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The low-energy properties of the elastic s-wave scattering for the n-19C are studied near the critical 
condition for the occurrence of an excited Efimov state in n–n-18C. It is established to which extent 
the universal scaling laws, strictly valid in the zero-range limit, survive when finite range potentials are 
considered. By fixing the two-neutrons separation energy in 20C with available experimental data, it is 
studied the scaling of the real (δR

0 ) and imaginary parts of the s-wave phase-shift with the variation of the 
n-18C binding energy. We obtain some universal characteristics given by the pole-position of k cot(δR

0 ) and 
effective-range parameters. By increasing the n-18C binding energy, it was verified that the excited state 
of 20C goes to a virtual state, resembling the neutron–deuteron behavior in the triton. It is confirmed that 
the analytical structure of the unitary cut is not affected by the range of the potential or mass asymmetry 
of the three-body system.

© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The investigation of the low-energy continuum states of two 
neutrons and a core (n–n–c) nucleus, which forms a weakly-bound 
state near or at the neutron drip line, can shed light on the role 
of the universal scaling laws [1] obeyed by scattering observables, 
when the three-body system is close to forming an excited Efimov 
state [2]. The structure of halo nuclei turns out to be a fascinating 
topic, with impressive progress in recent years, as one can trace 
from the topical review [3], where it is also discussed possible uni-
versal characterizations of such exotic nuclei. In this respect, one 
may find relevant to move from negative energy states to the low 
energy scattering sector in order to evidence universal effects as-
sociated to the Efimov physics in the continuum.

As an appropriate example of a system in which one can study 
universal properties, model independent ones, in the scattering re-
gion, we can mention the 20C nucleus [4]. This neutron-rich exotic 
nucleus described as n–n–c system where n-18C forms a s-wave 
bound state, is close to having an Efimov excited state, as sug-
gested in Ref. [5]. The possibility of a s-wave excited halo state in 
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this nucleus was analyzed by means of the critical conditions pro-
posed in Ref. [6], which was further discussed in Refs. [7,1]. Within 
actual experimental perspectives, it was reported in [8] that beams 
of 19C near barrier energies will be available at the FRIB facility [9]
with reaccelerated beam rates expected in the range 100–106 pps. 
This allows to experimentally explore the reaction 19C(d, p)20C [8]
(see the proposal [10]), which we suggest can also be appropriate 
to investigate the continuum state energies of n-19C and n–n-18C 
close to their respective thresholds.

As in the present work we are concerned with the n-19C 
elastic scattering properties within a three-body framework, we 
found convenient to remind some original studies considering the 
neutron–deuteron (n–d) system. In the study of the spin-doublet 
s-wave n–d elastic scattering, a relevant quantity that was consid-
ered is k cot δ0, where k is the on-energy shell relative momentum 
(incoming and final) and δ0 is the s-wave phase shift. It was first 
pointed out in Ref. [14] that this quantity presents a pole when an-
alyzing experimental data for the n–d doublet s-wave phase shift, 
motivating some other pioneering related works [11–13]. In order 
to study the analytical structure of this quantity, Van Oers and 
Seagrave proposed to incorporate the pole in a phenomenologi-
cal effective range formula, by fitting k cot δ0 to low energy data 
for the n–d s-wave doublet state just below the elastic threshold, 
given by [14]
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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k cot δ0 = −A + Bk2 − C

1 + Dk2
, (1)

where A, B , C , and D are fitted constants. The corresponding pole 
and residue have been obtained from dispersion relations as well 
as from exact solutions of three-particle equations with separable 
interactions by Whiting and Fuda [12].

The existence of the triton virtual state was found on the ba-
sis of the effective range expansion [13]. Later on in [15], within a 
three-body model with finite range potentials, it was shown that 
the triton virtual state appears from an excited Efimov state mov-
ing to the non-physical energy sheet through the elastic cut when 
the deuteron binding increases. The same behavior was found in 
the case of the excited Efimov state in 20C, considering now the 
variation of the 19C binding energy and the associated n-19C elas-
tic cut [16]. The excited state of 20C appears either as a bound or 
virtual state, depending on the low-energy parameters of the two-
body subsystems as well as a three-body scale, such as the ground 
state energy of 20C.

The understanding of low-energy properties of n–n-18C system 
also requires studying the scattering amplitude when an Efimov 
state is near the physical region. A relevant task is to find out 
the possible restriction on the expected general validity of the 
effective-range expansion (1) when considering mass-imbalanced 
three-particle systems and finite-range potentials. The expected 
universal behavior of the elastic s-wave scattering amplitudes was 
also discussed for the atom-dimer system [17], where the atom-
dimer scattering length aAD can vanish or diverges when the shal-
low state moves by changing the atom–atom scattering length 
and/or the three-body parameter.

