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Abstract

We describe a decidable class of formulas in a first order timed logic based on a generalized
small model property: if a formula has a model then it has a model composed of a finite number of
ultimately repetitive models (“ultimate repetitiveness” is a generalization of “ultimate periodicity”).
This class covers a wide range of properties arising in the verification of real-time distributed systems
with metric time constraints. An important feature of this class is that it makes easy the description
of properties of parametric systems, in particularthose with real time parameters, with parametric
number of processes, and moreover, properties involving arithmetical operations. Another feature
of this class is important for the verification: if a formula is not true (in the context of verification
this means that one of the specifications under consideration is erroneous), then our algorithm gives
a quantifier-free description of all counter-modelsof this formula of the complexity involved in
the definition of the decidable class. Such counter-models facilitate the detection of errors in the
specifications. Earlier we described decidable classes of verification problems based on a small
model property. However, the ‘small models’ that we used were either finite, or similar to those
that are introduced in this paper, but without the possibility of treatment of systems with a parametric
number of processes.
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1. Introduction

There are two main approaches for treating the verification problem: model checking
and theorem proving.

The model checking approach3 replaces the initial problem by its model in terms of
a finite transition system, for example a timed automaton for real-time systems. This
model can be very precise for systems with simple structure and without parameters,
but can be far from the realistic system and laborious to construct for more complex
systems. The advantage of model checking is that many computer tools that can verify
the constructed models automatically were and are being developed. The model checking
approach uses temporal logics to represent requirements, and finite transition systems to
model the program to verify. Many known benchmark problems like clock synchronization
(even for a fixed number of clocks) [19], 15.3, are beyond the scope of the currently known
model checking methods.

The other pole of verification uses theorem provers.4 Theorem provers use very
expressive logic languages, so within this setting it is much easier to formalize verification
problems. Moreover, one can incorporate all essential features of the system to verify.
Arithmetical operations or parameters are alsoeasy to express. But this expressivity comes
at a high price — the proof search is done mainly by hand. There are many interesting
approaches to the automation of proof search but they are not yet sufficiently worked out
for the wide employment in practice.

The approach we develop [8] is aimed, in particular, at filling the gap between the
efficiency of model checking and the generality and expressiveness of theorem proving.
This gap can be filled by decision algorithms for classes of verification problems [8,7,17]
and by convenient methods of representation of heuristics (our examples of heuristics for
verification can be found in [14,16]); here we present results on decidable classes. This
approach can be seen as a part of a growing trend to reinforce model checking by logical
methods in order to achieve higher verification efficiency.

From thepoint of view of logic the verification problem is a problem of proving a
formula Φ of the form

(
ΦRuns → ΦRqrm

)
, whereΦRuns is a formula representing all

runs(executions) of the program under verification, andΦRqrm is a formula representing
the requirements on the functioning of the program (e.g., safety, liveness). In fact, the
formulaΦRunsis often a conjunction of two parts: one part, denoted byΦPrgr, describes the
runs themselves, and the other part, denoted byΦEnvr, describes the environment in which

3 There are many surveys on model checking; we mention just one: [2], which permits the reader to find many
others.

4 Among many theorem provers (e.g., see the web page on formal methods or that on theorem provers), PVS
and Isabelle/HOL appear most often in the verification literature; as an example of an interesting application we
can mention cryptographic protocol verification in [13].
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the program runs; we denote this part asΦEnvr. ThusΦRuns = (ΦPrgr ∧ ΦEnvr). Formula
ΦEnvr may describe, for example, the properties of input signals like particular form of
signals, delays of communications, reaction of controlled devices. We will call formulaΦ
a verification formula. In our context a run is viewed as a function fromtime to states that
gives the state of the program at each time instant. A program is an abstract state machine
(one can think about abstract state machines of Y. Gurevich [11] or otherones). Hence its
state at a given time instant is an interpretation of its vocabulary, and this interpretation is
finite. The whole run may be an infinite sequence of states.

