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Abstract

We study the compact embedding from W&’Z(Q) to L4™) (£2) with a variable critical exponent 1 < g(x) <2N/(N —2),N >3
if there exist a point xg € 2, asmall n > 0,0 </ < 1 and Cg > O such that g(xg) =2N /(N —2) and g(x) <2N/(N —2) — Cqy/
(log(1/]x —xq |))l for |x — xp| < n. As an application, we show an existence of a positive solution to the nonlinear elliptic boundary
value problem —Au = u?O=1in @ u(x)=00ndx.
© 2007 Elsevier Inc. All rights reserved.

Keywords: Compact embedding; Sobolev spaces; Variable exponent; Nonlinear elliptic boundary value problem

1. Introduction and main results

There are many studies on properties of the generalized Lebesgue—Sobolev spaces W5P™)(£2) with vari-
able exponent p(x), especially the embedding theorem from WX P™)(2) to LI (£2) with 1 < p(x) < g(x) <
Np(x)/(N — kp(x)) under certain assumptions on the domain £2 C R and p(x). Here LP™)(§2) and W5 7™ (£2)
are defined by

LPY(2) = {u: u is a real-valued measurable function on £2, /|u(x)|p(x) dx < —|—oo},
Q
WP (@) = {u e LP™(2): D*u € LP™(2), || < k).

It is known that L?® (£2) and WX P(®) (2) become Banach spaces with the following norm:
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il = lulpeoy + D [Dul (-
la| <k

Suppose 2 is a bounded domain with smooth boundary for simplicity. Then, it is known that for a Lipschitz continuous
function p(x) and a measurable function ¢ (x) satisfying 1 < infyco p(x) <sup,co p(x) < N and p(x) < g(x) <
Np(x)/(N — p(x)) for x € 2, there is a continuous embedding from W7 (£2) to L4%¥) (£2) (see [11, Theorem 1.1]).
Actually, the Lipschitz continuity of p(x) has been weekend to the local uniform continuity condition

C

T xaye“Q’
[log [x — ylI

[P = pO)] <
where C is a positive constant (see [5, Corollary 5.3]). Furthermore, if essinfyco (Np(x)/(N — p(x)) —q(x)) > 0,
then for a continuous function p(x) there exists a continuous compact embedding from W17® () to LI ()
(see [11, Theorem 1.3]). For other properties of the generalized Lebesgue—Sobolev spaces, we refer the reader to
papers [5,7,11,16] and references therein.

However, as far as we know, even in the simplest case p(x) =2 and N > 3 there are no results on the compact
embedding from W, *(£2) to LI™)(£2) when 1 < ¢(x) <2N/(N —2), x € 2 and ¢(xo) = 2N /(N — 2) at some point
xo € £2. In this paper we study this problem and give a condition for ¢(x) to assure the compact embedding from
WO1 ’2(.(2) to L9%)(2). As an application, we discuss an existence of a positive solution u € W&’z(ﬂ) to the following
nonlinear elliptic boundary value problem with variable exponent 2 < g(x) < 2N /(N — 2),

—Au(x)=u(x)V"1 xe, u(x)=0, xeif. (1)

