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Consider the neutral delay differential equation 

s’(t)+ps’(r-r)+q.~((-a)=O, t 2 ~(1. (4 

where r, 4, and o are positive constants while p is a real parameter. Then a necessary and suf- 
ficient condition for all solutions of (*) to oscillate is that the characteristic equation 

i. + pie “+yem’“=O 

of (*) has no real roots. 1 1987 Academic Pres. Inc 

I. INTRODUCTION 

Neutral delay differential equations (NDDE) are differential equations in 
which the highest order derivative of the unknown function appears with 
the argument t (present state) as well as one or more retarded arguments 
(past histories). 

The oscillation theory of delay differential equations has been extensively 
developed during the past few years. See, for example, [ 1, 13-16, 19-241 
and the references cited therein. It is to be noted, however, that the 
literature is scarce concerning the oscillatory behavior of solutions of 
neutral differential equations. Only very recently Ladas, Slicas, Gram- 
matikopoulos, Grove, and Meimaridou, see [7-10, 17, IS], studied the 
oscillatory and asymptotic behavior of solutions of neutral equations, 
which to the best of our knowledge are the only papers at the present time 
dealing with this problem. For some results about second order nonlinear 
neutral equations see [27]. However, the results obtained in those papers 
[7-10, 17, 18, 271 lead to sufficient conditions only. 

Our aim in this paper is to obtain a necessary and sufficient condition 
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under which all solutions of the first order neutral delay differential 
equation 

x’(t)+px’(t-5)+qx(t-o)=O, fit,, (1) 

oscilllate, where z, q, g are positive constants and p is a real parameter. 
Indeed we prove that every solution of Eq. (1) oscillates if and only if its 
characteristic equation 

j. + Ape ~” +qe-““=O 

has no real roots. That is, the oscillatory character of the solutions is deter- 
mined by the roots of the characteristic equation. It is to be noted, 
however, that in general the behavior of solutions of neutral delay differen- 
tial equations exhibit features which are not true for nonneutral delay 
equations. There are examples (see [3,4, 11, 12, 25, 261) of neutral dif- 
ferential equations with all the characteristic roots in the negative half- 
plane or with all the characteristic roots simple and on the imaginary axis 
and yet the equation has unbounded solutions. 

The problem of asymptotic and oscillatory behavior of solutions of 
neutral delay differential equations is of both theoretical and practical 
interest. Note that equations of this type appear in networks containing 
lossless transmission lines. Such networks arise, for example, in high speed 
computers where lossless transmission lines are used to interconnect 
switching circuits (see [3, 251). 

Let q~C[t~-?, toI, R), where f=max{z, 0). By a solution of Eq. (1) 
with initial function cp at t,, we mean a function x e C( [to - 2, co], R) such 
that x(t) = cp( t) for to - s^ 5 t 5 t,, x( t ) + px( t - r ) is continuously differen- 
tiable, and x satisfies (1) for all t 2 t,. Using the method of steps, it follows 
that for every continuous function cp, there exists a unique solution of 
Eq. (1) valid for t 2 fO. For further questions on existence, uniqueness and 
continuous dependence, see Driver [S, 61, Bellman and Cooke [2], and 
Hale [12]. 

AS is customary, a solution is called oscillatory if it has arbitrarily large 
zeros and nonoscillatory if it is eventually positive or eventually negative. 

2. MAIN RESULT 

Our aim result is the following: 

THEOREM. Consider the neutral delay differential equation 

x’(t)+px’(t-z)+qx(t-a)=O, tz t, (1) 
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where 7, q, 0 ure positive constunts und p is u reul purumeter. Then u 
necessury and sujjkient condition for ull solutions of’ ( I ) to o.sciliute is thut 
the characteristic equation 

i+pir “‘+ye ‘,=O (2) 

tf (1) has no real roots. 

Observe that for p = 0, Eq. (1) leads to 

x’(t)+qx(t-cr)=O, (3) 

and 

is a necessary and sufficient condition for all solutions of (3) to oscillate 
(see [ 161). Note that in this case the characteristic equation is 

i. + qe ‘(T = 0 (5) 

and (4) is equivalent to the fact that (5) has no real roots. Also for p = - I 
Eq. (1) leads to 

x’(t)-.u’(t--)+qx(t-a)=0 (6) 

and every solution of (6) oscillates (see [ 171). 
From these observations it is clear that to prove the theorem we have to 

consider the following three cases for p: 

(i) - 1 <p<O, 

(ii) p>O, and 

(iii) p< - 1. 

The following lemma indicates how from an eventually positive solution 
X(Z) of (1) we can construct auxiliary solutions with some nice asymptotic 
properties. The proof of this lemma is omitted since it can be easily derived 
combining Lemma 1 and Theorem 5 in [ 171 and Theorems 9 and 6 in [7]. 

