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It has been shown that up to degree shifts any integrable highest weight (or
standard) module of level k for an affine Lie algebra g can be imbedded in the
tensor product of k copies of level one integrable highest weight modules. When
the affine Lie algebra g is of classical type the path realizations of the crystal bases
for the level one #Z,(g)-modules have been used to obtain these results. « 1995
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INTRODUCTION

The representation theory of affine Lie algebras (see [5]) has been a very
important area of research during the last two decades because of its
interactions with several other areas of mathematics and physics. One of
the crucial features of affine Lie algebra representation theory is the
existence of explicit constructions of certain level one representations in
terms of vertex operators. The level of the representation is the number by
which the canonical central element of the affine Lie algebra acts. One
way to give explicit constructions of higher level representations is to
realize it inside the tensor product of known level one representations and
then use the explicit realizations of level one representations to obtain the
desired representations. It has been a well-known conjecture for at least
the last 10 years that any integrable highest weight (or standard) represen-
tation of level k € Z* of the affine Lie algebra is contained in the tensor
product of k copies of level one integrable highest weight representations.
For the affine Lie algebra 4" and C'" the conjecture is clearly true since
all fundamental representations are of level one. To our knowledge, so far
there is no published proof of this conjecture. Recently, in order to show
that certain results on vertex operator algebras obtained by Dong-
Lepowsky [2] are as general as the corresponding results obtained by
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Frenkel-Zhu [3] from a differential viewpoint, Xie [13] tried to prove this
conjecture by direct computations. He succeeded in proving the conjecture
for the affine Lie algebras E(", E®, E{, FV, and GSV. However, he
realized that to prove the conjecture for arbitrary rank affine Lie algebras
BV and D" using his computational techniques is almost impossible. In
fact, he proved the conjecture in these two cases for n < 5 only. Analyzing
Xie’s work, we realized that for arbitrary rank affine Lie algebras of
classical type it is more practical to use the crystal base approach.

In this paper we prove the conjecture for arbitrary rank affine Lie
algebras g (= B, DIV, A9) |, 4%), or D} )) using the path realizations
of the crystal bases for the level one integrable highest weight representa-
tions of the quantum affine Lie algebras #,(g) obtained in [8, 9]. The
crystal bases introduced by Kashiwara [6] can be thought of as a specializa-
tion of the global crystal base [7] or canonical base [11]} at g = 0, where g
denotes the quantum parameter. The crystal base theory provides a nice
combinatorial tool to study tensor product decompositions which we use to
prove the conjecture for the affine Lie algebras of classical type. We also
prove the conjecture for the algebras E{? and D{» by using the computa-
tional techniques developed in [13]. Note that for the affine Lie algebra
AP the result follows from [12] (see also [1]). Thus our results combined
with those of Xie [12, 13] prove the conjecture for all affine Lie algebras.

1. PRELIMINARIES AND NOTATIONS

In this section we recall some basic concepts about affine Kac—Moody
Lie algebras and their integrable highest weight (also known as standard)
representations. For further details, see [5].

Let g = g(A4) be the affine Kac-Moody Lie algebra associated with the
affine GCM A4 = (a,))];_,. Let @’ = g'(A) = [g(A), g(4)] be the derived
algebra of g. Then g = g¢° @ Cd, where d is the scaling element of g. Let
{e;, fi, ;10 < i < n} be the set of Chevalley generators of g. Then §' =
@_,Ch; and h=1h" & Cbd are the Cartan subalgebras of g’ and g,

respectively. Let {ay, ay,. .., a,} C h* denote the simple roots, with «(d)
=1, ald)=0,i=1,2,..., n. There exist positive integers ay, a,,..., 4,
and ay,a),...,a, with gcd. (a4 a;,...,a,) =1 and gcd.
(ay,a,’,...,a,) = 1such that

ag 0

a, 0

Al 1 =1. and (ay,a),...,a,/)A =(0,0,...,0).
a 0

Then ¢ = L7 ,a,"h, € g and 8 = L_,a,a, € h* are the canonical central
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element and null root, respectively. Note that 6(d) = a,. Let P Cbh*
denote the weight lattice. Then P*={A e PIMh) € Z,,,0<i <n}is
the set of dominant integral weights. It is known that for A € P* there
exists a unique highest weight g-module L(A) called the integrable highest
weight (or standard) module which has the following properties:

(1) There exists a unique (up to scalar multiple) nonzero vector v, €
L(A) such that

(D) hv, = Ah), fori =0,1,...,n

(i) e, =0,fori=0,1,...,n
(i) fAHO+y =0, fori=0,1,...,n
(iv) L(A) = #(g)v,, and

(2) the canonical central element ¢ acts as the scalar / = A(¢) which
is called the level of L(A).
The integrable highest weight g'(A)-module is defined similarly. It is
easy to see that for any dominant integral weight A € P* and k € C,

