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Abstract

We study the CP dependence of neutrino oscillation probability for all channels in arbitrary matter profile within three
generations. We show that an oscillation probability for v, — v, can be written in the form P(ve — v,) = Agp 0S8 +
Bey, Sind + Cey, without any approximation using the CP phase 8. This result holds not only in constant matter but also in
arbitrary matter. Another probability for v, — v; can be written in the form P (v, — v¢) = Ayr €058 + By Sind + Cpr +
D7 €0828 + E;¢ sin28. The term which is proportional to sin25 disappear, namely E,; =0, in symmetric matter. It means
that the probability reduces to the same form as in constant matter. As for other channels, probabilities in arbitrary matter are at
most the quadratic polynomials of siné and cos § as in the above two channels. In symmetric matter, the oscillation probability
for each channel reduces to the same form with respect to § as that in constant matter.
© 2002 Elsevier Science B.V.Open access under CC BY license.

1. Introduction

In solar and atmospheric neutrino experiments, the v, deficit [1] and the v, anomaly [2] have been observed.
These results strongly suggest the finite mixing angles 617 and 6,3 and the finite mass squared differences A1, and
Az, where A;; = ml2 — m*2. Within the framework of three generations, there are two more parameters 013 and § to
be determined. About 613, only upper bound is obtained from CHOOZ experiment [3] and the information on the
CP phase § is not obtained at all. In order to determine these parameters, several long baseline experiments using
artificial neutrino beam will be planned [4], and it is important to study the effect when the neutrino pass through
the matter [5]. The main physics goal in these experiments is to measure the value of §. In this Letter, we study the
CP dependence of oscillation probability for all channels in arbitrary matter profile.

Before giving our results, let us review the works on CP violation in three neutrino oscillation. At first we
introduce the CP-odd asymmetry APO(CﬂP = P(vy — vg) — P(iy — Dp). In disappearance channel, A PCY is exactly
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equal to 0 in vacuum and independent of 5. However, A PCP is not always equal to 0 in matter. This is due to the
genuine CP violation and/or fake CP violation from matter effects. In the case of & = ¢, Kuo and Pantaleone [6]
have shown that P (v, — v.) does not depend on § in the context of solar neutrino problem. Therefore, APeCeP #0
arises from matter effects.! However, in the case of « = p, P (v, — vy has the CP-odd term in asymmetric matter
profile as pointed out by Minakata and Watanabe [7]. We investigate the CP dependence in more detail in this
Letter.

Let us consider the appearance channels. As the CP-odd asymmetry is proportional to siné in vacuum,
APaCﬂP # (0 means that the discovery of CP violation. However, the situation completely changes when the matter

effects are taken into account. Namely, APaCP # 0 does not always mean the existence of CP violation [8], because
the fake CP violation due to matter effects exists [13-15]. Here, it is difficult to separate genuine CP violation due
to § from fake CP violation. One of the methods to solve these problems is to take into account mass hierarchy
approximation |A21| < |A32|. Actually, some approximate formulae are given by Arafune et al. at low energy
region [9] and by Cervera et al. [10] and Freund [11] at high energy region.

Next, we introduce the T-odd asymmetry APOZ3 = P(vy — vg) — P(vg — v,). Krastev and Petcov [12] have

shown that A POZS is proportional to sin § exactly in constant matter. Recently, Naumov [17], Harrison and Scott [18]

have derived the simple identity on the Jarlskog factor J [16]as A13A23A31J = A12A23A31J, where quantities
with tilde represent those in matter. We can simply understand that A POZS is proportional to sin § from this identity.

We have studied the matter enhancement of J [19] taking advantage of this identity. Furthermore, Parke and Weiler
have investigated the matter enhancement of the A P/, [20].

There are some works on the deviation from constant matter. In long baseline experiments, we need to estimate
the validity of constant density approximation because the earth matter density largely changes along to the path
of neutrino. The matter profile of the earth is approximately expressed by Preliminary Reference Earth Model
(PREM) [21]. Minakata and Nunokawa [22] give the oscillation probability using mass hierarchy and adiabatic
approximations. For the distance less than L = 3000 km, the matter density fluctuation is small and the constant
density approximation is valid. On the other hand, it has been shown that the fluctuation of the density cannot be
ignored for the distance greater than L = 7000 km [23-26]. Furthermore, the constant density approximation is
not valid in the case that the matter density profile is different from PREM and the asymmetric part exists. It is
pointed out that A P7; has the term proportional to cos§ in arbitrary matter [27,28]. We investigate this feature in
more detail in this Letter.

