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A b s t r a c t - - I n  this note, we investigate the periodic character of solutions of the nonlinear, second- 
order difference equation 

g(x~,x,-1) 
X n + l  = A +xn 

where the parameter A and the initial conditions x0 and xl  are positive real numbers. We give 
sufficient conditions under which every positive solution of this equation converges to a period two 
solution. (~) 2002 Elsevier Science Ltd. All rights reserved. 

K e y w o r d s - - D i f f e r e n c e  equation, Period, Positive solution. 

1. I N T R O D U C T I O N  

In this note, we consider a nonlinear difference equation and deal with the question of whether 
every solution of tha t  difference equation converges to a period two solution. Recently, there 
has been a lot of interest in studying the global attractivity, the boundedness character, and the 
periodic nature of nonlinear difference equations. For some recent results concerning, among other 
problems, the periodic nature of scalar nonlinear difference equations, see, for example, [1-6]. 
In [3,7], two similar results were established that  can be applied in considerations of nonlinear 
difference equations for proving that  every solution of these difference equations converges to a 
period two solution. The main theorem in this note is motivated by Conjecture 5.2.5 in [8]. See 
also [4,5]. In this paper, we consider the following nonlinear difference equation: 

g (Xn, Xn- 1 ) 
xn+l  = A + xn  (1) 

where the parameter  A and the initial conditions x0 and xl  are positive real numbers. 

2 .  M A I N  R E S U L T  

Here we formulate and prove the main result of this note. 

THEOREM 1. Let  the sequence (xn)  o f  pos i t ive  num be r s  satisfies equat ion (1). A s s u m e  tha t  the  

func t ion  g : It2+ __, I t+  is cont inuous  and satisf ies the fol lowing funct ional  equation:  

g(x ,  y) -- g(y,  z)  = (x  -- z ) h ( x ,  y,  z)  - A ( x  - y) ,  (2) 
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for some continuous [unction h : R 3 --* R +  such that 

h ( x , y , z )  

X 
--* 0, as X, y, Z --* C~, (3) 

and  
h(x, y, z) 

sup - -  = Mh < +00. 
(x,y,z)eR~ A + x 

Assume that equation (1) has a period two solution. 

Then, every positive solution of  equation (1) converges to a period two solution. 

PROOF. Subt rac t ing  x n - i  from the left- and the  r ight-hand side in equat ion (1), we obta in  

(4)  

g (xn, xn-1)  - x n - l x n  - A x ~ - I  
X n + l  - -  X n - - 1  = A + xn 

Since 

and by (2), we obta in  

X~-lXn = g (x~- l ,  x~-2) - Axe ,  

X n +  1 - -  X n _  1 
g (x~, X~-l)  - g(x~- l , x~ -2 )  + Ax~ - Axn-1  

A T x n  
(z,~ - x n - 2 )  h(x~,x~-l,z~-2) 

A + x,~ 

From this, we see tha t  the signum o f x n - x n - 2  remains invariant for all n > 2. Also, the  following 

formula: 
n 

X n - k l  - -  X n - - 1  = (X2 -- X0) H 
h X k - 1 ,  X k - 2 )  

A + x~ (5) 
k = 2  

holds. 
Thus,  the  sequences (x2,)  and (x2n-1) are monotone.  If  one of  t hem is nonincreasing, then  it 

mus t  be convergent.  Suppose tha t  (x2n) is nondecreasing and unbounded.  Then  applying (3), 
we have tha t  for every ~ > 0, there exists no E N such tha t  

0 < h(X2k,X2k-l ,X2k-2) < ~, for all n > 2n0. 
A + x2k 

Let  ¢ E (0, 1/Mh). Then  from (4) and (5), we have 

- --- - = - zol 
¢2uo (¢Mh)n" 

From that ,  and since ~Mh < 1, we obta in  tha t  the sequence (x2n) is bounded,  which is a 
contradict ion.  

The  case when the  sequence (x2n-1) is nondecreasing and unbounded  is similar and will be 
omit ted.  Thus,  bo th  sequences (x2n) and (x2n-1) converge, as desired. 

3. APPLICATIONS 

COROLLARY 1. Consider the difference equation 

a + flxn + ~xn-1  + ] (x~, x ~ - l )  
, (6)  

Xn+l = A + xn 
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where a,/3,  "r, A E (0, oo) and f : R ~  --* R +  is cont inuous and satisfies the following funct ional  

equation: 

f ( x ,  y) - f ( y ,  z) = (x - z )hx (x ,  y, z), (7) 

for some  cont inuous funct ion hi  : R~_ --+ R +  such that  

h i  (z,  y, z) --, 0, as  x, y, z --* oc, (8) 
X 

and  
sup h l ( z , y , z )  < +oo.  (9) 

(=,u,z)eR3+ A + x 

T h e n  we have the  following. 