L(A + k&) = L(A) ® L(kd) as g-modules (1.1)
and
L(A) = L(A + k&) as g"-modules. (1.2)

The dominant integral weights A, € P* defined by Aj(h) =5, and
A,(d) = 0 are called the fundamental weights and L(A,) are called the
fundamental g-modules. It is easy to see that for 0 </, j < n,

L(A, + A) CL(A) ® L(A,). (1.3)

Since any dominant integral weight A € P* can be written uniquely as

n
A= Y kA, + kb, k,€Z"% ks C, (1.4)
i=0
by (1.1) and (1.3) we have
n
LAy c @ (®"L(A)) ® L(ksd) (1.5)
i=0
as g-modules, where ®%L(A,) denotes the k-fold tensor product of
L(A;). Thus, to show that L(A) is contained in the tensor product of level
one integrable highest weight modules, it suffices to show that the funda-
mental modules L(A;) have this property. Since the fundamental modules
L(A,) for the affine Lie algebras A" and C{ are all of level one there is
nothing left to prove. As we mentioned before, this result has already been
proved for the affine Lie algebras E{"”, E{", E{", F{V. G, and A9 (see
[1, 12, 13]). We prove this result for the remaining affine Lie algebras B¢V,
D, A, AP |, D) ,, E?®, and D{’ case by case. For the affine Lie
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algebras E{¥ and D{» we follow the computational technique of Xie [13].
To prove this result for the affine Lie algebras B, DV, AP, AP _,, and
D) |, we will use the path realizations of the crystal bases for the level one
fundamental modules of the corresponding quantum affine Lie algebras.
For the general theory of crystal bases we refer the reader to [6, 7] and for
path realizations we refer the reader to [4, 8, 9, 10].

2. Tue ArFiNe LiE ALGeBra B({", n > 3

The canonical central element of the affine Lie algebra B is ¢ = h, +
hy+2h,+ .- +2h,_, + h, and the null root is 6 = oy + a, + 2a,
+ -+ 4+2a,. So the fundamental modules L(A), L(A,), and L(A,) are
of level one and the other fundamental modules L(A,), k = 2,3,...,n —
1, are of level two. First we will show that L(A,), k =2,3,...,n— 1, is
contained in the tensor product of the level one modules L(Ay), L(A,) up
to degree shift. We need the path realizations of the crystal bases of the
Z (#")-modules L(A,) and L(A,) (see [8, 9] for more details) which we
briefly recall. We will also recall some general results about crystal bases
which we will use in this section as well as in Sections 3-6.

Consider the set

B= {b, =) =12 20+ 1} cz¥ (2.0)

The set B has a crystal graph structure for #,(#") with the maps é,, f:
(i=012,...,n), given by

éb,.,=b, i=1,2,...,n,
€bansroi =bopiiis i=12,...,n,
€oby = by i1, €by = by,s
e”lbj =0, otherwise, (2.2)
fib=0b if and only if b’ = b for b, b’ € B,
f,-bj =0 otherwise.
Also define

wi(b;) = A, — Ay, wi(by) = A, — A = A,

wi(b;) = A; — Ay, j=34,...,n

wi(b, 1) =0, wi(b,) =24, — A, _, Wi(b, 1) = A, — 24,

Wi(byy o1 ) = A=Ay F=23....,n-2,
wi(b,,) =Ag+ A — A, and Wwi(by,,,) = A, — A,
(2.3)
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For i =0, 1, let 0 = ("), 5, = (... n¥Y1Pn") denote the sequence
(with period two) in B defined by

(2.4)

@ byt if £ + i is odd,
M=\ p, if k + i is even.

The sequence n'” (i = 0,1) is called a ground-state path of weight A,. A
A-path, by definition, is a sequence p = (p;),., = (... p3p,p,) such
that p;, € B and p, = n{° for k > 0. The set 2(A,) (i = 0, 1) of A-paths
is a crystal graph for the #,(8")-module L(A}) (see [9]). The actions of
é;, and f;, on a A,-path in P(A)) can be described by the following
combinatorial rule.

For beB and j=0,1,2,...,n, define s(b) = (1’1\’_192/_9), where

_ . r t
r = max{k|é¥b # 0} and 1 = max{b|f/b # 0}. Write s(b) = (-} if r and ¢
are both zero. For p = (... pyp,p,) € P(A)), define the j-signature s(p)
by

s;(p) = ("'sj(p3)sj(p2)sj(pl))' (25)
We define the reduced j-signature §(p) of the path p = (p,); ., to be
the sequence of 1 and 0 obtained from s,(p) by deleting the (01) pairs in

succession and also neglecting the dots. Then the reduced j-signature of
p = (p)y . is of the form

§(p)=(11...100...0)

—
r t

with the corresponding terms in p = (p,), ., being, say, p;,

PiypoosDin i Pi oo i, respectively.
Then, by definition,

é(p)="(...pi_,---6(p,)...0 - P})

) ) 2.6
)y =(--p (o, )i, 1) (2.6)

For example, consider the path
p=1(-..by\biby, bbby, b)) EP(%)
where k is even and k& < n, say. Then the O-signature is
so{p) = (...0101L - --.).
Therefore, the reduced 0-signature is

So(p) = (1),
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the corresponding term in p being b,. Hence, using (2.2), we have

fo(P) =0
é(p) = ("‘b2n+lblb2n+1blé(](b2)b3"‘bk) 27
= (oobapiibyboy b0y yby - by ).