The results of the zero-range calculations given in [18] for the 
n-19C elastic s-wave phase-shifts support the existence of a pole 
in the effective range expansion in a good qualitative agreement 
with what is found for the n–d low-energy scattering, as well as 
for the atom-dimer discussed above. It remains the question how 
much such universal features are preserved for finite-range poten-
tials, considering the range of the n–c and n–n interactions, when 
the two-neutron separation energy in 20C is kept fixed.

In the present work, in order to further understand the low-
energy scattering behavior of the s-wave n-19C scattering (consid-
ered in Refs. [19,16]), we are considering a deeper investigation 
on this system, which goes beyond the zero-range approach that 
was used in Ref. [16], by considering a finite-range potential, which 
was chosen separable with Yamaguchi form. Finite-range effects for 
the spectrum of three-boson systems have been studied by several 
groups, considering potential models near the unitary limit. For in-
stance, in Ref. [7] the authors have considered range effects in the 
zero-range approach presented in Ref. [6]. Next, we can also men-
tion the studies presented in Ref. [20] on the conditions for Efimov 
physics when using finite-range potentials. In Refs. [21,22], and 
more recently in [23], one can find results of several investigations 
on the universal behaviors of the spectrum of up to four-boson 
systems by using potential models. Our work complement such 
studies by investigating the consequences for the s-wave scatter-
ing amplitude associated with the movement of an excited Efimov 
state towards the continuum as the bound/virtual energy of the 
two-body subsystem is changed with respect to the three-body 
bound state energy. Another relevant task in the present approach 
is to study the effect of mass asymmetry associated with finite-
range interactions in the behavior of the low-energy pole k cot δR

0 , 
which is a quantity well characterized for the n–d system, as dis-
cussed before. We will address the scaling of the real (δR

0 ) and 
the imaginary parts of the phase-shift with the variation of the 
19C halo neutron binding energy when the two neutrons separa-
tion energy in 20C is fixed to its experimental value. The scaling 
of the position of the pole in k cot δR and the effective range pa-
0
rameters reproduces universal characteristics found the zero-range 
model under the realm of the Efimov physics. We also investigate 
how the Efimov excited state of 20C moves to a virtual state by 
increasing the 19C halo neutron binding energy, as found for the 
zero-range model by the introduction of a finite range potential. 
We remind that this was also studied before in Refs. [15] for the 
case of triton within a separable model.

In the next section, we present the basic formalism for a three-
body halo nucleus compounded by a core and two neutrons in-
teracting via two-body separable potential. The main results are 
presented in Sect. 3, followed by our conclusions in Sect. 4.

2. Formalism and notation

In the present section, for the sake of completeness and to fix 
our notation, we include the standard formalism for the elastic 
scattering amplitude of a neutron in the bound neutron–core sub-
system. For the input in the scattering equations we have the n–n
virtual-state energy (Enn = −143 keV), the n–c subsystem bound-
state energy (Enc = E19C), and the n–n–c three-body ground-state 
binding energy (E20C = −3.5 MeV). The neutron separation en-
ergy in 19C has a sizable error, with given values ranging from 
−160 ± 110 keV [24] to −530 ± 130 keV [25]. Therefore, in our 
present study, a wide variation for the n-18C bound-state energy 
will be allowed, within a range between 200 up to 850 keV, such 
that all possible experimental values can be included.

Our units are such that h̄ = 1, with momentum variables in 
fm−1 and the unit conversion given by h̄2/mn = 41.47 MeV fm2. 
In the formalism, the core-mass number is defined as A = mc/mn , 
with μnc = Amn/(A + 1) being the reduced mass for the n–c sys-
tem. Therefore, in our calculations, for the specific system we are 
considering, A = 18 and μnc = (18/19)mn . The energies for the 
two-body subsystems are given by Enn (virtual) and Enc (consid-
ered bound), with the total three-body energy given by E3 ≡ E . 
The s-wave elastic n − (nc) scattering formalism, discussed in de-
tail in Ref. [16] for a zero-range potential, is extended to include 
finite-range two-body interactions, assumed having the following 
rank-one separable Yamaguchi format:

V ij(p, p′) = λi j

(
1

p2 + β2
i j

)(
1

p′ 2 + β2
i j

)
, (2)

where i j = nn or nc, respectively, for the n–n or n–c two-body 
subsystems. λi j and βi j refer to the strength and range ri j of the 
respective two-body interaction. By considering negative two-body 
energies (bound or virtual), Eij , the corresponding relations for the 
strengths and ranges are

λ−1
i j = −2πμi j

βi j(βi j ± κi j)
2
, ri j = 1

βi j
+ 2βi j

(βi j ± κi j)
2
, (3)

where κi j = √−2μi j Ei j , with (+) for bound and (−) for virtual 
states, with μi j the reduced two-body mass.