When 2 < essinfyeco g(x) < esssup,coq(x) < 2N/(N — 2), the existence of a positive solution to (1) can be
shown by using the standard mountain pass theorem for any bounded domain £2 even if the exponent g(x) is
variable (see e.g., [22]). However, when g(x) = 2N /(N — 2) in (1), the existence of nontrivial solutions to (1)
depends on the geometry and topology of the domain £2 and there are many works on the solvability of (1) (see
e.g., [3,14,17,19-21] and references therein). For example, when g(x) = 2N /(N — 2) and £2 is star-shaped then
it is known that there exists no nontrivial solutions to (1). On the other hand, if £2 is an annulus, more gener-
ally if £2 has a nontrivial topology [3], then there exists a positive solution. Recently, under the uniform sub-
critical condition, i.e. essinfyc (Np(x)/(N — p(x)) — q(x)) > 0, nonlinear elliptic boundary value problems of
the type —div(|Vu|?®~2Vu) = |u|9*)~2y with variable exponents has been studied by using the critical point
theory (see [4,6,8—10,12] and references therein). In [2], Alves and Souto studied the existence of nonnegative so-
lutions of —V(|Vu|?®2Vy) = u9®~1 in RV under the following conditions on p(x) and g(x): p(x) and g(x)
are radially symmetric, 1 < essinf, gy p(x) < esssup, gy p(x) < N, p(x) < q(x) <2N/(N — 2), and that there
exist positive constants 6 and R such that § < R, g(x) =2N/(N — 2) for |x|] < § and |x| > R, and p(x) =2
for |x| < § and |x| > R. However, even for the case p(x) = 2 there are no other results for the critical case, i.e.
essinfye(Np(x)/(N — p(x)) —q(x)) =0.

By using our main result (Theorem 2) on the compact embedding, we give a partial answer to the existence of
positive solutions u € W(}’z(.Q) of (1) with a critical variable exponent p(x) (Theorem 3).

Theorem 1. Let 2 be a bounded domain in RN with N > 3. Let q(x) be a measurable function on 2 satisfying

1 <q(x) <2N/(N —2) for almost every x € §2. If there exist a point xo € §2 and constants Cop > 0, n > 0 such that
2N Co

N =2 log(1/lx — xol)

q(x) > fora.e. x € 2 with |x — xo| < n, 2)
then the embedding from WO1 ’2(9) to LY () is not compact.

The condition above is sharp in the following sense.



1388 K. Kurata, N. Shioji/ J. Math. Anal. Appl. 339 (2008) 1386—1394

Theorem 2. Let N, §2 and q(x) be as in Theorem 1. Suppose that there exist a point xo € §2 and constants Cqy > 0,
n>0and0 <! < 1 such that

esssup  g(x) <
X€82, |x—xo|2=n N -2

and
2N Co

N =2 (log(l/lx —xoD)
Then the embedding from WS’Z(Q) to LI¥)(R2) is compact.

q(x) < fora.e. x € 2 with |x — xo| <n.

Remark 1. The logarithmic condition in Theorem 1 also appears in other situations. For example, for the mapping
properties of fractional integral operators in the Holder spaces of variable order, see [15,23]; for regularity theories in
the study of partial differential equations with p(x)-growth, see [1,13]; for the Lavrentev phenomenon and an energy
concentration in variational integrals with p(x)-growth conditions, see [18,24].

As a consequence of Theorem 2, we obtain the following result.

Theorem 3. Let N, 2 and q(x) be as in Theorem 1 and suppose all hypotheses in Theorem 2. Suppose also that 952
is smooth and essinfyc q(x) > 2. Then there exists a positive solution u € W(}’z(.Q) to (1). Moreover, the solution u

satisfies u € W27 (2) N CY(2) for any r > 1.

Note that we have 2 < essinfyco g(x) < esssup, o q(x) < 2N/(N — 2) and esssupxegm{lex()gn}q(x) <
2N /(N — 2) for each small n > 0, and that we may have g(x) — 2N /(N — 2) as x — xo. This paper seems a
first attempt to consider the existence of a positive solution to (1) with variable exponent g (x) which coincides with
the critical exponent 2N /(N — 2) at some point xq € 2.

Remark 2. If we assume the cone property on §2, one can see that the embedding from W'2(£2) to LI% ()
is also compact under the same assumptions on ¢g(x) from the proof of Theorem 2 and the following fact. Under
the cone property on £2, it is known that the embedding from W'2(£2) to L% (£2) is compact if 1 < g(x) <
esssup,cn g(x) <2N/(N —2) (see, e.g., [11]). Furthermore, from the proofs of Theorems 1 and 2, it is rather straight-
forward to generalize Theorems 1 and 2 for embeddings from W&’p (£2) or WhP(£2) to LI (2) with 1 < p < N,
when ¢ (x) satisfies same assumptions with replacing all 2N /(N — 2) by pN /(N — p) in Theorems 1 and 2, respec-
tively.

