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ABSTRACT

Explicit expressions for solutions of boundary-value problems and Cauchy prob-
lems related to the operator differential equation X" + A, _ | X"V + ... + A X =
0 are given in terms of solutions of the algebraic operator equation X" + A, _, X" !
+ --+ + Ay, =0. A method for solving this algebraic equation is studied.

1. INTRODUCTION

The purpose of this paper is to show that in an analogous way to the
scalar case, explicit expressions of solutions for operator differential Cauchy
and boundary-value problems can be given in terms of solutions of algebraic
operator ones. It is well known that the solutions of a scalar differential
equation of the type

() +a,_x" () + - +agx(t) =0, (1.1)
where a, for 0 <i<n~1 are complex numbers, are given in terms of
solutions of the characteristic algebraic equation

NM+a, A+ +a,=0. (1.2)

For the scalar case, the equation (1.2) is always solvable, but this does not
occur for the operator case. For instance, if A, is an operator without square
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roots, then the equation X% — A, =0 is not solvable. In this paper H will
denote a complex separable Hilbert space, and L(H) the algebra of all
bounded linear operators on H with the operator norm. If B, lies in L{H) for
0 < i < m — 1, the existence of solutions of the algebraic operator equation

T"+B, T™'+---+B,=0 (1.3)

is related to the existence of a linear factorization of the polynomial operator
P(A)=X"+B,_ X" '+ .- + B,; in fact, Z is a solution of (1.3) if and
only if, AI — Z is a right divisor of P(A), i.e. P(A) = P(AXAI — Z), for some
polynomial operator of degree m — 1. The problem of the linear factorization
of a polynomial operator has been studied by several authors. The finite-
dimensional case has been studied in [12], [23], [25], and the infinite-dimen-
sional case in [28]. The existence of solutions of the operator equation (1.3) is
closely related to the companion operator

0 1 0 0

0 0 I 0
C- :

0 0 0 I

In [12] it is proved that P(A) admits a linear factorization of the type
PA)Y=AI=Z)AI—-Z,)---(AI—=1Z,), if the operator C is diagonable
and H is finite-dimensional.

We are interested in finding explicit expressions for solutions of
boundary-value problems and Cauchy problems for the operator differential
equation

X™M4B  X®Diy...4B =0 (1.4)

in terms of solutions of the equation (1.3).

This paper can be regarded as a continuation of the sequence [15], {17],
[18], and [19)]. In Section 2 we develop a method for solving the algebraic
operator equation (1.3) by reduction of the degree of the equation. This
reduction is based on the application of annihilating analytic functions of
operators. If H is finite-dimensional, it is well known that any operator on H
is annihilated by a polynomial. For the infinite-dimensional case this does not
occur, and an operator with this property is called an algebraic operator.
Examples and properties of algebraic operators can be found in [20]. The
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existence of annihilating analytic functions of operators has been successfully
applied for the last years in the context of the invariant subspace problem [1,
2, 30]. In [13], P. R. Halmos proved that an operator which is annihilated by
an entire function is algebraic. If D denotes the open unit disc in the
complex plane and H* denotes the algebra of all bounded analytic functions
on D under the supremum norm, one has the Sz.-Nagy-Foias functional
calculus [26], and for the operators T in the class C,, there is a nonzero
function f in H* such that AT)=0.

In analogous way to the scalar case, in Section 3 explicit expressions of
solutions for Cauchy problems and boundary-value problems related to the
equation (1.4) are given. Operator differential equations with constant coeffi-
cient operators are important in the theory of damped oscillatory systems and
vibrational systems [12, 16, 21]. For the infinite-dimensional case, these
equations occur in denumerable Markov chains {21]. Infinite-dimensional
systems of differential equations have been studied with several different
techniques in [7], [8], [14], etc.

If T is an operator in L(H), we represent by o,(T') its approximate point
spectrum, defined as the set of all complex numbers A such that Al — T is
not bounded below, and we represent by o4(T) its approximate defect
spectrum, defined as the set of all complex numbers A such that AI - T is
not onto [20, p. 42]. If B;; lies in L(H) for 1<, j <m, and B =(B;;) is the
associated operator matrix in L(H™), we consider the following norm in
L(H™): ||B|l = max, _; X~ ,||B;;ll, under which this space is a Banach
space.

