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1. Introduction

States on MV-algebras have been introduced by Mundici in [18]. A state on an MV-algebra A is a map s from A into [0, 1]
such that:

(a)s(1) = 1,and

(b)ifx ©y = 0, thens(x ® y) = s(x) + s(y).

Special states are the so called [0, 1]-valuations on A, that is, the homomorphisms from A into the standard MV-algebra
[0, l]MV on [0, 1]

States are related to [0, 1]-valuations by two important results. First of all, [0, 1]-valuations are precisely the extremal
states, thatis, those states that cannot be expressed as non-trivial convex combinations of other states. Moreover, by the Krein—
Milman Theorem, every state belongs to the convex closure of the set of all [0, 1]-valuations with respect to the topology of
weak convergence. Finally, every state coincides locally with a convex combination of [0, 1]-valuations (see [19,16]). More
precisely, given a state s on an MV-algebra A and given elements ay, . . ., a, of A, there are n+ 1 extremal states sy, . . ., Sp+1
and n + 1 elements A1, ..., Ayoq of [0, 1] such that ZZ:} Ap=1landforj=1,...,n, Z?;rll Lisi(aj) = s(aj).

Another important relation between states and [0, 1]-valuations is the following: let X4 be the set of [0, 1]-valuations
on A. Then X, becomes a compact Hausdorff subspace of [0, 1]* equipped with the Tychonoff topology. To every element a
of A we can associate its Gelfand transform @ from X, into [0, 1], defined for all v € X4, by @(v) = v(a). Now Panti [20] and
Kroupa [14] independently showed that to any state s on A it is possible to associate a (uniquely determined) Borel regular
probability measure p on X4 such that for alla € Aone hass(a) = [adu. Hence, every state has an integral representation.
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Yet another important result motivating the use of states, related to de Finetti’s interpretation of probability in terms of

bets, is Mundici’s characterization of coherence [19]. That is, given an MV-algebra A, givenay, ..., a, € Aand oy, ..., o, €
[0, 1], the following are equivalent:

(1) There is a state s on A such that, fori = 1, ..., n, s(a;) = «;.

(2) For every choice of real numbers A1, ..., A, there is a [0, 1]-valuation v such that > ; A;(a; — v(a;)) > 0.

These results show that the notion of state on an MV-algebra is a very important notion and the first one shows an
important connection between states and [0, 1]-valuations. However, MV-algebras with a state are not universal algebras,
and hence they do not provide for an algebraizable logic in the sense of [1] for reasoning on probability over many-valued
events.

In [11] the authors find an algebraizable logic for this purpose, whose equivalent algebraic semantics is the variety of
SMV-algebras. An SMV-algebra (see the next section for a precise definition) is an MV-algebra A equipped with an operator
T whose properties resemble the properties of a state, but, unlike a state, is an internal unary operation (called also an
internal state) on A and not a map from A into [0, 1]. The analogue for SMV-algebras of an extremal state (or equivalently
of a [0, 1]-valuation) is the concept of state morphism. By this terminology we mean an idempotent endomorphism from
A into A. MV-algebras equipped with a state morphism form a variety, namely, the variety of SMMV-algebras, which is a
subvariety of the variety of SMV-algebras. The following are some motivations for the study of SMMV-algebras:

(1) Let (A, t) be an SMV-algebra, and assume that 7 (A), the image of A under t, is simple. Then 7 (A) is isomorphic to
a subalgebra of [0, 1], and T may be regarded as a state on A. Moreover, by Di Nola's theorem [6], A is isomorphic to a

subalgebra of [0, 1]*1 for some ultrapower [0, 1]* of [0, 1]y and for some index set I. Finally, using a result by Kroupa [15]
stating that any state on a subalgebra A of an MV-algebra B can be extended to a state on B, we obtain that t can be extended

to a state T* on [0, 1]*'. Note that, after identifying a real number o € [0, 1] with the function on I which is constantly

equal to «, T is also an internal state, and it makes [0, l]*' into an SMV-algebra. Moreover, by the Krein-Milman theorem,
for every real number ¢ > 0 there is a convex combination >_{' ; A;v; of [0, 1]-valuations vy, ..., v, such that for every
a €A |t(a) — X Awvi(a)| < e. After identifying v;(a) with the function from [ into [0, 1]* which is constantly equal to

v;j(a), these valuations can be regarded as idempotent endomorphisms on [0, 1]*’, and hence each of them makes [0, 1]*’
into an SMMV-algebra. Summing up, if (A, 7) is an SMV-algebra and t (A) is simple, then t can be approximated by convex
combinations of state morphisms on (an extension of) A.

(2) All subdirectly irreducible SMMV-algebras were described in [7,9], but the description of all subdirectly irreducible
SMV-algebras remains open, [11].

(3) As shown in [8], if (A, T) is an SMV-algebra and 7 (A) belongs to a finitely generated variety of MV-algebras, then
(A, 7) is an SMMV-algebra. In particular, MV-algebras from a finitely generated variety only admit internal states which are
state morphisms.

(4) Alinearly ordered SMV-algebra is an SMMV-algebra, [8]. Moreover, we will see that representable SMV-algebras form
a variety which is a subvariety of the variety of SMMV-algebras.

The goal of the present paper is to continue in the algebraic investigations on SMMV-algebras which begun in [8] and in
[7,9].

The paper is organized as follows. After preliminaries in Section 2, we give in Section 3 a complete characterization of
subdirectly irreducible SMV-algebras. This solves an open problem posed in [11]. In Section 4 we present a classification of
subdirectly irreducible SMMV-algebras introducing four types of subdirectly irreducible SMMV-algebras. In Section 5, we
describe some prominent varieties of SMMV-algebras and their generators. In particular, we answer in the positive to an
open question from [7] that the diagonalization of the real interval [0, 1] generates the variety of SMMV-algebras. Section 6
shows that every subdirectly irreducible SMMV-algebra is subdiagonal. Finally, Section 7 describes an axiomatization of some
varieties of SMMV-algebras, including a full characterization of representable SMMV-algebras. We show that in contrast to
MV-algebras, there is a continuum of varieties of SMMV-algebras. In addition, some open problems are formulated.

2. Preliminaries

For all concepts of Universal Algebra we refer to [2]. For concepts of many-valued logic, we refer to [12], for MV-algebras
in particular, we will also refer to [5], and for reasoning about uncertainty, we refer to [13].

Definition 2.1. An MV-algebra is an algebraA = (A, @, —, 0), where (A, @, 0) is a commutative monoid, — is an involutive
unary operation on A, 1 = —0 is an absorbing element, thatis,x @ 1 = 1, and letting x — y = (—x) @ y, the identity
(x—>y) —>y=(y— x) = xholds.

In any MV-algebra A, we further definex ®y = = (=x ® —y),x0y = = (—=xDy),xVy = (x > y) — Y,
XAY=xO (X —y),andx <>y = (x —>y) ®© (y = x). With respect to VV and A, A becomes a distributive lattice with
top element 1 and bottom element O.

We also define nx for x € A and natural number n by induction as follows: 0x = 0; (n + 1)x = nx @ x.

MV-algebras constitute the equivalent algebraic semantics of fukasiewicz logic 1, cf. [12] for an axiomatization.
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The standard MV-algebra is the MV-algebra [0, 1]y = ([0, 1], &, —, 0), wherer & s = min{r +s,1} —-r=1-—r.
For the derived operations one has:

ros=max{r —s,0}, rOs=max{r+s—1,0}, r—s=min{l —r+s,1},
rvs=max{r,s}, rAs=min{r,s}.

The variety of all MV-algebras is generated as a quasi variety by [0, 1]y . It follows that in order to check the validity of
an equation or a quasi equation in all MV-algebras, it is sufficient to check it in [0, 1]yy. We will tacitly use this fact in the
sequel.