Remark 3. It is easy to see from the proof that Theorems 2 and 3 also hold when g (x) coincides with the critical
exponent 2N /(N — 2) at finite number of points in £2 and satisfies the growth condition above near a neighborhood
of the points.

In Section 2, we show Theorems 1-3. In Appendix A, by using a blow-up analysis we give another proof of
Theorem 3, when §2 is a ball and p(x) is radially symmetric for future reference.

2. Proofs of Theorems 1-3
Theorem 1 can be shown as in a similar way as in the well-known case g(x) =2N /(N — 2).

Proof of Theorem 1. Suppose that there exist a point xo € §2 and constants Cy > 0, n > 0 satisfying (2). We may
assume xo = 0. We set r(x) =2N/(N —2) —q(x) for x € 2. Let ¢ € C(‘)’O(RN) be a function satisfying ¢ (x) = 1
for |x| < 1/2 and supp¢ C {x € RY: |x| < 1}. For n € N, define ¢, (x) = nN=2/2¢ (nx). Then, for large n we have
¢n € C3°(£2),

/]an(x)]zdx - / Vo )[*dy
2

lyl<1
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and

/|¢"(x)|q(X)dx:nN / i‘p(nx)iq(x)n_%r(x)dx

2 lx|<1/n
lp([1F =T ay.

lyl<1
Since ¢(y) =1 on |y| < 1/2 and r(x) < Co/|log |x|| for small |x| by the assumption, we obtain

n(N*Z)/Z
[yl<1 <172

1 Tog(Ty[/m)]
> n(N=2)/2 ay-
yI<1/2

For 1/4 < |y| < 1/2, it follows [log(|y|/n)| = [logn —log|y|| = (1/2)logn for large n. Therefore we arrive at

_N=2__Go
/ [ (0|7 dx > f e 2 ToRn " gy

1/4<1yI<1/2
_ N2 2Cplogn
2 e 2 logn dy

1/4<1y1<1/2
= N2 {y: 174 <yl < 1/2)| =8> 0.

Since f o |V |2 dx < C, there exist a subsequence {¢,, } and ¢ € WOl ’2(.(2) such that {¢,, } converges to y weakly
in W&’Z(Q). But, since [, |pn (X) |2 dx =n~2 Jrv |¢|>dy — 0 as n — +oo, we have ¥ = 0. On the other hand,
/. o |Pn (x)]9%) dx > § > 0 for large n. This concludes the proof of Theorem 1. O

Proof of Theorem 2. We may assume xo = 0 and 1 > 0 is small enough. For the sake of simplicity, we set 2* =
2N /(N —2). First, we note that if A is a measurable subset of §2 and ¢(x) < g < 2* on A, then

2*—g
/|v(x)|‘f(’” dx < |Al+C? ||v||zv12 m|A|T*q for each v € W2(£2), 3)

where C| is a constant such that C; > 1 and [[wl| 2+ o) < Ci ||w||W1 22 for each w € WOI’Z(Q). Indeed, we have

/|v(x)|qm dx = / ‘v(x)|q(x) dx + / |v(x)’q(x) dx
ANfv<1} ANfv>1}

g 2% 21* 2%—g
<JAL+ [ o@)|Tdx <JAI+ ([ [ve)|” dx ) 1A
A A
% 2% _g
< |A|+C12*</|VU(x)|2dx> |A|
2

for each v € WOI’Z(.Q). Let C; > 1. We will show

eEIEOSUP{ [ |v(x)|q(x) dx:ve Wé’z(.Q), ||U||W(;,2(Q) < CZ} =0. “@
B:(0)
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Let € € (0, n) and define £ (= £(¢)) by (§/2)1/N =¢. We set a, = (£/2)"/N for n € N. We note that B, (0) \ {0} =
UZO=1 (B, (0)\ Bg,,,(0)) and g (x) < 2% — Co/(log |1/ap+1 |)l on B, (0) \ By, (0). We denote by o the volume of
the unit ball B (0). Then for each sufficiently small £ > 0 and for each n € N, we have

