'* in the left hand side of (3.7) and take into account the relation annker’ ¢ =img
we obtain the following equivalent form of (3.7):

V,d (x) =[¢V.d],(x) (modimgy) VXeM, v e Ay (3.8)

Definition 3.1. A pair of ¢-compatible A-connections that satisfy the properties (3.6), (3.8) will be called a distinguished pair
(in [6] one uses the term basic connections).

Now, we see that we may use Proposition 2.2 in order to get secondary characteristic classes for the bundle S=A® A’*
endowed with the quasi-(skew)-metrics (3.1), with a connection V! =V @ V’*, where (V, V') is a distinguished pair of
A-connections, and with an orthogonal connection VO = V84 @ VE&* where g4, g4 are metrics on the bundles A, A’ and
V&, V&« are corresponding orthogonal connections on A, A'.
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Definition 3.2. The above constructed secondary characteristic classes of A @ A’* will be called the characteristic classes of
the base-preserving morphism ¢. In particular, one has the simple characteristic classes pton_1(p) € H¥—3(A).

The secondary characteristic classes of the Lie algebroid A defined in [6] are the simple characteristic classes of the
morphism ¢ =4 : A— TM.

Proposition 3.2. All the characteristic classes of a base-preserving isomorphism ¢ : A — A’ are zero.
Proof. If ¢ is an isomorphism, then g_ is non-degenerate and we are in the situation discussed in Remark 2.1. O
Thus, the characteristic classes of a morphism may be seen as a measure of its non-isomorphic character.

Proposition 3.3. The characteristic classes of a base preserving morphism ¢ : A — A’ of Lie algebroids do not depend on the choice of
the orthogonal connection and of the distinguished pair of compatible connections required by their definition.

Proof. The proposition is a consequence of Corollary 2.1. In the previous section we have seen that two orthogonal A-
connections are Jo4q4-homotopic. On the other hand, take two ¢-distinguished pairs of A-connections V, V’; V, V'. Then, it
is easy to check that, Vt € [0,1], (1 — )V +tV,(1 -V + tV' is a @-distinguished pair again. Therefore, J,qq-homotopy
also holds for the corresponding quasi-(skew)-metric connections on S and we are done. O

We also have another consequence of Corollary 2.1:

Proposition 3.4. Two homotopic, base-preserving morphisms g, ¢1 : A — A’ of Lie algebroids have the same secondary characteristic
classes.

Proof. By homotopic morphisms we understand morphisms ¢g, ¢1 that are linked by a differentiable family of morphisms
¢r:A— A’ (0< 1 <1). The corresponding forms g,  on S=A @ A’* are different, but, still, all the connections V1T re-
quired in the construction of the secondary classes have skew-symmetric local connection and curvature matrices. Therefore,
the Joqq-homotopy holds and we are done. O

Remark 3.3. In the case of an arbitrary pair of morphisms ¢g,¢; : A — A" we can measure the difference be-
tween the secondary characteristic classes as follows. Notice the existence of the bi-characteristic classes fiop_1(¢1, @2) =
[A(VY, V?)can_1] € H¥3(A) where V', V2 are A-connections defined on S = A @ A’* by distinguished, ¢ »-compatible
connections respectively. Then, formula (2.4) yields

daA (V2 V1, V) eopo1 = AV, V) eant + A(VE, V) eono1 + A(V2, VO)ean1,
where V9 is an orthogonal connection on S. Accordingly, we get
M2n—1(P1) — H2r—1(P2) = L2n—1(@1, ¢2). (3.9)

In what follows we give explicit local expressions of A-forms that represent the characteristic classes pop—1(¢). Take
a point x € M and an open neighborhood U of x diffeomorphic to a ball. Assume that (VY, V’U) and (V, V') are pairs of
local, respectively global, distinguished, ¢-compatible A-connections on A, A’. Then, if 0 < x € C**(M) is equal to 1 on the
compact closure V of the open neighborhood V € U of x and equal to 0 on M\U, then the convex combinations

V=xV/+a-xVv, V=xV'+a-v

define a global pair of distinguished A-connections that coincides with (VY, v’U) on V.
Accordingly, in formula (2.11) for S= A @ A’* we may always use a connection V! such that the expressions (3.3) hold
on the neighborhood V. Then, if we denote

[bi,bjla = J/ilfbk, [by- by ] 4 = Vi Dy
i 0 /] a /
#abi =p{ﬁ, b, =pu1@w<bi> = ¢?b, (3.10)