2. ON THE ALGEBRAIC OPERATOR EQUATION T™+ B, .T™ !
4+ +By=0

The first result of this section is a theorem which permit us to reduce the
degree of the algebraic operator equation (1.3) by application of annihilating
analytic operator functions of operators. We recall that finite-dimensional
operators and infinite-dimensional algebraic operators are annihilated by
polynomials, and for the classes pointed out in the introduction, their
operators are annihilated by different classes of analytic functions. Results of
this section can be regarded as a nontrivial generalization of some results of
[18] obtained for n = 2.

THEOREM 1.  Consider the operator equation

T™+B, T" '+ .- +B=0 (2.1)
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in L(H), and let c=maxy; m-1llBjll If T is a solution of (2.1) and
A2)=X,.0a,2" is an analytic function in the disc |z) <1+ 8, with ¢ <8,

such that f(T) = 0, then T satisfies the equation

C

m—1

T Y4+ C, T %4 --- +C,=0,
where

C,=YaW,;, 0<j<m-1,

nx0
and the operators W, ; are recurrently defined by the expressions

v, '=Wn—1,jfl_WnAl,m71B

n,j i’

[W0,0§--~§W0,m—1] = [O;...;O;I]

(2.2)

(2.3)

(2.4)

for n>1, 0<j<m-—1, and with the agreement that W, | _, =0 for

n>1.

Proof. Let T be a solution of (2.1) and let W(T') be the operator 7™ 1.

Then it follows that

T = Wy(T),
T"=~B,~BT~--- =B, \T" '=W(T),
T™*'= —~ BT—BT%—--- —B, ,Tm !
~B,_(-By-BT—---—B,_T")
S Byt (B - By )T W),

Tm+n~l =Wn(T),

Every operator W (T') is a polynomial in T of degree at most m — 1. In the
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following we prove that
WAT)=W,+W, T+ ---+W, T n>0. (2.5)
From the expression W (T) =W, _(T)T, it follows that
WAT)=(W,_yo+ - + W,y o T )T
=W, oI+ - +W,_,, T"!

W 1( By— -+ —B

m—1

Tm-l)
= _Wn—l,m—lBO +(Wn—l,0 _Wn—l,m—lBl)T+ t

+(Wn—l ‘W -1, m— 1 1)Tm L

,m—2

Considering the expression (2.5), one gets (2.4). Let C be the operator matrix

0 I 0 0
0 0 1 0
c=| : : : : . (2.6)
0 0 0 I
—Bo _Bl _Bz —Bm—l

Let C" —(C(")) for 1<i, jsm, n>1, and C,.‘]T') belonging to L(H). It is
easy to show that

Cm=CcHrd,  1<ism-1, 1<j<m,
(n) — (n—1) .
c Zl( B_)Cy7Y,  Igjsm. 2.7

From (2.7) it follows that

IC7II =, max (Z“C‘"’) max (ZHC‘;'>u+uc<">u)

Sjsm;i-) i=1

C I+
1<]<m(‘§1 ” t+]]||

i (—B,.,I)Ci(jn-l))

i=1

<(1+e)ic .
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Thus the operator series L, , oa,C" is convergent in L(H™). Moreover, from
the expression (2.6) it follows that

[Wn,O;"';Wn,m-l] = [Wn—l,O;"';Wn—l,mfl]C’
and recurrently one gets

(W, 05 sW, 1] =10;..501]C",  n>0. (2.8)

From (2.8) and the convergence of the operator series ¥, ., ,a,C", it follows
that X, oa W, (T) converges in L(H). Postmultiplying f(T)=%,, a,I"
=0; by T™1, it follows that

0= Z aﬂTm+nAl= Z aan(T)

nx0 nx0

=X an(ﬁZLWn,,-T’) =mil( ¥ aan,j)Ti

nz=0 j=0 j=0 *n=0

Thus, T satisfies the equation (2.2), with C; given by (2.3). ]

The next result is a converse of Theorem 1 and shows under which
conditions the solutions of the reduced equation of degree m — 1 are solutions
of the initial equation of degree m.

TuEOREM 2. Let C be the operator defined by (2.6), suppose that
I|B,|| < ¢ for 0 <i<m—1, let 8 be a real number such that 0 <c¢ <8 and let
fz)=X,.qa,2", be an analytic function in the disc |z| <1+ 8. Let the
operator matrix

C().m—l Cm‘l,mfl
$=f(C)= :
f( ) CO,l Crnfll
CO Cm—l

be such that

C,,_, is invertible (i)

m
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and
Co,m~1 Cl,m—2 Cm—2,m 1
001 C1,1 Cm—21
Cm I,m—1
= : Citi[CoresCris]. (ii)
Cm—l,l

Then any solution of the equation (2.2) is a solution of the equation (2.1).