Also, observe that repeating this process we get

E3( - bonr1Dibaysibibaby. .. by)
=&y(...ba i b\byy1b1by 105 0 ) = 0. (2.8)

In the rest of the paper, without further reference, when we need to, we
will use the above description to calculate the €; and f] action on a path
p = (P>, We also recall that (see [8]) the weight of a A-path p =
(P s €EP(A,) is given by the formula

wt(p) = A, + 2 (Wt(p,) — wi(n{"))
k=1

~| L k(H(pisr ® pi) — H(ni ® i) |d7"s, (2.9)
k=1

where d = 1 (except for A%) when d = 2) and H is a Z-valued function
on B ® B called the “energy function.” Explicit formulas for the energy
functions H are given in [10]. For example, using the formula for the
energy function H for B{" given in [10, Section 5.3] we have

H(b, ® b,,.,)= -1, H(by,,y ® b)) =1
H(by,. ® b)) =1, (2.10)
H(b, ® b,,,) =0, fori=1,2,3,...,n — 1.

In order to prove that the level two fundamental modules occur as direct
summands in the tensor products of two level one fundamental modules
we will need to show that 22(A) ® 2(u) (A, u € {A,, A}} in this case)
contains a highest weight element with the appropriate highest weight and
hence the connected component of this highest weight element in
2(A) @ %#(u) is the crystal graph for the desired representation. We will
use the following known result to determine the highest weight elements
in 2(A) ® #(u).
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ProposiTioN 2.11 ({4, Lemma 5.1)). For A, u = P* and p' ® p e
P(A) ® P(u) the following are equivalent:
(1) é(p' ®p)=0 forall i =0,1,2,...,n (i.e. p' ® pis a highest
weight element in #(1) ® 2(u)).
(2) p' =W, Er*p =0, forall i =0,1,...,n where ) denotes
the ground-state path in P(A) with weight A.

THEOREM 2.12.  For the affine Lie algebra ¢ = B'", the integrable high-

n

est weight g-module L(A, — [k/218), k =2,3,...,n — 1, occurs as a
direct summand in L(A;) ® L(A,) where k =i mod 2. In particular, the
level two fundamental g-modules L(A,), k = 2,3,...,n — 1, are contained
in the tensor product of two level one fundamental modules up to degree
shifts.

Proof. Consider the elements p = (p));., €(A,) such that p; =
b j., €Bforj=12,....,k — 1and p, =0 for j > k. Note that

e Bbabiban i baby . by, if k is odd
p={( 1"2n+1%1Y 20 +172Y3 k) (213)

(...byby, 1D 1b3bs. . D), if k is even.

By formula (2.9) we have

k~—1
wi(p) = Ay + L (Wi(p) — wi(n”))

Jj=1

k—1

o St @ n) - o2, @ 1)

j=1
ke2l .

= A, + Z {(Wt(bk_2j+2) — Wt(b2"+l))

j=1

+ (m(bk—ZH-l) - m(”:))}

[k/2]
- 5[ Z (2j - 1)(H(bk—2]+l ® bk~2j+2) - H(bl ® b2n+l))
j=1

[k/2]-1
X 2)(H(be_yy ® by_yy01) = H(bspry @ b))

+e(k)(k — 1)(H(b2n+l ® bz) _H(b2n+l ® bl))
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where

_ /0 if k is even
e(k) = {1 if k is odd. (2.14)

Now, using (2.3) and (2.10) we get

[&/2] [k/2]-1

Y @i-y- ¥ (@)
j=1 j=1

S (EIRETAR

A k
~n- .- [5]s (2:15)

where k =i mod2. Hence for the element 7" ® p € 2(A) ®
P(A,), i = 0,1, we have

wt(n® @ p) = wt(n®) + wt(p)

k
cneae e S

=A, - [2}5 (2.16)

When k is odd, looking at the signature of the path p = (p, ), (see 2.5
for definition) we observe that

é(p) =&(...b1by, 1010y, bybs . b)) =0, i+ 1]

€ .- bibapiabyboyabiby . by ) = (L b1by, Dby, 1 D1Ds . By)
and
éi(...bb, \bb,y,  bybs... b)) = 0.
Thus,
EMIITI(pYy =0 fori=0,1,2,...,n.