In previous Letter, we have proposed the new method applicable to constant matter. This method is to estimate
the product of effective Maki-Nakagawa-Sakata matrix elements [29] UyiU /’;i without directly calculating Ugi.

We have shown that the oscillation probability P (v, — v,,) is written in the linear combination? of cos § and sin s
exactly [31]

P(ve = V) = Ae, COS8 + Bey SINS + Copy, ()

in constant matter. In other channels, for example,

P(vy — vr) = A1 C0S8 + Byr SINS + Cpur + Dyr COS26. (2)

It is found that the probability is quadratic polynomial of cosé, sing, and the CP dependence was equal to in
vacuum [32].

In this Letter, we give the exact CP dependence of oscillation probability for all channels in arbitrary matter
profile. For the purpose, we decompose the Hamiltonian H in the form H = (O3Is)H'(023Ts)T using 2-3

1 Minakata and Watanabe have shown that P (ve — v,) slightly depends on § if we take into account the loop correction even in the standard
model. In this Letter, we do not consider the loop correction as these effects are safely neglected [7].
2 Tt is not so easy to obtain our result from the effective mixing and effective CP phase given by Zaglauer and Schwarzer [30].
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rotation matrix 0,3 and CP phase matrix I's = diag(1, 1, ¢/®). This decomposition plays a key role in our Letter.
As a result, we obtain the probability for v, — v, as

P(ve = vy) = Ay COS8 + Bey SiNS + Cop. 3)

This has the same form with respect to § as in Eq. (1) in constant matter. On the other hand, for v,, — v;, we show
that the probability is given by

P(vy — vr) = A, C0S8 + By Siné + Cur + Dy C0S28 + E 7 SN 28. 4)

Comparing Eq. (4) with (2), the probability in arbitrary matter profile has the term proportional to sin 28 which
does not exist in the probability for constant matter. Furthermore, in the case of symmetric matter profile, we show
that this additional term disappears, namely E,,; = 0, and the probability reduces to the same form as in constant
matter.

2. CP dependence in arbitrary matter profile

In this section, we study the exact CP dependence of neutrino oscillation probability in arbitrary matter profile.
The Schrodinger equation for neutrino is
d
iZ2 = Hy, (5)
ot
where H is the Hamiltonian in matter and v is flavor eigenstate v = (v, vy, v)T. We introduce the MNS matrix
which relates the flavor eigenstate v, to the mass eigenstate v;. The MNS matrix U in the standard parametrization
is represented as

U= 03I 013T 012, (6)
where I'; = diag(1, 1, ¢/®) and
1 0 0
O3 = (0 €23 S23> , (7)
0 —s23 23

using the abbreviation s;; = sin6;; and ¢;; = cos6;;. O13 and O1 represent 1-3 and 1-2 rotation matrix like O3,
respectively. By using this relation (6), we can rewrite the H as

H= %[U diag(0, Az1, A3)UT + diag(a(r), 0, 0)] (8)
1 . .
— ﬁ023F5[013012 diag(0, Az1, A31) 0%, 075 + diag(a(1), 0,0)] Iy 0%, 9)

where a(¢) is matter potential defined by a(r) = 2v2G N (1).E, and G, N(1)., E are, respectively, Fermi
constant, electron number density and neutrino energy. This Eq. (9) means that the Hamiltonian can be decomposed
into two parts. One is 1-2 and 1-3 mixing part which contain matter effects. The other is 2-3 mixing and CP phase
8 part which does not contain matter effects. It is noted that this decomposition is guaranteed by the relation

02313 diag(a(r), 0, 0)(023T5)" = diag(a(r), 0, 0). (10)

We can separate CP phase § from matter effects by taking advantage of this decomposition (9). Changing v to v’
as

Vv = (0x3T5) v, (11)
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the Schrodinger equation (5) is rewritten as

/
ia—v =H"V, (12)
ot
where
1 . .
H = ﬁ[013012 diag(0, A12, A13)(013012)" + diag(a(®), 0, 0)]. (13)

We emphasise that the reduced Hamiltonian A’ does not contain the 2-3 mixing and CP phase and is real
symmetric. For anti-neutrino, we obtain the similar results by the replacements § — —§ and in a () - —a().