(remember that we use the Einstein summation convention), where x! are local coordinates on M and (b;), (bj,) are the
bases used in (3.3), we get the following connection matrix of V! on the neighborhood V

¥t ° (311)
0 — s 1j 09 pi '
=@V tp )

U xJ
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(in (3.11), b*! is the dual basis of b;).
Furthermore, let gV, g’U be local metrics on A, A’ such that (b;), (b},) are orthonormal bases and g, g’ arbitrary, global
metrics on A, A’. Then, define the metrics

xg' +a-xg xg'+0a-xg

and take an orthogonal connection V? whose components are corresponding orthogonal connections. The connection matrix
of V0 on the neighborhood V, with respect to the same local bases like in (3.11), will be of the form

J
(wi 0 ) (312)
0 -w!t

where (wi]), (w{") are skew-symmetric matrices of local 1-A-forms.

If these connections V°, V! are used, then, along V, the difference matrix « of formula (2.6) is the difference between
the matrices (3.11) and (3.12). Furthermore, we can compute the matrix §2(;) by using formula (2.7), where 2 is a
skew-symmetric matrix. The final result may be formulated as follows

Proposition 3.5. If a point x € M is fixed, there exist global representative A-forms Zo,_1 € 2473 (A) of the characteristic classes
JA2n—1 such that

1

- 1 01...02h—1 K- K K2h—1

Ewm_1lv = m /((SK]lKZh,] Olo} VAN Q(‘L’Z),Uz VANRERAN Q(T)~02h—1)dr’ (313)
0

for some neighborhood V' of x. In (3.13), the factors are the entries of the matrices o, §2(r given by formulas (3.11), (3.12) and Greek

indices run from 1 to dim A 4+ dim A’.

Proof. Use the expression (1.12) of the Chern polynomials and the connections V°, V! constructed above. O

The difficulty in using Proposition 3.5, besides its complexity in the case h > 1, consists in the fact that formula (3.13)
does not define global A-forms; for neighborhoods of different points x; # x, we have different pairs of distinguished
connections V, V'. However, we can use Proposition 3.5 in order to extend a result proven for a Lie algebroid A (¢ =fa)
in [6]:

Proposition 3.6. The secondary class j11(¢) is equal to the modular class of the morphism ¢.

Proof. Recall that the modular class of a morphism is defined by (@) = j1(A) — @*(A") € H'(A), where [(A), i(A') are
the modular classes of the Lie algebroids A, A’, respectively, [7,9,10]. Furthermore, the modular class w(A) is defined as
follows [5,6,8,10]. The line bundle A°*A® A™T*M (s =rank A) has a flat A-connection defined, by means of local bases, as
follows

Vbi<</\bj>®</\dxh>)=2b1/\-~-/\[bi,bj]A/\~--/\b3®</\dxh>
j=1 h=1 j=1 h=1
+ (/\ bj) ® Ly, ( /\dxh>, (314)
j=1 h=1

where L is the Lie derivative. Then, for 0 € I'(A’A ® A™ T*M) (which exists if the line bundle is trivial; otherwise we
go to its double covering), one has V,0 = A(a)o where A is a d4q-closed 1-A-form and defines the cohomology class ((A),
which is independent on the choice of o.

From (3.14) it follows easily that @(A), w(A’) are represented by the A-forms

A= k 3,01»] b*i )»/— t ap;j b/*s 315
—Z ikt o5 )P —Z Vst T 250 (3.15)

s,t,h

where the notation is that of (3.10). Notice that, even though the expressions (3.15) are local, the forms A, A’ are global
A-forms because the connection that was used in their definition is global.

On the other hand, using formulas (3.11), (3.12) and since the trace of a skew-symmetric matrix is zero, we may see that
the A-form Z; defined in Proposition 3.5 is such that Z|jy = (A — ¢*1")|y, where V is a neighborhood of a fixed point
x € M. Accordingly, there exists a locally finite, open covering {Vy} of M and there exists a family of pairs of A-connections
(V9 V1) that provide representative 1-A-forms &, of the characteristic class tq(¢) such that
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Elalvy = (A —@*)ly,. (3.16)

Then, if we take a partition of unity {6, € C°°(M)} subordinated to {V,} and glue up the families V%, V¢ like in (3.4),
we get connections V?, V! that define the representative A-form

E10= Y 0B =(A-¢"V)(0), xeM
xeVy
of w1(¢p). This justifies the required conclusion. O
Example 3.1. An interesting example appears on a Poisson-Nijenhuis manifold (M, P, N), where P is a Poisson bivector field
and N is a Nijenhuis tensor. Then !N : (T*M, N o fip) — (T*M, ip) is a morphism of cotangent Lie algebroids. The modular

class of the morphism N was studied in [4] and it would be interesting to get information about other characteristic classes
of this morphism.