The spectator function χn(�q), which represents the relative mo-
tion between the neutron and the n–c subsystem target, within the 
elastic scattering boundary condition, is given by

χn(�q) ≡ (2π)3δ(�q − �ki) + 4π
hn(�q; E(ki))

q2 − k2
i − iε

, (4)

where hn(�q; E(ki)) is the scattering amplitude, and �q is the mo-
mentum of the spectator particle (n) with respect to the center-
of-mass (CM) of the other two particles (n–c). The on-energy-shell 
incoming and final relative momentum are related to the three-
body energy E ≡ E(ki) by k ≡ ki ≡ |�ki | = |�k f | =

√
2μn(nc) (E − Enc), 

where μn(nc) = mn(A + 1)/(A + 2). The coupled s-wave scattering 
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equations can be cast in a single channel Lippmann–Schwinger-
type equation for the relevant amplitude hn , with the following 
form:

hn(q, E) = V (q,k, E) + 2

π

∞∫
0

dq′ q′ 2 V (q,q′, E)hn(q′, E)

q′ 2 − k2 − iε
, (5)

where the kernel of this integral equation for the n − (nc) channel 
amplitude contains the contribution of the coupled (nn) − c chan-
nel. This is given by

V(q,q′, E) = π

2
τ̄nc(q)

[
K2 (q,q′, E)

+
∞∫

0

dk k2 K1 (q,k, E)τnn(k)K1 (q′,k, E)

]
, (6)

where we use the following definitions:

τ̄nc(q) = −βnc(βnc + κnc)
2(βnc + κ3nc)

2(κnc + κ3nc)(A + 1)2

μncπ(2βnc + κ3nc + κnc)A(A + 2)
,

τnn(q) = 2βnn

μnnπ

(βnn + κnn)
2(βnn + κ3nn)

2

(−2βnn − κ3nn + κnn)(κnn + κ3nn)
, (7)

with

κnn = √−mEnn, κnc =
√

− 2mA

A + 1
Enc

κ3nn =
√

−m(E − (A + 2)q2

4Am
), (8)

κ3nc =
√

− 2mA

A + 1
(E − (A + 2)q2

2(A + 1)m
),

and

K1(q,q′, E)

=
1∫

−1

dx
(q2 + q′ 2

4 + qq′x + β2
nn)−1(q′ 2 + q2 A2

(A+1)2 + 2qq′ Ax
(A+1)

+ β2
nc)

−1

E + iε − q2

m − q′ 2(A+1)
2Am − qq′x

m

,

K2(q,q′, E)

=
1∫

−1

dx
(q′ 2 + q2

(A+1)2 + 2qq′x
(A+1)

+ β2
nc)

−1(q2 + q′ 2

(A+1)2 + 2qq′x
(A+1)

+ β2
nc)

−1

E + iε − q2(A+1)
2Am − q′ 2(A+1)

2Am − qq′x
Am

.

(9)

For three-body system we have also a coupled equation, which can 
be written as a single one for both bound and virtual states (I =
b, v):

hnc(q) = 2kvV (q,−ikv , E3v)hnc(−ikv)δI,v

+ 2

π

∞∫
0

dq′ q′ 2 V (q,q′, E)
hnc(q′)

q′ 2 + k2
I

(10)

In our calculations, we have adjusted the parameters of the 
neutron–neutron separable interaction by fixing the virtual state 
energy to −143 keV, and by considering two values of the effective 
range: rnn = 0.123 fm, which is obtained with βnn = 24.5 fm−1; 
and rnn = 2.37 fm resulting from βnn = 1.34 fm−1. For each value 
of Enc ≡ E19C, we change βnc in order to keep the two neutron 
separation energy of 20C at 3.5 MeV [24]. In this way, we are 
able to have two solutions for each Enc for high and low values 
of βnc , allowing the change in the neutron–core interaction range 
to large values close to the 18C matter root-mean-square radius of 
2.82 ± 0.04 fm [26].