I
2)”('701 .’;: n g ntl 2*(n+1)lc;(1)0122710g§)1
|Bay )\ Ba, et = oy 1 (5 ) = (5
I
CONI CoN (L)lnl—l
o (2toge) [ & | 2F(—2log)] T 1-1
Soy : <§> <C38" 5)

1 *9l lo_ 1
where C3 is a positive constant satisfying UI\C;ON /@72 (1) (~log)) < C3 for each sufficiently small & > 0 and for

eachn € N, and § (= §(£)) is defined by (£/2)C0N'/2"2(=logt)) Using (3) and (5), we have

oo
/ |U(X)’q(X)d-x=Z / |v(x)|q(x)dx
B(0) "=1B,, (0\Bq,, , (0)

Co
2*(log [1/a, 1)} )

o0
< (|Bay )\ Bay O] + €T CF

n=

B, (0)\ Bq,,(0)

—_

o0 Co
= [Be )]+ CF €[ Bay )\ Bay. (O] sl
n=1

o0
<|B:O]+CcFcles Y o

n=1

Since Y20, 8" < 5 4 [7°8% ' dx < oo for each § € (0,1) and § = 8(5(¢)) — 0 as & — +0, we have
fo: 1 " S 0ase — +0. Hence, we have shown (4). Let {v,,} be a sequence in WO1 ’2(.{2) which converges weakly
tove WJ’Z(SZ). Since W(}’2(.Q) is compactly embedded into L%(£2), there exists a subsequence {v,,} which con-
verges to v almost everywhere. By (4) and the compactness of the embedding from WOl ’2(.{2) into L7(£2) for each
q €[1,2%), we have fg [y, (x) — v(xX)]9%) dx — 0, which means [Un; — Vlg(x) = 0. This completes the proof. O

Remark 4. We remark that the numerical series construction in Theorem 2 is close to the one appears in the proof of
Theorem 8.2 in [18].

Once we have Theorem 2, it is easy to show Theorem 3 by using the standard mountain pass theorem in the critical
point theory and elliptic regularity theorems. For the reader’s convenience, we recall an abstract statement of the
mountain pass theorem and give a proof of Theorem 3.

Let E be a Banach space and let J be a C! functional on E. We say u € E is a critical point of J if the Fréchet
derivative J'(u) of J at u is zero. We also say J satisfies (PS) condition, if any sequence {u,}°, C E such that
{J (u,,)}ff’: | is bounded and J "(uy) — 0 as n — +o0 in the dual space E’, has a convergent subsequence.

Theorem 4 (Mountain pass theorem). Let E be a Banach space and let J be a C' functional on E satisfying (PS)
condition. Suppose J(0) =0 and

(i) there exist positive constants o, r such that J(u) > 0 for any u € E satisfying ||ul < r and J(u) > o for any
u € E satisfying ||u|| =r;
(ii) there exists an element e € E such that J(e) <0 and |e|| > r.

Define ¢ = inf,cr maxog, <1 J (¥ (1)), where I' = {y € C([0, 1]; E): y(0) =0, J(y(1)) < O}. Then, there exists a
critical point u € E with J(u) =c.
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As in the proof of [22, Theorem 2.2], we can easily give a proof of Theorem 4.