(a) T h e  condit ion 7 = ~ + A is necessary for the exis tence of  a pr ime period two solut ion o f  
equation (6). 

(b) A s s u m e  7 = 13 + A and that  equation (6) has a period two solution, then every posi t ive  
solution o f  equation (6) converges to a period two solution. 

PROOF. 

(a) Let 

x , y , x , y , x , y . . .  

be a prime period two solution of  equat ion (6). Then  we have 

a + Zy + 7z + / ( y ,  z) a + Zz + 7y + / ( z ,  y) 
x = and y = , 

A + y  A + x  

i.e., 

x y  = a +/3y  + (7 - A ) x  + f ( y ,  x)  and x y  = a + l~x + ('y - A ) y  + f ( z ,  y).  (10) 

If  we set z = x in (7), we obta in  tha t  the function f ( x ,  y) is symmetr ic ,  i.e., f ( x ,  y) = 
f ( y ,  x)  for all x, y E R + .  Hence, subtrac t ing the last two equalities, we obta in  

(7 - A - / ~ ) ( x  - y) = 0. 

Since x ¢ y, we obta in  the result. 
(b) Set g(x ,  y) = ~ + f ix  + (A  + l~)y + f ( x ,  y). Then  

g ( x , y )  - g ( y , z )  = ( x -  z)(  A + /3 + h x ( x , y , z )  ) - A ( x -  y). 

Hence, condit ion (2) of  Theorem 1 is satisfied for h(x ,  y, z) = A + 13 + h i ( x ,  y, Z). By (8), 
we have 

A + ~ + h l ( x , y , z )  ---+0, as x,  y , z  ---* c~. 
X 

On the  o ther  hand,  by (9), we obta in  

A + fl + h l ( x , y , z )  A + /~ h l ( X , y , z )  
sup < + sup < +oo.  

(=,u,z)eR~ A + x - ~ A + x (=,y,z)e~t~ 

Thus ,  all the  conditions of Theorem 1 are satisfied, from which the  result  follows. 
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REMARK 1. Note that  the problem and the conjecture in [8] are established by setting the 
function f in Corollary 1 equal to zero. In this case, we obtain the difference equation which was 
investigated in [5]. 

EXAMPLE 1. Consider the difference equation 

c~ + ~xn  + (.4 + ¢~)x,~-1 + ~ ~ + Zn_l  
, (11) X n + l  = A + x n  

where  a , /3 ,  5, A • (0, c~). 

T h e n  every  pos i t ive  so lu t ion  of equa t ion  (11) converges to  a pe r iod  two solut ion.  

I t  is easy  to  see t h a t ,  for all  a , /~,  5, A • (0, oo), sys tem (10) consists  of only  one equat ion ,  

x y  = a +/3(x  + y) + 5 v / - ~  + y2. 

I t  is easy  to  see t h a t  t he  above  equa t ion  has  a so lu t ion  on lCt~_. Hence,  equa t ion  (11) has solu t ions  

of  pe r iod  two. 

By  some calcula t ions ,  as in Coro l l a ry  1, we o b t a i n  

a + f~+ (5(z~ + z~_2) ) /  x~ + Z n _ l +  n-1 + z ~ _ 2  
X~+l - x ~ - i  = ( x ~  - x ~ - 2 )  A + x n  

Since 
x + z  

h l ( X , y , z )  = V~ ~ + y2 + V/y2 + z 2 

is a b o u n d e d  funct ion  on R 3 ,  we see t h a t  condi t ions  (8) and  (9) are  satisfied.  Hence,  the  resul t  

follows f rom Coro l l a ry  1. 

In  t he  same  manner ,  we can consider  the  equa t ion  

k k o~-~- ]~x n ~- (A.-I- /~)Xn_ 1 -}-~ ~ X  n -~ Xkn_l 
, (12) 

X n + l  = A + x n  

where k • N and ~,/~, 5, A • (0, c~). Also, we can prove that  every positive solution of equa- 
tion (12) converges to  a pe r iod  two solution.  

We finish th is  note  wi th  the  following na tu r a l  quest ion.  

QUESTION 1. Descr ibe  the  class of  funct ions conta in ing  all  cont inuous  funct ions  f : R~_ --* R +  

which sa t i s fy  funct ional  equa t ion  (7), for some cont inuous  funct ion hz : R 3 --* R +  which satisfies 

condi t ions  (8) and  (9). 
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