Similérly, when k& is even, we observe that

é(p)=¢é(...bby, . \bby, b)b;y... b)) =0, i#0,
and as seen in (2.8), €2(...b,b,, , b,b,b,...b,) = 0. Thus,

é'[;’\u(hi)*'l(p):() fori=0,1,2,...,n.
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Hence, by Proposition 2.11 and (2.16) the connected component of
79 & peP(A;) ® P(Ay),i=0,1

is the crystal graph of L(A, — [k/2]8) and L(A, — [k/ 2]6) occurs as a
direct summand in L{A;) ® L(A,) where k =i mod2. g

Now from (1.1), (1.5), and the above theorem we have

THueoreMm 2.17.  Any integrable highest weight B\V-module L(A) is con-
tained in the tensor product of k = A(c) number of level one fundamental
modules up to degree shift.

3. THe AFFINE LiIE ALGEBRA DV, n > 4

For the affine Lie algebra DV, the canonical central element and the
null root are c =hy+h, +2h,+ - ++2h, ,+h,_ +h, and § =
ay +a, +2ay+ - +2a,_, + a,_, + «,, respectively. Hence the fun-
damental modules L(A), L{A,), (L{A,_,), and L{A,) are of level one in
this case. The other fundamental modules L{A,), k = 2,3,...,n — 2, are
of level two. In order to show that any integrable highest weight D!"-mod-
ule is contained in the tensor product of the level one fundamental
modaules it suffices to show that L(A,), k = 2,3,...,n — 2, is contained in
the tensor product of the level one modules L(A,), L(A,) up to degree
shift. To prove this we will use the path realizations of the crystal bases of
the #,(2")-modules L(A,) and L(A,), which we bricfly recall below (see
(8, 9] for more details).

Consider the set

2n
B = <b)' =(5ij)i=1

The set B has a crystal graph structure for %,(2:") with the maps é.f
(i=0,1,2,...,n), given by

j=1,2,...,2n>cZz". (3.1)

éb.,, =b, i=1,2,...,n—1,
i=by, . i=1,2,...n-1,

~nbn+l bn—l’ énbn+2 =bn’

by = b,,, by = by, (3.2)
éb =0, otherwise,

fb=b' if and only if b’ = b for b, b’ € B,

bj =0 otherwise.
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Also, define
wt(b,) = A, — Ay, wi(b,) = A, — Ay — Ay,
wt(b)) =A; — A, j=34,...,n -2,
wi(b, ) =A, + A, — A, wi(b,) = A, — A,y
wi(b,, () =4, — A, Wi(b,yy) = A, 2 — A, — A,
wi(b,, ;) =A;— A, ji=23,...,n-3,
Wi(by,_1) = Ag + A — Ay, and wi(by,) = Ay — Ay,

(3.3)

For i = 0,1, let 7 = (9", ., = (...7¥M$¥n{") denote the sequence
(with period two) in B defined by

W b,, if kK +iisodd,

Nk b] (34)

if k + iiseven,

The sequence 7 (i = 0,1) is called a ground-state path of weight A,. A
Apath, by definition, is a sequence p = (p.),., = (... p3p,p,) such
that p, € B and p, = n{’ for k > 0. The set #(A,) (i = 0,1) of A-paths
is a crystal graph for the %, (")-module L(A)). In this realization the
weight of a A;-path p = (p,), ., is given by the formula (2.9). In this case,
using the explicit formula for the energy function H given in [10, Section
5.4] we have

H(b, ®b,,)=—1, H(b,, ® b)) =1
H(b,, ® b)) =1, (3.5)
H(b,®b,.,) =0, fori=1,2,3,...,n - 2.

THEOREM 3.6.  For the affine Lie algebra g = D', the integrable highest
weight g-module L(A, — [k/2]6), k = 2,3,...,n — 2, occurs as a direct
summand in L(A;) ® L(A,) where k = i mod 2. In particular, the level two
fundamental q-modules L(A), k = 2,3,...,n — 2, are contained in the
tensor product of two level one fundamental modules up to degree shifts.

Proof. Consider the elements p = (p,);,, € #(A,) such that p, =
by i,  €Bforj=12,...,k—1and p; =2 for j > k. Note that

(...bby,bibybyby.. b)Y,  if kisodd

- 3.7
P= (. bbybiboby ... by), if kiseven, 1)
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By formula (2.9) we have

k—1

wi(p) = Ao + L (Wi(p) ~ Wi(n”))
j=1
k-1
) 5( L i(H(psu1 ® p) = H(nf2) ® n))
j=1
(/2]

=Ap+ g.l {(m(bk—2j+l) = wi(by,41))

+(Wi(by_201) — m(bﬂ)}

j=1

[k/2]
- 5': Z (2j - 1)(H(bk—2j+l ® bk—2j+1) _H(bl ® bZn))
[ks2]1-1
+ ‘Zl (Zj)(H(bk—Zj ® bk—2j+l) - H(b,, ® bl))
j=