LEMMA. Let x(t) he an eventually positive solution I$ ( 1). Then 

(a) for p > - 1 the ,jiinction z(t) = x(t) + px( t - z) is an eventually 
positive solution or (1 ), decreasing and lim, _ ~ z(t) = 0. 

(b) for p < - 1 the function z(t) = -x(t) -px(t - 5) is an eventually 
positive solution qf (1 ), increasing and lim, j r z(t) = + co. 
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Proof of the Theorem. The theorem will be proved in the contrapositive 
form: There is a nonoscillatory solution of (1) if and only if the charac- 
teristic equation (2) has a real root. Assume first that (2) has a real root. 
Then (1) has the nonoscillatory solution x(t) = eir. 

Assume, conversely, that there is a nonoscillatory solution x(t) of (1) 
which, without loss of generality, can be considered, eventually positive. 

Consider now the following cases: 

(i ) The case - 1 < p < 0. 

Set 

z(t)=x(t)+px(t-7). (7) 

Then, by the lemma, z(t) is eventually positive and decreasing and without 
loss of generality x(t) can be considered also decreasing. It is easy to see 
that z(t) < x(t - a). Define the set 

n(z) = {j, > 0: z’(t) + i.z( t) < 0 eventually}. (8) 

From (1) we have 

0 = z'(t) + q.x(t- c)> z'(t)+ qz(t), eventually, 

so that qEA(z). That is, /1(z) is nonempty. 
On the other hand, it follows that 

O=z'(t)+qx(t-o)=?(t)+qz(r-o)-pqx(t-s-a), 

and integrating from t to t + T we find 

Taking into account that both z(t) and x(t) are positive and decreasing, the 
last equation yields 

which implies that 

-pqsx(t-o)Sz(t). 

Thus 

O=z'(t)+qx(t-a)Sz'(t)+ 
1 

( ) 
-ps z(t), eventually. 
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Therefore & = I/-pi is an upper bound of n(z) which does not depend on 
;. Thus n(z) is nonempty and bounded from above. 

Let i. E n(z) and consider the function 

w(t)- Tz=I(r)+pz(r-t). (9) 

Set 

m = inf { - I. - pAe”’ + qein i. 
i a 0 (10) 

Assume, for the sake of contradiction, that (2) has no real roots. Further- 
more lim j .  - x ( -1. -pie”’ + qe”“) = + co and therefore m is positive. We 
will show that 2 + m E n(w). From (1) and (9) and the fact that both z(t) 
and w(t) are solutions of (1) we obtain 

w’(t)= -qz(t-CJ). (11) 

Define cp( t) = e”‘z(t). Then 

cp’( t) = [z’(t) + i.z( t)] err < 0, eventually 

and therefore cp is eventually decreasing. Since z(t) = e -“‘q(t), (9) and (11) 
give, respectively, 

w(t)=e “~(t)+pe~“‘e’:‘cp(t-z) 

and 

M”(I) = -qe *feiorp(t - o). 

Now using the fact that q(t) is decreasing, we obtain 

w’(t)+(i+m)w(t)=e~ “‘[-qe”“cp(t-o)+(%+m)cp(t) (12) 

+(iv+m)pe”‘cp(~-5)] 

<e -“‘cp(t)[ -qe^” + 2 + m + ApeiT + mpe”] 

<e “‘cp(t)[i +pAe” -qe”” +m] 

se -“‘cp(t)[-m+m]=O 

which implies that i + m E A(w). Now set 

z=zo, w= Tz,=z,, z2 = Tz, and in general z, = Tz,- , , n = 1, 2 ,..., 

and observe that for A E n(z) = /l(z,) 3 ,I + nm E n(z,), n = 1, 2,..., which is 
a contradiction since & is a common upper bound for all II( 
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(ii) The case p > 0. 
As in case (i) we set 

z(t)=x(t)+px(t-t) 

and 

/l(z)= {~>O:z’(t)+I.z(t)<O eventually} 

In this case using the characteristic equation of (1) 

F(i) = lb + @pe ” + qe - La = 0 

(7) 

(8) 

we see that if r 2 cr >O, F(O)=q> 0 while lim;, -~ F(1) = -cc and 
therefore (1) always has nonosillatory solutions. Thus 0 > t is a necessary 
condition for all solutions of (1) to oscillate (see also [7]). By the lemma, 
z( 1) is eventually positive and decreasing and without loss of generality x(t) 
can be considered also decreasing. Thus 

z(t)=x(t)+px(t-r)<x(t-a)+px(t-a)=(1 +p).x(t-a) 

That is, 

-4(--o)> l +p 1 z(t). 