Definition 2.2. A filter of an MV-algebra A is a subset F of Asuchthat1 € Fand ifaanda — bareinF, thenb € F.

Dually, an ideal of Ais a subset ] of Asuch that 0 € Jand ifaand b© aarein], thenb € J. Afilter F (an ideal ] respectively)
of A is called proper if 0 ¢ F (1 ¢ ] respectively) and maximal if it is proper and it is not properly contained in any proper
filter (ideal respectively). The radical, Rad(A), of A, is the intersection of all its maximal ideals, and the co-radical, Rad; (A),
of A is the intersection of all its maximal filters. An MV-algebra A is called semisimple if Rad(A) = {0}, and is called local if
it has exactly one maximal filter.

It is well-known (and easy to prove) that an MV-algebra A is semisimple iff Rad; (A) = {1}, and it is local iff it has exactly
one maximal filter.

Both the lattice of ideals and the lattice of filters of an MV-algebra A are isomorphic to its congruence lattice via the isomor-
phisms 0 +— {a € A: (a,0) € 8}and O — {a € A: (a, 1) € 6}, respectively. The inverses of these isomorphisms are:

J = {(a, b) € A% : =(a <> b) e]} and F +— {(a, b)yeA’:a<be F}, respectively.

It follows that an MV-algebra is semisimple iff it has a subdirect embedding into a product of simple MV-algebras.

Definition 2.3. A Wajsberg hoop is a subreduct (subalgebra of a reduct) of an MV-algebra in the language {1, ©, —}.

Definition 2.4. A lattice ordered abelian group is an algebra G = (G, +, —, 0, VV, A) such that (G, 4+, —, 0) is an abelian
group, (G, Vv, A) is a lattice, and for all x, y, z € G,onehasx + (y Vz) = (x +y) V (x + 2).
A strong unit of a lattice ordered abelian group G is an element u € G such that for all g € G there is n € N such that
g=u+---+u
_—

n times

If G is a lattice-ordered abelian group and u is a strong unit of G, then I (G, u) denotes the algebra A whose universe is
{x € G: 0 < x < u}, equipped with the constant 0 and with the operations & and — defined byx &y = (x + y) A uand
—x = u — x. It is well-known [17] that I" (G, u) is an MV-algebra, and every MV-algebra can be represented as I" (G, u) for
some lattice ordered abelian group G with strong unit u.

In the sequel, Z xex Z denotes the direct product of two copies of the group Z of integers, ordered lexicographically, i.e.,
(a,b) < (c,d) ifeithera < cora = cand b < d. For every positive natural number n, S, and C, denote I"(Z, n) and
I'(Z xex Z, (n, 0)) respectively. The algebra Cq, thatis I'(Z X ex Z, (1, 0)), is also referred to as Chang’s algebra (cf. [3]).

Definition 2.5. A state on an MV-algebra A (cf. [18]) is a map s from A into [0, 1] satisfying:

(1) s(1) = 1.
(2) sxdy) =s(x) +s(y) forallx,y € Asuchthatx ® y = 0.

Definition 2.6. An MV-algebra with an internal state (SMV-algebra in the sequel) is an algebra (A, t) such that:

) Ais an MV-algebra.
) T is a unary operation on A satisfying the following equations:
yT(1) =1.
) T ®Y) =1 DTS XOY)).
) T(=x) = 2T (X).
)

1) T D TY) =7(X) D T(Y).

An operator 7 is said to be also an internal state. An operator T is faithful if T(a) = 1 impliesa = 1.
A state morphism MV-algebra (SMMV-algebra for short) is an SMV-algebra further satisfying:

(@ tx@y) =1(x) @ 7).

The following facts are easily provable:
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Lemma 2.7 (see [11,8]). (1) In an SMV-algebra (A, t), the following conditions hold:

(1a) 7(0) = 0.

(1b) f x©y =0,thent(x) O t(y) =0andt(x D y) = t(x) D t(y).

(1) (7 (®) = T(%).

(1d) Let t(A) := {t(a) : a € A}. Then T(A) = (t(A), D, —, 0) is an MV-subalgebra of A, and 7 is the identity on it.
(le) Ifx <y, thent(x) < T(y).

(1f)

(1g)

(1h)

T OTY) =Tt(x0OY).
Tx—=>y)=1t(x) > t(XAY).
h) If (A, t) is subdirectly irreducible, then t (A) is linearly ordered.

a
b
C
d
e

f
g

(2) The following conditions on SMMV-algebras hold:

(2a) In an SMMV-algebra (A, t), T(A) is a retract of A, that is, T is a homomorphism from A onto t (A), the identity map is an
embedding from T (A) into A, and the composition T o Id;a), that is, the restriction of T to T (A) is the identity on T (A).

(2b) An algebra (A, t) is an SMMV-algebra iff A is an MV-algebra and t is an idempotent endomorphism on A.

(2c) An SMV-algebra (A, t) is an SMMV-algebra iff it satisfies T(x V y) = t(x) V T(y) iff it satisfiles T (x Ay) = T(x) A T(Y).

(2d) Any linearly ordered SMV-algebra is an SMMV-algebra.

3. Subdirectly irreducible SMV-algebras

In this section we characterize and classify subdirectly irreducible SMV-algebras which answers to an open problem
posed in [11]. Our result also characterizes subdirectly irreducible SMMV-algebras.

Definition 3.1. Let (A, T) be any SMV-algebra. Any filter F of A such that T (F) C F is said to be a t-filter.

Clearly, F; (A) is a t-filter of A, and hence F;(A) = (F;(A), —, 0, 1) is a Wajsherg subhoop of A. Say that two Wajsberg
subhoops, B and C, of an MV-algebra A have the disjunction property if forallx € Bandy € C,ifx Vy = 1, then either x = 1
ory = 1.

We recall that t-filters are in a bijection with SMV-congruences, and hence an SMV-algebra is subdirectly irreducible iff
it has a minimum t-filter.

Lemma 3.2. Suppose that (A, T) is a subdirectly irreducible SMV-algebra. Then:

(1) IfF: (A) = {1}, then T (A) is subdirectly irreducible.
(2) F;(A) is (either trivial or) a subdirectly irreducible hoop.
(3) F;(A) and t(A) have the disjunction property.

Proof. Let F denote the minimum t-filter of (A, 7).

(1)Suppose F; (A) = {1}.1f T (A)NF # {1}, then T (A) NF is the minimum non-trivial filter of 7 (A) and 7 (A) is subdirectly
irreducible. If T (A) N F = {1}, then forallx € F, 7(x) = 1 (because t(x) € T(A) NF)and F C F;(A) = {1} is the trivial
filter, a contradiction.

(2) Suppose that F; (A) is non-trivial. Then F; (A) is a non-trivial t-filter. If (A, t) is subdirectly irreducible, it has a
minimum non-trivial t-filter, F say. So, F C F;(A), and hence F is the minimum non-trivial filter of F; (A). Hence, F; (A) is
subdirectly irreducible.

(3) Suppose, by way of contradiction, that for some x € F; (A) andy = 7(y) € t(A) onehasx < 1,y < landxVy = 1.
Then since the MV-filters generated by x and by y, respectively, are t-filters (easy to verify), they both contain F. Hence, the
intersection of these filters contains F. Now let ¢ < 1 be in F. Then there is a natural number n such that x® < cand y" < c.
It follows that 1 = (x vV y)" = x" vV y" < ¢, a contradiction. [

Corollary 3.3. If (A, 7) is subdirectly irreducible, then T (A) and F; (A) are linearly ordered.