+e(k)(k — 1)(H(b2,, ® b,) ~ H(b,, ® b,))l

where e(k) is as given in (2.14).
Now, using (3.3) and (3.5), for k < n — 2 we get, as in (2.15),

[k/2] [k/2)-1 )

Wt(p)=/1k—/1,-—5( L @2i-n- X (@2)
j=1 j=1

A A k6
—k_i_a

where k& = i mod 2. Hence for the element 7' ® p € P(A,) @ P(A,),i =
0,1, we have

wi(n ® p) = wt(n) + wi( p)
k
A+ A - A, - {5’]5
—A, - [—}5. (3.8)

When k is odd, looking at the signature of the path p = (p,), . (see (2.5)
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for definition) we observe that
é(p)=¢&(...bby,b1by,bybs... b)) =0, P#1,
é,(...byby,b\by bbby . b)) = (...bb,,bby b by . b)),
and
éX(...bby,b,b,y,byby... b)) = 0.
Thus,
MBI pYy =0 fori =0,1,2,...,n.
Similarly, when k is even, we observe that
é(p)=¢(...b,b,,b,b,,bb,...5,) =0, i#0
éo(...byby, bbby . b)Y = (...0yby, bbby .. b))
and
é(...bb,y,bbyby... b)) =0.
Thus,
eIl py =0 fori=0,1,2,...,n.
Hence, by Proposition 2.11 and (3.8) the connected component of
n® @ pep(A) @ #(Ay),i=0,1

is the crystal graph of L(A, — [k/2]8) and L(A, — [k/ 2]8) occurs as a
direct summand in L(A,) ® L(A,) where k =i mod2. g

Now from (1.1), (1.5), and the above theorem we have the following.

THEOREM 3.9. Any integrable highest weight D'"-module L(A) is con-
tained in the tensor product of k = A(c) number of level one fundamental
modules up to degree shift.

4. THE AFFINE LIE ALGEBRA A%)_,n >3

In this case, the canonical central element is ¢ =h, + h, + 2h;
+ -+ +2h, and the null root is 8 = a, + a; + 2a, + *** +2q,_; + a,,.
Hence, L(A,) and L(A,) are the only level one fundamental modules in
this case. The other fundamental modules L(A,), k = 2,3,...,n, are of
level two. Now we briefly recall the path realizations of the crystal bases
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for the #, (&%) ,)-modules for L(A,) and L(A)) (see [8, 9] for more
details).
Consider the set

B={b=(5,)]" li = 1,2,....2n} c 2*". (4.1)

The set B has a crystal graph structure for %,(&§2 ) with the maps ¢, 7
(i=0,1,2,...,n) given by

égb,,,=b, i=12,...,n,

bspir—i = by, i=1,2,...,n~1,

éyby = by, éyby =b,, ),

e'ibj =0, otherwise, (4~2_)
fb=10b if and only if 6" = b for b, b’ € B,

fibj =0 otherwise.

Also, define
wi(by) = A, — Ay, wi(by) = A; — A — A,
;V—t(bj) =A; - A
va(bz,,‘j)=/1-—/1j+l, j=2,3,....,n—1,

1

i=3,4,...,n,
(4.3)

wi(by, 1) = Ay + A4, — A, and wi(by,) = Ay — Ay

For i = 0,1, let n° =), ., = C...7{n{{") denote the sequence
(with period two) in B defined by

o [ba  ifk+iisodd,

) bl (44)

if £ + { is even.

The sequence 7’ (i = 0, 1) is called a ground-state path of weight A,. A
A, path, by definition, is a sequence p = (p,),., = (... p3p,Pp,) such
that p, € B and p, = 7} for k > 0. The set 2(A,) (i = 0,1) of A-paths
is a crystal graph for the % (&} |)-module L(A,). In this realization the
weight of a A-path p = (p,), ., is given by the formula (2.9). In this case,
using the explicit formula for the energy function H given in {10, Section
5.2] we have

H(b, ® b,,) = —1, H(b,, ® b)) =1
H(b,, ® b,) =1,
H(b, ® b,.,) =0, fori=1,2,3,...,n— 1.

t

(4.5)
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THEOREM 4.6. For the affine Lie algebra g = AY)_,, the integrable
highest weight g-module (A, — [k/2]8), k =2,3,...,n, occurs as a
direct summand in L(A;) ® L(A,) where k =i mod2. In particular, the
level two fundamental g-modules L(A,), k = 2,3,...,n, are contained in
the tensor product of two level one fundamental modules up to degree shifts.