From (1) we have 

O=z’(t)+qx(t-o)>z’(t)+ 1 +p 4 z(f), eventually, 

so that q/( 1 +p) E n(z). That is, ,4(z) is nonempty. 
Now we will show that ,4(z) is bounded from above. Observe that 

Eq. (1) is autonomous and z(t), given by (7), as a linear combinaton of 
solutions of (1) is itself a solution of (1) and therefore 

z'(t)+pz'(t-s)+qz(t-o)=O. 

Also z’(t)=-qx(t--a)<0 and z”(t)=-qx’(t-a)>O, that is, z’(r) is 
increasing and therefore z’(t) > z’(t - r). Thus the last equation yields 

(1 +p)z'(t--)+qz(t-CT)50 

or 

z’(t) +- q z(t-(a-T))go. 
l+q 
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Integrating the last inequality first from t - ((0 - 7)/2) to t and then from t 
to t + (((r-r)i2) (see also 119. Lemma]), we have 

a1 +P) 
z(t-(0-7))s ~ 

i 1 @IT-7) 

2 z(t), (13) 

Next integrating z’(t) i- qx(t - (T) = 0 over the interval [r - (T + 7. t], we 

obtain 

and, since x(t) is positive and decreasing and z(t) is positive, we have 

q(o-7)x(t-o)iz(t-(a-t)).) (14) 

Combining (13) and ( 14) we obtain 

Thus 

s( t - CT) 2 131 +Pr z(t), 
qycr - 5y 

Therefore 3.” = 4( 1 +p)l/q’(a - 7)’ is an upper bound of n(z) which does 
not depend on z. Thus n(z) is nonempty and bounded from above. 

Now if we follow the same procedure as in the last part of the proof of 
case (i), considering IE /t(z) and defining n(t), m as in (9) and (lo), we 
will show that i, +PE A(w), where p =rn/( 1 -tpe”“‘) >O. As in (12) we 
obtain 

w’(t)+(i+p)w(f) 

=e “‘[-qe’“cp(t-o)+(3.+~)~(t)+(E,+~)pe”’cp(t-t)] 

(and since q(t) is decreasing and D > T ) 

(e ~“‘cp(t-cr)[-qe”“+~+~++.pe”‘+~pe”’] 

=e -“‘q(f - o)[J. +pAe” - qe”” -t p( 1 +pe”‘)] 

se- “‘cp(t--a)[-m+p(l +peio’)] =0 

which implies that E, + p E n(w). This (as in case (i)) leads to a contradic- 
tion. 
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(iii) The casep< -1. 
First, we assume t 2 C. Set 

z(t)= -x(t)-px(t-r). (15) 

By the lemma, z(t) is eventually positive and increasing and without loss of 
generality x(t) can be considered also increasing. From (15) we have 

-px(r-r)>,-(t)~.l(t-r)>-- (i,, () t or x(t-CJ)>----r (i,, (‘I 

Define the set 

A(Z)= {E.>O: -z’(r)+k(t)<O eventually}. (16) 

From (1) 

o= --r’(r)+qx(t-a)> -z’(f)+Lz(t), 
(-PI 

eventually 

so that q/( -p)~ A(z). That is, A(z) is nonempty. 
Now we will show that A(z) is bounded from above. From (15) we have 

x(r-T)=$ [-u(t)+=(t)1 

and therefore 

-yf)=qr(l-cJ)=+ w [x(t + 5 - a) + ;(r + 5 - o)]. 

Integrating the last equation from r --5 to t and taking into account that 
x(t) and z(t) are eventually positive and increasing, we obtain 

z(l)-z(f-T)=+&~ [,Y(.v+r-~)+z(.~+T--)]~~t~Tx(f--) 
I 7 

or 

eventually. 

Thus 

eventually. 
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Therefore i,, = ( -p/z) is an upper bound of n(z) which does not depend 
on z. Thus ii(z) is nonempty and bounded from above. 

Next we follow a procedure analogous to that given in the last part of 
the proof of case (i). Let i E ,4(z) and consider the function 

w(t)= -z(t)-pz(f-t) 07) 

which is also a solution of (1) and therefore from (1) w’(t) = yz(r - a). 
Assume, for the sake of contradiction, that (2) has no real roots and set 

m= inf jE,+p/le “+qe ‘O}. (18) 
j>O 

Then m, is positive. We will show that I + PE n(w) where 
p=m/-pe~~““‘>O. Define q(r)=r-“‘z(t). Then 

q'(r)= [z'(t)-E,:(t)] e "'>O, eventually 

and therefore cp is eventually increasing. Since z(t) = e”‘cp(t), similarly as in 
( 12), we obtain 

-w’(r) + (2 + p) w(t) 

(and since cp(r) is increasing and z 10) 

(e”cp(r-cr)[ -ye i” -(i+p)+(A+p)(-p)e rr] 

=&‘cp(f-c)[-I.-pAe “-qem”“+p(-pe mi’-l)] 

se”cp(t-a)[-m+p(-p)e “-p] 

(e”‘cp(t-a)[-m+p(-p)ePi’lr]=O 

which implies that i. + p E A(w) and, as before, we are led to a contradic- 
tion. 