Proof of Theorem 3. We define a functional J from WO1 ’2(.(2) into R by

(U4 (x))4™)

T ue W),

J(u) = / %|W|2dx —
Q
where u = max(u, 0). Since 2 < essinfycp g(x) < g(x) <2N/(N —2) and W01’2(.Q) is continuously embedded
into L2N/(N=2)(2), it is easy to check that J € CZ(WOI’Z([Z); R) and (i) and (ii) in Theorem 4 hold. We will show
that J satisfies (PS) condition. Let {u,} be a sequence in Wé’2(.Q) such that {J (u,)} is bounded and J'(u,) — O as
n — +o00. Since we can easily see that {u,} is bounded in W&’Q(Q), there are a subsequence {u,,} of {u,} and an
element u of Wé’Z(Q) such that {u,,} converges weakly to u in Wol’z(.Q). Noting

/|V(u,,i — u)\zdx = / Vi, V(up, —u)dx —/VuV(u,,l. —u)dx,
2 2 2

it is sufficient to show f_Q Vi, V(uy, —u)dx — 0asi — +oo. Using J’'(u,;) — 0 and Theorem 2, we have

i—00

lim ‘ / Vitn, V (i, — u)dx| = lim ' f ()10, — ) dx
11— 00
2 2

: q(x)—1
< Ci1—1>rgo|(uni)+ |q(x)/(q(x)—l)|uni - ulq(x)
= C 1im |un)-+ | ln; =l =0,
where C is a positive constant due to the generalized Holder inequality (see e.g. [16, Theorem 2.1]). Thus, we have
shown that J satisfies (PS) condition. Now, we can apply Theorem 4 to assure the existence of a nontrivial critical
point u € W(} ’2(9). Then u is a weak solution to
—Au=ut" xe@,  u@x =0, 0.

By the maximum principle we have u(x) > 0 for x € 2 and u € W2 (£2) NC'(£2) for any r > 1 by elliptic regularity
theorems. O
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Appendix A

We give another proof of Theorem 3 by using a blow-up analysis, when §2 is a ball and ¢ (x) is radially symmetric.
Here we just use the compact embedding from Wé’z(s?) to L9™) (£2) with ess SUP,co g (x) <2N/(N —2).

Assume §2 isaball and g(x) = 2N /(N —2) —r(x) withradially symmetric r (x) satisfying r (x) > Co/(log(1/|x|))l
near x = 0 for some 0 </ < 1. For k € N, define ry(x) =r(x) for |x| > 1/k and ry(x) =r(1/k) for |x| < 1/k. Put
qk(x) =2N /(N — 2) — ri(x). Then g (x) satisfies 2 < essinfyc gi(x) < esssup,co gk (x) < 2N /(N —2). So for
each k, by using Theorem 4 on radially symmetric space Wolﬁ’rz(.Q) ={uce Wol’z(.Q): u(x) = u(|x|)}, we obtain a
positive solution uy € Wﬂlr2 (£2) to the approximated problem

—Au =yt~ e, u(x)=0, xecds.

Actually, uy, satisfies J; (uz) =0 in (Wé’rz(.Q))/ and Jy (u) = c, where
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(4 (x)) %)

1,2
) dx, ueW, (£2),

1 2
Ji(u) = §|Vu| dx —
Q
= inf J] 1)).
=, inf, max, J(y ()
Here, I = {y € C([0, 11; W,/ (£2)): ¥(0) =0, Ji(y(1)) < 0}. Choose a function ug € W,/ (£2) N C§°(£2) such
that suppug C {x € £2: « < |x|} for small ¥ > 0. Let yp(¢) = ¢ (souo(x)) for sufficiently large so > 0. Then we have
yo € I and that, by the definition of g (x),

0 < max J) 1)) = max J ) =d
<o < max k(o) Jmax, (n®)=di

for any k > 1/k. Combining [, |Vug|*dx — [ u*™ dx =0 with [, |Vug|2/2dx — [, u™® /qi(x) dx = ¢, we
have

1 1
/ - — uzk(x)dx:ckgdl.
J 2 qrx)

This implies

/|Vuk|2dx =/ugk(x> dx <C (A.1)
Q Q

for some constant C. Since uy(x) is radially symmetric, ux(r), r = |x|, satisfies
() = O

Integrating over (0, r), we have

r
—rN_lu}((r) = /sN_luk(s)q’((S)_1 ds >0
0
which implies u}((r) < 0 for r > 0. Thus ux (0) = maxyco ur(x) = [lugll Lo (2).
We claim that there exists a positive constant K independent of k such that |Juy || <2y < K. If not, we may assume
lull Lo (2) = 400 as k — +o00. Define

- (v) = ui (yex)

ek = (lurllLe)) ; = Tl ye=R/k.

