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Abstract—1In this paper, we shall introduce two new mappings closely connected with Hadamard’s
inequality for convex mappings and study their main properties. Some applications are also included.
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1. INTRODUCTION

Let f: I CR — R be a convex function on the real interval I and a, b € I° (I° is the interior
of I) with a < b. The following inequality due to Hermite [1] and Hadamard [2] is well known:

b
f(a;b>5bia/a f(x)de—————f(a);f(b)- (1)

In [3] (see also [4]), the first author has introduced the following mappings H, F:[0,1] —» R,
1 b a+b
= —t d
H(t) b—a[,f(t$+(l ) 3 ) z,

b b
(t)=zb—_1a—)2/a/af(tx+(1—t)y)dxdy

associated with Hermite-Hadamard’s inequality which give two “continuous scales” of refinements
of Hermite-Hadamard inequality.

(i) H is a convex nondecreasing function on [0,1] and

b
f (‘“2“”) —HO < BQ < HQ) = 5= [ @)

(ii) F is nonincreasing on [0,1/2], nondecreasing on [1/2,1], and it is convex on [0, 1). More-
over,

1 b 1 borb T+Yy
F(t) = dz, inf F(t) = ——— dz d
s PO =3 [ @it m) = gt [ (55Y) deay

and one has the inequality
H(t) < F(b), for all t € [0,1].

For some other properties of H and F, see [3,4], where some applications are also given.
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The aim of this paper is to study Hermite-Hadamard’s inequality from a different point of
view. Namely, we shall consider the “difference” mappings L and P defined by

L:[a,b — R, L(t)=f—(t—)—_£—f(—a)(t-a)—/f(s)ds

and

P:la,f| =R,  P(t) =/atf(s)ds—(t—-a)f (t;“),

and will discuss the main properties of these, and then obtain some refinements of (1). Finally,
some applications in connection with well-known elementary inequalities are also given. The
motivation for the present work stems from many recent refinements of (1) in [1,3-15].

2. MAIN RESULTS

The main properties of the mapping L are embodied in the following theorem.

THEOREM 1. Let f: I C R — R be a convex mapping on the interval I and let a < b be fixed
in I°. Then, we have the following.

(i) The mapping L defined above is nonnegative, monotonically nondecreasing, and convex
on [a,b].
(ii) The following refinement of Hadamard’s inequality holds:

b b —a
s [ fds s i [ e+ (122) [OHI0) JOLIO g

for each y € [a,b)].
(iii) The following inequality holds:

NCESCIERNRECLI IR
_ flot+(1-0)s) + fa) [at + (1 — a)s — a (3)
2
t s at+(l-a)s
Za/ﬂww+ﬂ—®/ﬂww—/ £ (u) du,

for every t, s € {a,b] and each o € [0,1].

PRroOOF.
(i) The fact that L is nonnegative follows from Hadamard’s inequality.
In order to prove the monotonicity and the convexity of L, we shall show the following inequal-

ity:
L(z) - L(y) 2 (z —y)Li(y), forallz,y€ o] (4)

For this, suppose that x > y. Then, we have

L) - 1) = LD o) SO T@ gy [ (506 )
Yy

By the inequality (1), we deduce

Liz) - L{y) L (@) +fl@)z—a) (W) +F@Py—a) flz)+ @)
z-y 2(z - y) 2(x —y) 2 '
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On the other hand, since f is convex, f), (y) exists for all y € [a, b), and thus, a simple calculation

yields
f+(y)( a)  f(y) = f(a)
2 k]

Li(y) =

Therefore, the inequality (4) holds prov1ded

a- Y@ feze) JOIDE-D (141 ja)) 2 fa)w-a) 0

y € [a,b). (6)

But, a simple calculation shows that

A W0 - F&)

r—y

and hence, the relation (7) is equivalent to

r-y
which holds by the convexity of f.

The proof of (4) for the case y > x is similar, and we omit the details. Consequently, the
mapping L is convex on [a, b].
Now let z > y, z,y € [a,b]. Since L is convex on [a,b], we find

L@ =) | g, £ =) - () = @) |
T—y 2 =7

as, by the convexity of f, we have f(a) — f(y) > (a — y)fi(y), for all y € [a,b]. Thus, L is
nondecreasing on [a, b}.
(i) By (i), we have 0 < L(y) < L(b), for all y € [a,b], and hence,

)+ 1), /f yas < L)+ F(@) /f )ds,

which gives

b
[ ras— [ ssyas < LI gy S LI )

Therefore,

1 fo)+f(a) fly)+fla)(y—a
b_--_a/yf(s)"lsS 2 2 (b—a)’

which is the right inequality in (2).
By Hadamard’s inequality, we also have

___/ £(s) ds+<b a)f(a)+f L a,/ybf Zyia a
=3= a(/ybfs)ds+/ fls)d )
—m[lf(s)dS,

for all y € [a,b]. This completes the proof of the left inequality in (2).




36 S. S. DRAGOMIR AND R. P. AGARWAL
(iii) The inequality (3) follows by the convexity of L, i.e.,
L{at + (1 — a)s) < aL(t) + (1 -~ a)L(s),

for all s,t € [a,b] and a € [0,1].
REMARK 1. Since L is nondecreasing, we have the following:

telfrlzi,:b] L(t)=L{a) =0

and
sup L(t) = L(b) = ﬂ”+f“
t€fa,b]

/ f(s)ds > 0.