The calculation of the classes wy,_1 for h > 1 is much more complicated. One of the difficulties is the absence of a global
construction of a distinguished pair of connections.

Example 3.2. Let ¢ : A — A be an endomorphism of the Lie algebroid A and assume that there exists an A-connection V
on A that satisfies condition (3.6) and whose torsion

Tv(ay,az) = Vg, a2 — Vg,a1 — [a1,a2]a, a1,a2 €A,
takes values in K = ker ¢. Then, it is easy to check that the formula

Vo, @2 = [@ar, az]a + ¢ Va,a;
defines a second A-connection that is ¢-compatible with V and satisfies condition (3.8). Therefore, (V, V') is a distinguished
pair.

Another difficulty is produced by the complicated character of the expression (3.13). A simple example follows.

Example 3.3. If the Lie algebroids A, A’ have anchors zero, the A-connections are tensors and formula (3.11) gives the local
connection matrices of a global, flat A-connection V! as required in the definition of the characteristic classes (flatness is
just Jacobi identity). In the simplest case A=M x G, A’ =M x G’ where G, G’ are Lie algebras, we may take w,.j =0 in
(3.12), which gives a flat metric connection V°. Then, formula (2.7) reduces to

Lpy=11-T)x A«
where « is the matrix (3.11). Accordingly, like in [14], Theorem 4.5.11, we get the representative A-forms

1 01...02h-1
E2h—1= o Vhiey ey
(2h _ 2)' K1..-K2h—1

of the classes un—1, where o are the entries of the matrix (3.11) and

K1 A2 k2 oo A2h—1 Kah—1
Ol NQGEACGT A A AT

1 2h-2 i
) 2! 2h -2
— 1— dt = -1 h+i+1 .
o /t( D ;( T A O
. -

Remark 3.4. So far, we do not have a good definition of characteristic classes of a morphism between Lie algebroids over
different bases. Using the terminology and notation of [10], let us consider a morphism

ALB

l l (317)
f

M——N

between the Lie algebroids A, B and assume that the mapping f is transversal to the Lie algebroid B. Then, Proposition 3.11
of [10] tells us that ¢ = f} o ¢’, where f} : f*B— B, ¢’ : A— f"B are the natural projections of the pullback Lie algebroid
f"B. Furthermore, Proposition 3.12 of [10] tells that the modular class of the non-base preserving morphism ¢ is equal to
the modular class of the base preserving morphism ¢’. This equality may be extended by definition to all the characteristic
classes of ¢, but it is not clear whether this definition is good (it does not loose information about ¢) even in the indicated
particular case.
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4. Relative characteristic classes

From Proposition 3.6 and a known result on modular classes [10, formula (2.5)] we see that the first class w1(¢) has a
nice behavior with respect to the composition of morphisms namely, for the morphisms ¢ : A — A’, v : A’ — A” one has

w1 o @) = p1(@) + ¢* (1 (). (41)
In this section we give a proof of (4.1) by means of the definition of the characteristic classes of a morphism and we shall
see why the result does not extend to the higher classes (y,_1, h > 1. The proof will use a kind of relative characteristic
classes that are interesting in their own right; in particular, we will show that the relative classes defined by the jet Lie
algebroid J'A [3] are cohomological images of the absolute characteristic classes of a morphism ¢ : A — A’.

Like in the definition of the characteristic classes of ¢ we can produce characteristic classes of v : A” — A” modulo
@ :A— A’ as follows. Take the Lehmann morphism p*(D?, D!) for an orthogonal A-connection D° on the vector bundle
A’ @ A”* associated with a sum of Euclidean metrics ga/, g4 and an A-connection D! on A’ @ A”*, which is the sum of
distinguished A-connections V', V" on A’, A”, respectively. Here by a distinguished pair we mean a pair of A-connections
(V/, V") that satisfies the following properties

YyVud =V, (va), aeAx(xeM), deTlA,

Vik(x) = [@a, kla(x), keI kery,

Vad"(x) = [yea,a’],,(x) (modimy), (4.2)
where the sign tilde denotes the extension to a cross section. One can construct a ¥ -distinguished pair of A-connections
V', V" by replacing the local formulas (3.3) by

1U //U 7

Vi by =[@bi,b] ., Vi b =[¥ebi, b ] 4 (4.3)
then gluing the local connections via a partition of unity. (In (4.3) (b;), (b},), (b},) are local bases of I'A, I'A’, I"A”, respec-
tively.)