Proof. That t(A) is linearly ordered follows from [11]. As regards to F; (A), by Lemma 3.2, F;(A) is a (possibly trivial)
subdirectly irreducible Wajsberg hoop, and hence it is linearly ordered. [

Theorem 3.4. Suppose that (A, t) is an SMV-algebra satisfying conditions (1)-(3) in Lemma 3.2. Then (A, 7) is subdirectly
irreducible, and hence, the above conditions constitute a characterization of subdirectly irreducible SMV-algebras.

Proof. Claim. Let F be the MV-filter of A generated by a filter Fy of T(A). Then F is a T-filter. Indeed, if x € F, then there are
t(a) € Fy and a natural number n such that 7 (a)" < x. It follows that t(x) > 7(z(a)") = 7(a)", and t(x) € F.
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Now suppose first that F; (A) = {1} and that 7 (A) is subdirectly irreducible. Let Fy be the minimum non-trivial filter of
T(A) and let F be the MV-filter of A generated by Fy. By Claim 1, F is a T-filter. We claim that F is the minimum non-trivial
t-filter of (A, 7). Let G be a non-trivial t-filter of (A, 7), and let Gg = t(G) = G N t(A). Then Gy is a filter of T (A), and it is
non-trivial. Indeed, since F; (A) = {1} we have thatif c € Gand ¢ < 1, then t(c) € Gy and t(c) < 1. Since Fy is minimal,
Fo € Go. Finally, since F is the MV-filter generated by Fy and Fy € Gp < G, we have that F is the minimum non-trivial
t-filter of (A, ), as desired.

Now suppose that F; (A) is non-trivial. By condition (2), F; (A) is subdirectly irreducible. Thus, let F be the minimum filter
of F; (A). Then F is a non-trivial t-filter, and it is left to prove that F is the minimum non-trivial t-filter of (A, 7). Let G be any
non-trivial t-filter of (A, 7). If G C F; (A), then it contains the minimal filter, F, of F; (A), and F C G. Otherwise, G contains
some x ¢ F;(A), and hence it contains 7(x) < 1. Now by the disjunction property, forally < 1inF;(A), 7(x) Vy < 1and
T(x) Vy € F:(A) N G. Thus, G contains the filter generated by 7 (x) V y, which is a non-trivial filter of F; (A), and hence it
contains F, the minimum non-trivial filter of F; (A). This settles the claim. O

Theorem 3.5. (1), (2) and (3) are independent conditions, and hence none of them is redundant in Theorem 3.4.

Proof. (1) Let C; be Chang’s MV-algebra, let 71 be the identity on C; and ; be the function defined by 7, (x) = 0 if x is an
infinitesimal and 7, (x) = 1 otherwise. Clearly, both (Cy, 77) and (C;, 72) are SMV-algebras, and so is their direct product
(B, 7) = (Cq, 11) X (Cq, T2). Let (D, 7) be the subalgebra of (B, t) generating by all pairs (x, y) such that x is infinitesimal
iff y is infinitesimal. Clearly, (D, t) is not subdirectly irreducible. However, t(D) consists of all pairs (x, 0) such that x is
infinitesimal and all pairs (y, 1) such that y is not infinitesimal, and hence it is subdirectly irreducible (the minimum filter
is the set of all (y, 1) such that y is not infinitesimal. Moreover, F; (D) consists of all elements of the form (1, y) such that
y is not infinitesimal, and hence it is subdirectly irreducible, by the same argument. Clearly (3) does not hold (e.g., if x is
not infinitesimal and x < 1, then (1,x) € F;(D), (x,1) € t(D), and (1,x) V (x,1) = (1,1),but (x,1) < (1,1) and
(1,x) < (1,1)).

(2) Let A be an ultrapower of [0, 1]y, and let B be the subalgebra of A generated by all the infinitesimals. Let T be defined
by t(x) = Oifxisaninfinitesimal and t(x) = 1 otherwise. Then 7 (B) is subdirectly irreducible, being the MV-algebra with
two elements, and the disjunction property holds because B is linearly ordered, but F; (B) consists of all infinitesimals and
hence it is not subdirectly irreducible. (If F is any non-trivial t-filter and 1 — € € F, with € a positive infinitesimal, then the
filter generated by 1 — €2 is a non-trivial T-filter strictly contained in F).

(3) Let B be as in (2) and let 7 be the identity on B. Then F; (B) is subdirectly irreducible, being a trivial algebra, and the
disjunction property holds because B is linearly ordered, but 7 (B) = B is not subdirectly irreducible. [

Lemma 3.6. If (A, t) is a subdirectly irreducible SMMV-algebra, then for all a € A, eithera < t(a) or t(a) < a.

Proof. Since (A, t) is subdirectly irreducible, F; (A) is subdirectly irreducible and hence it is linearly ordered. Hence, 1 is join
irreducible in F; (A). Now (a — t(a)) V (tr(a) — a) = 1, and hence eithera — 7(a) = 1anda < t(a),ort(a) > a=1
andt(a) <a. O

Subdirectly irreducible SMMV-algebras also enjoy another interesting property, namely:

Theorem 3.7. Let (A, t) be a subdirectly irreducible SSMV-algebra and let a € A. Then there are uniquely determined b € 7 (A)
and ¢ € F; (A) such that exactly one of the following two conditions holds:

(a) a = b ® ¢, and c is the greatest element with this property, when a < t(a), or
(bya=c— bandb < c < 1whent(a) < a.

Proof. First of all, note that t(a — t(a)) = t(r(a) - a) = t(a) — t(a) = 1, and hence, foreverya € A,a — t(a) and
t(a) — abelong to F; (A).

Leth = t(a) andletc = b — aifa < b,and c = a — b otherwise.

Supposea < b.Thena=aAb=b® (b — a) = b ® c. Finally, c is the greatest element such that b ® ¢ = a, by the
definition of residuum, and 7 (c) = 1.

Now suppose b < a.Thenc — b = (a — b) — b = a Vv b = a. Moreover,c < 1,as b < a. Finally, b < c. Indeed,
b<a— b=canditcannotbec =b,ast(c) =1landt(b) = b < a.

Now we discuss uniqueness. (i) Leta < t(a).Ifa = b’ O c/,withb’ € t(A)and ¢’ € F;(A),thent(a) = t (') O () =
b ®1=>b = 1) Thus b’ = t(a) is uniquely determined; we denote it by b. Moreover,a < b,b ® ¢’ = a and ¢’ is the
greatest element with this property. Hence, ¢’ = a — b.

(i) Let T(a) < a.Thena < 1.1fa = ¢ — b withbd < ¢’ € F,(A) \ {1}and b’ € t(A), then by Lemma 2.7(1g),
(@) =1() - 1( AD)=1(") = (b)) =1 — b = b/, and b’ is uniquely determined; we denote it by b. Then
b < a. Finally, in any MV-algebra, ifz < X,z < yandx — z = y — z, then x = y (this property is expressed as a
quasi equation and holds in [0, 1]y, and hence it holds in any MV-algebra). Now b < ¢’ < 1,b < (a — b) — b, and
¢’ — b= (a — b) — b. It follows that ¢’ = a — b, and uniqueness of ¢’ is proved. [
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Let (A, 7) be a subdirectly irreducible SMMV-algebra. For all b € t(A), the define M(b) = {x € A: T(x) = b}. ThenA s
a disjoint union of the sets M(b) for b € 7 (A).

We assert that every M (b) is linearly ordered. Indeed, let x, y € M(b). Due to Lemma 3.6, there are three cases: (i)x < b,
y>borx >b,y <b,(ii)x < b,y <b, and (iili)x > band y > b. In the case (i), x and y are comparable. In the case (ii),
by Lemma 2.7(1b), 7(x & —b) = t(x) & t(—b) = 1 and t(y & —b) = t(y) ® t(—b) = 1 which by Corollary 3.3 entails
x @ —bandy & —b are comparable. Because x ©® —=b = 0 = y ® —b, we have x and y are also comparable. In the case (iii),
—x < —band —y < —b, and in the same way as in (ii) we can prove —x and —y are comparable, consequently, x and y are
comparable.