REMARK 2. If f is a monotonically nondecreasing function on [a, b}, then the mapping ®(t) =
f: f(u)du is convex on [a,b]. Consider the new mapping ¥ : [a,b] — R given by ¥(t) =
1/2(f(t) + f(a))(t — a). If f is assumed to be convex and nondecreasing, then ¥ is also convex

on [a, b] and, by the inequality (3), the following holds:

a¥l(t) + (1 — a)¥(s) — ¥(at + (1 - a)s) > a®(t) + (1 — a)®(s) — P(at + (1 — a)s) >0,

for all 5,t € [a,b] and a € [0,1].
The main properties of the mapping P are given in the following theorem.

THEOREM 2. Let f be as in Theorem 1. Then,

(i) The mapping P is nonnegative and monotonically nondecreasing on [a, b].
(if) The following inequality holds:

0 < P(t) < L(t), for all t € [a,b].

(iii) The following refinement of Hadamard’s inequality holds:

1(55) s oo (57) ~0-0r (552
fjlw@@sﬁzlfww,

for all y € [a,b).

PROOF.
(i) Clearly, by (1) the mapping P is nonnegative. Let a < z < y < b. Then, we have

By Hermite-Hadamard’s inequality, we have

[ rerasz -1 (252),

and hence,

L) - 1) > - f (52 - =07 (L2 + - air (152).

(8)

(9

(10)
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Now, using the convexity of f, we get

y—z_ {z+y z—a,{z+a (y—z)z+y) (z-a)(z+a) y+a
> =
e (55 i (50) = (Mt Bt ) = (50,
and thus, L(y) — L(z) > 0, which shows that L is nondecreasing on [a, b].
(ii) By Hermite-Hadamard’s inequality, we have

0 /(a+t)/2 £(s)ds < 1+ )/2) + f(a)

t—al, 2
d
" 2 [ e et 0210
t—a Jiatb)/2 - 2 '

for all a < t < b. On summing these inequalities, we obtain

__/ £(s)ds <f(“+b) f(“);f(b), t € [a,b),

which implies the inequality (9).
(iil) The left inequality in (10) follows from the fact that

y
/ f(s)dsZ(y—-a)f(a;—y), for all y € [a, b].
For the right inequality of (10), we use the fact that, by (i), 0 < P(y) < P(b), for all y € [a, b],

[ 19as-w-ar (L52) < [ r0ds- -7 (452),

which is clearly equivalent with the right inequality of (10).

REMARK 3. From the above assumptions, we have

telﬁfb] P(t)=Pa)=0

and

sup P(t) = P(b) = /f ds — ( —a)f( +b>20.
tEla,b] 2
REMARK 4. The condition “f is convex on [a,b]” does not imply the convexity of P on [a,b].
Indeed, if f(t) = 1/t, t € [1,6], then f is convex on [1, 6] and
8t2 — (t+1)3

t2(t+1)3 °

P'(t) = Int - 2(:; 11) R

and P”(5) < 0, which shows that P is not convex on {1, 6].

REMARK 5. Let f be twice differentiable on I° and suppose that f and f’ are convex on I°.
Then, P is also convex. Indeed, we have

ro=ro-1(5%)-(5°) (%)
P'(t) = f(t) - f' (“;“) i} (%) P <t_—+2;_) |

for all t € [a,b], then from the convexity of f’, we have

@)~ <t;a) > <t;a) f (t;a), for all t € [a,b),

which in view of the convexity of f implies that

P(t) > ( )f” (Ha), for all £ € [a,b)]

Consequently, P is also convex on [a, b].

and
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3. APPLICATIONS
1. Suppose that 0 < a < b and y € [a,b]. Then, for all p > 1, we have

pptl _ gptl 1 pp+1 _yp+1 (y—a)(a”+y”) < aP + bP
(p+1)(b—a) " b-a p+1 2 - 2 7

Indeed, it follows from (2) applied to the convex mapping f : [0,00) — [0,0), f(z) = zP.
2. Let 0 <a < bandy € [a,b]. Then,

b 1/(b—a) b 1/(b—a) y‘2 —a? a+b
bt <|(= —~_— _|< —.
(a> - (y) P [2ay(b—a)] - exP( 2ab )

This follows from (2) applied to the convex mapping f : (0,00) — (0,00), f(z) =1/z.
3. Let0<a<bandt,s€ [a,b], @ €[0,1]). Then, for all p > 1, the following inequality holds:

% [0t — @) + (1 — a)sP(s — a) — (at + (1 — a)s)P(at + (1 - a)s — a)]

> L [atPt! + (1 — @)sPt! — (at + (1 — @)s)P*!] > 0.
p+1
This is the inequality (3) applied to the convex function f(z) = zP defined on [0, 0o).
4. Suppose that 0 < a and t,s > a. Then, for all a € [0, 1], we have the following refinement of
the arithmetic-geometric means inequality:

l-a 1
— > pagl-a ot - 2t
at +(1—a)s > t%s exp[a(t+ s at+(1—a)s)]_ T

which follows from the inequality (3) on applying for the convex function f : (0,00) — (0, c0),

fz) =1/x.
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