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We explore the possibility of further gravitational wave modes in F (T ) gravity, where T is the torsion
scalar in teleparallelism. It is explicitly demonstrated that gravitational wave modes in F (T ) gravity are
equivalent to those in General Relativity. This result is achieved by calculating the Minkowskian limit
for a class of analytic function of F (T ). This consequence is also confirmed by the preservative analysis
around the flat background in the weak field limit with the scalar–tensor representation of F (T ) gravity.
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1. Introduction

It has been suggested from the recent precise cosmological
observations [1–5] that if the current universe is considered to
strictly be homogeneous, there exist not only dark matter and
baryons but also the so-called “dark energy”, whose contribution
provides a negative pressure able to accelerate the universe today.
It is not well understood yet whether dark energy can be described
in terms of unknown contributions (such as cosmological constant,
scalar field, some exotic fluid) or it has geometric origin, namely,
gravity should be extended and modified at infrared limit on large
distances. (For reviews about dark energy and extended/modified
gravity theories, see, for example, Ref. [6] and Ref. [7], respec-
tively.)

In order to solve this dichotomy, one needs an experimentum
crucis capable of discriminating between the two approaches. This
signature could be related, on one hand, to the detection of new
particles. On the other hand, supposing that gravitational waves
are directly detected, by analyzing gravitational wave modes in
Extended Theories of Gravity [7], which can explain the current
cosmic acceleration, and those in General Relativity and compar-
ing those modes with the observations, it is possible to judge, in
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principle, whether the origin of dark energy is geometric or not,
that is, gravitation is described by Extended Theories of Gravity.

Gravitational waves offer a remarkable opportunity to see the
universe from a new perspective, providing an access to astro-
physical insights that are available in no other way. Theoretical
and experimental studies have been developed to understand the
mechanisms for the production of gravitational waves, both in as-
trophysics and in cosmology [8,9]. But even today, have not fully
been resolved many conceptual problems and technical issues re-
lated to the production of gravitational waves from self-gravitating
systems. In particular, Extended Theories of Gravity seem a viable
scheme to overcome shortcomings related to infrared and ultravi-
olet behaviors of the gravitational field [7]. Apart from the funda-
mental physics reasons, Extended Theories of Gravity have taken
hold in cosmology, thanks to the fact that they “naturally” ex-
hibit inflationary behaviors and therefore are able to overcome the
shortcomings of Standard Cosmological Model [10,11]. The cosmo-
logical models are capable of matching with the observations [7].
There have been proposed the ways of constraining Extended The-
ories of Gravity as well as cosmological models in several model
independent manners by using cosmological observational data,
e.g., in Refs. [12–15]. These theories, from astrophysical and cos-
mological point of view, do not require the presence of candidates
for dark energy and dark matter at fundamental level. The ap-
proach is very conservative taking into account only the gravity,
radiation and baryonic matter, i.e., only the “actually observed” in-
gredients. In other words, it is in full agreement with the early
spirit of General Relativity which could not act in the same way at
all scales. In fact, General Relativity has successfully been probed
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in the weak field limit (e.g., the Solar System experiments) and
also in this case there is room for Extended Theories of Gravity
which are not at all ruled out. In particular, it is possible to show
that several models could satisfy both cosmological and the Solar
System tests and could give rise to new effects [16].

As a candidate of Extended Theories of Gravity to realize the
accelerated expansion of the universe, “teleparallelism” [17] has
recently been considered, where the torsion scalar T constructed
by the Weitzenböck connection describes the action. In this the-
ory, curvature becomes zero, although in General Relativity, the
action is expressed by the Ricci scalar R consisting of the Levi-
Civita connection. It is known that if teleparallelism is extended,
namely, the action is written by F (T ), which is a function of T ,
in the equivalent spirit to F (R) gravity [18,19] in General Relativ-
ity, inflation [20] and/or the late time accelerated expansion of the
universe [21–26] can be realized in such theories.