Definition 4.1. The characteristic A-cohomology classes in im p*(D°, D) will be called relative characteristic classes of
modulo ¢. In particular,

ton—1(¥mod @) = [A(D°, D")] e H*3(4)

are the simple relative characteristic classes.

Proposition 4.1. For h = 1, the relative and absolute characteristic class (11 of the morphism v are related by the equality
p1(y mod @) = @* 1 (¥). (4.4)

Proof. By absolute classes we understand characteristic classes fon_1(¥) € H¥3(A’). The partition of unity argument
given for (3.11) shows that we may assume the following local expressions of distinguished A’-connections on A’, A”

ﬁl/lil/]b;/ == [ ;/, /]'/]A/, V//Ub//// = [1//b//, /]///]A// (45)

Connections (4.5) induce A-connections V’, V" and we shall compute the local matrices of the induced connections. By
definition, we have

b/, =V, b’,, ””b”,, = V(Z;f i

and it is easy to check that the A-connections V'V, V"V satisfy conditions (4.2). Therefore V'V, V"V may be used in the
calculation of the relative characteristic classes of ¢ mod ¢. If we denote gb; = <pl b’ and use expressions (4.5) and the
properties of the Lie algebroid brackets we obtain the local connection matrices

O = &f —(dwel by )b,

@ =@ i} —(darpl  wby )b, (46)
Formula (4.6) allows us to write down the local connection matrix of the connection D! =V’ + V”* required by the

definition of the relative classes. Furthermore, we may assume that the local matrix of the orthogonal connection D° that
we use is skew-symmetric. Accordingly, and since 1 is a Lie algebroid morphism, (4.6) yields
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~/‘{<’ 0 —/lc/ 0
A(DO, D])q :tr( J ) :go*tr( (J) _,/]./,) ZGD*A(@O’ 61)61,

~11j"
0 _wk/;l _a)k”

where V! =V’ 4+ V”* and V9 is an orthogonal A’-connection on A’ @ A”*. This result justifies (4.4). O

Proposition 4.2. For h = 1, the relative and absolute characteristic class (11 of the morphisms ¢, ¢ are related by the equality
p1 (¥ o) = p1(@) + 1 (Y mod ). (4.7)

Proof. In the computation of 11 (1 o ¢) we may use an A-connection V + V”* on A @ A”* where, on the specified neigh-
borhood U, V is given by (3.3) and V” is given by (4.3), while in the computation of w1(¢y mod ¢) we shall use the
connections V', V” of (4.3). Thus, the non-zero blocks of the local difference matrix « that enters into the expression of the
representative 1-A-form of 11 (¢ o ¢) are given by the local matrix of

V' —-V=V'-V 4+V -V (4.8)

and the opposite of its transposed matrix (in spite of the notation, calculation (4.8) is for the connection matrices not for
the connections). Then, if we use orthogonal connections of metrics where the bases used in (4.3) are orthonormal bases
(therefore, with trace zero), formula (4.8) justifies (4.7). O

Corollary 4.1. The characteristic class 1 of a composed morphism v o @, V is given by formula (4.1).
Proof. The result is an obvious consequence of formulas (4.4) and (4.7). O

Remark 4.1. Formulas (4.1), (4.4), do not hold for h > 1 because of the more complicated expression of the polynomials
Coh—1 (there is no nice formula for the determinant of a sum of matrices).

We finish by showing the relation between the characteristic classes of the base-preserving Lie algebroid morphism
@:A— A’ and the relative classes defined by the first jet Lie algebroid j'A; for ¢ =4 : A — TM this relation was
established in [3].