The numerical method to calculate the elastic scattering am-
plitude relies on the use of an auxiliary function [27], which is 
a solution of an auxiliary integral equation similar to the original 
one, but with a kernel without the unitarity cut, due to a subtrac-
tion procedure at the momentum k. The scattering amplitude is 
obtained by evaluating the corresponding integrals over the auxil-
iary function. In this way, the two-body unitarity cut appears no 
more inside the integral equations, but just in simple integrals. In 
the present case, we have the following integral equation for the 
auxiliary function 
, with the corresponding solution for hn(q; E):


n(q,k; E) = V(q,k; E) + 2

π

∞∫
0

dp
[

p2V(q, p; E) − k2V(q,k; E)
]

× 
n(p,k; E)

p2 − k2
,

hn(q; E) = 
n(q,k; E)

1 − 2

π
k2

∞∫
0

dp

n(p,k; E)

p2 − k2 − iε

. (11)

For the on-shell scattering amplitude, we have

hn(k; E) = eiδ0 sin δ0

k
= 1

k cot δ0 − ik
, (12)

such that, from Eq. (11), we have

k cot δ0

= 1


n(k,k; E)

⎡
⎣1 − 2

π
k2

∞∫
0

dp

n(p,k; E) − 
n(k,k; E)

p2 − k2

⎤
⎦ .

(13)

Note that the numerical stability and accuracy of the results are 
quite sensitive to the approach one is considering when an Efimov 
state is close to the scattering region. In this situation, the method 
used in Ref. [27], as outlined above, is found far more accurate 
than the one by using contour deformation techniques.

3. Results and discussion

Our goal is to investigate the effect of the two-body interaction 
range on universal properties of unbalanced-mass three-body sys-
tems (n–n–c), which can be verified by considering the exotic halo-
nuclei 20C. This halo nucleus, within the n–n-18C configuration, is 
known to be close to the critical condition to have an excited Efi-
mov state (see e.g. [1]), and therefore sensitive to the increase of 
the attractive interaction range. In order to analyze the possible 
limitation on the universal behavior, namely the departure of the 
zero-range model predictions for the excited Efimov bound or vir-
tual state of 20C, we adopt the following systematic. The neutron–
core interaction-range parameter, βnc , of the one-term separable 
potential, is varied for different E19C, by keeping fixed the low-
energy observables S2n and the virtual state energy Enn . For that, 
we study situations with two distinct parameter regions with low 
and high values for βnn and βnc , which correspond to larger and 
smaller effective ranges of the n–n and n–c interactions, respec-
tively.

In Table 1, by keeping fixed the three-body bound-state en-
ergy, E20C = −3.5 MeV, as well as the n–n parameters, such that 
Enn = −143 keV, we report a few values for the one-neutron sep-
aration energies in 19C, given by E19C, with the respective values 
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Table 1
One-neutron separation energy in 19C (left column), obtained by the given range 
parameters of the separable Yamaguchi potential, βnc (second and fourth columns), 
with the corresponding effective ranges (third and fifth columns). The values of βnc

were obtained by fitting the two-neutron separation energy in 20C (3.5 MeV [24]), 
with the n–n interactions fixed by the virtual state energy, Enn = −143 keV. The re-
spective fixed values of βnn for high and low ranges are 1.34 fm−1 (rnn = 2.372 fm) 
and 24.50 fm−1 (rnn = 0.1228 fm).

βnn = 1.34 fm−1 βnn = 24.5 fm−1

|E19C| (keV) βnc (fm−1) rnc (fm) βnc (fm−1) rnc (fm)

200 0.971 2.736 18.970 0.157
400 0.754 3.233 17.036 0.174
600 0.598 3.720 15.592 0.190
800 0.477 4.255 14.395 0.205

for the parameter βnc and corresponding effective ranges, given by 
rnc . For the n–n parameters, we have fixed βnn = 1.34 fm−1 for the 
high-range cases, and βnn = 24.50 fm−1 for the low-ranges ones. 
For lower values of β ’s, the effective range of the neutron–core 
interaction is comparable to the 18C root-mean-square matter ra-
dius, rm[18C] = 2.82 ± 0.04 fm [26], while for high values of β ’s, 
rm[18C] is quite large compared to the effective-range, such that it 
is not a realistic situation. The case when the β ’s for both n–c and 
n–n interactions are large, in the sense that the values of the cor-
responding effective ranges are much smaller than the core size 
and the n–n effective range, 2.75 fm [28], the Yamaguchi separable 
model should approach the zero-range model, with respect to the 
low-energy properties of the n–n–c system. We observe that by 
increasing the neutron binding in 19C βnc decreases and the effec-
tive range increases, while the two-neutron binding energy in 20C 
is fixed. This trend is understood by recalling the Thomas effect, 
which says that the three-body binding in the zero angular mo-
mentum state decreases when the range increases, therefore the 
attraction behind this effect has to be softened if the two-body 
binding is increased, with a three-body binding fixed implying in 
an increase of the range. This qualitative behavior is clearly seen 
in Table 1.