Proof. Consider the elements p = (p),., € #(A,) such that p, =
be_j, €Bforj=12...,k—1and p, = 2" for j = k. Note that

(...bbybibybyby.. b)Y,  if kisodd

4.7
(...bbybibyby. .. by), if kiseven.  (*7)

p:

As in the proof of Theorem 3.6, using (2.9), (4.3), and (4.5) we have
k=1 .
wt(p) = Ay + L (wi(p;) — wi(n{))

j=1

k-1
=8 Li(H(p1 ® py) = H(a® @ 7))

ji=1
[k/2] lk/21-1
=Ak—A,-—a( Y@i-n- T ()
ji=1 ji=1
k
- a4 |5]s

where k = i mod 2. Hence for the element 7V ® p € P(A,) @ P(A),i =
0,1, we have

wt(n‘” ® p) = wt(n'") + wt( p)

k
a8

k
=A, - [5]5 (4.8)

When k is odd, looking at the signature of the path p = (p,), ., (see
Eq. (2.5) for definition), we observe that

é(p) =&,(...bybybbybybs.. b)) =0, i1
6,( ... bybybbaybyby.. b)) = (...bybybibybiby. .. by)
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and
€3(...b\by,b b, bybs... b)) =0.

Thus,

eMtatl(py =0 fori =0,1,2,...,n.
Similarly, when k is even, we observe that

e(p)=¢€(...bb,bbybyby...b)=0, i#0
€o( ... bbb bybs. .. b)) =(...bbybb,ybs.. . b)
and
E(...bby,bbybs... b)) =0.

Thus,

EMI*Y(pYy =0  fori=0,1,2,...,n.
Hence, by Proposition 2.11 and (4.8) the connected component of

7" & peR(A) & P(A,), i=0,1

is the crystal graph of L(A, =[k/2]5) and L(A, — [k/ 2]6) occurs as a
direct summand in L(A,) ® L(A,) where k =i mod2. g

Now from (1.1), (1.5), and the above theorem we have the following.

THEOREM 4.9. Any integrable highest weight AS)_ -module L(A) is
contained in the tensor product of k = A(c) number of level one fundamen-
tal modules up to degree shift.

5. THE AFFINE LIE ALGEBRA A%, n > 2

In this case, the canonical central element is ¢ = by, + 2k, + --- +2h,,
and the null root is 8§ = 2ay + 2a, + - - +2a,_, + «,. Hence, L(A,) is
the only level one fundamental module in this case. The other fundamen-
tal modules L(A,), k =1,2,3,...,n, are of level two. To show that
L(A,) is contained in L(A,) ® L(A,) we use the path realization of the
crystal base of the # («{}))-module for L(A,) which we recall briefly
below (see [8, 9] for details).

Consider the set

B ={by, by, by,...,by) CZ™ (5.1)
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where b, = (0,0,0,...,0) and b; = (5;)}", for j = 1,2,...,2n. The set B
has a crystal graph structure for #,(w{?) with the maps ¢, f; (i =
0,1,2,...,n) given by

éb,.,=b, i=1,2,...,n,
éib2n+]—i=b2n—i’ i=1,2,...,n_1,
éyb, = by, €oby = by,
éb =0, otherwise, (5.2)
fib=1b' if and only if &,b" = b for b, b’ € B,
f,-bj =0 otherwise.
Also define
wi(by) = 0 wi(b,) = A, - 24,
wt(b)=A, — A._,, j=2,3,...,n,
( 1) J j—1 (5-3)

VVT(bZn_j)=Aj—Aj+1, i=12,...,n—1,
wi(by,) = 24y — A,

Note that the sequence 1 = (n,), ., = (... bybyb,) (i.e., n, = b, for all
k > 1) in B is called a ground-state path of weight A,. By definition, a
Ag-path is a sequence p = (p,),., = (... p3p,p;) such that p, € B and
Pr = M = by for k > 0. The set 2(A,) of Aj-paths is a crystal graph for
the %, (w{2)-module L(A,). In this realization the weight of a A -path
P = (py) >, is given by the formula (2.9). In this case, using the explicit
formula for the energy function H given in [10, Section 5.5] we have

H(b, ® b,) = 0, H(b,®b,) = 1,

5.4
H(b;®b,,)=0,  fori=1,23,...,n. 54)

THEOREM 5.5.  For the affine Lie algebra g = A‘Zz,l, the integrable highest
weight g-module L(A, — (k/2)8), k = 1,2,3,...,n, occurs as a direct
summand in L(A,) ® L(Ay). In particular, the level two fundamental
g-modules L(A,), k = 1,2,3,..., n, are contained in the tensor product of
two level one fundamental modules up to degree shifts.
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Proof. Consider the elements p = (p;);,; € #(A,) such that p, =
bijEBforj—lZ ,k and p; =7, fOI'J>k Note that p
(...bybyb,b,...b,). By formula (2.9) we have

k
wt(p) = Ay + }; (wt(p, — wi( 77,-))

= Ao+ Yo (Wi(b;) — Wi(by))

j=1
1 ([ &
_55( Y i(H(biy ® by_yy) — H(by ® bo))).
j=1
Now, using (5.3) and (5.4) we get

k k
wi(p) = Ay + A, — 2A, + Z( ")_55

A A k 5

= —A, + A, — =8

0 k 2

Hence, the weight of the element n ® p € P(A,) ® P(A,) is

wt(n & p) = wt(n) + wi( p)

k
=Ayg—Ag+ A — 58
2
— A, — =5 (5.6)

Also, using the signature of the path p = (... bybyb b, ... b,) we observe
that

é(p)y=2¢e(...bobybb,...b) =0, i#0
€(p) = (... bybobob, ... by), (5.7
é5(p) = ey ... bybybyb, ... b)) = 0.

