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1. INTRODUCTION 

The theory of fuzzy sets was initiated by L. Zadeh [13] as an attempt to 
develop a mathematically precise framework in which to treat systems or 
phenomena which, due to intrinsic indefiniteness-as distinguished from 
mere statistical variation-cannot themselves be characterized precisely. 
Interest has been aroused in the application of these ideas to such fields as 
pattern recognition, artificial intelligence, optimization, and decision theory 
[l, 3, 5, 6, 10-121. 

In this paper, our purpose is three-fold. First, we consider how a topology 
for a set 3 may give rise to an “induced fuzzy topology” for S, thus character- 
izing the fuzzy subsets of % which may naturally be considered “open” and 
at the same time furnishing a concrete class of examples of the “fuzzy 
topologies” defined by C. L. Chang [4]. V arious properties of fuzzy sets in the 
presence of an induced fuzzy topology are studied. 

Next, we use these ideas to prove a generalization to fuzzy sets of the 
Schauder-Tychonoff Theorem, which asserts that every continuous self- 
mapping of a compact convex subset of a locally convex linear topological 
space has a fixed point. 

Finally, after noting that the “Fuzzy Separation Theorem” of Zadeh [13] 
admits of a counterexample, wetagain embloy the notion of “induced fuzzy 
topology” to prove a revised vers& of that theorem for appropriate fuzzy 
subsets of a linear topological space. 

2. BASIC DEFINITIONS AND PROPERTIES 

Let .% be an arbitrary (nonempty) set. A fuzzy set (in 9) is a function with 
domain d and values in [0, 11. (In particular, if S is an ordinary (“crisp”) 
subset of 3, its characteristic function xs is a fuzzy set.) If A is a fuzzy set and 
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x G %‘, the function-value A(x) is called the grade of membership of x in A; 
the number sups.5 A(x) is called the maximalgrade in A. The fuzzy set A’ 
defined by A’(x) = 1 - A( x is called the complement of A. A is called empty ) 
ifA=x@. 

Let A and B be fuzzy sets in 3. We write A C B (and say B includes A) if 
A(x) < B(x) for each x E X. For any family {A,},,, of fuzzy sets in 55, we 
define the intersection nnGn A, and union (JAEn A, , respectively, by the 
formulas 

and 

Suppose T is a mapping of a set S into a set %Y and A is a fuzzy set in 3. 
The fuzzy set TA in 9Y is defined by 

P”Al (Y> = 
xyyiylA(x), if WY) $r $3, 

0, if T-l(y) = a. 

If B is a fuzzy set in g, the fuzzy set T-lB in 55 is defined by 

[T-‘B] (x) = B( T(x)). 

A family 9 of fuzzy sets in % is called a fuzzy topoZogy for %” (and the pair 
(X, S) a fuxzy topological space, or f.t.s.) if (1) XJ E 9 and xs E 9; 
(2) Ulen A, E 9 whenever each A, E 9 (h E A); and (3) A n B E 9 whenever 
A, B E 9. The elements of 9 are called open and their complements closed. 
A mapping T from a f.t.s. (X1 , K$ into a f.t.s. (5Ya , 9J is called F-continuow 
if T-IA E F1 whenever A E F2. 

We introduce the following terminology and notation. Let A be a fuzzy 
set in an arbitrary set Z. The weak (respectively, strong) r-cut of A, denoted 
q(A) (respectively, a,(A)), is defined (for any r E R) by 

+(A) = {x E 55 1 A(x) > r} 

(respectively, o,(A) = {x E 55 1 A(x) > Y}). The cut a,(A) is called the support 
of A and is denoted supp A. A is called constant (withgrade c) if A is a constant 
function with value c. 

Let 3 be a linear space (i.e., a vector space over R or C). A fuzzy set A 
in 9” is called co1zvex if A(tx, + (1 - t) xa) 3 min{A(x,), A(q)} whenever 
xi , x2 E S and t E [0, 11. Equivalently, A is convex if +(A) is convex for 
each Y > 0, or, again, if q(A) is convex for each r > 0. It is readily verified 
that nAEn A, is convex whenever each A, (X E A) is a convex fuzzy set in %. 

409/50/I-IO 
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If D is a linear topological space, a fuzzy set A in % is called bounded if, for 
each Y > 0, w,(A) is bounded. Equivalently, A is bounded if, for each Y > 0, 
o,.(A) is bounded. 

For a more detailed account of the concepts outlined above, the reader 
is referred to [4, 131. 