Proof. From the hypothesis imposed on f it is clear that S= f(C) is
well defined. Let T be any solution of (2.2). From the hypothesis (i)-(ii) it
follows that

Cin=Cno14Cr2iC;y  O0<j<m—2, 1<shsm—1. (29)

Premultiplying the equation (2.2) by C,._, ,C,!, and substituting (2.9), it
follows that

Z Tl = O<h<m-—1. (2.10)

Considering f(C)C = Cf(C), equating the operators of the last row in the
two members of this equality, one gets

—C,1By=— BOCO,m—l - Blco,m-2 - T Bm~2C0,l - B, Gy,
Co—CoBi=— Bocl,m»l - Blcl,m—z -
_’Bm—zcl,l_ Bm—lcl’
Cm—2—Cm le l—-BCm 1,m-1 BCm 1,m-2"
——Bm¥2Cm’l,l_Bm lCm 1
From this, with the agreement that C_, =0,
Bm-IC]‘=Cm~lB Z m—h—1 ]h Cj—l (211)
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for 0 < j <m — 1. Premultiplying (2.2) by B,,_,, from (2.11) it follows that

m—1

;o B, ,CTi=0

m—1 m—1
Z (anlej— Z Bm—hAle,h*Cj\l)szo
i=0 h=1

m—1

Cm—lBO - Z BmfhflCO,h
h=1

m—1 m-—1
+ 3 (cm,lBj- Y Bm,,_lcj,h~cj_l)Ti=0. (2.12)
h=1

i=1

From (2.10) one gets C, , = — L7°}'C; , T/, 1 <h <m — 1, and substituting
these expressions into (2.12) ylelds

m—1
+ 2 C,_ BT

j=1

m-—1 m—1 )
CmleO - Z Bm¥h—l - Z Cj,hT]
h=1 j=1

m—1/m-1 m—1
=L G- L -

j=1

that is

m~1 m-—1
1By+ 2 C, BTI— ¥, C, \Ti=0 (2.13)

i=1 ji=1

Postmultiplying (2.2) by T and solving, it follows that C, ,T™
~Z75'C;_ T, and from (2.13) results

C. (By+BT+ ---+B, T '+T™)=0.
Premultiplying by C,,} ,, one concludes that 7 is a solution of (1.2). l

Remark 1. For the scalar case it is well known that an equation of the
type (1.2) has at most m different solutions in the complex plane. If we
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consider the equation (2.1) in L(H), H being a separable complex Hilbert
space, this does not occur. In fact, any nontrivial projection P on H satisfies
the second-degree equation T2 — T = 0. Moreover, notice that the coefficient
operators of this equation are B, =1, B, = —I; thus from the expression
(2.3), for any annihilating analytic function f, the reduced equation C\T + C,
= has coefficient operators which are scalar multiples of the identity
operator, but a nontrivial projection cannot be a scalar multiple of the
identity operator. An easy computation shows that taking f(z) =22 — z, the
coefficient operators are C,= C;=0. So our method yields in this case a
trivial equation, because the reduction is not possible.

In the finite-dimensional case, an effective reduction of the equation (2.1)
is available even when the operator C,,_, is singular, by using generalized
inverses [5, 27]. For the infinite-dimensional case, the generalized inverse
technique presents serious problems [3, 4], and in order to yield an effective
reduction of the degree of the equation we need the invertibility of the
operator C,, _,.

Let H; be a Hilbert space for i =1,2, and let L be the operator matrix
L =(L;;) where L;;: H;— H,, for i, j = 1,2. If we assume that the operator
L, is invertible, we can decompose the operator L in the following way:

L=[I L12L2‘21] Ly ~LpLy'Ly 0 [ | 0]_ (2.14)
0 hi 0 Loy || Los Loy I

Thus, as the first and the third factor in the decomposition (2.14) are
invertible operators, the invertibility of L is equivalent to the invertibility of
the operator K = L,; — L, L3'L,,. Notice that we denote Ly, =C,,_,, Ly,
=[C,,....C,_5), and

