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1. Introduction

Let C" denote the space of n complex variables z = (z1,...,z;) with respect to an arbitrary norm | - ||. Let B =
{z € C": |z|| < 1}. Let B" be the Euclidean unit ball in C", D be the unit disc in C. Let L(C",C™) be the space of all
continuous linear operators from C" into C™. For each z € C"\ {0}, we define T(z) ={l, € L(C",C): |l;|| =1, I;(2) = ||z||}.
According to the Hahn-Banach theorem, T (z) is nonempty. Let H(B) be the set of all holomorphic mappings from B into C".
Notice that for fixed z € C", Va(# 0) € C, when [, is chosen and fixed, then ||%lz|| = ||| <1, and %lz(oez) = ";—Ialz(z) =
lee||lz|l = |lez||, so we can assume [y, = 'g—'lz. A holomorphic mapping f : B— C" is said to be biholomorphic if the inverse
f~1 exists and is holomorphic on the open set f(B). A mapping f € H(B) is said to be locally biholomorphic if the Fréchet
derivative Df(z) has a bounded inverse for each z € B. We say that f is normalized if f(0) =0 and Df(0) = I, where [
represents the identity in L(C", C"). Let S(B) be the set of all normalized biholomorphic mappings.

If f,g € H(B), we say that f is subordinate to g (f < g) if there exists a Schwarz mapping v (i.e. v € H(B) and
lv(@)|l < llzll, z € B) such that f = gov. A mapping F : B x [0, o] — C" is called a Loewner chain if F(-,t) is biholomorphic
on B, F(0,t) is biholomorphic on B, F(0,t) =0, DF(0,t) =e'I for t >0 and

F(z,s) < F(z,t), zeB, 0<s<t<oo.

The following set play a key role in our discussion:

M={heH(B): h(0)=0, Dh(0)=1, %e[l,(h(2))] >0, zeB, I, T(2)}.

In [7] (see also [2,6]), the following result is proved:
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Lemma 1. Let f(z,t) be a Loewner chain and v = v(z, s, t) be the transition mapping of f(z,t). Then f(z,-) is locally Lipschitz
continuous on [0, co), locally uniformly with respect to z € B, and there exists a mapping h = h(z, t) such that h(-,t) e M, t >0,
h(z, -) is measurable on [0, co), and

ad

8_{(2’ t)=Df(z,t)h(z,t), aet>=0

and for all z € B. Also v(z, s, t) satisfies the initial value problem
av

gz—h(v,t), aet>s, v(z,s,5) =2,

and for all z € B and s > 0. Moreover, if {e ™" f (z, t)}¢>0 is a normal family on B, then for every s > 0,
lim e'v(z,s,t) = f(z,5)
t—o00

and the above limit holds locally uniformly on B.

Definition 2. (See [2].) Let f : B— C" be a normalized holomorphic mapping. We say that f has parametric representation
if there exists a mapping h = h(z, t) which satisfies the condition in Lemma 1 such that f(z) = lim¢_, o e‘v(z,t) locally
uniformly on B, where v = v(z, t) is the unique solution of the initial value problem

av
g:—h(v,t), ae.t>0, v(z,0) =z,
for all z € B.

Let SO(B) be the set of all mappings which have parametric representation on B. Then S°(B) c S(B) [2]. It is well known
that in the case of one variable S°(D) = S(D); however, in C", n > 2, S°(B) & S(B) [14].

Definition 3. Let g € H(D) be a biholomorphic function such that g(0) =1, g(&) = g(€), for £ € D, feg(¢) >0 on & € D,
and assume g satisfies the following conditions for r € (0, 1):

min Jte g(¢) = min{g(r), g(—n)}.

max e g(§) = max{g(r), g(-n)}.

We define Mg to be the class of mappings given by
1
Mg = {p € H(B): p(0)=0, Dp(0)=1, mlz(p(z)) cg(D), ze B\{0}, I, e T(2)}.
The class M, has been introduced by Kohr [13] on B" and by Graham, Hamada and Kohr [2] on the unit ball with
respect to an arbitrary norm in C".