Example 1. Suppose we have a distributed algorithm withN processes, and a property
R(t, p) that says that at momentt a particular event occurs in the processp. We can
express that “anR-event cannot be absent in the same process for a duration greater than
d” by the formula

∀ p¬ ∃ t ∃ t ′
(

(t ′ − t) > d ∧ ∀ τ ∈ [t, t ′) ¬ R(τ, p)
)
. (1)

This formula (1) is an example ofΦRqrm. �5

Describing runs of a program is a more laborious procedure; however, for a given
specification language this can be automated. To make such a representation practically
efficient, particular features of practical systems must be taken into account in this
procedure — but this is another question; see [5].

Both sets of specifications mentioned above, namely the requirements specification and
the program specification, canbe expressed in the logic that we study — First Order
Timed Logic (FOTL). Time may be continuous, and represented by reals, or discrete,
and represented by integers. Here we consider only continuous time. In many situations
continuous time is more adequate and easier to use when we start to write formal
specifications. For example, controllers are often specified using continuous time, one can
find continuous time in network protocol specifications etc. In our intuitive arguments we
often use continuous time. A more detailed discussion of algorithms with continuous time
can be found in the special issue ofFundamenta Informaticae, 2004, vol. 69.

Moreover, the algorithmics of continuoustime is simpler because of the choice of
underlying logical theories treating arithmetic operations over time. The known worst
case complexity bound for the theory of real addition is exponentially better than the one
for the theory of integer addition (Presburger arithmetic). For the theory of real addition
and multiplication (Tarski algebra) thesebounds, that are the same as for the theory of
real addition, are even ‘infinitely’ better than those for the theory of integer addition and
multiplication (formal arithmetics) that is undecidable.

FOTL turns to profit the quantifier elimination for the theories we use. This procedure
provides a quantifier-free description of counter-models (of a given complexity) when
the verification formula is not true — a property highly appreciated in the verification
domain, as a counter-model is a help in identifying errors. Moreover, if the verification

5 A white box� indicates the end of an example, definition, assumption, notation. A black box� indicates
the end of a proof.
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formula contains parameters for reals, this procedure returns a description of the scope of
parameters for which the formula is false (‘forbidden parameters’).

The decidable class of verification problems we consider here is based on the following
observations. The properties related to the functioning of a program, like safety or liveness,
are usually finitely refutable: if there is a counter-model for such a property then the
contradiction is concentrated on a small piece of this counter-model. InExample 1, if the
property (1) is false then there is a processp0 and two time instantst0 andt1 suchthat(

(t1 − t0) > d ∧ ∀ τ ∈ [t0, t1) ¬ R(τ, p0)
)
. (2)

So whatever the behavior of processes different from p0 or whatever the behavior ofp0 at
other time instants, the property will remain false. Hence, the ‘core’ of the counter-model
is concentrated on a piece of interpretation ofO(1) complexity.

A more complicated finiteness property concerns the behavior of a program. It is called
finite satisfiability. Its simpler version introduced in our previous papers (e.g., see [8]) looks
as follows. Take a run and some finite partial sub-run in it. Finite satisfiability means that
we can extend this partial sub-run to a total finite run with a controlled augmentation of
complexity.

In general this property is false even for rather simple timed systems, for example for
timed automata [1] as shown in [7]. However, for practical systems we often have this
property or the more general one introduced inthe presentpaper. This more general finite
satisfiability property deals with runs that have a finite description involving infinitely
many time intervals. It says that if we take a run and some finite partial sub-run in it then
we can extend this partial sub-run to a run consisting of ultimately repetitive pieces with a
controlled augmentation of complexity. This is the case for ourExample 1above and for
Example 7in Section 4.1. In these examples we cannot replace “ultimately repetitive” by
“finite”. All these examples concern systems that change their states ‘frequently’; in other
words, there is an upper bound on the length of time intervals where the functions remain
unchanged.

Combining the two properties, namely finite refutability and finite satisfiability, we
define a decidable class of implications

(
ΦRuns → ΦRqrm

)
, whereΦRuns is finitely

satisfiable andΦRqrm is finitely refutable.
A shortcoming of the approach is that the finiteness properties are undecidable in

general. Finite refutability is a typical property of safety, but is less evident for liveness.
Finite satisfiability may be hard to prove even for practical systems. For example, for usual
abstract specifications of practical cryptographic protocols it is a hard open question.