An advantage of F (T ) gravity is that the order of the gravita-
tional field equation is second, as that in General Relativity, while
that is four in metric F (R) gravity, so that the analysis of the cos-
mological expansion of the universe in F (T ) gravity can be much
easier than that in F (R) gravity. On the other hand, there exist
some theoretical issues of F (T ) gravity, for example, conformal
transformation [27], conformal invariance of teleparallelism [28],
conformal symmetry [29], the local Lorentz invariance [30], cos-
mological perturbation theories [31], a non-linear property of F (T )

gravity [32], superluminal modes [33], and pure teleparallelism
with non-minimal coupling to a scalar field [34] that make such
models very interesting to be studied.

In this Letter, we investigate gravitational waves in F (T ) gravity.
It is explicitly shown that the gravitational wave modes in F (T )

gravity are equivalent to those in General Relativity. It should be
emphasized that in Ref. [35], the number of degrees of freedom
in F (T ) gravity has been examined, and it has been found that
for four-dimensional space–time, there exist three extra degrees of
freedom, i.e., a massive vector field with a scalar field or a mass-
less vector field with a scalar field. This implies that gravitational
wave modes in F (T ) gravity are equivalent to those in General
Relativity since such further modes do not contribute to the grav-
itational radiation in the post-Minkowskian limit. We also verify
this consequence by using the preservative analysis in the weak
filed limit around the flat background in the scalar–tensor repre-
sentation of F (T ) gravity. Thus, our main result is consistent with
that in Ref. [35] and the analysis of perturbations in F (T ) gravity
executed in Ref. [36]. We use units kB = c = h̄ = 1 and denote the
gravitational constant 8πG by κ2 ≡ 8π/MPl

2 with the Planck mass
of MPl = G−1/2 = 1.2 × 1019 GeV.

2. Teleparallelism

We introduce orthonormal tetrad components, i.e., the vier-
bein field, hA(xμ) in teleparallelism, where at each point xμ

of a manifold, an index A = 0,1,2,3 is used for the tangent
space. Moreover, we have the relation between the metric and
the vierbein field as gμν = ηABhA

μhB
ν . Here, μ,ν = 0,1,2,3 de-

note coordinate indices on the manifold, so that hμ
A can be the

tangent vector of the manifold. Also, the inverse of the vier-
bein field is derived by the relation hA

μhν
A = δν

μ . To construct
a quantity to express the torsion of the space–time, we define
the torsion tensor as T ρ

μν ≡ Γ ρ
νμ − Γ ρ

μν = hρ
A(∂μhA

ν − ∂νhA
μ),

where Γ ρ
νμ ≡ hρ

A∂μhA
ν is the Weitzenböck connection. By the

torsion tensor, we also construct the contorsion tensor K μν
ρ ≡

−(1/2)(T μν
ρ − T νμ

ρ − Tρ
μν). Furthermore, using the torsion and

contorsion tensors, we obtain the so-called superpotential Sρ
μν ≡

(1/2)(K μν
ρ + δ

μ
ρ T αν

α − δν
ρ T αμ

α). As a result, combining the
torsion tensor and the superpotential leads to the torsion scalar
T ≡ Sρ

μν T ρ
μν = (1/4)T ρμν Tρμν + (1/2)T ρμν Tνμρ − Tρμ

ρ T νμ
ν .

In the above formulations of teleparallelism, we can write the
Lagrangian density by the torsion scalar. We note that since the
Weitzenböck connection is here adopted, the curvature does not
appear and only torsion is present. This is the main difference from
General Relativity, where we describe the Einstein–Hilbert action
by the curvature scalar R . Along with the same spirit as in F (R)

gravity, we modify the action of teleparallelism as a function of T .
Accordingly, we find [22]

S =
∫

d4x |h|
(

F (T )

2κ2
+LM

)
. (1)

Here, we define |h| ≡ det(hA
μ) = √−g , where g is the determi-

nant of the metric gμν , and LM is the Lagrangian of matter.
Variation of the action in Eq. (1) leads to [35] F ′[∂μ(hhν

A Sν
λρ) −

hhρ
A SμνλTμνρ ]+ F ′′hhν

A Sν
λρ∂ρ T +(1/2)hhλ

A F (T ) = κ2T (M)λ

A , where
the prime denotes the derivative with respect to T as F ′ ≡ ∂ F/∂T
and F ′′ ≡ ∂2 F/∂T 2 and T (M)

ρ
ν is the energy–momentum tensor

of matter. The covariant description of the above gravitational field
equation is

F ′
(

Rμν − 1

2
gμν R

)
+ 1

2
gμν

[
F (T ) − F ′T

] + F ′′Sνμρ∇ρ T

= κ2T (M)
μν, (2)

with ∇ρ the covariant derivative and Rμν and R the Ricci ten-
sor and Ricci scalar, respectively. We remark that for F (T ) = T ,
this equation is equivalent to the Einstein equation. Moreover, the
relation between R and T is R = −T − 2∇μ(T ν

μν) (see [37]).
This implies that gravitational field equations in General Relativ-
ity, described by the Einstein–Hilbert action, and its teleparallelism
version, expressed by the torsion scalar T , are the same each other.