We start with the calculation of the energy of the first excited 
state of 20C, by using the range parameters given in Table 1 in 
the separable Yamaguchi potentials for the n–n and n–c systems, 
in order to study the effect of the interaction range in the general 
behavior of the excited state as the neutron-18C binding energy 
is moved. Close to the Efimov limit, the increase of the neutron–
core binding energy for a fixed ground state 20C energy should 
make the excited state approach the continuum threshold and be-
come a virtual state. We want to address to which extend this 
general trend is distorted, or even destroyed, with the increase 
of the interaction range. The results presented in Fig. 1 illustrate 
that. We compare the results with the universal zero-range model 
obtained by calculations performed with renormalized subtracted 
equations, explained in detail in Ref. [1]. For high-β values (given 
in the fourth column of Table 1), when the n–n and n–c ranges 
are of the order 0.1 to 0.2 fm, the results are indeed quite com-
patible with the zero-range model ones, as expected. We should 
notice that the n–c energy required to have the excited state at 
the threshold, |Enc| = 167 keV, is moved to 190 keV when the n–c
range is increased to about 2.7 fm. By increasing the range, one 
naturally adds more attraction to the system and the excited state 
survives up to larger values of |Enc | for a fixed ground state energy, 
however the general picture provided by the scaling law obtained 
with the zero-range model is still valid, namely for an n–c effective 
range compatible with the matter radius of 18C.

Next, we study the validity of the picture found with the zero-
range model, therefore within the realm of Efimov physics for the 
elastic s-wave n-19C scattering amplitude, when the interaction 
range is finite and compatible with the nuclear force. In order to 
Fig. 1. Relation between the energy of the first excited (bound or virtual) state, E(1)
20C

, 
and the En-18 C energies, indicating the threshold position when E(1)

20 C
= E19 C. By in-

creasing the two-body binding, E19 C (decreasing |an-18 C|), we reach the values for 
which an excited Efimov state E(1)

20 C
turns into a virtual state. As shown, the corre-

sponding position in the case of zero-range results (black-solid lines with bullets), 
|Enc | = 167 keV, are close to the position obtained by the low-range (high-β) results 
(blue line with *). The high-range (low-β) results (red line with triangles) indicate 
that the threshold position is reached for higher values of the n–c binding, going 
from 167 to about 190 keV as the n–c range is increased to about 2.7 fm.

perform this analysis we follow the suggestion given in Ref. [14]
presented in Eq. (1), for the effective-range expansion of k cot δR

0
given in a re-parametrized form in [18], where k is the on-energy-
shell momentum for the n-19C scattering, and δR

0 is the real part 
of the corresponding s-wave phase shifts. k cot δR

0 is given in terms 
of the center of mass n-19C scattering energies E K ≡ k2/(2μn,nc), 
where μn,nc is the reduced mass, μn,nc = m (A + 1)/(A + 2), which 
can be written as

k cot δR
0 = −a−1 + b E K + c E2

K

1 − E K /E0
, (14)

where a−1 is the two-body scattering length, b and c are the ad-
justable parameters, with E0 giving the pole position. The above 
effective-range expansion can also be expressed in a form close to 
the original expression (1):

k cot δR
0 = d

1 − E K
E0

+ e + f
E K

E0
, (15)

where the residue is d = − 1
a + bE0 + cE2

0, the effective scattering 
length is e = −bE0 − cE2

0 and f = −cE2
0.

The parameters of the expression (14) are obtained by fitting 
the results from the solution of the n-19C scattering integral equa-
tion (11) for the Yamaguchi one-term separable potential, obtained 
for different energies E K . For that, we first present in Fig. 2 our 
results for the function (1 − E K /E0)k cot δR

0 , from calculations per-
formed for different n–c energies, E19C, and fixed E20C binding 
energy. The results shown in the figure are for the renormalized 
zero-range model [18] (given for comparison) and for the Yam-
aguchi potential with high-β and low-β parametrizations given in 
Table 1. The function (1 − E K /E0)k cot δR

0 for Yamaguchi potential 
becomes similar to the one obtained with the zero-range model 
when considering high values of β (low-range). However, the val-
ues change when considering high-range parametrizations, with 
low values of β .

The striking feature is the decrease of the sensitivity of (1 −
E K /E0)k cot δR

0 on the different values of E19C. While for the 
smallest binding energy of 19C namely 200 keV, the results from 
small-β ’s are still quantitatively quite close to the ones calcu-
lated for large-β ’s and zero-range model, the differences become 
larger as the 19C binding energy increases, but keeping the general 
trend. For small |E20C| the Efimov physics should be certainly more 
dominant explaining why the results are closer to the zero-range 
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Fig. 2. The function (1 − E K /E0)k cot δR
0 , where E0 is the pole position, is given 

in terms of E K ≡ k2/(2μn,nc), by considering renormalized zero-range potential 
(left frame), low-range Yamaguchi potential (middle frame, with large β values), 
and high-range Yamaguchi potential (right frame, with small β values). For each 
case, we plot the results obtained for different values of the two-body binding en-
ergy Enc , from −200 keV to −850 keV, as shown inside the middle frame (the line 
conventions are the same for the three frames).