One can use our approach along the linesof bounded model checking. Recall that the
basic idea of bounded model checking is to checkthe requirements for runs whose length
is bounded by some integerk. It is feasible if the set of these runs of bounded length runs
is of reasonable size, or if we can use some symbolic representation of these runs. In some
cases we know that if there is a counter-model run, i.e., a run that does not satisfy the
requirements, then there exists such a run whose length is bounded by a constant known a
priori. This constant is called a completeness threshold [9,18]. Otherwise, we can increase
k until we can process the runs of lengthk in a feasible way, and stop when a counter-
model is found or the checking becomes unfeasible. In the latter case we have some partial
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verification. Our analog of such a procedure is to increase the complexity of models to
consider and to check whether there exists a counter-model of the chosen complexity.

Bounded model checking is being developed first of all as a practical tool which
accelerates symbolic model checking. Completeness threshold was estimated in cases
when the verification is a priori decidable, and the bounds found are very high. In our
setting we deal with logics for which the verification problem is undecidable in general,
and that are much more expressive than the logics used in model checking. Our notion of
bounded model is also much more general. So when we proceed, like in practical bounded
model checking, by increasing the complexity of models to try, we seek counter-models
in a much larger class. We are looking for new decidable classes in a way that can be
compared to the search for completeness threshold in bounded model checking. For the
concrete problems that we studied, the complexity bounds on models to consider are very
small, and thus the search for such models is feasible. Moreover, these concrete problems
are beyond the scope of model checking.

The structure of the paper is as follows.
In Section 2we describe FOTL (First Order Timed Logic) along the same lines as in

[8]. An example illustrates some aspects of formalization of timed systems in FOTL that
are relevant to the context of the present paper.

Section 3 contains definitions of interpretations6 of finite complexity. These
interpretations are chains of repetitive interpretations (Definition 9) in Section 3.2. Their
complexity is an essential parameter of the class of FOTL formulas that we consider.

In Section 4we introduce our small model properties, namely finite refutability and
finite satisfiability — we call them finiteness properties. Finite satisfiability is based on
chains of repetitive interpretations. The class of verification problems that we study is in-
troduced atthe end ofSection 4in Notation 7. The class consists of implications(Φ → Ψ ),
whereΦ is finitely satisfiable, andΨ is finitely refutable for a given complexity.

In Section 5weprove that for a given FOTL formula we can describe all counter-models
of a given complexity by a quantifier-free formula in a decidable theory. In this proof we
use the result of V. Weispfenning [20]. This implies the decidability of the class of FOTL
formulas mentioned above. Our proof is much simpler than the proof that we sketched in
[6] for a weaker class.

In the Conclusion section we discuss some open questions.

2. First Order Timed Logic (FOTL)

The starting idea of FOTL is to choose a decidable theory to treat arithmetics or other
concrete mathematical functions, and then to extend it by abstract functions of time that
are needed to specify the problems under consideration. In some way, the theory must
be minimal to be sufficient for a good expressivity. For the purposes of the present paper
we can take, as such an underlying theory of arithmetical operations, the theory of mixed

6 The term “model” is often used as a synonym for “interpretation” and “interpretation for which a formula is
true” (the latter is its ‘canonical’ usage). We used “model” in both senses above. However, in a more formal and
detailed context it is better to separate these meanings terminologically.
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real/integer addition with rational constants and unary multiplications by rational numbers.
This theory is known to be decidable [20].

Though we can consider either discrete time as non-negative integers or continuous time
as non-negative reals, we take for concreteness the case of continuous time — this choice
was discussed in the Introduction.

The vocabulary of a FOTL consists of a pre-interpreted (predefined) part and an abstract
part. The pre-interpreted part contains the mathematical functions that we wish to use. The
following definitions inNotation 1are pertinent to this part.

Notation 1.

• R is the set of reals,Z the set of integers, andN the set ofnatural numbers. Logical
purism requires that we denote the respective sorts by some other symbols — we choose
R for the sort of reals,Z for the sort of integers andN for the sort of natural numbers.
The inclusion relation among the above-mentioned sets is supposed to be true also for
sorts.

