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We show that the simple random walk on the natural spanning tree of 7/d is recurrent for 
every d ( = 1, 2, 3 , . . . )  and determine the asymptotic behaviour of the probability of returning 
to the origin in n steps (n--, 0o). This is in contrast to a result of Polya [6]: Z d is recurrent for 
d = 1, 2 and transient for d t> 3. 

The result 

The simple random walk on a graph is defined as a Markov chain with one-step 
transition probabilities 

I 1 p(x, y)= d(x) 
0 

if x, y are adjacent vertices, 

otherwise, 

where d(x)= degree of the vertex x. We write pn(x, y) for the corresponding 
n-step transition probabilities: 

Pn( X, Y ) -  2 p(x, z)p"-X(z, y) 
Z 

(see [2, 3] or [7] for more information about random walks on graphs). 
An old result of Polya [6] says that the simple random walk on Z d is recurrent 

for d = 1, 2 and transient for d t> 3. More precise results are known (e.g. [8]) 
namely 

p2"(O, O),,:®Cd" n -~z on Z d. 

The natural spannin" g tree Td of Z d connects the origin O = (0, 0 , . . . ,  0) to 
every other vertex (al, a 2 , . . . ,  ad) (in some cartesian coordinate system) by 
geodesics (see Fig. 1) through the points (ax, 0 , . . . ,  0), (a~, a2, 0 , . . . ,  0), 
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Fig. 1. 

. . . ,  (a~, a 2 ,  . .  • , ae-1, 0). The distances from the origin to every other vertex 
are the same in 7/d and Ta. We prove the following 

Theorem. I f  pn(O, O) = Prob(to walk from 0 to 0 in n steps), then 

p2~+1(0, O) = O, 

d " 2  -1+21-e 
• n - l + 2 - a  p (O, r(2_d) on Ta (d >t 1). 

CoroUm-y. The simple random walk on every tree Ta (d = 1, 2, 3 , . . . ) / s  recurrent. 

Some remarks 

(i) Call a graph recurrent (transient) if the simple random walk on it is 
recurrent (transient). To fred out for a given graph if it is recurrent or transient is 
called the type problem. This is in many cases much easier to solve for trees. So 
one is led to the 

Question 1. Can the type problem for a graph be solved by considering its 
spanning subtrees? 

The theorem (corollary) shows that one has to be careful. 
(ii) It can be shown (see [4] or [7]) that Z a has transient (spanning) subtrees 

for d >I 3, while every subtree of Z 1 or Z 2 is recurrent.  So one is led to the 
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Question 2. Which subtrees of Z d (d >- 3) are transient? 

Intuitively a tree is transient if it has many branching vertices (i.e., vertices of 
degree ~3),  but to be a subtree of Z d implies that there cannot be too many 
branchings (slow growth). How can this be made precise? 

(ill) In general the answer to Question 1 is no. There is an example by Peter 
Doyle of a transient graph without transient subtree but in some sense this graph 
(although transient) is similar to a recurrent tree. This leads to 

Question 3. Which (transient) graphs have transient subtrees? 

This is true for 2ca (d I--3) and perhaps for all transient Cayley graphs (of 
groups). 

The proof 

1) Let 0 be the origin of Z d and write 

p~t(O, O)=Prob(O innsteps ) 
in Td ) O , 

f~(O, O) = Prob(O 
\ 

in  n s t e p s ,  b u t  n o t  ear l ie r  
inTd ) O / ,  

/ \ 

qTl( O, 0 ) =  Prob 'O i n .  steps, but not earlier 
t h e  first s t e p  is in d i r ec t i on  x l ;  in T d ) O j  • £ 

All these probabilities are zero for n odd. The corresponding generating functions 
are 

Ga(x)= ~p~'(O, O)x", Fd(x) = Z f Y ( O ,  O)x", 
n~O n ~  l 

Qd(X) = ~ qff'(O, O)x". 
n ~ a  

A flow chart analysis (see e.g. [5]) shows that for d >I 1 

Fd d -  1 = led_l+ Qd, (1) 

a d  "-- 

1 
~t x 

d - 1  1 
1 ~ Fd-a--:-g, Qd 

z,a 

and 
Gd - ( 1 -  Fd) -1 . 

(From here the corollary follows immediately since Fd(1) = 1.) 

(2) 

(3) 
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2) Eliminating Qd from (1) and (2) gives 

d . Fd = d - ( (d  - (d  - 1)Fd_I) 2 -- x)½. 

From this and (3) we infer, writing Gd = dTd, 

Yd Yd-l(1  + 2yd-1 + (1 ' 2 _1 = - x)Ya-1) ~. (4) 

Since YI G1 (1 - '  = = - x) ~, all the functions Ya and Gd have a singularity at x = 1 

(and this is the only singularity on the circle of convergence Ixl = I). From (4) we 

find the local behaviour of Ya (and Ca) at the singularity x = 1, namely 

r d  = ( 1  - - x ) " - ' ) ,  (5) 
where ga(t)  is analytic in t and ga(O) = 2 -l+z'-d ( > 0). This follows by recurrence 
after some calculations. 

3) If we write down (5) more explicitely it yields 

Ga(x)  = (1 - x) -2-dhl (X)  + (1 - x)2-dh2(x) + . . .  + (1 - x)(2~-3)2-~h2~-,(x), 

where hi (x )  are analytic near x = 1 and 

h i ( l )  = d . gd(O) = d . 2 -1+2'-d. 

Now we may apply the method of Darboux (see e.g. [1]) to each summand and 
infer that 

h i ( l )  __l+2-a 
p~d (O,  0 )  ® F(2_a) n 

This completes the proof. [] 
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