Fig. 3. Positions of the pole in k cot δR
0 , given by E0, shown as functions of the abso-

lute values of the n-18C binding energy for zero-range (black-solid line), low-range 
(high-β , blue-dashed line) and high-range (low-β , red-solid line) interactions.

ones. The increase of the interaction range diminishes the region 
where the Efimov long range potential acts weakening the effect 
of such universal force in the three-body system. We remind that 
the action of such universal potential is present in region between 
the potential range up to the size of the 19C one-neutron halo 

∼
[√

m|E19C|/h̄2
]−1

, and thus the increase in the potential range 

weakens the effect of the universal potential and consequently the 
sensitivity to the variation of the 19C binding, which weakens the 
dependence of (1 − E K /E0)k cot δR

0 with |E19C| for a fixed 20C bind-
ing energy, as seen in Fig. 2.

The position of the pole E0 is plotted in Fig. 3, as a function of 
the corresponding n–c binding energies, for the zero-range, high-
beta (low-range) and low-beta (high-range) results. Although there 
is less sensitivity of E0 with respect to E19C for larger potential 
ranges in comparison to the low and zero-range results, still, the 
Efimov physics has a strong dominance on this observable. It was 
suggested in [18] to extend to the n–n–c system the formula of the 
ratio found for three-boson system [17], between the two-boson 
scattering lengths, aB where one Efimov state is at the threshold, 
and a0 where the atom-dimer scattering length is zero, or the pole 
in k cot δ0 is at zero scattering energy, namely,
Fig. 4. The s-wave absorption parameter η, shown in terms of the CM kinetic energy 
E K for zero-range potential (left frame), low-range Yamaguchi potential (middle 
frame, with large β values), and high-range Yamaguchi potential (right frame, with 
small β values).

aB/a0 = exp

(
π/2 − 0.59654

s0

)
. (16)

For the n–n-18C case, we considered a−1
nn = 0, with s0 = 1.12 (in 

the case that A = 18). We should emphasize now that the quan-
tities aB and a0 will correspond to the n-18C scattering lengths. 
In the limit of very large scattering lengths, the ratio aB/a0 is √

E0
19C

/E B
19C

, where E0
19C

is the value of the energy where the pole 
is at the scattering threshold and E B

19C
is the energy where the ex-

cited state of 20C is at the scattering threshold,

√
E B

19C
/E0

19C
≈ exp

(
−π/2 − 0.59654

1.12

)
= 0.419 . (17)

For the low-range potential, E0
19C

= 850 keV and E B
19C

= 167 keV

resulting 
√

E B
19C

/E0
19C

= 0.44 and for high-range potential E0
19C

=
940 keV and E B

19C
= 190 keV resulting 

√
E B

19C
/E0

19C
= 0.45, and both 

cases the results compares well with (17).
In Tables 2 and 3 we present the extracted effective-range pa-

rameters, which are obtained by fitting the results shown in Fig. 2
to Eq. (14). The effect of the range can be observed by compar-
ing the values of both tables, where the high-β values (low range) 
are given in Table 2, with the low-β values (high range) given 
in Table 3. For reference, we also provide besides the position of 
the pole also the residue. The pole in k cot δR

0 moves below the 
breakup threshold as the 19C binding energy increases, and when 
0 < E0 < |E19C| it should be observable as a zero in the s-wave 
cross-section at the center of mass energy E0. That happens for 
|E19C| larger than 527 keV and 467 keV in cases of the low- and 
high-ranges potentials, respectively. In both cases it happens close 
to the E19C experimental value of −530 ± 130 keV from Ref. [25]. 
Furthermore, the tables illustrate, the depletion of the sensitivity 
of the parameters in Eq. (14) with E19C for the E20C fixed when 
the range increases, as already discussed.