Thus, although A need not be linearly ordered, it is close to be such. More precisely, let M = {£c : ¢ € F; (A), ¢ < 1}U{1}.
We define a poset M on M letting —c < —d iffd < c,andc < 1 < —dforallc,d € F;(A) \ {1}. Now given x € M(b), by
Lemma 3.6, it follows x < bor b < 7(x). By Theorem 3.7, in the first case we can associate x with (b, b — x) and in the
second case with (b, —(x — b)) to obtain an order isomorphism from A into 7 (A) x M. That is, A as a poset is isomorphic
to a quotient of a subposet of the product of two chains. This suggests that either A is a chain or a subalgebra of a product of
two chains. This conjecture will be proved in Section 6. More precisely:

Definition 3.8. An SMMV-algebra (A, 7) is said to be diagonal if there are MV-chains B and C such thatB C C,A =B x C
and t is defined, forall b € Band ¢ € C, by t(b, ¢) = (b, b).
An SMMV-algebra is said to be subdiagonal if it is a subalgebra of a diagonal SMMV-algebra.

In Section 6 we will prove:

Theorem 3.9. Every subdirectly irreducible SMMV-algebra is subdiagonal.

4. A classification of subdirectly irreducible SMMV-algebras

We present a classification of SMMV-algebras introducing four types of subdirectly irreducible SMMV-algebras, type Z,
identity, type £, local, type D, diagonalization, and type K, killing infinitesimals.
The following theorem was proved in [7,9,10].

Theorem 4.1. Let (A, ) be a subdirectly irreducible SMMV-algebra. Then (A, t) belongs to exactly one of the following classes:

(i) Ais linearly ordered, T is the identity on A and the MV-reduct of A is a subdirectly irreducible MV-algebra.

(ii) The state morphism operator t is not faithful, A has no non-trivial Boolean elements and is a local MV-algebra. Moreover, A is
linearly ordered if and only if Rady (A) is linearly ordered, and in such a case, A is a subdirectly irreducible MV-algebra such
that the smallest non-trivial t-filter of (A, T), and the smallest non-trivial MV-filter for A coincide.

(iii) The state morphism operator T is not faithful, A has a non-trivial Boolean element. There are a linearly ordered MV-algebra
B, a subdirectly irreducible MV-algebra C, and an injective MV-homomorphism h : B — C such that (A, t) is isomorphic to
(B x C, tp), where Ty (x, y) = (x, h(x)) forany (x,y) € B x C.

Note that while every SMMV-algebra satisfying (i) or (iii) is subdirectly irreducible, the same is not true of SMMV-algebras
satisfying (ii). A full classification of subdirectly irreducible SMMV-algebras is obtained by combining Theorem 4.1, Theorem
3.9, and Theorem 3.4.

Let us consider the following classes of SMMV-algebras:

Definition 4.2. Type T (identity). The MV-reduct, A, of (A, t) is a subdirectly irreducible MV-algebra and t is the identity
function on A.

Type L (local). (A, ) is subdiagonal, the MV-reduct, A, of (A, 7) is a local MV-algebra (hence it has no Boolean non-trivial
elements), F; (A) is a non-trivial subdirectly irreducible hoop, F; (A) and t (A) have the disjunction property.

Type D (diagonalization ). The MV-reduct, A, of (A, ) is of the form B x C, where C is a subdirectly irreducible MV-algebra
and B is a subalgebra of C. Moreover, t is defined by 7 (b, ¢) = (b, b).

Theorem 4.3. An SMMV-algebra is subdirectly irreducible if and only if it is of one of the types Z, £ and D. Moreover, these types
are mutually disjoint.

Proof. We first prove, using Theorem 3.4, that all members of Z U £ U D are subdirectly irreducible. For type Z, the claim is
easy and for type £ the claim follows from the definition of type £ and from Theorem 3.4. For type D, if (A, 7) is diagonal, say,
A = B x CwithB C C,Cissubdirectly irreducible and t is diagonal, we have that F; (A) consists of all pairs (1, ¢) withc € C,
and hence it is isomorphic (as a Wajsberg hoop) to C. Since C is subdirectly irreducible, so is F; (A). Finally, T (A) consists of
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all pairs of the form (b, b) with b € B. Now if (b, b) Vv (1, ¢) = (1, 1), then either (b, b) = (1, 1) or (1, ¢) = (1, 1). Hence,
7(A) and F; (A) have the disjunction property, and by Theorem 3.4, (A, t) is subdirectly irreducible.

For the converse, we use Theorem 4.1. It is clear that condition (i) in Theorem 4.1 corresponds to type Z. For case (ii) the
additional conditions that F; (A) is subdirectly irreducible and F; (A) and t (A) have the disjunction property follows from
Theorem 3.4 and the additional condition that (A, 7) is subdiagonal follows from Theorem 3.9.

Now, suppose (iii) is the case. Identifying B with its isomorphic copy h(B), we can rephrase the definition of t as T (b, ¢) =
(b, b), and hence (A, 1) is of type D.

Finally, types Z, £ and D are mutually disjoint, because if (A, 7) is of type Z, then F; (A) is trivial, while if (A, 7) is of type
L or D, then F; (A) is non-trivial. Moreover, the MV-reduct of a diagonal SMMV-algebra has two maximal filters, and hence
it cannot be a local MV-algebra. This finishes the proof. [

There is yet another type of subdirectly irreducible SMMV-algebras, namely, type K (killing infinitesimals), which is
described as follows:

Definition 4.4. An SMMV-algebra (A, T) is said to be of type K if A is of type L and is linearly ordered.

The next example shows that the class of SMMV-algebras of type K is properly contained in the class of SMMV-algebras
of type L.

Example 4.5. Let C; be the Chang MV-algebra. Let A be the subalgebra of C; x C; generated by Rad(C;) x Rad(Cy), ie.,
A = (Rad(Cy) x Rad(Cy)) U (Rad;(Cy) X Rad{(Cy1)). We definet : A — Avia t(x,y) = (x, x). Then t is a state morphism
operator on A such that (A, t) is a subdirectly irreducible SMMV-algebra, F; (A) = {1} x Rad(Cy), T is not faithful, A has no
non-trivial Boolean elements, but it is not linearly ordered. We note that Rad, (A) = Rady(C;) X Rad1(Cy) is the unique maximal
filter.

5. Varieties of SMMV-algebras and their generators

We describe the varieties of SMMV-algebras and their generators. In particular, we answer in the positive to an open
question from [7] that the diagonalization of the real interval [0, 1] generates the variety of SMMV-algebras.

Given a variety V of MV-algebras, Vsyyy will denote the class of SMMV-algebras whose MV-reduct is in V. Clearly, Vsyy
is a variety.

Definition 5.1. For every MV-algebra A we set D(A) = (A X A, ta), Where t, is defined, for alla, b € A, by ta(a, b) = (a, a).
For every class KC of MV-algebras, we set D(K) = {D(A) : A € K}.

As usual, given a class K of algebras of the same type, |(K), H(K), S(K) and P (KC) and Py (K) will denote the class of isomorphic
images, of homomorphic images, of subalgebras, of direct products and of ultraproducts of algebras from IC, respectively. Moreover,
V (K) will denote the variety generated by K.

Lemma 5.2. (1) Let K be a class of MV-algebras. Then VD(K) C V(K)symv-
(2) Let V be any variety of MV-algebras. Then Vsypy = ISD(V).