Next, we introduce the time evolution operator S(r) and §’(¢) which is defined by the solution of the Schrodinger
equation

v(t) = St)v(0), V(1) = S () (0). (14)
The relation between S(z) and S’(¢) is determined by the transformation (11) and is given by
S(1) = (023T%) S (1)(023T)". (15)
By taking the component of (15), the relation between the time evolution operators for each flavour is given by
e = Sges (16)
Spe = 5),023 + S} 523¢"”, (17)
Ste=—5,,523+ S} c23¢", (18)
Sup = S;mc%3 + Sl/”623s23ef"‘S + S;Mc23s23ei‘S + S;Ts%:’», (19)
Sep =—S,,,c23523 — S//”s223ef"‘S + Séuc%ei‘s + S, c23523, (20)
Srr = Sl/mszz3 — .S'l/nczgszyz_"‘S — Séucz3sz3ei‘S + S;Tc%3. (21)

Here, Sqp represents the transition amplitude for vg — vy. Sey, Ser and S, are obtained from S, S;. and S,
respectively, by the replacements S, — Sj,, § — —4. Substituting (16)-(21) into the relation

P (v — vp) = |Spal’, (22)
the oscillation probabilities in arbitrary matter profile are given by

P(ve = ve) = Cee, (
P(ve = V) = Aey COS8 + By SiNG + Ceps (
P(e = V) = Apr COSS + Ber SING + Cor, (2
P(vy — vy) = A 088 + By Sind + Cyy + Dy 0828 + Eyy, Sin 28, (
P(vy = vy) = A7 C0SS + By SiNS + Crr 4+ D7y €028 + E¢ Sin 26, (
Py, — vr) = A7 €088 + By Sind + Cur + Dyur C0S28 + E i SIN28, (28
and the other probabilities P (v, — v.), P(vc — v,) and P(v; — v,,) are obtained by the replacements S&ﬁ — S/ga
and § - —§ in P(ve — v,), P(ve — v;) and P (v, — vy), respectively. Here all coefficients A,,, ..., E,. are
constructed from the mixing angle 623 and S’ including matter effects. See Appendix A for detail. The oscillation
probabilities for “anti-neutrino” are also obtained by the replacements § — —§ and a(¢) — —a(z).
For these Egs. (23)-(28), we emphasize the following three points. First, the survival probability P (v, — v.)

in Eq. (23) is completely independent of CP phase 8. This coincides with the result by Kuo and Pantaleone [6].
Second, the transition probabilities P (v — v,) and P (v — v;) in Eqs. (24) and (25) are linear polynomials of
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sin § and cos é. These features coincide with the results in constant matter [31,32]. Third, P (v, — v¢), P(vy — vy)
and P(v; — v;) in Eqgs. (26)-(28) are at most quadratic polynomials of sin§ and cos§.

We also comment the CP trajectory introduced by Minakata and Nunokawa. This is an orbit in the bi-probability
space when § changes from 0 to 2z [33,34]. Eq. (23) shows that CP trajectory is exactly elliptic even in arbitrary
matter profile. In addition, we point out that the dependence of 6,3 for the oscillation probabilities is completely
understood from Eqs. (23)-(27). See Appendix A for detail.

It is also noted that there are two features in asymmetric matter profile. First, the terms proportional to sin § and
sin 2 are appeared in P (v, — v,) and P(v; — v;). The term proportional to sin 28 are appeared in P (v, — v;)
and P(v; — v,). These terms do not exist in constant matter [31,32]. Second, A P, is not proportional to siné in
asymmetric matter as in constant matter [12]. In the next section, we describe these features in more detail.

3. CP dependence in symmetric matter profile

In this section, we study the CP dependence of P (v, — vg) in symmetric matter profile as special case of the
previous section. In the case of symmetric matter along neutrino path, the time evolution operator S’ becomes
symmetric matrix

Sep = Spa> (29)
for flavour indices [28,35]. As results, the relations between the coefficients of P (v, — v.) Egs. (23)-(25) and
P (v, — vy) are given by

Ape = Aep, Bje = —Bey. Cue =Coep, (30)

Are = Aer, Bre = =By, Cre=Cor. (31)

See appendix Appendix B for detail calculation. The probability P (v, — vy ) have the same form with respect to &
as Egs. (23)-(25) in arbitrary matter profile.
On the other hand, applying the condition (29) to the probability (26)-(28) we obtain the remarkable relations

BML = Brr = EML = Err = E/LT = ET/L = 07 (32)

where the detailed calculation is given in Appendix B. Using these relations, the oscillation probabilities (26)-(28)
have more simple form such as

P(vy — vy) =Auu €088+ Cpy + Dy 0528, (33)
P(vy = vy) = A¢£C0S88 + Cr¢ + Dy COS28, (34)
P(vy, — vr) = A7 COSS + Byr Sind + Cyyr + Dy C0S28, (35)

and P (v; — v,,) is simply obtained by replacements Ag, Byg, Cop and Dqg. Then, the coefficients of P (v — v,,)
are given by

A/LT = Arw B;u = _Br/m C/u = Cr/u D;u = Dr;u (36)

where we use the condition (29) for Eqs. (36) or the unitarity for last equation. Here, the point is that the term
proportional to sin 26 is dropped in Eq. (35) comparing with Eq. (28). The other point is that the terms proportional
to siné and sin28 do not exist in P (v, — v,) and P(v; — vy).