In Fig. 4 we show that the absorption parameter, given by 
η = |e2ıδ0 | = e−2δ I

0 , is strongly affected by the binding energy of 
19C. As observed, the absorption increases naturally with the size 
of 19C, as verified for the weakly-bound case with 200 keV. By 
increasing the range in this figure (decreasing the values of β pa-
rameters), with the two-body interactions going from zero ranged 
(bottom panel), low ranged (middle panel with high β) and high 
ranged (top panel with low β), we also observe the increasing of 
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Table 2
Effective-range parameters, obtained by fitting Eq. (14) to Fig. 2, when considering different values of |E19C| (first 
column) with short-range Yamaguchi potentials.

|E19C| (keV) 1/a (fm−1) b (fm keV)−1 c (fm keV2) E0 (keV) d (fm−1) rnc (fm)

200 −0.838 · 10−2 5.861 · 10−4 3.822 · 10−8 1304.0 0.8376 0.157
400 −0.610 · 10−1 6.719 · 10−4 6.228 · 10−8 748.98 0.5992 0.174
600 −2.491 · 10−1 9.049 · 10−4 1.276 · 10−7 402.94 0.6344 0.190
800 −1.785 4.215 · 10−3 8.114 · 10−7 78.86 2.1224 0.205
830 −5.104 1.153 · 10−2 1.738 · 10−6 28.98 5.4396 0.208

Table 3
Effective-range parameters, obtained by fitting Eq. (14) to Fig. 2, when considering different values of |E19C| (first 
column) with high-range Yamaguchi potentials.

|E19C| (keV) 1/a (fm−1) b (fm keV)−1 c (fm keV2) E0 (keV) d (fm−1) rnc (fm)

200 −0.317 · 10−1 4.131 · 10−4 1.181 · 10−8 881.91 0.4052 2.736
400 −0.379 · 10−1 5.042 · 10−4 1.332 · 10−8 537.66 0.3128 3.233
600 −1.125 · 10−1 5.723 · 10−4 5.344 · 10−8 324.85 0.3040 3.720
800 −0.381 1.246 · 10−3 4.753 · 10−7 132.92 0.5550 4.255
850 −0.671 1.975 · 10−3 8.891 · 10−7 85.59 0.8465 4.403
Fig. 5. Evolution of the n-19C elastic cross-section for the s-wave scattering as a 
function of the center of mass kinetic energy with the variation of E19 C for fixed 
E20 C. The results for Yamaguchi potentials are given by the solid lines (low β) and 
dashed-lines (high β). The dash-dotted lines give the results for the zero-range 
model.

the absorption parameter due to the size variation of 19C. In addi-
tion, for the same 19C energy the breakup is favored by increasing 
the interaction range, that seems reasonable as the long range at-
traction is weakened, making easier the transition to the inelastic 
channel, as given by the drop in the value of the inelasticity pa-
rameter, as shown in the figure.

Our results for the s-wave scattering cross sections, obtained 
from dσ/d = |hn(k; E)|2, are in Fig. 5 (in logarithmic scales) as 
functions of E K , by considering eight different values for Enc , from 
−150 keV to −850 keV (as indicated inside the corresponding 
panels). The positions of the k cot δR

0 pole correspond to the ob-
served minima appearing in the cross-section for E K = E0, which 
is clearly seen when is E0 is below the breakup threshold or 
when absorption to the breakup channel is not large. We observe 
that the minima will become more and more pronounced as the 
19C binding increases, with the corresponding positions moving to 
smaller values of E K = E0, as illustrated in Fig. 3. However, in this 
trend (of moving the poles with the variation of E19C) we should 
also notice that such behavior affects more the low-range cases. 
This reflects the slope changes already verified in Fig. 3, where 
one can verify that E0 moves faster with E19C for the zero-range 
results than for the finite-range cases. Therefore, at some point, for 
large enough 19C binding, the deep observed in the cross-section 
for the zero-range results will cross the high-range one. The deep 
of the low-range potential is not crossing the zero-range because 
the value of E0 where this happens is outside the physical scatter-
ing region. In addition, we observe a softening of the deep when 
E0 > |E19C| due flux absorption to the breakup channel, which 
is clearly observed in the figure for 19C binding energies below 
400 keV.

Except for the regions around the deeps, where we observe 
the strong variation of the cross-section, we note that its value 
are generally larger for the Yamaguchi interactions, and for the 
high-range potential this trend is more visible. But apart such dif-
ferences, the general behavior of these cross sections shows the 
same trend.

4. Conclusions

In the present work, we revisited the well-known study of 
s-wave phase-shift neutron–deuteron doublet scattering in the 
context of the neutron-19C scattering with a finite range poten-
tial in a neutron–neutron–core picture, extending a previous work 
done for a zero-range interaction model [18]. We restricted our 
study to s-wave observables, due to the fact that, when consid-
ering large scattering lengths and small effective ranges for a to-
tal zero-angular-momentum state, the properties of the discrete 
and continuum spectrum of the neutron–neutron–core system are 
dominated by the Efimov physics, namely the s-wave observables 
obeys scaling laws with dependence on the scattering lengths and 
the two-neutron separation energy of the halo system [1]. Within 
this conceptual framework, we studied to which extent we can 
identify the general features brought by the universal scaling prop-
erties and Efimov physics in the neutron-19C low-energy s-wave 
scattering when the two-body interaction ranges are increased. For 
that, considering the three-body halo system n–n-18C, we use a 
one term separable Yamaguchi potential having the physical value 
for the neutron–neutron effective range and for a neutron–core ef-
fective range close or larger than the core matter radius.