Proof. (1) We have to prove that every MV-reduct of an algebra in VD (K) is in V(K). Let Ko be the class of all MV-reducts
of algebras in D(K). Then since the MV-reduct of D(A) is A x A, and since A is a homomorphic image (under the projection
map) of A X A, K € P(K) and £ € H(Ky). Hence, Ko and K generate the same variety. Moreover, MV-reducts of
subalgebras (homomorphic images, direct products respectively) of algebras from D(K) are subalgebras (homomorphic
images, direct products respectively) of the corresponding MV-reducts. Therefore, the MV-reduct of any algebra in VD(K)
is in HSP(ICg) = HSP(K) = V(K), and claim (1) is proved.

(2)Let (A, T) € Vsymy. Thenthemap @ : a — (t(a), a) is an embedding of (A, t) into D(A). Conversely, the MV-reduct
of any algebra in D(V) is in V, (being a direct product of algebras in V), and hence the MV-reduct of any member of ISD (V)
is in IS(V) = V. Hence, any member of ISD(V) is in Vgypy. O

Lemma 5.3. Let K be a class of MV-algebras. Then:
(1) DH(K) € HD(K).

(2) DS(K) C ISD(K).

(3) DP(K) C IPD(K).

(4)VD(K) = ISD(V(K)).

Proof. (1) Let D(C) € DH(K). Then there are A € K and a homomorphism h from A onto C. Let for all a, b € A, h*(a, b) =
(h(a), h(b)). We claim that h* is a homomorphism from D(A) onto D(C). That h* is an MV-homomorphism is clear. We verify
that h* is compatible with t4. We have h*(z4(a, b)) = h*(a, a) = (h(a), h(a)) = tc(h(a), h(b)) = tc(h*(a, b)). Finally,
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since h is onto, given (c, d) € C x C, there are a, b € A such that h(a) = c and h(b) = d. Hence, h*(a, b) = (c, d), h* is
onto, and D(C) € HD(K).

(2) Almost trivial.

(3) Let A = [];c;(A;) € P(K), where each A; is in K. Then the map

@ :((agg:ieD,(bj:ieD)— ((a, b)) ;i€

is an isomorphism from D(A) onto [[;c; D(A;). Indeed, it is clear that @ is an MV-isomorphism. Moreover, denoting the state
morphism of [];; D(A;) by T*, we get:

D(ta((a; i€, (bj:iel) =@(aj:iel), (a:iel))
= ((a, @) :i€l)=(taa, b)) :iel) =1"(Paj:i€l), (b:iel)),

and hence @ is an SMMV-isomorphism.
(4) By (1), (2) and (3), DV(K) = DHSP(K) € HSPD(K) = VD(K), and hence ISDV(K) C ISVD(K) = VD(K).
Conversely, by Lemma 5.2(1), VD(K) € V(K)symv, and by Lemma 5.2(2), V(K)symy = ISDV(K). This settles the claim. O

Theorem 5.4. (1) For every MV-algebra A, V(D(A)) = V(A)symv-

(2) Let A and B be MV-algebras. Then V(D(A)) = V(D(B)) iff V(A) = V(B).

(3) The variety of all SMMV-algebras is generated by D([0, 1]yv) as well as by any D(A) such that A generates the variety of
MV-algebras.

(4) Let C; be Chang’s algebra and let C be the variety generated by it. Then Csyy is generated by D(Cy).

Proof. (1) By Lemma 5.3(4), VD(A) = V(D(A)) = ISD(V(A)). Moreover, by Lemma 5.2(2), V(A)symv = ISDV(A). Hence,
V(D(A)) = V(A)smmv.

(2) We have V(D(A)) = V(A)sumv and V(D(B)) = V(B)symy. Clearly, V(A) = V(B) implies V(A)sumy = V(B)sumv,
and hence V(D(A)) = V(D(B)).Conversely, V(D(A)) = V(D(B)) implies V(A)symy = V (B)symy.But any algebraC € V(A)
is the MV-reduct of an algebra in V (A)symv, namely, of (C, Id¢), where Id¢ is the identity on C.

It follows that, if V(A)symy = V(B)symy, then the classes of MV-reducts of V(A) sy and of V(B)syy coincide, and
hence V(A) = V(B).

(3) Since V([0, 1]py) is the variety MV of all MV-algebras, V (D([0, 1]py)) is MVsumy, that is, the variety of all SMMV-
algebras. The same argument holds if we replace [0, 1]yy by any MV-algebra which generates the whole variety M.

(4) Completely parallel to (3). O

Another consequence is the decidability of the variety SMMYV of all SMMV-algebras.
Theorem 5.5. SMMYV is decidable.

Proof. We associate to every term t(xg, ..., X,) of SMMV-algebras a pair of terms t', t> whose variables are among
x],x2, ..., x}, x2 by induction as follows: If t is a variable, say, t = x;, then t! = x] and t* = x?;ift = 0, thent' = t* = 0.
Ift = —s, thent' = —s! and t? = —s%;ift = s P u, thent! = s' @ u! and t> = s*> @ u?. Finally, if t = 7(s), then
t! = t? = s!. The following lemma is straightforward.
Lemma 5.6. Let a}, a%, R a;, aﬁ, b!, b% € [0, 1] and let t(x1, . . ., x,) be a term. Then the following are equivalent:

(1) t((ay, @), - -, (ay, az)) = (b', b*) holds in D([0, 1]w).

(2) t‘(a}, a%, e, a,11, aﬁ) = b, fori =1, 2 holds in [0, 1]y .

As a consequence, we obtain that an equation t = s holds identically in D([0, 1]yy) iff t! = s! and t* = s® hold
identically in [0, 1]psy. Since validity of an equation in [0, 1]y is decidable, the equational logic of D([0, 1]y) is decidable,
and since D([0, 1]yy) generates the whole variety of SMMV-algebras, the claim follows. [

6. Every subdirectly irreducible SMMV-algebra is subdiagonal

We are in a position to prove Theorem 3.9, stating that every subdirectly irreducible SMMV-algebra is subdiagonal
(subalgebra of a diagonal SMMV-algebra). We start from some easy facts.

First of all, any linearly ordered SMMV-algebra (A, 7) is subdiagonal, being isomorphic to a subalgebra of (7 (A) x A, %),
with 7*(z (a), a) = (t(a), t(a)). Next we prove that the variety of SMMV-algebras has CEP.

Lemma 6.1. The variety of SMMV-algebras has Congruence Extension Property.
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Proof. Let (A, 7) C (B, ) be SMMV-algebras and 6 a congruence on (A, t).Thus, 1/6 is a t-filter of (A, 7). By monotonicity
of t the upward closure (in B) of 1/6 is a t-filter of (B, ), which restricts to 1/6 on (A, t). This proves the claim. O

The next lemma is also easy:
Lemma 6.2. The class of subdiagonal SMMV-algebras is closed under subalgebras and ultraproducts.

Proof. Closure under S is definitional. Closure under Py follows from the following facts:
(1) For every class K of algebras of the same type PyS(KX) € SPy(K) (this is a well-known fact of Universal Algebra).
(2) Every ultraproduct ([];c;(B; x G;, 77))/U of diagonal SMMV-algebras is isomorphic to the diagonal SMMV-algebra
((ITier Bi) /U x (I1ier €)/U, ty)), where ty((b; : i € I)/U, (¢; : i € )/U) = ((b; : i € )/U, (b; : i € I)/U), with respect
to the isomorphism ((b;, ¢;) :i€I)/U+ ((bj:iel)/U, (¢ :ie€l)/U). O

To deal with homomorphic images we need the following definition:

Definition 6.3. An SMMV-algebra (A, t) is said to be skew diagonal ifit has the form (B x C/¢, t), where B and C are MV-chains,
B is a subalgebra of C, ¢ is a congruence of C and t is defined t (b, c/¢) = (b, b/¢) forallb € Band c € C.