3. INDUCED FUZZY TOPOLOGIES 

Throughout this section, (X, Y) will denote a (crisp) topological space. 
Let A be a fuzzy set in %. As motivation for our definition of “open” 

fuzzy set in 9, we employ the heuristic principle that A is “closed” if, 
whenever {xy , Y E 9} is a net (cf. [S]) in (3, 9) converging to a point x E 9, 
then x is “at least as much in A as the x, ultimately are,” i.e., 
A(x) 3 lim sup,,9 A(xV). But this is precisely the condition that the function 
A: d--t R be upper semicontinuous, i.e., that 1 - A be lower semicontin- 
uous (cf. [8]). Thus we are led to the following: 

DEFINITION 3.1. The induced fuzzy topology on (%, Y), denoted F(Y), 
is the collection of all lower semicontinuous fuzzy sets in %. 

PROPOSITION 3.2. F(F) is a fuzzy topology for 3, and so (95, F(9)) is a 
f.t.s. 

Proof (cf. [8]). Clearly, the constant fuzzy sets xs and x@ are lower 
semicontinuous. Furthermore, since the supremum of an arbitrary family 
and the infimum of a finite family of lower semicontinuous functions mapping 
.2? into [0, l] are each lower semicontinuous, it follows that unions of 
arbitrarily many and intersections of finitely many elements of F(Y) are 
themselves in F(Y). Thus F(Y) is a fuzzy topology for 3. 

Henceforth, throughout this paper, topological terms such as “open,” when 
applied to fuzzy sets in a speciJed topological space, will refer to the induced 
fuzzy topology unless there is an indication to the contrary. 

Since a function j: X---f R is lower semicontinuous (respectively, upper 
semicontinuous) iff, for each Y E R, {x E I 1 j(x) ,( r} is closed (respectively, 
{x E .%Y /j(x) 3 Y} is closed), we obtain at once 

PROPOSITION 3.3. A fuzzy set A in ST is open (respectively, -closed) a#, 
for each Y > 0, u,.(A) is open (respectively, q(A) is closed). 

Observe that, if S is a Y-open set, then xs is F(Y)-open. 
F-continuous mappings between induced fuzzy topological spaces may 

be simply characterized: 
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PROPOSITION 3.4. A mapping T: (Z, F(9)) -+ (CY, F(4)) is F-continuous 
EY T:(X, Y) -+ (?V, %) is contin.uous. 

Proof. Suppose T is F-continuous. If U is a Q-open set, then 

T-lU = (x E 9 ( x0( T(x)) = l} = {x E 3 1 [Fxul (x> > $1 = Oi/a(T-‘Xu). 

But, by (3.3), the latter set is .7-open, since xv is F(e)-open and T is F-con- 
tinuous. Thus T is continuous. 

Conversely, suppose T is continuous and B an open fuzzy set in (Y. For any 
Y > 0, 

uT( T-lB) = {x E 9- 1 B( T(x)) > r> = T-l(B-‘(r, CO)). 

But the latter set is open, since B is lower semicontinuous and T is continuous. 
Hence, by (3.3), T-lB is F(Y)-open. Thus T is F-continuous. 

Turning our attention now to “compact” fuzzy sets, we must first point 
out that the approach to compactness initiated in [4] will not meet our needs. 
There, an arbitrary f.t.s. (%J, %) is called compact if every open cover of xa 
has a finite subcover-an open cover of a fuzzy set A being defined as a col- 
lection of s-open fuzzy sets whose union includes A. Thus, compactness is 
defined, in effect, only for the crisp set ?J. But even in this sense, no induced 
f.t.s. (not even if induced by a compact topological space) is compact. In 
fact, if (%, 9) is any f.t.s. rich enough to contain a sequence {A,}z=i of open 
constant fuzzy sets whose grades converge in a strictly increasing manner to 
1, then (9Y, YJ cannot be compact, since the family {A,} would constitute an 
open cover of X~ having no finite subcover. 

We therefore introduce 

DEFINITION 3.5. A fuzzy set A in 9 is compact if, for each r > 0, w,(A) 
is compact. 

PROPOSITION 3.6. A fuzzy set A in Rn (endowed with the usual topology) 
is compact iff it is closed and bounded. 

Proof. The result follows at once from the fact that, for each r > 0, 
+(A) is compact iff it is closed and bounded. 

PROPOSITION 3.7. Suppose T is a continuous mapping qf (55, Y) into a 
Hausdorflspace (%‘, %). Then, for any compact fuzxy set A in X, TA is compact. 