• T is the sort of time, interpreted as non-negative reals.
• Bool is the sort of Boolean values. The constants of this sort are{true, false}. They

must be declared in the vocabulary as functions of zero arity.
• Undef = {undef} will be used to represent values that can be referred to asundefined.

This sort often appears in application, and will appear in our examples. It is not used in
the description of our algorithm.

2.1. Syntax and semantics of FOTL

Syntax of FOTL

The vocabularyW of a FOTL consists of a set ofsorts, a set offunction symbolsand a
set ofpredicate symbols. A set of variables is attributed to each sort; these sets are disjoint.
The sorts listed inNotation 1are sorts by default, as are the corresponding constants (see
belowDefinition 1).

If a finite sort has a fixed cardinality it can be considered as pre-interpreted because
it is defined modulo notation for its elements. Interesting finite sorts are those whose
cardinality is not concrete, say, given by an abstract natural constant (or not given at all):
for example, the set of processes in a distributed algorithm. It is often convenient, without
loss of generality, to interpret such a sort as an initial segment of natural numbers.

The pre-interpreted functions of the vocabulary contain usual arithmetical operations
and relations, and usual Boolean operations. The equality relation= for all types of objects
is assumed to be in the vocabulary.

Remark 1. Other arithmetical functions can be added to the pre-interpreted part ofW. For
example, taking into account that we use thetheory of mixed real/integer addition [20], we
can add the integer part of a real, or additions modulo concrete natural numbers that are in
this theory. �

An abstract function(i.e. without any a priori fixed interpretation) or anabstract
predicatehas at most one time argument; see belowDefinition 1.
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Notation 2. The(sub)vocabulary of abstract functions and predicateswill be denotedV .

A vocabularyW being fixed, thenotion of termand that offormulaoverW are defined in
the usual fashion.

We summarizethe FOTL syntax considered in this paper as follows.

Definition 1 (FOTL Syntax). A FOTL syntax is defined by a vocabulary composed of:

• Sorts:
◦ Pre-interpreted sorts:

– Sortslisted inNotation 1: R, Z, N , T , Bool, Undef.
– A finite number of finite sorts of concrete cardinality:

S1 = {s1,1, . . . , s1,r1}, . . . , Sν = {s1,1, . . . , s1,rν }, wherer1, . . . , rν are concrete
natural numbers.

◦ Abstract sorts: a finite number of symbolsS1, . . . ,Sµ, maybe supplied with
abstract natural constantsκ1, . . . , κµ that denote their respective cardinalities (strictly
speaking, these constants must be declared below among the functions of the
vocabulary).

• Functions:
◦ Pre-interpreted functions:

– Constants: elements of finite sorts of known cardinality, in particular those
mentioned inNotation 1(i.e., true, false, undef), and integersZ (each of type
→ Z) and rational numbersQ (each of type→ R).

– Arithmetical operations: addition (+) and subtraction(−) of reals and integers.
– Arithmetical relations: usual order relations over reals and integers (=, <, ≤).
– Boolean operations: ∧, ∨, ¬.

◦ Abstract functions:
– Abstract constants: (function) symbols representing elements of sorts.
– Function symbols of typeT × X → S or X → S, whereX is a direct product of

finite sorts andS is an arbitrary sort (recall thatT is time).
– Predicate symbols of typeT × X → Bool or X → Bool, whereX is a direct

product of finite sorts. �

Semantics of FOTL

A priori, we impose no constraints on the admissible interpretations. Thus, the notions
of interpretation, model, satisfiability and validity are treated as in first order predicate
logic modulo the pre-interpreted part of the vocabulary. Thus,M |� F , M �|� F and
|� F , whereM is an interpretation andF is a formula, denote respectively thatM is a
model ofF , M is a counter-model ofF , andF is valid.

Note that an interpretation of a functionf of typeT × X → S describes a family of
temporal processes with values in the interpretation ofS parameterized bythe elements of
the interpretation ofX .

FOTL permitsone to describe rather directly (see [8,5]) the runs of basic timed Gurevich
Abstract State Machines (ASM) [10,11] (we usedthis type of ASM in [8].7 The runs

7 The word “basic” refers to ASMs of a very simple form; seeExample 2. However, theseASMs not only have
the power of general algorithms, but also they suffice to prove the ASM thesis [11].
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of timed parallel while-programs can be also represented in FOTL without excessive
complications.