The projection onto the first coordinate is a homomorphism from the skew-diagonal algebra (B x C/¢, 7) onto (B, Idp).
Compatibility with t is proved as follows: w1t (b, c/¢) = m1(b, b/¢) = b = Idgmy (b, C).

Lemma 6.4. Let (A, t) be a subdiagonal algebra with A € B x C, and 6 a congruence on (A, t). Then there are MV-chains
D C E, and a congruence ¢ on E such that ( A, t)/6 is subdirectly embedded into a skew-diagonal algebra (D x E/¢, 7).

Proof. Clearly, we may assume that the natural identity embedding A C B x Cis subdirect. By CEP, the congruence 0 extends
to a congruence ¥ on (B x C, t). Of course, ¥ is also a congruence on the MV-reduct B x C. By congruence distributivity,
all congruences of finite products are product congruences, so ¥ = ¥ X ¢ for some congruences ¥ on B and /¢ on C.

The congruences ¥z and V¢ are defined as follows: (b, b") € ypifftherearec, ¢’ € Csuchthat ((b, ¢), (b', ¢')) € v, and
(c, ¢") € Y iff there are b, b’ € B such that ((b, ¢), (b, ¢’)) € . Denoting by 6; and 6, the congruences associated to the
projection maps, and using congruence distributivity, we have: ((b, ¢), (b', ¢')) € Y iff (b, ¢), (b', ¢')) € (Y VO) A VEO,)
iff (b, b") € ¥ and (c, ¢’) € V¢, and ¥ = g x VY. It follows:

(B x C)/yr = B/Yp x C/yrc

and moreover, since v is compatible with T we obtain

t(b,c)/¥ = (b, b)/¥r = (b/Ys, b/Vc).

Furthermore, ((b, 1), (1, 1)) € v implies (z(b, 1), (1, 1)) = ((b, b), (1, 1)) € . It follows that (b, 1) € g implies
(b, 1) € V. Let x be the congruence of C generated by y5. Then x C V¢, and by the CEP, ¥/ = x NB?. Now letD = B/ 3,
E = C/x, ¢ = x/¥c. Note that D and E are MV-chains. Moreover, by construction we have D C E, and hence

A/0 C BxC)/yy =B/yYp x C/yc =D x E/gp

proving the claim for the MV-reducts of the appropriate algebras. In particular, the embedding is subdirect. Furthermore,

t(b,c)/¥ = (b/Yp, b/Yc) = (b/Ys, (b/X)/9)
and the embedding lifts to the full type of SMMV. O

Lemma 6.5. Let (A, T) be a subdirectly irreducible SMMV-algebra, and suppose that (A, t) is a subalgebra of a skew diagonal
SMMV-algebra (B x C/¢, T*), and that the identity MV-embedding of A into (B x C/¢) is subdirect. Then (A, t) is subdiagonal.

Proof. Ifforallb € B, (b, 1) € ¢ implies b = 1, then the map b — b/¢ is one-one and B is (isomorphic to) a subalgebra of
C/@.Hence, C/¢ is an MV-chain and B is a subchain of C/ . It follows that (B x C/¢, ) is diagonal and (A, 7) is subdiagonal.
Now suppose that (b, 1) € ¢ for some b € B\ {1}. Since A is a subdirect product of B x C/¢, there is ¢ € C such that
(b, c/¢) € A.Moreover, T(b, c/¢) = (b, b/p) = (b, 1/¢) € T(A).

Now if (1, c/¢) € A, then t(1,c/¢) = (1, 1/¢) and hence (1, c/¢) € F;(A).Clearly, (1,c/¢) V (b,1/¢) = (1,1/¢),
and since 7 (A) and F; (A) have the disjunction property, we must have c/¢ = 1/¢.Now F; (A) consists of all elements of the
form (1, c/¢), and hence itis the singleton of (1, 1/¢). On the other hand, F; (A) is the filter associated to the homomorphism
7, and hence 7 is an embedding and A is isomorphic to 7 (A), which is in turn isomorphic to B via the map b + (b, b/¢).
Since B is linearly ordered, A is linearly ordered and hence subdiagonal. O

We can conclude the proof of Theorem 3.9.
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Proof. Let A be subdirectly irreducible. Since the variety of SMMV-algebras is generated by D([0, 1]y ), and since SMMV-
algebras are congruence distributive, by Jénsson’s lemma A belongs to HSPy (D ([0, 1]yv)). Thus, A is a homomorphic image
of some B € SPy(D([0, 1]yv)).

Now D([0, 1]yy) is subdiagonal, and by Lemma 6.4 subdiagonal SMMV-algebras are closed under S and Py, so B is
subdiagonal as well. Then, since A is subdirectly irreducible, Lemma 6.5 applies, and we conclude that A is subdiagonal.
Hence, every subdirectly irreducible SMMV-algebra is subdiagonal. ]

We end this section with an example showing that the class of subdiagonal SMMV-algebras is not closed under homo-
morphic images. Indeed, our example shows that not even the class of subdirectly irreducible subdiagonal SMMV-algebras
is closed under homomorphic images. Consider the diagonal algebra A = (C; x Cy, t¢,). Here again C; stands for Chang’s
algebra. The set F = {1} x Rad;(Cy) is a T-filter of A. It is easy to see that the congruence 6 corresponding to F is the smallest
non-trivial congruence on A, so A is subdirectly irreducible. It is not difficult to see that the MV-reduct of the quotient algebra
A/6F is isomorphic to C; x 2, where 2 is the two-element Boolean algebra. The operation 7 on this algebra is given by

_ _|(c, 1) ifc € Radi(Cy)
rED=TE0=0 o) ifc ¢ Rady(C).

Lemma 6.6. The algebra A/OF is not subdiagonal.

Proof. If A/6F is subdiagonal then there exist linearly ordered MV-algebras D and E such that C; € D, 2 C E and either
(D X E, 7) is diagonal, or (E x D, 7) is diagonal. Now, if (D x E, 7) is diagonal, we have t(d, e) = (d, d) forall (d, e) € D X E.
In particular, (¢, z) = (c, ¢) for any (c,z) € C; x 2. This fails for any ¢ ¢ {0, 1}. Then, if (E x D, t) is diagonal, we have
t(e,d) = (e, e) forall (e, d) € E x D.In particular, (z, ¢) = (z, z) forany (z, ¢) € 2 x Cy.This again fails for any ¢ ¢ {0, 1}.
Thus, A/OF is not subdiagonal. O

7. Varieties of SMMV-algebras

When studying a variety of universal algebras, an interesting problem is the investigation of the lattice of its subvarieties.
In the case of SMMV-algebras, we have a unique atom (above the trivial variety), namely, the variety BZ of Boolean algebras
equipped with the identical endomorphism. This variety is generated by the two element Boolean algebra equipped with the
identity map. Since this algebra is a subalgebra of any non-trivial SMMV-algebra, BZ is contained in any non-trivial variety
of SMMV-algebras.

Other varieties of SMMV-algebras are obtained as follows: let V be a variety of MV-algebras, let Vsyy denote the class
of algebras whose MV-reduct is in V, and VZ denote the class of SMMV-algebras (A, Ida), where Id, is the identity on A and
A € V. The following problem arises: given a variety V of MV-algebras, investigate the varieties of SMMV-algebras between
V7 and Vsyvy. To begin with, besides V7 and Vs, we will discuss two more kinds of subvarieties, namely, the subvariety
generated by all SMMV-chains in Vsyyy (representable SMMV-algebras) and the subvariety generated by all algebras in
Vsumy Whose MV-reduct is a local MV-algebra. The above classes will be denoted by VR and V£ respectively. We consider
Vsumy and VI first. The following result is straightforward.