Proof. Suppose r > 0. For each integer i >, 2, put 

TVi == {y E % 1 A(x) > r - r/i for some x E T-l{y}}. 
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w,(TA) = fi wi = fi Tw,-(,,i,(A). 
i=2 1=2 

But the sets Tc++.~~(A) (i = 2, 3,...) are compact, and CY is a Hausdorff space; 
thus w,(TA) is compact. It follows that TA is compact. 

DEFINITION 3.8. A fuzzy set A in 3 is conwcted if, for each r > 0, u,.(A) 
is connected. 

We point out that a fuzzy set in R is connected iff it is convex. Also, a 
fuzzy convex set in a linear topological space is connected. These results 
follow at once from their counterparts for crisp sets. 

PROPOSITION 3.9. Suppose T is a continuous mapping of (Z, F) into a 
topological space (W, @). Then, f or any connected fuzzy set A in 3, TA is 
connected. 

Proof. Suppose r > 0. For each positive integer i, put 

Si = {y E Y 1 A(x) > T + l/i for some x E T-l{ y}}. 

Then 

+“A) = fi Si = i]l T~,+d4. 
i=l i=l 

Note that the images TcT,.+,,~(A) (i = 1,2, 3,...) form a nested nondecreasing 
sequence of connected sets. And, in particular, those (if any) that are non- 
empty must have a point in common. It follows (cf. [S]) that u?(TA) is con- 
nected. Thus TA is connected. 

We comment briefly on two alternative definitions of connectedness. In 
[2], it was suggested that A be called connected if each w,(A) is connected. 
However, one can show (by considering certain fuzzy sets in R2) that, with 
this definition, (3.9) is no longer valid. One might also attempt an “intrinsic” 
definition of connectedness for a fuzzy set A in an arbitrary f.t.s. (9,s) 
by requiring (as in the traditional definition) that there not exist any s-open 
fuzzysetsU,,U2forwhichACU,UU2,AnU,#~,,AnU2#~0, 
and An lJln U2 =xp[. But, when (CV, St> is an induced f.t.s., one finds 
that A is connected in this sense iff supp A is connected. This type of con- 
nectedness would not appear to bring into play adequately the fuzzy structure 
of A. For example, connected fuzzy sets in the induced f.t.s. R would no 
longer necessarily be convex. 
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4. A FIXED-POINT THEOREM 

In this section, we prove a generalization to fuzzy sets of the Schauder- 
Tychonoff Theorem. 

In preparation for (4.1), we point out that, if A is a fuzzy set in a set 3, 
then the restricted function A 1 supp A is a fuzzy set in supp A (“essentially” 
the same as A). 

THEOREM 4.1. Suppose A is a (nonempty) compact convex fuzzy set in a 
locally convex linear topological (Hausdorff) space 9’. Let T be (1) a continuous 
mapping of 9’ into itself for which TA C A; or, alternatively, (2) a continuous 
mapping of supp A into itseZf for which T(A 1 supp A) C A / supp A. Then, 
there exists a point x E supp A such that T(x) = x and A(x) is the maximal 
grade in A. 

Proof. Let M be the maximal grade in A. Put W = (t E 3 / A(t) = M} 
(so that WC supp A), and observe that W = 02, w,+(,&A). Now, since 
M > 0, each cut q+tMII)(A) (i = 2, 3,...) is compact and convex. Hence, W 
is compact and convex. Furthermore, each w,+(,,,,,~)(A) is nonempty. Since 
these cuts form a nested sequence, it follows that W is nonempty. We next 
verify that TW C W. To this end, choose any w E W; then, since either 
TA C A or T(A j supp A) C A 1 supp A, we have M > A( T(w)) > [ TA] (T(w)) 
(or, respectively, 

3 [TV IsuppA)l(T(w)))= SUP A(t) >A(w)=M, 
ET-'(T(w)} 

so that A(T(w)) = M and T(w) E W. Thus TW C W. By means of the 
classical Schauder-Tychonoff Theorem [7, p. 4561, we now conclude that 
there is a point x E W for which T(x) = x. This proves our result. 

5. SEPARATING FUZZY SETS 

Throughout this section, Y will denote a non-trivial real linear topological 
space (cf. [9]). All linear functionals referred to will be assumed not identically 
zero. For brevity, we write “A < K on S” whenever A(x) < K for each x 
in a set S. 

DEFINITION 5.1. Let A and B be fuzzy sets in 2. For any continuous 
linear functional f on 2 and any r E R, put 

M(f, Y) = inf{K E R 1 either A < K onf -l(- co, r] and B < K onj-l[r, co); 
or B < K onf-‘(--co, Y] and A < K on f -‘[I, 00)). 