The first jet bundle J'A may be defined as follows. Let D be a TM-connection on A and let Da denote the covariant
differential of a cross section a € I'A (i.e., Da(X) = Dxa, X € I'TM). The properties of a connection tell us that Da €
Hom(TM, A) and, if a(xp) =0 for some point xg € M, then Da(xo) : Tx,M — Ay, is a linear mapping that is independent of
the choice of the connection D. (This is not true if a(xg) # 0.) If (x") are local coordinates of M around xg and (b;) is a local
basis of I'A, and if a = £(x")b;, the local matrix of Da(xg) is (Dn&!(Xg)) (the covariant derivative tensor), which reduces to
(9€'/3x" (x0)) if &' (x0) =0.

Now, for any point xo € M, the space of 1-jets of cross sections of A at xq is

Ji,A=TA/{aeT'Aja(xo) =0,Da(xo) =0} (4.9)

and each a € I'A defines an element j}(oa S ]}((JA called the 1-jet of a at xo. With the local coordinates and basis considered
above, we may write

) ) gt
a=§"(x")b = (S’(Xo) + 8—j1(><o)(xh —"(x0)) + o (x" — x" (XO))2)>bi-

Hence,
il a=&"(xo)jl b + 8—‘Ei(x )jk (X" — %" (x0))b;)
]xo = 0 ]XO i axh 0 'IXO 0 i
and
Jxgbis i (X" = X" (x0))bi) = jik, (x"bi) — x"(x0) jik, bi (4.10)

is a basis of the vector space j}OA such that (£!(x), 8§i/8xh (x)(xp)) are coordinates with respect to this basis.
A change of the local coordinates and basis of A gives the transition formulas

o - ) ) 9EL  gxk <8Ai» ) .3@)
h _ zh(k i qi(k\ei _ Jg] i
X =x(x"), =A;(X , — = — AL 411

( ) § j( )S axh oxh 3st + T gxk ( )

and may be seen as the composition of the change of the coordinates (x") with the change of the basis (b;), while the order
of the two changes is irrelevant. This remark allows for an easy verification of the fact that the change of the coordinates
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discovered above in j}cOA has the cocycle property. Accordingly, (4.11) shows that J1A = Ukxem J1A has a natural structure
of a differentiable manifold and vector bundle 7 : J1A — M over M called the first jet bundle of A.

From (4.10), we see that (jlb;, j1(x"b;)) is a local basis of cross sections of J!A at each point of the coordinate neighbor-
hood where x" are defined. This basis consists of 1-jets of local cross sections of A, therefore, the cross sections of J1A are
locally spanned by 1-jets of cross sections of A over C°°(M). In the case of a Lie algebroid A, the previous remark allows
us to define a Lie algebroid structure on J'A by putting

tpa(ila)=taa,  [jlar,j'ax] i, = j'la1, 02 (412)

and by extending the bracket to general cross sections via the axioms of a Lie algebroid. We refer the reader to Crainic and

Fernandes [3] for details. A general, global expression of the Lie algebroid bracket of J1A was given by Blaom [1].
Moreover, (4.12) shows that the natural projection 7! : J'A — A, w!(jla) = a is a base-preserving morphism of Lie

algebroids and, if ¢ : A— A’ is a morphism of Lie algebroids, we may define relative characteristic classes of ¢ modulo 7!,

Following [3], there exist flat J' A-connections VJ', V/J' on A, A’, respectively, given by
M 4
Ving @2 = flar.ala, Vi, d = flpa.d],, (413)

where a,a1,a; e F'A,d’ e 'A’, f € C*°(M). These connections obviously satisfy conditions (4.2), hence, pl=vi' + vl s
a J1A-connection on A @ A’* that may be used in Definition 4.1 for the present case. We shall prove the following result

Proposition 4.3. The relative characteristic classes of ¢ modulo 7! are the images of the corresponding absolute characteristic classes
of ¢ by the homomorphism 7 1* : H*(A) — H*(J1A).

Proof. Here, we have the particular case of the situation that existed in Proposition 4.1 where 7! comes instead of ¢ and

¢ comes instead of . Therefore, we may construct connections that correspond to (4.5) and the induced J!A-connections
and get the corresponding formulas (4.6). If we use the local bases (4.10) of I" J1A, the components (p!‘/ that appear in (4.6)
are constant and (4.6) simply tell us that the local connection forms of the induced connections are the pullback of the
connection forms of the connections (4.5) by w!. Of course, the same holds for the curvature forms, and, if we also use a
J1A-orthogonal connection of A @ A’* that is induced by an A-orthogonal connection, we see that 7 '* commutes with the
Lehmann morphism, which implies the required result. O
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