CO,m—l e Cm—2,m~l

§=f(C), L,= >

Cm—l,l

Then, hypotheses (i)~(ii) of Theorem 2 imply that S = f(C) is not invertible
and K = 0; in particular, if H is a n-dimensional complex Hilbert space, the
hypotheses (i) and (ii) of Theorem 2 are equivalent to the conditions that
C,. _1 is invertible and S has rank n.
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3. BOUNDARY-VALUE PROBLEMS AND CAUCHY PROBLEMS

We start this section with a definition. If {x;; 0<i<n—1}isasetof n
different complex numbers, then the Vandermonde determinant

1 1 1
X X Xn-1
detV(xg,....,x,_,)=|: :
n—1 n—1 n—1
X9 X T Xp

is nonzero, and thus the Vandermonde associated matrix is invertible. For the
operator case this does not occur, and we are interested in finding sufficient
conditions imposed on a set of operators X, X,,..., X,,_,, in order to ensure
that the Vandermonde operator of { X;; 0 < i< n — 1}, defined by

1 1 1

X0 X1 Xn—l
V(Xg,-o s Xoy) = | : S (3.1)

XXt X

is invertible. The Vandermonde operator (3.1) has been studied by several
authors in different contexts [10, 22]. Let us consider some examples.

ExampLE 1. Let n=2, and let X, X, be two different operators in
L(H). Then it follows that

V(Xo,X1)=[§<O ?Hé xlgxo][(l) ”

From this, V(X, X,) is invertible if and only if the operator X, — X,, is
invertible.

Let L =(L;;) for i, j = 1,2 be the operator matrix introduced in Remark
1 above. If we suppose that L, is invertible, we may decompose L in the
following way:

L= I 0|} Lu 0 I Lj'Ly 3.9
L,y 1 _ -1 . (3.2)
2111 0  Lg—LyLiyLig|lo I
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From (3.2) it follows that L is invertible if and only if the operator
K = Ly, — Ly L;)'L,, is invertible, because the first and the third factor of
the decomposition (3.2) are invertible operators. Moreover it is a straightfor-
ward matter to show that in this case one has

_ L1‘11(I + L12K*1L21L1*11) - L1—11L12K—1
- K_lelLl_ll K~

Lt (3.3)

Let { X,; 0 < i < 2} be a set of different operators in L{H) such that X, — X,
is invertible. Then if we denote

I
Ly, =V(X,, X,), L21=[X2,X12], Ly =X3, and Lm:[xz}’

taking into account (3.2), it follows that V(X,, X,, X,) is invertible if and
only if the following operator is invertible:

I

Xy

= X2 - X2[I+(X,~ Xo) " H(Xy— Xp)| + X2(X, ~ Xo) (X, - X,)

I+(X1—X0)hlxo _(Xl_xo)_1

K=X2-[x2 x| . g
_(XI_XO) 1Xo (XI_XO) !

=X§‘X(2)_(Xg_Xlz)(Xl"Xo)—l(Xo_Xz)- (3-4)

From (3.4) several different hypotheses can be imposed on X, X,, and X,
in order to obtain the invertibility of V(X,, X,, X,).

ExampLE 2. H X, X,=X,X,, X,X,=X,X,, X;—X,, X;—X,, and
X, — X, are invertible operators in L(H), then the Vandermonde operator
V(X,, X,, X,) is invertible, and its inverse operator is given by (3.3) with

I
L11=V(XO’X1)5 L22=Xg’ L21= [X(%’Xlz]’ lez[le,

and K= (X, - X }(X;— X)

The result is a consequence of (3.2), (3.3) and (3.4), because from
(3.4) and the hypothesis it follows that K= (X, + X )Xy~ Xo)+
(Xo + X )Xy — Xp) = (X5 — X )(Xy — Xp)
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Although the Vandermonde operator V(X,, X}, X;) may be invertible
with V(X,, X,) singular (an example is given in [10]), the following result
gives a sufficient condition in order to ensure the invertibility of the
Vandermonde operator V(X,,...,X,_;), n>3, under the hypothesis of
invertibility of V(X,,..., X, _3)-

ProrosiTioN 1. Consider a set of n different operators in L(H), { X;;
0 <i<n—1}. Then V(X,,..., X,,_) is invertible if the following conditions
are satisfied:

() V(X,,..., X, _y) is invertible.
(ii) The matrix

_ n—1
xg:}—[xg-l,...,x;;:;][V(xo,...,xn_z)]‘ . |=K (35)
X523
is invertible.