Definition 4. (See [6].) Let g: D — C be a biholomorphic function satisfying the assumptions of Definition 1. Also let
f € H(B). We say that f € Sg(B) if there exists a mapping h: B x [0, oco] — C" which satisfies the conditions

(i) for each t >0, h(-,t) € Mg;
(ii) for each z € B, h(z,t) is a measurable function of t € [0, co];
(iii) lim¢_ o0 €v(z,t) = f(2) locally uniformly on B, where v = v(z, t) is the solution of the initial value problem
0

?::fh(v,t), ae. t>0, v(z,0) =z,

for all ze B.

The class Sg(B) is called the class of mappings which have g-parametric representation on B. We say that a mapping
f:B x[0,00] = C" is a g-Loewner chain if and only if f(z,t) is a Loewner chain such that {e~!f(z, t)}t>o0 is a normal
family on B and the mapping h(z,t) which occurs in the Loewner differential equation

%(Z, t)=Df(z,t)h(z,t), a.e.t>0,

satisfies h(., t) e Mg for a.e. t > 0 (see [2,3,12]). Obviously, if g(§) = (}%? & €D, then Sg(B) reduces to the set S°(B).

We denote by Sp_,; (respectively Sg,kH (B)) the subset of S°(B) (respectively S3(B)) consisting of mappings f for which
there exists a Loewner chain (respectively a g-Loewner chain) f(z,t) such that {e™* f(z,t)}¢>0 is a normal family on B,
f=f(,0)and z=0 is a zero of order k+ 1 of e~t f(z, t) — z for each t > 0 (see [4,5,7,8,10,11,13]).

The aim of this paper is to give coefficient bounds in Sg k41(B). These results generalize the corresponding results of [10].
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2. Preliminaries

In order to prove the desired results, we first give some lemmas.

Lemma 5. (See [1].)If f(z) = ao + Y e an2z" € H(D), and f(D) C D, then

lan| <1—laol®, n=1,2,....

The following formula is that of Faa di Bruno to deal with the higher derivatives of compound functions.

Lemma 6. (See [15].) Let G, 2 be domainsin C, f € H(G), g € H(£2).If f(G) C £2, then

(g0 N2 = Zl,' “>(f<z))(f(z)) (

In
> , z2€G,

wherel =11 + --- + I, and the sumis over all l1, ..., I, for which Iy + 2l + -- - +nl, =n.

Lemma 7. If f € H(D), g is a biholomorphic function on D, f(0)

()
VO _ o), et
n!

Proof. Since f < g, there exists a function ¢ € H(D, D), ¢(0) =

(m)
1, (n) ] 0] f)
™ = (g 0) = Zl 3 (f<0>)( ) : ( "
where | =1y +--- + I, and the sum is over all I, ...,I;, for which Iy + 2l + ---
Lemma 7 and the above equality, we easily deduce that
M
™) = f/ ( ), n=k,...,2k—1.
g
Therefore, according to Lemma 5, we obtain
(Wi
LICIm .
n!
This completes the proof. O
3. Main results
Theorem 8. Let g satisfy the assumptions of Definition 3 and f e S° 2kt (B). Then
I, (D™ f (0)(z™
D7/ QDI 1€ O]IzI", z€B, LeT@, m=k+1,...,

m!

Proof. Since f € Sg K1

=g(0), f(0)=

.= f&k=10)=0,and f < g, then

Osuchthatp =g

(B), there is a g-Loewner chain f(z,t) such that f(z) =

-1

2k.

o f. By Lemma 6, we have

)ln

+ nl, =n. In view of the assumption of

f(z,0), z€ B. Also there exist a mapping

h¢(z) =h(z,t) € My for each t > 0, measurable in ¢ for each z € B, such that for almost all t > 0,

aa—{(Z, t)=Df(z,t)h(z,t), VYzeB.

Fix ze B\ {0}, I, € T(2), tp > 0 and denote zg = i

Iz

£lz(hey (§20)), € #0,

Ptg($)={
1, £=0.