Theorem 7.1. (1) Vsymy is axiomatized over the axioms of SMMV-algebras by the defining equations of V.
(2) VT is axiomatized over Vsypy by the identity T(x) = x.
(3) VI C VR, and the inclusion is proper if and only if V is not finitely generated.
(4) The maps V +— VI and V +—> Vsymy are embeddings of the lattice of MV-varieties into the lattice of SMMV-varieties.

Proof. Claims (1) and (2) are immediate.

As regards to (3), since subdirectly irreducible algebras of type 7 are linearly ordered we have that VZ C VR.If V is finitely
generated, then VZ = VR, because every MV-chain in V is finite, and its only endomorphism is the identity. Finally, if V is
not finitely generated, then it contains Chang’s algebra, C;. Let T be defined for all x € Cy, by 7(x) = 0 if x is infinitesimal
and t(x) = 1 otherwise. Then (C1, 7) € VR \ VZ, and the inclusion VZ C VR is proper.

Finally, claim (4) is almost immediate (using Theorem 5.4). [J

Now we concentrate ourselves on VR.

Theorem 7.2. Representable SMMV-algebras constitute a proper subvariety of the variety of SMMV-algebras, which is character-
ized by the equation

(ling) T VE—> (@) <y) =1

Proof. We have to prove that a subdirectly irreducible SMMV-algebra (A, ) satisfies (lin;) iff it is linearly ordered. Thus,
let (A, T) be a subdirectly irreducible SMMV-algebra.
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Suppose first that (A, 7) satisfies (lin; ). We start from the following observation. Let z, u € A. Thenz — (t(u) <> u) €
F; (A). Since t(A) and F; (A) have the disjunction property, we have that either t(z) = 1 orz < 7(u) < u. Now every
element u € F;(A) is equal to T (u) <> u, and vice versa every element of the form t(u) <> u is in F; (A). It follows that if
7(z) < 1, thenzis a lower bound of F; (A).

Now assume, by way of contradiction, that x, y € A are incomparable with respect to the order. We distinguish three
cases.

(i)Ifx > y € F;(A) andy — x € F;(A), then since F; (A) is linearly ordered and (x — y) V (y — x) = 1, we must
have eitherx — y = 1 ory — x = 1, a contradiction.

(ii)Ifx — y ¢ F;(A) andy — x ¢ F;(A), then they are both lower bounds of F; (A),and hence 1 = (x — y) V (y — X)
is a lower bound of F; (A). But then A would be isomorphic to T (A), and hence it would be linearly ordered, a contradiction.

(iii) Finally, suppose x — y € F;(A) andy — x ¢ F;(A) (or vice versa). Then y — x is a lower bound of F; (A), and
hencey — x < x — y.Butin any MV-algebra this is the case iff x <y, and again a contradiction has been obtained.

Hence, (A, 7) islinearly ordered. Conversely, if (A, 7) is linearly ordered, then forall x, zsuch that 7 (x) < 1Tandt(z) = 1,
we cannot have z < x, and hence we must have x < z. Taking z = t(y) <> y, we obtain that for all x either T(x) = 1 or
x < z,and (lin;) holds.

Finally, representable SMMV-algebras constitute a proper subvariety of the variety of SMMV-algebras, because any sub-
directly irreducible SMMV-algebra of type D is not linearly ordered. [J

Remark 7.3. According to [8, Prop. 3.6], if (A, 7) is an SMV-algebra such that A is a chain, then (A, 7) is an SMMV-algebra.
Hence, the class of all representable SMV-algebras satisfies (lin;). We do not know whether every subdirectly irreducible
SMV-algebra satisfying (lin;) has a linearly ordered MV-reduct.

Theorem 74. VR C V., and the inclusion is proper if and only if V is not finitely generated.

Proof. Since every linearly ordered SMMV-algebra s local, the inclusion follows. Moreover, every local and finite MV-algebra
is linearly ordered, and hence for finitely generated MV-varieties the opposite inclusion also holds. On the other hand, if V
is not finitely generated, then it contains Chang’s algebra Cy, and the subalgebra of D(C;) described in Example 4.5, is a local
subdirectly irreducible SMMV-algebra in Vsyyy which is not linearly ordered. Hence, the inclusion VR C V£ is proper. O

Next, we discuss varieties of the form VL.

Theorem 7.5. (1) The variety VL is axiomatized over Vsyy by the equation
(locz) —(7(x) < x) < (T(x) < X).

(2) For any non-trivial variety V of MV-algebras, VL is a proper subvariety of Vsymy -

Proof. We start from the following lemma:

Lemma 7.6. Let A be a local MV-algebra and M be its only maximal filter. Then for every m € M, —-m < m.

Proof. The claim follows from [4], where it is shown that if A is a non-trivial BL-algebra and a, b € Rad(A), thena < —b. O

We continue the proof of Theorem 7.5. In order to prove claim (1), it suffices to prove that an SMMV-algebra is subdirectly
irreducible iff it satisfies (loc; ). Now in every SMMV-algebra we have 7 (7 (x) <> x) = 1,and hence 7(x) <> x € F;(A) C M,
where M denotes the unique maximal filter of A. Then Lemma 7.6 implies that every subdirectly irreducible local SMMV-
algebra satisfies (loc; ). Before proving the converse, we prove claim (2).

Let A be a non-trivial chain in V. Then (loc;) is invalidated in D(A), taking x = (1, 0). We have t(x) = (1, 1), t(x) <
x = (1,0),and

—(t(x) <> x) =(0,1) £ (1,0) = = (7(x) <> x).

This settles the claim.

In order to prove the opposite direction of claim (1), note that every subdirectly irreducible SMMV-algebra is either of
type Z (in which case it is local) or of type £ (in which case, once again it is local) or of type D. In the last case the proof of
(2) shows that it does not satisfy (loc; ). Hence if a subdirectly irreducible SMMV-algebra satisfies (loc; ) it is local. O

Another interesting problem in the study of the lattice of subvarieties of a variety is the investigation of covers of a given
subvariety (if any). For instance, one may wonder what are the covers of BZ. We note that, for any variety defined by a
finite set of equations (such as BZ), every variety which properly contains it it contains a cover of it. A partial answer to this
question is provided by the following theorem:
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Theorem 7.7. Let V and W be varieties of MV-algebras. If W is a cover of V, then WX is a cover of VZI. Hence, if WV is generated
either by Sy, for some prime number p or by Chang’s algebra Cy, then W1 is a cover of BZ.

Proof. If (A, ) € WZ \ VI, then since t is forced to be the identity, we must have A € W \ V, and since W is a cover of V),
the variety generated by {A} U V is W, and hence the variety generated by {(A, t)} U VT is WZ, and the claim follows. (]

Remark 7.8. Varieties VZ, where V is a cover of the Boolean variety B, do not exhaust the covers of BZ. Another cover is
Bsymy- Indeed, any subdirectly irreducible SMMV-algebra (A, 1) in Bsyyvy \ BZ must have a Boolean reduct and cannot be
of type Z or £, otherwise T would be identical. Hence, it must be of type D and D(S;) is a subalgebra of (A, t). Therefore,
(A, 7) generates the whole variety Bsyyy .

Theorem 7.7 suggests the following problem:

Problem 2. Let V be a variety of MV-algebras and let V' be a cover of V. Is it true that Vg, is a cover of Veymy? Or,
equivalently, is VD(V) a cover of VD()')?

The answer to these questions is no, in general. Here is a sample of counterexamples.

(1) Let V be the variety of Boolean algebras and V' be the variety generated by Chang’s algebra. Then V' is a cover of V.
However, there is an intermediate variety between Vsyyy and Véymy» amely, the subvariety Vi, of iy axiomatized
by the equation

() T(x) Vr(—x) =1.