Thus, &) *(p) =0 for i =0,1,2,...,n. Hence, by Proposition 2.11
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and (5.6) the connected component of n ® p € 2(A,) ® P(A,) is the
crystal graph of L(A, — (k/2)8), and L(A, — (k/2)8), k =1,2,...,n,
occurs as a direct summand in L(A,) ® L(A,). g

Now from (1.1), (1.5), and the above theorem we have the following.

THEOREM 5.8.  Any integrable highest weight A})-module L(A) is con-

tained in the tensor product of a A(c) = k — fold tensor product of the level
one fundamental module L(A,) up to degree shift.

6. THe AFFINE LIE ALGEBRA D, n > 2

For the affine Lie algebra D%, the canonical central element is
c=hy+2h +2hy,+ --- +2h, , + h, and the null root is 6 = a, +
a, + -+ +a,. Hence, the fundamental modules L({A,) and L(A,) are of
level one. The other fundamental modules L(A,), k = 1,2,3,...,n — 1,
are of level two. To show that L(A,), k = 1,2,3,...,n — 1, is contained
in L(Ay) ® L(A,) we use the path realization of the crystal base of the
% (22,)-module L(A,) which we briefly recall below (see [8, 9] for

details).
Consider the set

B ={by by, by, by} 2! (6.1)
where b, = (0,0,0,...,0) and b, = (5,)?21" for j = 1,2,...,2n + 1. The

i=1

set B has a crystal graph structure for #,(2/?)) with the maps ¢, f,
(i=0,1,2,...,n) given by

eb,.y=0b, i=1,2,...,n,
€brnia i =bopsii> i=12,...,n,
€yb, = by, €obg = byyits
éb, =0, otherwise, (6.2)
fib=b if and only if é;b" = b for b,b' € B,
f,-bj =0 otherwise.
Also define
wi(by) = 0, wWi(b,) = A, — 2A,,
wi(b) =A; — Ay, i=23,....n—1, wib)=24,-A, |,
Wi(boner-,) = A, = Ay, i=1,2.,0-2, Wi(h,,;)=A, 24,

wi(b,,;) =0 and  Wi(by,,,) = 24, — A,.
(6.3)
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Note that the sequence n = (n,), ., = (... bybyby) (ie., h, = b, for all
k > 1) in B is called a ground-state path of weight A,. By definition, a
A-path is a sequence p = (p, )., = (... p3p,p,) such that p, € B and
Py = M = by for k > 0. The set 2(A,) of Aj-paths is a crystal graph for
the (22 ,)-module L(A,). In this realization the weight of a A-path
p = (p,) ., is given by the formula (2.9). In this case, using the explicit
formula for the energy function H given in [10, Section 5.6] we have

H(b,® by) =0, H(b,®b,) =1,

4
H(b;®b,,,)=0,  fori=1,2,3,...,n— 1. (64)

THEOREM 6.5.  For the affine Lie algebra g = D) |, the integrable high-
est weight g-module L(A, — k8), k = 1,2,3,...,n — 1, occurs as a direct
summand in L(Ay) ® L(Ay). In particular, the level two fundamental
g-modules L(A), k = 1,2,3,...,n — 1, are contained in the tensor product
of two level one fundamental modules up to degree shifts.

Proof. Consider the elements p = (p));,, €2(Ay) such that p, =
by_j+1 €B for j=1,2,...,k and p;=n; for j = k. Note that p =
(...bybyb b, ...b,). Now as in the proof of Theorem 5.5, using (6.3),
(6.4), and formula (2.9) we have

wt(p) = A, + i‘, (ﬁ(bj) - V’v—t(b(,))

j=1

—5 ij(H(bk_,- ® by_;1) ~ H(by ® b))

j=1
k
=Ag+ A —2A,+ Z (Aj —Aj_,) — k&
j=2
= —Ay+ A, — k8.

Hence, the weight of the element n ® p € 2(A,) ® P(A,) is

wt(n ® p) = wt(n) + wt(p)
= Ag— Ay + A, — ké
= A, — k8. (6.6)

Also, using the signature of the path p = (... bybyb,b, ... b,) we observe
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that

é(p)=0, fori # 0
Eo( ... bbb by ... b))y = (...bobybyb, ... b)), (6.7)
€3(...bybybby... b)) = 0.