To complete the proof in this case that p < - 1 we have to assume that 
CT > T. Here we set 

z(t)= -x(t)-px(r--r)+qj,‘I:x(s)ds (19) 

which is a solution of (1) eventually positive. From (1 ), we have 

z’(t)=qx(t-T)>O 
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which implies that z(t) is increasing and without loss of generality x(t) can 
be considered also increasing. Therefore (19) yields 

z(t)< -px(f*)+qj[‘;: x(s)ds< -px(r-r)+q(o-r)x(t-7) 

=[q(o-7)-p]x(r-7) 

or 

1 
x(t-r)> 

4(-7)-p 
z(t). 

As before, we define the set 

A(z)= {i.>O: -?(t)+k(t)<O eventually}. (16) 

In view of the last inequality, we have 

o= --r'(t)+qx(t-r)> -z'(t)+ q 
d-7)-p 

-to, eventually 

so that q/(q(a- 7)-p)~A(z). That is, n(z) is nonempty. 
Next, we will show that A(;) is bounded from above. Since z(t) is a 

solution of (1) it follows that 

which implies 

z'(r)+p'(r-7)SO. 

But z’(t) = q-x( t - 7) and thus 

qx(t-r)+p'(t-r)$O. 

Integrating the last inequality in the interval [t, t + 71 and taking into 
account that x(r) is positive and increasing and z(t) eventually positive, we 
obtain 

ozqJ'+r X(S--)ds+pz(t)-pz(t-r) 

1q7~~(t-r)+pz(t)-ps(r-r) 

>qsx(t-t)+p(t) 

409/123!2-I4 
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.u(l-~)L~-j));(l), eventually. - 
4r 

Thus 

o= -z’(t)+qs(t-T)$ -z’(t)+ q z(t), eventually, 

which implies that i,, = (-p/r) is an upper bound of A(z) which does not 
depend on z. Thus A(z) is nonempty and bounded from above. 

Now let E, E ,I(:) and consider the function [cf. (19)] 

M’(t)= -r(r)-p+)+qJ’ rz(s)ds. 
, (r 

Using the fact that z(t) and \I’( t) are solutions of (1 ), we obtain 

M"(f)=qZ(t-T). 

We define m as in (18) and q(t) = e “‘z(t). We will show that i. + p E A(w) 
where p = m&‘/( (q/&) + ( -p)) > 0. We have 

w’(r)+(j.+p)w(t) 

I, ' -'I' "cp(t-T)-(d+~)cp(t)+(E,+~)(-p)e "'q(t-T) 

c I i +(E.+p)qc " r"'cp( s) ds 
I (i 1 

(and since cp( t) is increasing and o > r) 

<e'fq(f-r) -qe "'-(;+11)+(~"+~)(-P)e~"' 
L 

+qe "-ye h + 9 e ,.r Ly ) ;o 
/, 2. L 1 
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< .&p( t - T) 
[ 

-~.-p~e~ir_qe~“~-We-j~+~e~“~ 1 
Ze"'cp(t-T) -m+pe-""' [ (;+t-p))]=O 

which implies that i + p E LI( M’) and we are led to a contradiction. 
The proof of the theorem is complete. 

3. REMARKS 

In the papers [7, 8, 171 several sufficient conditions involving p, T, q, and 
CJ have been obtained under which all solutions of (1) oscillate. An advan- 
tage of working with these conditions rather than Eq. (2) directly is that 
the above conditions are explicit, while determining whether or not a real 
root to Eq. (2) exists may be quite a problem in itself. Nevertheless, in the 
present paper we can very easily derive sufficient conditions in terms of 
p, T, q, and IS by comparing element of the set n(z) in each case. For exam- 
ple, in the case where - 1 <p < 0 we found that q E /1(z) while l/(-p) T is 
an upper bound of /l(z). Therefore if we assume that q > l/(-p) 5 we are 
led to a contradiction and every solution must oscillate. Summarizing we 
have the following: 

Consider the neutral delay d!fferential equation 

X’(t) + pX’( t - T) + qX( t - a) = 0, t 2 t, (1) 

bvhere 5, q, (T are positive constants and p is a real parameter. Then each of 
the following conditions 

(-P)T4> 1 when -1 <P-LO, (20) 

(&)3(y)> 1 whenp>O, (21) 

9’>1 
P2 

whenp< -1 andsza, (22) 

or 

42 
P’+(-P)Cda-T) 

>l whenp< -1 anda>r (23) 

implies that every solution of (1) oscillates. 
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From the above result it follows that each of the conditions (20).--(23) 
implies that Eq. (2) has no real roots something that cannot be so easily 
determined by investigating directly the exponential equation (2). 
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