2.2. Vocabulary of algorithm versus verification vocabulary

Though representing runs in FOTL is not the subject of this paper (this can be found in
[8]), we give some indications of how to do it in order to make the text more self-contained.
From the viewpoint of FOTL a program is an abstract state machine whose current state is
an interpretation of the vocabulary of the program. For simplicity, have in mind programs
constructed from assignments, conditional branchings and loops executed in parallel, and
without nestings of loops or branchings. A formalization of abstract state machines apt for
FOTL representation is, for example, the basic ASM mentioned above. This is illustrated
by Example 2below.

For concreteness we will speak about a basic ASM (no prior knowledge of the notion
of the ASM is needed). The vocabulary of a machine (this is our program or algorithm)
consists of sorts and functions divided into pre-interpreted and abstract ones. The sorts are
similar to the sorts of FOTL, and pre-interpreted sorts by default are the same, as are pre-
interpreted arithmetical functions. Among the pre-interpreted functions we have a function
CT :→ T that gives the value ofCurrentTime. As a function of time,CT is interpreted as
the identity. Abstract functions have no time argument because the program can see only
the time taken fromCT at discrete time instants. Similarly for the values of input functions
— theycan be captured only at discrete time instants.

Classification of functions

In examples and comments we will use some classification of the functions of
the vocabularies of algorithms. Functions may bestatic or dynamic. Static functions
are unchanged during the execution of the algorithm. Among them one findsabstract
constants. To get a runone must give them an interpretation. Dynamic functions are
changed during the execution. Some dynamic functions representinputs. For example,
current timeCT is an input by default. The inputs cannot be changed by the algorithm. The
other dynamic functions areinternal functions of the algorithm; the algorithm computes
them. In terms of the ASM, dynamic internal functions areupdatedby the algorithm.
The internal functions are further classified intooutput functions andauxiliary internal
functions. The input and output functions appear in the requirements specification. The
remaining ones are auxiliary. They are destined for the proper ‘kitchen’ of the algorithm.
Note that from the viewpoint of programming, a ‘variable’ of a program is treated in logic
as a‘nullary dynamic function’.

The semantics of an ASM is given by a definition of interpretations of the algorithm
vocabulary at any time instant. So one can guess that ‘timed versions’ of dynamic functions
should be used to do it.

Definition 2. Thetimed versionof a function f : X → S, whereX is a direct product of
sorts andS is any sort, isf ◦ : T × X → S. �
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Note that the logic used for the verification proof deals with all the sorts and functions
that appear in the requirements and in the algorithm. The functions of the algorithm used
in such a proof are represented by their timed versions.

Notation 3.

• fx, where f : T × X → S, stands forλt f (t, x), i.e. for the function obtained fromf
for a fixedx of typeX .

• σ− andσ+ denote respectively the left and the right ends of intervalσ . �

Example 2 (A Token Algorithm). The algorithm below consists of a finite setP of
processes; the cardinality ofP is given by an abstract natural constantN. An input signal
Passhas as its value an element ofP or undef. The constantundefsignifies the absence of
a signal.

We assume, as a constraint on the environment (a part ofΦEnvr mentioned in
Introduction), that:

– the signalPassis defined at isolated points;
– the time distance between two consecutive signals lies in an interval[α0, α1], where

0 < α0 < α1 are abstract real constants;
– two consecutive signals have different values.

Notice that these constraints can be expressed in FOTL (see below).
The algorithm controls a functionToken : P → Bool that says what process has the

token. Such a process must beunique.
Each process waits for a signal with its name. If such a signal arrives at a processp then

p checks whether the time distance betweenthe received signal and the previous one is in
a given time interval[d0, d1], 0 < d0 ≤ d1, and if this is the case,p takes off the token
from the process where it is located. To measure the distance between consecutive input
signals the processes share an auxiliary nullary functionLast.

Here is a more precise description of the algorithm.

Vocabulary of the algorithm

Sorts: sortsby default (T , R, Z, N , Bool, Undef), P (a set ofN ≥ 2 processes; we
distinguish the set of processesP mentioned above, and the sortP of processes).