3. Gravitational waves in teleparallelism

Let us investigate gravitational waves in teleparallelism by fol-
lowing discussions in Ref. [38]. In order to obtain gravitational
waves, the most natural starting point is to use linearized gravity.
This means we adopt the weak field limit approximation [9,39].
The weak field limit is achieved by assuming that the space–time
metric gμν is represented by the sum of the Minkowski space–
time plus a small perturbation

gμν = ημν + hμν. (3)

Here, hμν is small and of the first order (O(h2) � 1). This implies
that the gravitational field is required to be weak, and furthermore
that the coordinate system is constrained to be approximately the
Cartesian one. It is straightforward to demonstrate that the relation
(3) is equivalent to gμν = ηabha

μhb
ν in the following way

gμν = ηabha
μhb

ν = ηab
(
δa
μ + ha

μ

)(
δb
ν + hb

ν

)
= ηab

(
δa
μδb

ν + δa
μhb

ν + ha
μδb

ν + ha
μhb

ν

)
= ηabδ

a
μδb

ν + ηabδ
a
μhb

ν + ηabha
μδb

ν + ηabha
μhb

ν

= ημν + ημbhb
ν + ηaνha

μ︸ ︷︷ ︸
� hμν

+O
(
h2), (4)

where we only keep linear terms in hμν and higher order terms
are discarded, since we need to maintain the smallness of the
perturbation. In this sense, the perturbation on the vierbeins
frame (tangent space) is connected to the metric perturbation



196 K. Bamba et al. / Physics Letters B 727 (2013) 194–198
in coordinates on the manifold. The metric perturbation, as well
known, encapsulates gravitational waves, but contains additional
non-radiative degrees of freedom as well. The metric perturbation
hμν transforms as a tensor under the Lorentz transformations, but
not under general coordinate transformations. We now compute
all the quantities which are needed to describe linearized gravity.
Hence, the Ricci tensor at the first order of approximation in terms
of the perturbation is given by

R(1)
μν = 1

2

(
∂ρ∂νhρ

μ + ∂ρ∂μhνρ − �hμν − ∂μ∂νh
)
, (5)

where h = hμ
μ is the trace of the metric perturbation, and

� = ∂ρ∂ρ = ∇2 − ∂2
t is the wave operator. Here, R(n)

μν denotes the
term in Rμν that is of n-th order in hμν . Contracting once more,
we find the scalar curvature

R(1) = Rμ
μ = ∂ρ∂μhρ

μ − �h, (6)

and finally build the Einstein tensor

Gμν = Rμν − 1

2
ημν R

= 1

2

(
∂ρ∂νhρ

μ + ∂ρ∂μhνρ − �hμν − ∂μ∂νh

− ημν∂ρ∂σ hρ
σ + ημν�h

)
. (7)

Now, we have all the necessary ingredients in order to write the
field Eqs. (2) in terms of the perturbation as follows

F ′
(

R(1)
μν − 1

2
gμν R(1)

)
+ 1

2
gμν

(
F (T ) − F ′T

) = κ2T (M)
μν, (8)

where we have discarded the terms higher than the first order
in metric quantities and considered F (T ) as follows. In fact, we
suppose that the F (T ) Lagrangian in Eq. (1) is analytic (i.e., Taylor
expandable) in terms of T , which means that

F (T ) =
∑

n

F n(T0)

n! (T − T0)
n � F0 + F ′

0T + 1

2
F ′′

0 T 2 + · · · , (9)

so that the gravitational field equations (8) can be expressed as

(
F ′

0 + T F ′′
0

)(
R(1)

μν − 1

2
gμν R(1)

