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In this paper, we establish several inequalities of Hadamard’s type for Lipschitzian
mappings. © 2001 Academic Press

1. INTRODUCTION

The inequalities

a+b 1 b f(a)+ f(b)
f( : ) < m/a fo)dx = S (1.1)

which hold for all convex mappings f: [a, b] — R, are known in the liter-
ature as Hadamard’s inequalities [5]. In [4], Fejér gave a weighted gen-
eralization of Hadamard’s inequalities: If f: [a, b] — R is convex, and
g: [a, b] = R is nonnegative, integrable, and symmetric to x = %b, then

f(a;b> /ub g(x)dx < [ab f(x)g(x)dx < w/ab g(x)dx. (1.2)

For various results which generalize, improve, and extend the inequali-
ties (1.2), see [1,7,9]. In [9, Theorem 2,5, 6], we proved the following

230

0022-247X/01 $35.00
Copyright © 2001 by Academic Press
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82291648?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

INEQUALITIES OF HADAMARD’S TYPE 231

two theorems:

THEOREM A. Let f: [a,b] — R be a convex ﬁmctlon 0<a<1,0<
B<1 A=aa+(1-a)b, uy=(b—a)min{:*, B 21, and let g: [a, b] —
R be nonnegative and integrable and

g(A—Bu)y=g(A+(1-PBu),  uel0,u. (1.3)

Then

A+(1-B)u

flaa+ (1 - a)b] / g(x)dx

< TB / F@)gdx+ / P g

+(1=Bu
fof @)+ -ar®] [ g (14)

IA

THEOREM B. Let f, A, g, and u be defined as in Theorem A, 0 < a < 1,
0<B<1,a+ B <1, and let P, Q be defined on [0, 1] by

P()= [ [(1-B)f (A pro)g(A—px)

B+ (1= B)exlgl A+ (1- p)xldx (15)
0()= [ (1= B)[ A~ pu+Br(1=D]gl A~ Bu—x)]+ /[ A+(1— p)u
~ (1= B)(1=)xlglA-+ (1= B)(u—)]}dx (1.6

for some u € [0, uy]. Then P and Q are convex and monotonically increasing
on [0, 1] and

A+(1-B)u
flaa+(1-a)b] | L SA=PO)=P@)

1-B)u
f(x)g(x)dx=0(0)

=P)=2E 7 jlogtoant 2

BJa
A+(1-B)u
<00 =0()=[1-B)f (A= Bu)+Bf(A+ (=B [ g(x)dx

A+(1-B)u

slef(@+(1-a)f®1f gl (17)
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Wenotethatifa:ﬁ:%andu:uozb—a, then

P(t) = / ’ f[tx+(1 - t)#]g(x)dx, (1.8)
o) = 2/ [ (1+ta+ 1;zx)g<x;ra)

+f<ﬁb+7t )g<x;b>}dx, (1.9)

and
1(552) [ stds = P = () = P() = [ f)gto1d
= Q(0) = 0(1) = 0(1)
_ w f ’ g(x)dx. (1.10)
Also,if a=B =1, u=uy=b—a,and g(x) = 1, then
P(t) = fabf[tx +(1- t)a—;rb}dx (1.11)
and

Q(t)—zf[ <1+ta+% >+f<ﬁb ! )]dx, (1.12)

where (1.11) and (1.12) were established by Dragomir [2] and Yang and
Hong [8], respectively.

Recently Dragomir et al. [3] and Matic and Pecari¢ [6] proved some
results for Lipschitzian functions related to (1.11) and (1.12), respectively.
In this paper, we will prove some inequalities for Lipschitzian functions
related to the functions P, Q.

2. MAIN RESULTS

For the function P, defined by (1.5), we have the following theorem:
THEOREM 1. Let f: [a, b] — R be an M-Lipschitzian function. Then

|:1_TB/A f(x)g(x)dx+—/ e f(x)g(x)dx} P(t)

< [260 - po [ - Bx)dx](l _t 2.1)

‘P(t) f(aa + (1 — a)b) / g(x)dx

< [23(1 - B)M/O xg(A - Bx)dx]t (2.2)
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and
_ +( Ju
po- 2L [T s (25 [T pwseoa]
A+(1-B)u
(1= ) f(aa+ (1~ a)b)[ g(x)dx
< [43(1 — BM /0 xg(A — ,Bx)dx:| (1—1) (2.3)

forall t €[0,1].
Proof. For 1, t,, € [0, 1], we have
|P(f2) - P(tl)i

= ' [0 =B - Brx) = f(A = prix)lg(A - Bo)
+BLf(A+ (1= B)yx) — f(A+ (1= B)tx)]g(A + (1 — B)x)}dx

< [{a =B - prn) = f(A = pi)|g(A - po)
B (A + (1= B)x) — f(A+ (1= Brn)|g(A+ (1 — B}

< B = BM| — 1] [ [xg(4 ~ )+ xg(A + (1= Ho)ldx
Thus, from the identity
§(A—px)=g(A+(1-p)x),  xe[0,u],

we obtain
Ps) = P()| = 2601 - oM [ xg(a = sl =l @24

Now, the inequalities (2.1) and (2.2) follow from (2.4) by setting #, = ¢,
t, =1 and #;, = 0, t, = ¢, respectively. The inequality (2.3) is obtained
multiplying (2.1) by ¢ and multiplying (2.2) by (1 — ¢) and taking their sum.
This completes the proof.