Then € — 0 as k — 400 and v (0) = maxyeg, Vi (x) = ||vk || Lo (2;) = 1. Then we have

2
€ e )—1 —
—Avg(y) = g | B0 T o (00!
lukllLo(2)

= il 2% (o v ()OO = i (y)

for y € £2;. Note that
Co
(log |1/ (yer)])!
for any k, even if |yer| < 1/k. Thus it follows that

re(yer) =

___ %
—ri(ver) _ e—}"k(yEk)log(lluk”LOO(Q)) <e Toe 1/ (vep log(lluk |l Loo(2))

||L£k ”Loo(_Q)
Cologllug ll oo ()

2 N
—e (=7 logllugll ooy —loglyD -0

as k — +oo for any y # 0. Now, for any bounded open subset G C RY such that 0 € G, since 0 < v (y) < 1 we have

|he ()] < ||uk||z:§((§)k) <1 fory € G and sufficiently large .
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This implies [Avg(y)| <1 on G and |vk|[r~G) = 1. By the interior elliptic W2 estimate, we have for some
a € (0, 1) that [|vglc1.e(g) < € = C(G). Therefore there exist a subsequence {vy, } and v such that {vy,} converges
to v in C . (RV). It follows

/ Vuv-Viyrdy=0
G
for any ¥ € C5°(G) and v(0) = 1 = |[v||L(G). Since G is arbitrary, v is a bounded harmonic function and

v(0) = ||| LoRN) = 1. This implies v(x) is constant and hence v(x) = 1. On the other hand, by Sobolev’s inequality
and (A.1) we have

2N A 2 2
S |vg| V-2 dy < | |Vul“dy= [ |Vugl|“dx <C
2k 2k 2

for some positive constants C and S independent of k and G. This yields

N-2
2N N
S(/Ivlﬁdy> <C
G

for any G and hence
N-2
S(/ e dy> <cC.
RN

This contradicts v = 1.

Now, let {u;} converge weakly to u € W(; ’2({2). It is easy to see that the mountain pass value ¢ also has a uniform
lower bound: 0 < d> < ¢ < dj for k > 1. Indeed, if ¢y — 0 as k — 400, then it is easy to see that f_q |Vuk|2dx — 0.
Note that 9% < #490 4 (2N/(N=2) for t > 0, where qo = essinfyc gx(x) > 2. Thus we have for large k

N
/|Vuk|2dx=/uzk(x)dxg/uzodx—i—/u,?”z dx
2 2 Q 2
0 N 40
) 2 ) N=-2 ) 2
SC((/qukl dx) +(/|Vuk| dx) )SZC(/qukI dx) .
2 Q 2

It follows f o [Vug |2dx > § > 0 for some constant 8 independent of k, which contradicts f o |[Vug 12dx — 0.
Now, there exist positive constants C, C’ such that

0<C< /(uk(x))qk(x) dx < C'.
Q2

Then, by using [luxll =) < K, itis easy to see that there exist a constant § > 0 and a compact subset Gy C £2 \ {0}
such that |§2| — |G| is small enough and that

/uq(x)dx >68>0.

Go

It follows u # 0. Since [, Vuy - Vopdx = [ uzk(x)¢dx for every ¢ € C3°(£2), we have [, Vu - Vodx =
/. o u?™ ¢ dx and that u is a desired positive solution by the maximum principle.
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