We investigated the low-energy properties of the elastic s-wave 
scattering for the neutron-19C near the critical condition for the 
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occurrence of an excited Efimov state. The results obtained in 
the present work are extending to finite-range interactions the 
ones obtained previously when considering the zero-range ap-
proach [18]. In view of these results, confirming that the real part 
of the elastic s-wave phase shift (δR

0 ) reveals a zero when the 
n–n–c system is close to an excited Efimov state (bound or vir-
tual) [18], we can also appreciate the effect of the range on the 
position of the zero.

In close analogy with what happens to the s-wave phase-shift 
in the neutron–deuteron doublet scattering. It is well known that 
at low-energies neutron–deuteron doublet state is dominated by 
the Efimov physics, and the parameters of the effective range 
expansion of the neutron–deuteron doublet s-wave phase-shift 
present universal scaling laws with the triton binding energy for 
fixed nucleon–nucleon scattering lengths and effective ranges.

We establish to which extent the general universal scaling laws, 
strictly valid in the zero-range limit from the dominance of the 
Efimov physics, survive when finite range potentials are used to 
describe the neutron-19C low-energy s-wave scattering. We studied 
the scaling of the real and the imaginary parts of the phase-shift 
with the 19C halo neutron binding energy when the two neutrons 
separation energy in 20C is fixed to its experimental value. The two 
quantities analyzed were k cot δR

0 (δR
0 the real part of the phase-

shift) and the inelasticity parameter η. The first quantity exhibits a 
pole coming from the log periodic behavior of the scattering am-
plitude originated from the scale invariance of the three-body inte-
gral equations in the limit of a zero-range force and its breaking to 
a discrete scaling in the realm of the Efimov physics, which corre-
lates the s-wave quantities to the binding energy of the three-body 
halo system, namely the 20C nucleus. That strong correlation sur-
vives for the finite range potential with effective neutron–neutron 
and neutron–core ranges compatible with physical values. In the 
present context, the scaling law representing an observable de-
pends on the binding energy of the three-body halo system, and 
n–n and n-core scattering lengths. Therefore, even with the 20C 
two-neutron separation energy and the neutron–neutron scattering 
length fixed, there is still dependence on the 19C binding energy, 
which was explored here having as a guideline the results for the 
zero-range model.

We verified that by considering a finite-range potential, the re-
sults for the s-wave scattering amplitude present universal scaling 
features, with the variation of the 19C binding energy for fixed 
20C and neutron–neutron singlet virtual state energies. The scal-
ing of the effective range parameters and the position of the pole 
of k cot δR

0 are in general accordance with previous results for the 
scaling obtained in the calculations with the zero-range potential. 
One striking feature is that the ratios 

√
E B

19C
/E0

19C
obtained for fi-

nite range potentials from 0.44 to 0.45, where E0
19C

and E B
19C

being 
respectively, the values of the 19C energy where the pole is at the 
scattering threshold and the excited state of 20C is at the scattering 
threshold, are quite close to ≈ 0.419 the universal ratio [18].

The effect of the finite range appears by the softening of the 
corresponding variation in the positions of the pole, as well as the 
effective range parameters of neutron-19C s-wave amplitude. The 
excited three-body 20C state turns into a virtual state for a large 
19C binding, moving it from 167 keV to 190 keV when the effective 
ranges are increased to reasonable physical values. The increase of 
this quantity is physically consistent with the findings within Ef-
fective Field Theory [7]. In addition, we have also clarified that the 
analytical structure of the unitary cut is not affected by the poten-
tial range or mass asymmetry of the three-body system. Finally, we 
found that the deep in the elastic neutron-19C s-wave cross-section 
comes close to the breakup threshold, when the halo-neutron sep-
aration energy in 19C is close to one of the experimental values of 
530 ± 130 keV from Ref. [25]. The emergence of the universal fea-
tures in the neutron-19C s-wave elastic amplitude is evident when 
using potentials with physical effective ranges. The present study 
opens the prospect of investigating the transition amplitudes for 
three-body halo breakup to low-energy continuum states within 
the framework of scaling laws, in particular when monopole op-
erators are involved in the transition. Finally, in a perspective of 
actual experimental possibilities, along the lines as reviewed in 
Ref. [29], we should also point out the relevance of an extension of 
the present investigation to heteronuclear ultracold quantum gases.
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