)
+ 1

2
gμν

[(
T F ′

0 + T

2
F ′′

0

)

−(
F ′

0T + T F ′′
0

)
T

]
= κ2T (0)(M)

μν . (10)

Here, T (0)(M)
μν is fixed at the zeroth order in Eq. (10) because, in

this perturbation scheme, the first order on the Minkowski space
has to be connected with the zeroth order of the standard energy–
momentum tensor of matter. Finally, after some simplification, we
obtain

F ′
0

(
R(1)

μν − 1

2
gμν R(1)

)
+ T F ′′

0

(
R(1)

μν − 1

2
gμν R(1)

)
− 1

4
T 2 F ′′

0

= κ2T (0)(M)
μν . (11)

At this point, we can make a further assumption on T that, in our
case, due to the above-mentioned relation R = −T − 2∇μ(T ν

μν),
it becomes R = −T because the second term is of higher order.
The reason why we have truncated the expansion of F (T ) at the
second order in terms of T is that we here study the weak field
region. Since the absolute value of the torsion scalar T is basically
related to that of the curvature shown above, when we exam-
ine the weak field region, it is considered that the higher order
terms in T can be neglected. In other words, even if we include
the higher order terms in T , for instance, those proportional to T 3,
the qualitative consequences would not be changed. In this way,
the gravitational field equation is assumed to be

F ′
0

(
R(1)

μν − 1

2
gμν R(1)

)
+ R(1) F ′′

0

(
R(1)

μν − 1

2
gμν R(1)

)

− 1

4

(
R(1)

)2
F ′′

0 = κ2T (0)(M)
μν , (12)

that in terms of perturbation becomes

1

2
F ′

0

(
∂ρ∂νhρ

μ + ∂ρ∂μhνρ − �hμν − ∂μ∂νh − ημν∂ρ∂σ hρ
σ

+ ημν�h
) + F ′′

0

(
∂ρ∂μhρ

μ − �h
)(

∂ρ∂νhρ
μ + ∂ρ∂μhνρ

− �hμν − ∂μ∂νh − ημν∂ρ∂σ hρ
σ + ημν�h

)
− 1

4
F ′′

0

(
∂ρ∂μhρ

μ − �h
)2 = κ2T (0)(M)

μν . (13)

This expression can be cleaned up significantly using the trace-
reversed perturbation h̄μν = hμν − 1

2 ημνh, where h̄μ
μ = −h. Replac-

ing hμν with h̄μν + 1
2 ημνh in Eq. (13) and expanding the equation,

we find that all the terms with the trace h are canceled. As a re-
sult, what remains is

1

2
F ′

0

(
∂σ ∂ν h̄ρ

μ + ∂ρ∂μh̄μν − �h̄μν − ημν∂ρ∂σ h̄ρ
σ

) = κ2T (0)(M)
μν .

(14)

Applying the Lorentz gauge condition ∂μh̄μν = 0 to the above ex-
pression, we see that all but one term vanish:

− F ′
0

2
�h̄μν = κ2T (M)

μν . (15)

Thus, in the Lorentz gauge, the gravitational field equation for F (T )

gravity is simply reduced to the wave operator acting on the trace

reversed metric perturbation (up to a factor − F ′
0

2 ) as in General
Relativity. Therefore, the linearized field equation reads

�h̄μν = −16π

F ′
0

T (M)
μν . (16)

In vacuum, this equation reduces to

�h̄μν = 0. (17)

Like in General Relativity, Eq. (16) admits a class of homogeneous
solutions which are superpositions of plane waves, that is

h̄μν(x, t) = Re
∫

d3k Aμν(k)ei(k·x−ωt),

with ω = |k|. The complex coefficients Aμν(k) depend on the wave
vector k, but are independent of x and t . They are subject to
the constraint kμ Aμν = 0 (which follows from the Lorentz gauge
condition) with kμ = (ω,k), but are otherwise arbitrary. These so-
lutions are the gravitational waves.