148 MICHJiEL D. WEISS 

(Observe that f-l(-co, Y] and f-l[~, co) are merely the half-spaces 
determined by the closed hyperplane f-‘{r}.) We call 

D(f, Y> =def. 1 - 1Mt.f~ Y> 

the degree of separation of A and B by f -l(r). Put 

Z! = inf{M(f, r) If is a continuous linear functional on 2 and Y E R}. 

We call D =def. 1 - 2 the degree of separability of A and B. 
In [13], where L. Zadeh introduced essentially the above definition for the 

case A? = R”, the following separation theorem was given: 
Let A and B be bounded convex fuzzy sets in R”. 
Let M be the maximal grade in A n B. Then D = 1 - M. 
However, the following counterexample shows that this result cannot be 

correct even for (characteristic functions of) crisp sets: Let A be the open unit 
square (0, 1) x (0, 1) in R2 and B the closure of the reflection of A around the 
X-axis. Then A n B = 0, so that (for xa and xs) 1 - M = 1. However, 
D = 0. The source of the difficulty here (and in Zadeh’s proof) can be traced 
to points in uM(A) or Q(B) which lie on an “optimally separating hyper- 
plane” (in this case, the line y = 0). 

Employing the induced fuzzy topology on Y, we recast Zadeh’s assertion 
in the following form: 

THEOREM 5.2. Let A and B be (nonempty) convex open fuzzy sets in 9’ 
satisfp’ng at least one of the following conditions: 

(1) A and B are bounded; 

(2) neither supp A nor supp B equals 9; 

(3) neither of A, B includes the other. 

Let M be the maximal grade in A n B. Then, there is a continuozrs linear func- 
tional f and an Y E R such that D = D(f, r) = 1 - M. 

Proof (cf. [9, pp. 50, 1181). It suffices to prove (a) 5! > M; and (b) for 
some f and Y, M > M(f, Y). 

To prove (a), let f, I, K be, respectively, any continuous linear functional 
on 2 and any real numbers such that either A < K on f -I(- CO, r] and 
B < K on f -l[r, co), or B < K on f-I(--Co, Y] and A < K on f-l[r, CO). 
For any x E 2, certainly x E f-l(- co, Y] or x E f --l[r, co); thus 

K > min{A(x), B(x)) = [A n B] (x). 

It follows that K > M, and, in turn, that &@ > M. 
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Let n/l, and M, be the maximal grades in A and B, respectively. Since 
M = supteg min(A(t), B(t)}, we have M < min{M, , M,}. To prove (b), 
we distinguish two cases: 

Cuse I. Assume M = min(M, , M,} and (without loss of generality) 
MR < MB , so that M = MA . Since A is nonempty, M > 0. If condition (1) 
holds, then uM(B) is bounded and hence not equal to P’. If (2) holds, then 
U&B) C supp B # 2. And if (3) holds, then again uM(B) # 2, for 
Us = 2 would imply that, for each x E dp, B(x) > M,4 , whence B 2 A. 
Thus, since u,(B) is open and convex, there exist a continuous linear func- 
tional f on 2 and an r E R such that u&B) Cf-l(-KI, ~1. However, f is 
necessarily an open mapping (indeed, letf(z,,) # 0; thenfmaps each segment 
(x - 620 7 x + ezo) onto (f(x) - cf(zo), f(x) + cf(zo))). Hence fuM(B) is an 
open subset of (-co, r], and thus of (-co, r). Hence, for each x if-l[r, co), 
we have x $ Us, i.e., B(x) < M. Clearly, also, A 5~ M on .f-‘(- CO, Y]. 
It follows that M(f, Y) < M. 

Case II. Assume M < min(M,, , MB]. The cuts uM(A) and Us are 
open and convex (even if M = 0; for, in that case, each is the union of a 
nested sequence of open convex r-cuts with r > 0). Furthermore, they are 
nonempty, since M < min(M, , MB]. Finally, they are disjoint, since 
otherwise M 3 [A n B] (x) = min{A(x), B(x)} > M for some x in their 
intersection. It follows that there exist a continuous linear functional f on 2 
and an r E R such that ~~(-4) Cf-l(--oo, r] and uM(B) Cf-l[r, 00). As in 
Case I, we conclude that Us CJ-‘(--co, Y) and uM(B) Cf-l(r, co) (com- 
pare [13, p. 3531). Thus A :< M on f-l[r, co) and B .< M on .f-l(-o~, Y]. 
It follows that M(f, r) < M, and the theorem is proved. 
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