As the results, the CP dependence of the oscillation probability for each channel in symmetric matter reduces to
the same form as in constant matter [32]. This is the generalization of the result in our previous Letter.
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Finally, we study the T-odd asymmetry APuTﬂ = P(vqy — vg) — P(vg — v,). From the unitarity relation, we
easily obtain

AP}, =AP[ =AP], (37)
and in symmetric matter profile we obtain
APETM = (Aeﬂ — AW«’) CO0S§S + (Beﬂ — BM") sind + (Ce/L - C/Le) (38)
= 2B, siné (39)
= —4¢p3s03 Im[S;L*e S;e] sin §, (40)

where we use the relations (30) in Eq. (39). In constant matter, Krastev and Petcov [12] have pointed out that
APOZ8 is proportional to sins. Our result is applicable to the symmetric matter profile, which corresponds to the
generalization of their result, even if the oscillation is non-adiabatic.

Let us turn the case of arbitrary matter profile. APOZS in asymmetric matter is not proportional to sin§ because
the time evolution operator S” is not symmetric, namely S, # S, . More concretely speaking, the coefficients are
not symmetric for flavor indices Aog # Aga, Bap # —Bpa, Cap # Cpo. We clarify the exact CP dependence of
APOZ8 in asymmetric matter although this fact is suggested using approximation [27,28].

4. Summary

We summarize the results obtained in this Letter. We have studied the CP dependence of the oscillation
probability P (v, — vg) both in arbitrary and in symmetric matter profile.

(1) In arbitrary matter profile, we have found that P (v, — vp) is at most quadratic polynomial of sin § and cos$.
The CP dependences of the probabilities can be written as

P(ve — ve) = Cee, (41)
P(vy = vg) = Aqp COSS + Bug SINS + Cop,  for (af) = (ep), (e1), (ue), (te), (42)
P(vy = vg) = Aap C0S8 + Bog SiNd + Cop + Dap C0S28 + Eqp Sin 26,

for (@p) = (up), (ur), (t), (r7). (43)

(ii) In symmetric matter profile, we have shown that the oscillation probabilities P (v, — v,) have the same form
as in arbitrary matter such as

P, = v,) = Cee, (44)

P(ve = V) = Aey COSS + By Sind + Coy, (45)

P(Ve = V) = Aer COSS + Bor SiNS + Cor. (46)
Furthermore, we have shown that the CP dependences of other probabilities are written in the form as

P (v, — vr) = Ayug €088 + Byyr Sind + Cpr + Dyyr COS28, (47)

P(vy = vy) = Ay €088 + Cpy + Dy €028, (48)

P(vy = Vg) = Agg €088 4 Crr + Dy COS28. (49)

It is remarkable that the oscillation probability for each channel in symmetric matter reduces to the same form
as in constant matter.



292 H. Yokomakura et al. / Physics Letters B 544 (2002) 286-294

Acknowledgements

We would like to thank Prof. A.I. Sanda for valuable advice. K.K. wishes to thank Prof. H. Minakata and Prof.
O. Yasuda for helpful suggestions.

Appendix A. Coefficients in arbitrary matter profile

In this appendix, we give exact CP and 2-3 mixing dependences of the oscillation probabilities in arbitrary
matter profile. The probability for each channel is given by