From this result, it is clear that F (T ) cannot be a “signature” to
discriminate further gravitational wave modes or polarizations at
the first order in linearized theory. It is important to note that this
result is completely different from that in F (R) gravity, where it
is evident that there exist further degrees of freedom of the grav-
itational field [40]. In particular, it can be found that besides a
massless spin-2 field (the standard graviton), F (R) gravity theo-
ries contain also spin-0 and spin-2 massive modes with the latter
being, in general, ghost modes. As shown in Ref. [35], there are
D − 1 extra degrees of freedom for F (T ) gravity in D dimensions.
This implies that the extra degrees of freedom correspond to one
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massive vector field or one massless vector field with one scalar
field. These modes do not contribute to the gravitational radiation
if it considered, as standard, at first order perturbation theory.

4. Scalar–tensor representation of F (T ) gravity

Let us now consider, by analogy to F (R) gravity, the scalar–
tensor representation of F (T ) gravity, where it is straightforward
to check that the scalar mode does not propagate unlike the case
of F (R) gravity. The action for F (T ) gravity can be written as fol-
lows

S =
∫

d4x |h|(φT − V (φ)
)
. (18)

By varying the action with respect to φ, the correspondence be-
tween the action (18) and that of F (T ) gravity is found as

V ′(φ) = T → φ = φ(T ), (19)

namely, in principle, we can solve the first equation in (19) in
terms of φ as the second equation. This yields

F (T ) = φ(T )T − V
(
φ(T )

)
. (20)

Moreover, the scalar field and its potential can be written in terms
of the function F (T ) as

φ = F ′(T ), V (φ) = F ′(T )T − F (T ). (21)

On the other hand, the gravitational field equations can easily be
obtained by the variation of the action (18) with respect to the
tetrad ha

μ as[
∂μ

(
hhν

A Sν
λρ

) − hhρ
A SμνλTμνρ

]
φ + hhν

A Sν
λρ∂ρφ

+ (1/2)hhλ
A

(
φT − V (φ)

) = κ2T (M)λ

A . (22)

In a covariant form, the gravitational field equation (22) reads(
Rμν − 1

2
gμν R

)
φ − 1

2
gμν V (φ) + Sνμρ∇ρφ = κ2T (M)

μν. (23)

Thus, as executed above, we may explore the weak field limit by
providing that gμν = ημν + hμν , and that the scalar field can be
described by a constant background value φ0 plus a small pertur-
bation δφ around it as

φ = φ0 + δφ. (24)

Furthermore, the scalar potential can be expanded in powers of
the perturbations as

V (φ) = V 0 + V ′
0δφ +O

(
δφ2) . (25)

Accordingly, the gravitational field equation (23) at the first order
of the perturbations becomes(

R(1)
μν − 1

2
ημν R(1)

)
φ0 − 1

2

(
hμν V 0 + ημν V ′

0δφ
)

= κ2T (M)
μν. (26)

Note that the tensor Sρ
μν consists of only first derivatives of the

tetrads, and therefore it becomes null at the zeroth order and the
last term in the left-hand side (l.h.s.) of Eq. (23) is null at the first
order in the perturbations. Moreover, the scalar torsion T also be-
comes null at the zeroth order, and by the scalar field equation
(19), the derivative of the scalar potential evaluated at φ = φ0 is
given by

V ′
0 = T0 = 0, (27)
where T0 is the value of T at φ = φ0, so that Eq. (26) can turn out

R(1)
μν − 1

2
ημν R(1) + hμνΛ = κ2

φ0
T (M)

μν. (28)

This coincides with the Einstein equation at the first order of
the perturbations in the presence of a cosmological constant Λ =
− 1

2 V 0 = 1
2 F (T = 0), and hence the well-known result of Gen-

eral Relativity for gravitational waves is recovered. Consequently,
in F (T ) gravity, unlike in F (R) gravity, there are no propagating
scalar modes in the gravitational waves at least when a flat back-
ground is assumed.

5. Summary

We have investigated gravitational waves in F (T ) gravity. In
particular, in the Minkowskian limit for a class of analytic function
F (T ) in the Lagrangian, we have explicitly shown that gravitational
wave modes in F (T ) gravity are the same as those in General Rel-
ativity. By using this representation, it has been shown that the
scalar field does not propagate at the first order of the pertur-
bations, because the only remaining terms of the scalar field in
the perturbed equations are the zeroth order, so that the Einstein
equation in General Relativity with a cosmological constant pro-
portional to F (T = 0) can be recovered. It should be emphasized
that the cosmological constant can exist only if F (T = 0) 
= 0.
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