Similarly, for the function Q, defined by (1.6), we have the following
theorem:
THEOREM 2. Let f be defined as in Theorem 1. Then

1_TB/AA_ f(x)g(x)dx + —/ e f(x)g(x)dx — O(t)

< [26(1— B)M [ xg(A~ p(u - 0)dx]s 5)
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A+(1-B)u
00) ~[(1 = B (A~ u) + B(A+ (1= Bl | ()
< [2B(1— P)M | xg(4 - Bu—0))dx](1 - 1) 26)

and

0~ (-0 L [7 gt

B A+(1-B)u 4 1 4
trogl, T@s0dx |~ (= B)f(A - pu)

A+(1-B)u
prasa-pwl [ g
< 481 B [ g~ B = )i |11~ 1 27)

forall t €[0,1].

The following corollaries are simple consequences of Theorem 1 and
Theorem 2.

COROLLARY 1. Under the assumptions of Theorem 1 and Theorem 2, let
B=1—aand u=uy=>b— a. Then, for t € [0, 1], we have

b—a
P(0)= [ {af(4— (1~ a)x)g(A ~ (1~ a)x)
+(1—a)f(A+ atx)g(A + ax)}dx; (2.8)

[ [ s+ 222 [ fseoa] - po)
< [20—nt [ xga - 1 - a1 - o 29)
P~ flaat (1 - a)p) [ ax)a
< [2ati-am [ g (- s 2.10)
PO~ 12 [ s+ 2 [ g ]
~ (1= 0f(aa+ (1)) [ b g(x)dx|

b—a
< [4a(1 —a)M /0 xg(A—(1— a)x)dx}t(l —1) 2.11)
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and

b—a

0= {afla+(1—a)x(l—n)lgla+(1 - a)x]

0
+(1—a)f[b— ax(1 — 1)]g[b — ax]dx}; (2.12)

| o — o |
i[l — f " fo)g(odx + 17 /: f(x)g(x)dx] — Q(z)i

< [2a(1 — )M /0 " gla+(1— a)x)dx}t; (2.13)
)~ [ef (@) + (1 - (0] [ ()]
< [2a(1 — )M /0 " ela+ (1 — oz)x)dx:|(1 — 1) (2.14)
00— =02 [ feseads+ % [ oo ]
~daf(@)+ (1 ) 5)] [ g(x)d
< [4(1(1 oM | " vela— (1 — a)x)dx} i(1— ). (2.15)

COROLLARY 2. In Corollary 1, if we let t = 0, then (2.9) and (2.14)
reduce to

1) [ sar = [ 5 [ rogeax+ 12 [ rwgar]

< 2a(l- M | " e A — (1 — a)x)dx (2.16)

and

b a A
fof(@) + (1= @) [ s - | 72 [ fgtods
£ [ wsear

< 2a(l- )M [ " ve(a+ (1 — a)r)dx, (2.17)

respectively.
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Remark 1. Let f be defined as in Corollary 2 and let g: [a,b] — R
be nonnegative, integrable, and symmetric to x = # Then we have the
inequalities

1(“32) [ swar - [ rseas

M b-a a+b x
57/0 xg( > —E)dx (2.18)

and

b b
HOTTO [ gayar— [ regeois

M rb—a
§?f0 xg(a—i—%)dx. (2.19)

Proof. The inequalities (2.18) and (2.19) follow immediately from (2.16)
and (2.17) by letting a = % in Corollary 2.

Remark 2. If we set g(x) = 1, x € [a, b] in Remark 1, then (2.18) and
(2.19) reduce to

(35

'fw>+fw)_

—a) (2.20)

and

b
. i y / F(x)dx| < %(b —a), (2.21)

respectively. The inequality (2.20) was proved by Dragomir et al. [3], and
the inequality (2.21) was proved by Matic and Pecari¢ [6].

Another result which is connected in a sense with the inequality (2.21) is
also given in the following:

COROLLARY 3. With the assumptions in Remark 1, we have the inequalities

If(ta + (1 =0)((a+b)/2)) + f(tb + (1 — 1)((a + b)/2))
2

th+(1—t) 4t b+(1—r) ekt

[T gdx - [ f(x)g(x)dx
ta+(1-1) ==

ta+(1-1) %4t

M ib—a)
< 7/0 xg(a + ;)dx (2.22)
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forall t € [0, 1], and
If(ta + (1= )((a+b)/2)) + f(th + (1 = )((a + b)/2))

2

—bi—a/bf<tx+(1—t)$>dx
forall t €0, 1].

Proof. Ifweletu=ta+(1—1)4> and v = ta + (1 — r)“t>, then, using
the inequality (2.19) applied for u and v, we have the inequality (2.22). The
inequality (2.23) follows immediately from (2.22) by letting g(x) = 1 for all
x € [a, b].

Remark 3. The inequality (2.23) is stronger than the inequality (3.5)
in [3] which has % in place of our

< %(b —a) (2.23)

-
COROLLARY 4. Under the assumptions of Theorem 1 and Theorem 2, let
B=a= %, A= #, and u = uy = b — a. Then P is defined by (1.8),

fa gy - P(1)| < w fo o xg(w)dx; (2.24)

2
P(z)-f(#) /ab g(r)dx| < %/CH xg<$>dx; (2.25)
P01 [ roseods -1 -0f(“52) [ scoas

< M- [ e xg<$>dx (2.26)

and Q is defined by (1.9),

/a " (g (x)dx — Q(t)|§ % /0 e xg(a + §>dx; (2.27)

o) - DT [ gy

< M /Ob_a xg(a + g)dx; (2.28)

b b
0~ (1=1) [ fsds - o 0TI [ gty

< Mt(1—1) /Ob_a xg(a + ;)dx (2.29)
forall t €0, 1].

Remark 4. In Corollary 4, if we let g(x) = 1, then (2.24)—(2.26) and
(2.27)-(2.29) reduce to some results established by Dragomir et al. [3] and
Matic and Pecari¢ [6], respectively.
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