Functions

Constants: constants by default (Q, Z, true, false, undef), N :→ N (abstract constant),
d0, d1 :→ T (two time instants mentioned above),p0 :→ P (arbitrary process).

Input functions: Pass:→ (P ∪ Undef) (recall thatCT :→ T is an input by default). Here
we use aunion of two sorts for the clarity of description. One can easily exclude it; see [8].

Internal functions: Token: P → Bool (output),Last :→ T (auxiliary).

Initial values(at time instant 0):Pass= undef, Token(p0) = true,
∀ q ∈ P(q �= p0 → Token(q) = false), Last= 0.
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Repeat
ForAll p ∈ P InParallelDo

If
(
Pass�= undef∧ Token(p)

)
Then [ Token(Pass) := F, Token(p) := ¬ F, Last := CT ]

EndForAll
EndRepeat

Fig. 1. Token algorithm.

Denote the formula(d0 ≤ (CT − Last) ≤ d1) by F. Theprogram is inFig. 1, where
an update likeToken(Pass) := F means thatToken(Pass) takes the(Boolean) value of
formulaF.

This program executes one infinite loopRepeat. Within this loop it executes
simultaneously in parallelIf-Then-operators (whose number is equal to the number of
processes). More precisely, the program checks all the guards (i.e., formulas betweenIf
and Then) and detects the first time instant when atleast one guard is true. Until this
instant the values of all the internal functions rest unchanged. If such a instantt is found
then the program executes, at this timet , simultaneously in parallel all the assignments
(that are called updates for the ASM) that stand afterThen (we put the updates executed
in parallel in square brackets).

If the updates are consistent then the values obtained take effect to the right oft . If the
updates are inconsistent then the run of the program is undefined aftert . There isanother
case when the run is undefined. Suppose that the run is defined up to an instantt0, there
are guards true att0, and the corresponding updates are consistent. Now the program tries
to detect the next instant greater thant0 where someguard is true. Imagine that there are
such time instants to theright of t0 but there isno such first instant. In this situation the run
is not defined aftert0.

Internal functions, i.e., functions computed by the program, are piecewise constant on
intervals closed to the right and open to theleft — recall that in the explanation above we
say that the new values of functions computed by the program take effectto the rightof
thepoint where the guards are true.

As mentioned above, in order to describe the functioning of this algorithm in a FOTL
we introduce timed versions of dynamic functions.

Theenvironmentis described by the properties of the input mentioned above (here we
write them down almost formally):

• For anytime instantt , if Pass◦(t) �= undef then for some real ε > 0 for any
τ ∈ (t − ε, t + ε) \ {t} the value of Pass◦(τ ) is undef.

• For anytime instantt , if Pass◦(t) = undef then for some real ε > 0 for any
τ ∈ (t − ε, t + ε) the value of Pass◦(τ ) is undef.

• For any two time instantst1 < t2 for which Pass◦ �= undefat t1 and att2 but undef for
τ ∈ (t1, t2), we have(t2 − t1) ∈ [α0, α1].

• For any two time instantst1 < t2 for which Pass◦ �= undefat t1 and att2 but undef for
τ ∈ (t1, t2), we havePass◦(t1) �= Pass◦(t2).
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In addition, the description of theenvironmentmay contain constraints on abstract
constantsd0, d1, α0, α1.

It is clear that these environment properties can be easily written as formulas of FOTL.
The initial conditioncan also be easily expressed in FOTL.
The most essential part of the runs description consists of the following propertiesΨi (t),

0 ≤ i ≤ 3, stated for an arbitrary timet :

• Ψ0(t) says that if all theguards are false att then all theguards are false in some
neighborhood oft .

• Ψ1(t) says that if a guard is true att then no guard is true in some neighborhood oft
exceptt itself.

• Ψ2(t) says that for any interval[t, t1), whereno guard is true, all the internal functions
preserve their values.

• Ψ3(t) describes the values of internal functions in the neighborhood oft in the case
whent is an instant where some guard is true. It says that if someguard is true att then
◦ the values of internal functions att are equal to their values beforet in some left

neighborhood oft ;
◦ theupdates made att hold on some interval(t, t1), t < t1 (this is a formula which, in

particular, describes the updates themselves);
◦ the values of internal functions that are not updated at the instantt remain unchanged

on [t, t1).