Indeed, clearly the equation (x) holds in any Boolean SMMV-algebra. Moreover, there is an algebra in V¢, which
satisfies () and its reduct is not a Boolean algebra, namely, Chang’s algebra C; with t defined by 7(x) = 0if x € Rad(Cy)
and t(x) = 1 otherwise.

Finally, there is an algebra in V¢, which does not satisfy (x), namely, the diagonalization, D(C;), of Chang’s algebra.
Indeed, ifc € Rad(Cy) \ {0}, thent(c, c) = (c, ¢)and t(—(c, ¢)) = (—c, —c).Hence, t(c, ¢) V t(—(c, ¢)) = (—¢, —¢) < 1.

(2)Lety = V(S ...,S;,)and V' = V(Si, ..., S;,. C;) for some integers 1 < i; < --- < ip. Then V' is a cover variety
of V. Define V{ ;v as the class of all (A, T) € V' such that 7(A) € V.

Then Vsymy € Viyy S V' Butif T is asin (1), then (Cy, 7) € Yy \ Vsumv and D(C1) € Vi \ Véumy -

(3) Define on C,, x C, amap t,,(i, j) = (i, 0) for all (i, j) € Cy, then (Cy, 7,) is an SMMV-algebra.

Let1 =i <--- <ipand1 =j; < --- < j, with k > 2 be finite sets of integers such that every j; does not divide any
jewith 1 < js < jr and fix anindex jo € J := {j1, ..., jk} withjo > 2 such thatjo € I := {iy, ..., ix}.

LetV =V({Si,G:iel,jejpandy =V({S;, G :iecl,je]\ {jo}})-Set Vi as the class of (A, T) € Viu,y such
that 7(A) € V. Then (Cjy, Tj,) € Véyumy \ Vsmmy and D(Cjy) € Vo \ Ve -

(4)LetV = V(Si,...,Si,), where1 =i < --- < iy, n > 2and every is; does not divide any i with 1 < is < i;. Let
io € {iz,..., i} befixedandletv = V(S; : i € {i1,...,in} \ ip). Then V' is a cover of V. Let V' be the variety generated
by Vsymy and (S,‘O, [dgio). Then Voymy C V' C VéMW because (Sio, Idsio) 5% \ Vspmy and D(Sio) € VgMMV \ V",

(5)LetV = V(G,,...,Sj), where1 =i; < --- < i, k > 2 and every js does not divide any j, with 1 < js < j;. Let
jo € {j2, ..., Jn} befixed and let Vv = V(G : j € {j1,...,jk} \jo). Let V" be the variety generated by Vsypy and (Si,, 7).
Then Vsymy C V" C Vi because (G, ldg,) € V" \ Vsumy and D(Cjy) € Vymy \ V.

The above examples offer several interesting methods for obtaining intermediate varieties. But the fact that if W is an
MV-cover of V, then Wgyy need not be a cover of Vs can be strengthened:

Theorem 7.9. If W properly contains V, then the join, Vsyyy vV WZ, of Vsymy and WZI, is a proper extension of Vsyyy and a
proper subvariety of Wsymy. Hence, Wsyny can never be a cover of Vsymy .

Proof. Inclusions are clear. Moreover, if A € W \ V, then (A, Ida) € (WZ V Vsmmv) \ Vsmmy, and hence the first inclusion
is proper. In order to prove that also the inclusion WZ V Vsymy) € Wsymy, consider an MV-identity n(x) = 1 which
axiomatizes V over W, and set

(ev) nx) Vv (t@y) <y =1.

Clearly, (€y) holds both in Vsyy and in WZ, and hence it holds in Vsypy V WZ. Now take a subdirectly irreducible
MV-algebra A € W \ V. Then D(A) € Wsymy, but it is readily seen that (ey) is not valid in D(A), and also the inclusion
Vsvmv vV WI) € Weymy is proper. [

It follows that Problem 2 should be replaced by the following:

Problem 3. Suppose that W is an MV-cover of V. Is it true that WZ V Vsymy is a cover of Vsyy ?
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According to Komori, [5, Theorem 8.4.4], the lattice of subvarieties of the variety of MV-algebras is countable. Now we
investigate the number of varieties of SMMV-algebras, and we prove that there are uncountably many of them. Let [0, 1]* be
an ultrapower of the MV-algebra on [0, 1], and let us fix a positive infinitesimal ¢ € [0, 1]*. For every set X of prime numbers,
we denote by A(X) the subalgebra of [0, 1]* generated by & and by the set of all rational numbers % with0 < n < m, and
m > 0 such that:

(1) eithern = 0 or gcd(n, m) = 1;

(2) for all p € X, p does not divide m.

Note that for all x € A(X), the standard part of x is a rational number % satisfying (1) and (2). Indeed the set of rational
numbers satisfying (1) and (2) is closed under all MV-operations.

On A(X) we define 7 (x) to be the standard part of x. Note that 7 is an idempotent homomorphism from A(X) into itself,
and hence (A(X), ) is a linearly ordered SMMV-algebra.

Lemma 7.10. IfX and Y are distinct sets of primes, then A(X) and A(Y) generate different varieties.

Proof. Without loss of generality, we may assume that there is a prime p such that p € X\Y. Consider the equations:
@)pP—Dx < —x=1
(bp) T((p — DX) < T(—x) =1

(cp) (T((p — Dx) < T(=x))* < ((p — Dx < ).
The following claims are easy to prove, recalling that % e A(Y)\AX):

Claim 1. Eq. (ap) has no solution in (A(X), ), and its only solution in (A(Y), T) is 11).

Claim 2. Eq. (by) has no solution in (A(X), T), and its solutions in (A(Y), T) are precisely those real numbers in A(Y) whose
standard part is %.

Claim 3. In both (A(X), t) and (A(Y), t), forevery x, Tt ((p — 1)x) <> t(—x) is the standard part of (p — 1)x <> —x.
Now consider the equation (cp).
Claim 4. Eq. (¢p) is valid in (A(X), T) and it is not valid in (A(Y), T).
Proof of Claim 4. Letx € A(X), leta = 7((p — 1)x) <> t(—x) and B = (p — 1)x <> —x. By Claims 2 and 3, « is a real

number strictly less than 1, and differs from B by an infinitesimal. Hence, ? is either 0 or a real strictly smaller than o, and hence
it is smaller than B. It follows that (cp) holds in (A(X), 7).

Now we prove that equation (cp) is not valid in (A(Y), 7). Letx = 2; +¢&.Thenx € A(Y). Moreover, by Claim 2, t ((p — 1)x) <>
7(—x) = (t((p — 1)x) <> t(—x))? = 1, and by Claim 1,

1 1
p—Dx<—=x=(-—-p—-1De)+(1——-—¢)=1—pe < 1.
p p
Thus, Eq. (cp) is not valid in A(Y). This concludes the proof of Claim 4, and hence of Lemma 7.10. [
We can say more:

Theorem 7.11. Let MV denote the variety of all MV-algebras. Then there are uncountably many varieties between MVZ and
MVR.

Proof. Consider, for every set X of prime numbers, the variety V(X) axiomatized by (lin;) and by all equations (c,) with
p € X. Clearly, A(X) € V(X) for every set X of primes. By Lemma 7.10, different sets of primes originate different varieties,
and hence there is a continuum of varieties of the form V(X). Moreover, both equations (lin;) and (c,) hold in all SMMV-
algebras of type Z, and hence MVZ C V(X) for any set X of primes. Finally, since (lin;) is an axiom of every V(X), we have
V(X) € MVR. O

Corollary 7.12. There are varieties of representable SMMV-algebras which are not recursively axiomatizable, and hence not finitely
axiomatizable.
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