In this case, V(X,,..., X,_,) ' is given by (3.3), taking as K the operator
given in (3.5), L;;=V(X,,..., X, _y), Ly = [Xgil,..., X,’::é], L,,= X;’:},
and

Proof. The result is an easy consequence of (3.2), (3.3), and the follow -
ing decomposition of V(X,,..., X,,_;):

_ . _
Xn—l
V(Xo:-- ’Xn—Z) .
V(Xy,.- s X)) = - [ |
Xpt
[ x5 x| X
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Let us consider the Cauchy problem
XMWy A, X D4 oo +AX=0
X(0)=¢C,, X¥0)=C,,..., X" D0)=C,. (3.6)

Considering ¥, =X, Y,=X®,..., Y, = X®~D, the problem (3.6) is equiv-
alent to the Cauchy problem on L(H")

[ v
Y
YO | :

1
[

CO YI(O)
z - (3.7)
Cn -1 Yn(O)

Thus, if we denote by A the operator matrix of coefficients of (3.7), the
operator exp(A(t — s)) is a fundamental operator of (3.7) and the Cauchy
problem has only solution [22].

Let us consider the algebraic operator equation

X"+A, X'+ .- +A,=0 (3.8)

We say that a set {X; 0<i<n—1} of n different solutions of (3.8) is a
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fundamental set of solutions of (3.8) if the Vandermonde operator
V(Xg,..., X,,_,) defined by (3.1) is invertible. Note that an operator function
of the type X(t)=exp(Xyt)Dy+ --- +exp(X,_t)D,_,, for any set of
operators D;, 0 < i< n—1, is a solution of the differential equation arising in
(3.6) if X, satisfies (3.8) for 0 gign—~1.

The following result proves that if { X;; 0 <i<n—1} is a fundamental
set of solutions of (3.8), then any solution of (3.6) may be expressed in this
form.

TaeoreM 3. Let {X; 0<i<gn~1} be a fundamental set of solutions
of the equation (3.8), and let X be a solution of the operator differential
equation of (3.6). Then there are operators D,,..., D, _, in L(H), uniquely
determined by X, such that

n—1

X(t)= g exp(X;t) D,.

These operators are defined by the expression

D, X(0)
=[v(Xg,.... X,_ )] " : . (3.9)

Dn—l X(n*l)(o)

Proof. Given the solution X of the differential equation of (3.6), we use
the uniqueness property for the Cauchy problem (3.6) taking C, = X)(0), for
0 <i<n—1, and note that every expression Y- Jexp(X,t) D; satisfies the
corresponding differential equation for any operators D,,..., D, | belonging

to L(H). Thus, in order to prove the result, we must find operators D; in
L(H), for 0 <i<n—1, such that

D0+Dl+ +Dn,1=C()y

XDy + XD+ ---+X, _D,_,=C,,

Xy 'Dy+ Xy t+ -+ Xp7ID,  =C

n—1-

(3.10)
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Note that the system (3.10) obtained by successive differentiations of the
operator function W(t)=X"_lexp(X;t)D,, and imposing W)(0)=C, for
0 < i< n—1, is equivalent to the system

DO CO
V(Xq,... X, )| =|: (3.11)
Dn—l Cn-l

From the hypothesis the system (3.11) has only one solution, given by (3.9). B

ReEMark 2. Note that an explicit expression for the operators D,, for
0 <i<n—1,is available when V(X,,..., X,,_,) is invertible, by application
of Proposition 1 and Examples 1 and 2. Note also, that an equation of the
type (3.8) can be unsolvable, as we pointed out in the introduction; thus for
certain equations it is not possible to find a fundamental set of solutions.
Moreover, given a solvable equation, a set of n different solutions, n being
the degree of the equation, is not necessarily a fundamental set. For instance,
let us consider the operator differential equation X® — X =0. Then the
algebraic equation X2~ X =0, has the fundamental set of solutions {0, 1};
but if we consider two different projections P, and P, such that their ranges
satisfy {0} & range(P,) C range(F,) # H, then the solution set { P|, F,), is not
a fundamental set of solutions because of Example 1 and the fact that P, — P,
is not invertible in L(H).

The following result is concerned with the study of the next boundary-value
problem.