Then p¢, € H(D), pt,(0) = g(0) =1, and since h¢,(z) € M, we deduce that

pm@)—— 2(he (620)) = lz(,(hm(szo))

3 IIE oll

——— ez (heo (E20)) € g(D),

(1)

Let pt, : D — C be given by

£ €D\ ({0}

Therefore p;, < g. Using the fact that z=0 is a zero of order k+ 1 of e~ f(z,t) — z, we have
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2. DMf(O,t)(z"
f(z, t)—ez$+ Z MS
m=k+1 m!
and
of o - D"f(0.0E™ | m
ac D=y 2L il

After simple computations, in view of (1), we obtain for almost all t > 0 that

> D™h(0,t)(z™
hezn=z5+ 3 S E g 3)
m=k+1 :

and

m m m m tpm m
%[D fQ,6)(Z )}:D f0,6)(Z™)  e'D™h(0, t)(z ), —kt1.... .2k (4)

m! (m—1)! m!

where z € B, and & € D. Taking into account (2) and (3), for z = zp, and t =tp > 0 such that (1) holds, we have

o 12(D™h(0, to)(z))
P =1+ ) S gL (5)
m=k+1 ’
It is clear that p, (&) satisfies the hypothesis of Lemma 7, thus we have
(n)
0
1P, Ol ()| <|g n=k,...,2k—1. (6)
Combining the relations (5) and (6), we obtain
I;(D™hg, (0) (2™
'Z(‘;M <|g'O|llzI™, zeB\O, I, €T(2), m=k+1,...,2k. (7)
Let
T
Gm,z(T) =e~™'D™f(0,T)(z™) — D™ (0, 0)(z") — / e~ M=DIDMR(0, 1) (z™)dt, m=k+1,...,2k,
0

for fixed z € B and T > 0. Since q(T) =0 for almost all T > 0 by (4), we have q,(T) = q,(0) = 0. From this we have the
equality

T
e ™1, (D™ f (0, T)(z’”))flz(D'”f(0,0)(zm)):/lz(e’(m’”‘Dmh(O, O(Z"))dt, m=k+1,...,2k (8)
0

Next, in view of Corollary 11 in [10], we have

llzIl

T B S
[fz.T)| <e ||z||exp/ [min{g(x"),g(—x")} 1] o Z€ B. 9)
0

Using the Cauchy formula

1 1 fgu, T)
DS, T)(u™) = i | o

[¢]=r

de, r<1,

for u € C", ||u|| =1, and taking into account (9), we easily obtain that

lim e™D™f(0,T)(Z")=0, m>k+1.

T—+o00
Letting T — +o0 in (8) and using the above equality and (6), we deduce that

D" fOE™ ) _ 1
=X m—

m!

1|g/(0)|||z|\”’, zeB, ,eT(2), m=k+1,...,2k.

This completes the proof. O
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Remark 9. Theorem 8 generalizes the corresponding result of [10], when m =k + 1, Theorem 8 was obtained by Hamada,
Honda and Kohr [10]. Moreover, Theorem 1 improves some results of Hamada and Honda [9] by omitting the convexity
assumption on g(z).

Using Theorem 8, we obtain the following corollary by an argument similar to that in the proof of [10, Corollary 25].

Corollary 10. Let g satisfy the assumptions of Definition 3 and f € Sg,kﬂ (B). Then

<bm-1|g O], m=k+1,...,2k, |w]=1,

1
H ﬁDf“f(O)(wm)

=

mm—

where b1 = T

For g(¢) = }%g ¢ € D, we obtain the following corollary.

Corollary 11.If f € S{_, (B), then

(D" O W™)| _ 2

< , m=k+1,...,2k, |w||=1, I, € T(w).
m! m-—1

Moreover, for ||w| = 1, we have

1
H—Dmf(O)(wm) <2bpo1, m=k+1,...,2k, [|w]|=1,
m!

m
mm—1

m—1"*

where b1 =

Remark 12. Corollaries 10, 11 generalize the corresponding results of [10], when m =k + 1, Corollaries 10, 11 were obtained
by Hamada, Honda and Kohr [10].

0

1B This is a version of the

At present, we do not know whether the following conjecture is true for the class f € S
Bieberbach conjecture in several complex variables.

Conjecture 13.If f € S?, . (B), then

k+1
1w (D™ f (O m 2
b OTLOWENI C msk+1, lwl=1, Ly e T(w).
m! m—1
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