2

P(ve = ve) = Cee =[S, ", (A1)
P(ve = vy) = Ay COS8 + Bey SiNd + Cop, (A.2)
Ay =2 Re[S;;S;e]cz3s23, (A.3)
By =—2 Im[Sl’;’;S;e]czgsm, (A.4)
Con =S}l 33 + ISt s, (A.5)
P(ve — V) = Aer COSS + Bor SiNS + Cor, (A.6)
Apr =2 Re[Sl/;S;e]c23s23, (A.7)
B, =2 Im[S:;S;e]cmszg, (A.8)
Cer = |S),o[*s35 + IS0k, (A.9)
P(vy, — vy) = Ay CoSS8 + By Siné + Cyyyy + Dy €0828 + Eyy, SID 28, (A.10)
Appe = 2R (8], 53 + Sye53s)" (St + S)e) e2ssas. (A11)
By = —21m[(S],,c33 + S,;533)" (SL,, — S.¢) Je2zsaa, (A.12)
Cou = |80 "By + (|Sye " + 1P Fas3s + 1| st + 2Re[ S}, 81 | ehysth, (A.13)
Dy = 2Re[S1 S, Jcdasts, (A.14)
Eyy =2Im[S75, 8], |e3sis. (A.15)
P — vy) = A7 C0S8 + B¢ Sind + Cyr + Dy CO0S28 + E;1 Sin 28, (A.16)
Arr =2 Re[(S,’ms223 + S;TC%3)*(S./”L + S;U)]cz3s23, (A.17)
B =2 Im[(Sl’Ws%3 + S;Tc%3)*(S;M — Sl’”)]c23523, (A.18)
Cor =S P54 (|0 |* + 1507 ) Bysds + |Sie [P chs + 2Re[ 8125, St | By, (A.19)
Drr = 2Re[S1 S, |c3as3s. (A.20)
Ece =2Im[S)% S, Jc335%s. (A21)
P(vy — vr) = Ay COSS + Byr Sind + Cyyr + Dy C0S28 + E 7 SIN26, (A.22)
Apyr=-2 Re[(S;m — S;T)*(S;MC% — S//”s%3)]c23s23, (A.23)
By =2 Im[(Sl/m — S;T)*(S;Mc% + S;Ts223)]cz3s23, (A.24)
Cour = (81| + 81|V eashs + Sy [Pty + S0, s — 2Re[ )7, 81, ey, (A.25)
Dy = —2Re[ S/ S, |c33533. (A.26)
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Eur = —21Im[[S/% 8/, Jckss3s, (A.27)

Tuut
and the probabilities for the other channels P(v, — v.), P(v; — v.) and P(v; — v,) are obtained by the
replacements S&ﬁ — S/;a and § - —é& in P(ve — vy), P(ve = v;) and P(v, — v;), respectively. From these
expressions, we can see that matter effects is renormalized in S ;, which does not contain CP phase §. Note that
matter effects and CP effects are completely separated in the oscillation probability. The mixing angle 6,3 is also
separated from matter effects and all of the oscillation probabilities are quartet polynomials of ¢33 and s73.

Appendix B. Coefficients in symmetric matter profile

In this appendix, we give the relations of the coefficients of the probability in symmetric matter. We use the
condition

St = Shars (B.1)

in symmetric matter profile. First, we calculate the relations between the coefficients of T-conjugate probabilities.
From the oscillation probabilities (A.2) and (A.22) in Appendix A and the symmetry of S’ (B.1), we obtain

Aoy — Ape =4c23s23Re[S/ S, — S, S, ] =0, (B.2)
Bey + Bue = —4co3so3Im[S 5 S, — 8,55, ] =0, (B.3)
Cone = Cue = (|S}e|* = 180" 33 + (|7 [* = S0 [)sh =0, (B.4)
Apr — Ay =4Re[(S],, — S;.) " (Sr,. = S, )] =0, (B.5)
Byur + By = —41Im[(S],, — S.,) " (S, — S).0)] = (B.6)
Cpr = Cop = (|8}, ’ |Stu | )(s35 + ¢33) =0, (B.7)
Dy = Doy = =4(|},.|* = |87,.[*) 335 =0. (B.8)

The relations between the coefficients for v, <> v; are obtained in the same way.

Second, we calculate the coefficients of siné and sin2$ in P(v, — v,) and P(v; — v;) and the coefficients
of sin28 in P(v, — v,) and P(v; — v;). From the concrete expression of oscillation probabilities (A.10), (A.16)
and (A.22) in Appendix A, we obtain

By = —2c23523 1m[ (8], ¢35 + S1533)" (81,0 — 81ic)] = 0. (B.9)
Epp =12 Im[Sé’;SLT]sz =21m[[$],|*]edys% =0, (B.10)
Bee = 2e23s3 T (Spshy k) (5 — )] =0 (B.11)
Ee =21m[S73S), Jc3ysdy = 2m[|S, | |edasd; =0, (B.12)
Eye = =21m[S7%,S),. Jcysds = =2 1m] S, [*]edys; =0, (B.13)
Evy =2 Im[Sj;‘;SQM]chB = 21m[|s;,,[*]cfsi; =0, (B.14)

from the condition (B.1).
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