Thus, M2 +1(p) =0 for i = 0,1,2,...,n. Hence, by Proposition 2.11
and (6.6), the connected component of n ® p € P(A) ® P(A,) is the
crystal graph of L(A, — k8), and L(A, — k8), k = 1,2,...,n — 1, occurs
as a direct summand in L(A,) ® L(A,). @&

Now from (1.1), (1.5), and the above theorem we have the following.

THEOREM 6.8. Any integrable highest weight D? -module L(A) is con-
tained in the tensor product of A(c) = k — fold tensor product of the level
one fundamental module L(A,) up to degree shift.

7. THE AFFINE LIE ALGEBRA EZ anD D{¥

For the affine Lie algebra E{? the canonical central element and the
null root are respectively ¢ = h, + 2h, + 3h, + 4h; + 2h, and 8 = a, +
2a; + 3a, + 2a; + a,. Hence L(A,) is the only level one fundamental
module in this case. The other fundamental modules L(A,), L(A,),
L(A5), and L(A}), are of levels 2, 3, 4, and 2, respectively. To show that
these fundamental modules are contained in the tensor product of an
appropriate number of copies of L(A,) we use the computational tech-
nique developed in [13].

THEOREM 7.1. We have the following relations between the fundamental
EP-modules L(A,), k = 1,2,3,4, and the tensor products of the level one
fundamental module L(A).

(1) L(A; — 8) c L(Ay) ® L(Ay),
() L(A, — 28) C L(Ag) ® L(A),
(3) L(A, - 8) c L(A,) ® L(A)), and
(4) L(A; — 8) c L(Ay) ® L(A,).
Proof. Let v, denote the highest weight vector in L(A,) with highest

weight A,. Consider the vector v, = fyr, ® vy — vy ® fotp € LA ®
L(Ag). Then clearly

ev, =0 fori=1,2,3,4,
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and
eqty = eo( fory ® vy — vy ® fovy)
= enfotg ® Uy + foty ® gy — eyly ® fovg — g ® ey fyty
=hyg ® tg — Uy ® hgvy = O.
Furthermore,

wt(v,) =2A, —a,=A, — 8 € h*,
where b is the CSA of E?. Hence (1) holds. To prove (2), consider
vy =fofi fafsfafifovo ® vo = fifafsfafifora ® fovy
+ fafsfafifovo ® fifovo — f3f2fifove ® fof i fove
+ f2fi1foro ® fifafifovo = fifota @ fofsfafiforo
+ fora ® f1faf3faf i fove — vo ® fofifafsfafifivo € L(Ay) ® L(Ay).

As before, by direct computation it can be shown that
e, =0 fori =0,1,2,3,4,
and
wt(e,) = 2A) — 2ay — 2a; — 2a, — a,
=A, — 28 € h*.

Hence (2) holds. To prove (3) consider
vy = firfove ® vy = fovg ® fivy + 1o ® fofiv, € L(A,) ® L(A)).
It is easy to check that
ev,) =0, fori =10,1,2,3,4,
and
wt(v,) = A+ A, —a,—a,=A, -8 €b*.
Hence, (3) holds. Finally, to prove (4), consider the vector

vy = fofiforo ® va = fiforg ® for,
+ fovo ® fifar, — vy ® fof i for, € L(Ay) ® L(A,).
Again, by direct calculations it is easy to check that

e(vy) =0  fori=0,1,2,3,4,
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and
wt(vy) = Ag+ Ay —ag — o) — @,
= A3 - 6 = b*.
Hence, (4) holds. g

For the affine Lie algebra D{, the canonical central element and null
root are respectively ¢ = hy + 2h, + 3h, and & = a, + 2a, + «,. Hence
in this case, L(Ag) is the only level one fundamental module. The other
fundamental modules L(A,) and L(A,) are of levels 2 and 3 respectively.

THEOREM 7.2. We have the following relations between the fundamental
D®-modules L(A,), k = 1,2, and the tensor products of the level one
fundamental module L(A,,).

(1) L{A, — 8) C L(Ay) ® L(A),
and

Proof. Let v, denote the highest weight vector in L(A;) with highest
weight A,. Consider the vector v, = fou, ® vy — vy ® for, € L(A)) ®
L(A,). Then it is easy to see that

e(v;) =0 fori=0,1,2
and
wt(v,) =2A, —~ay=A, — 8 € b7,

where § is the CSA of D{Y. Hence (1) holds. Now consider the vector
Uy = fifotp ® Uy — folo @ fir, + vy @ fufi, € L(A,) ® L(A)). Then it is
easy to check that

e(vy) =0 fori =0,1,2,
and
wt(vy) =A,+ A, —a,—a,=A,—-8€b*.
Hence, (2) follows. g

The following theorem now follows from (1.1), (1.5), and Theorems 7.1
and 7.2.

TueorEM 7.3.  For the affine Lie algebra ¢ = E{? or D{*, any integrable
highest weight module L{A) is contained in the tensor product of A(c) =
k-fold tensor product of the level one fundamental module L(A,) up to
degree shift.
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