LemMma 1. Let {X; 0<i<n—1} bea fundamental set of solutions of
the equation (3.8), and let B, be an invertible operator such that B, X, = X B,
for 0 < i< n—1. Then the operator

Bo Bl Bn—l
Boxo Ble Bn'an~l
Z= . : .
BOXS_I leihl Bnllx::zll

is invertible in L(H").
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Proof. The result is a direct consequence of the commutativity hypothe-
sis and the following decomposition:

B, 0 0
0 B, - 0

Z=V(Xy,... X,_)| .. .- n
0 0 B,_,

The following result is concerned with the boundary-value problem
XMW4 A XODp ool 4+ AX=0,
X9(b,) - X9(0)=E,, 0<i<n-—1, b,>0, (3.12)

where E;, and A, are operators in L(H) and b; are real numbers, for
O<ign—1

THEOREM 4. Let {X,;; 0<i<n—1} be a fundamental set of solutions
of the equation (3.8) such that

2kmi

0<j<sn—1, (3.13)

where z; belongs to the spectrum o(X;) for 0<j<n—1, and k is any
integer. Then the boundary-value problem (3.12) has only one solution given
by X(t)=Xt_Jexp(X;t) D,, where the operators D,, for 0<i<n—1, are
determined by the expression

eXP(Xobo)_I eXP(anlbngx)'"I
D,
[eXP(Xobo)—I]Xo [exp(xn~lbn~l)_I]Xn\1 :
: : Dn'_l
[eXP(Xobo)“I]X(')H1 [exp(xn«lbn—l)-llxzii
E,
= (3.14)
E

n—1
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Proof. From Proposition 1, the general solution of the differential equa-
tion arising in (3.12) is given by W(t)=Xr_dexp(X;t)D;, for arbitrary
operators D, in L(H), for 0 < i < n — 1. Thus in order to obtain a solution of
the boundary-value problem (3.12), it is sufficient to find operators D, such
that the boundary conditions of (3.12) are satisfied. Imposing these condi-

tions on W(#), it follows that the operators D, must verify

n—1 n—1
Y exp(X,b)XID,— Y XjD,=E;, O<j<n-1. (3.15)
i=0 i=0

The system (3.15) coincides with (3.14). From the hypothesis (3.13) and the
spectral mapping theorem [9], the operators exp(X b)) -1 for0<jsn—1
are invertible, and it is clear that B; = exp(X ibj) — I satisties B;X ;= X B,
for 0 < j<n—1 From Lemma 1, the coefficient operator matrix of the
system (3.14) is invertible in L(H"), and thus there are operators D,, for
0 <i < n— 1, uniquely determined, such that X(¢)=X7"Jexp(X,t) D, is the
only solution of the problem (3.12). [ ]

Remark 3. In order to compute the operators D;,, 0=i=n—1, it is
necessary to compute the inverse of the coefficient operator matrix arising in
the system (3.14). A method for obtaining it is suggested in (3.2) and (3.3).
Thus an explicit expression for the operators D, in terms of the data and the
fundamental set of solutions is available.

In the following result we study a different boundary-value problem with
only one boundary condition and where only one solution of the algebraic
equation (3.8) is sufficient in order to obtain an explicit expression for the
solutions.

THEOREM 5. Let us consider the boundary-value problem
XMW+ A, X D4 .o+ AX=0
EX(b) - X(0)F =G, b>0, (3.16)

where E, F, and G are operators in L(H) and b is a positive real number.
Let X, be a solution of (3.8).

(i) If os(Eexp(Xyb))N o, (F) =9, then a solution of the problem (3.16)
is given by the operator function

X(¢) = exp(X,t) Dy, (3.17)
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where D, is a solution of the algebraic equation

Eexp(X,b)U~UF =G. (3.18)

(ii) If s(Eexp(X,b))Na(F)=2, and F is an algebraic operator annihi-

lated by the polynomial p(z)=2XJ_,p.z*, then a solution of the problem
(3.18) is given by (3.17), where D, is given by the expression

E nlEas(xin)]’|

q k
Y. ¥ p[Eexp(bX,)]’ 'GF* 7|, (3.19)
k=1j=1

Proof. For any operator D in L(H), it is clear that X(¢) = exp(Xyt)D
satisfies the differential equation arising in (3.16). This function X satisfies
the boundary condition of (3.16) if and only if D satisfies the equation (3.18).
From the hypothesis of (i) and Theorem 5 of [6], the equation (3.18) is
solvable. Thus (i) is proved.

(ii): Under the Rosenblum condition imposed in the hypothesis, the
equation (3.18) has only one solution. This solution is given by (3.19): see
[1], [29]. ]
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