Finally, the runs are represented by the formula that is a conjunction of the environment
formulas, initial values formula and of∀ t

(
Ψ0(t) ∧ Ψ1(t) ∧ Ψ2(t) ∧ Ψ3(t)

)
. Formal

notation for these formulas can be found in [8,5].
It looks natural to formulate the requirements specifications on the functioning of the

program as follows:

• (Safety) At any time there are no two processes with a token:
∀ t ∀ p �= q ¬ (Token◦(t, p) ∧ Token◦(t, q)).

• (Liveness1) At any time at least one process has a token:
∀ t ∃ p Token◦(t, p).

• (Liveness2) The token changes its location within a duration that lies in interval
(β0, β1). Onecan make precise and formalize this property in various ways. We do not
formalize it sufficiently carefully here intentionally (seeExample 5). Using the notation
Token◦(σ, r )=d f ∀ τ (τ ∈ σ → Token◦(τ, r )), whereσ is a time interval, we formalize
it as

∀ t ∀ p
{[¬ Token◦(t, p) ∧ ∃ ε > 0

(
Token◦((t, t + ε), p)

)] →
∃ q ∃ t ′

[
(t + β0 ≤ t ′ ≤ t + β1) ∧ q �= p ∧ Token◦((t, t ′], p) ∧

∀ τ ∈ (t, t ′] (¬ Token◦(τ, q)
) ∧ ∃ ε > 0

(
Token◦((t ′, t ′ + ε), q)

)]}
. (3)

The formula in the first square brackets says thatToken◦p (we useNotation 3) has become
true immediately aftert . Then, says the second square brackets formula, there exists a time
instantt ′ that lies in[t + β0, t + β1] and a processq different from p suchthat Token◦p
remains true andToken◦q false on(t, t ′], and thenthe tokenpasses toq at timet ′. (We do
notexclude in this formulation the possibility that the token stays also atp.)
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Clearly the algorithm can satisfy these requirements under some constraints on the
parameters given as abstract constants (d0, d1, α0, α1, β0, β1). A good verification
procedure returns a description of forbidden values of the parameters and respective
counter-models for the verification formula.�

3. Interpretations of finite complexity

Here we introduce specific classes of interpretations of a finite complexity. These
interpretations play a key role in our decidability algorithm.

3.1. Piecewise interpretations and Uf -terms

Internal functions (seeSection 2.2) are computed by the algorithm and thus, strictly
speaking, are piecewise constant. However, their ‘physical’ interpretation may be of other
nature. For example, to represent a piece of linear functiona · t + b on an intervalσ , we
give two valuesa andb for the coefficients and two valuesσ− andσ+ for the interval (we
useNotation 3). And these values remain constantup to the instant when the algorithm
calculates the next linear piece of this function. But the ‘physical’ interpretation of this
function, that may be used in guards of the algorithm, is not constant — however, it is
described as a term of the vocabulary; for example, it may appear in a guard as term
(a · CT + b).

Definition 3 (U-FOTL). A U-FOTL is a FOTL extended in the following way. For every
abstract functionf of typeT × X → S there is associated a finite setU f of terms with
valuesof typeS constructed only from variables and pre-interpreted functions.�

The vocabulary of FOTL does not give many possibilities for constructing a term
U f ∈ U f . We will consider the following types of terms: first, those of the formz with
z being a variable for an abstract sort, ifS is an abstract sort; and second, the terms of
the forma0τ + a1λ + z, wherea0, a1 ∈ Q andτ , λ andz are real variables whose role
is defined as follows:τ is a time variable,λ is the left end of the interval on which we
consider our function, andz is a real parameter. We cannot considera0 anda1 as variables
because the inclusion of sortQ into our vocabulary destroys the decidability we wish to
ensure.

Notice that variablez in a terma0τ + a1λ + z may refer to abstract constants and
functions via equalities or inequalities that use this variable.

Assumption 1.

(A1). A U-FOTL is supposed to be fixed. So we speak about sorts, functions of this U-
FOTL and about interpretations of its vocabulary.

For technical simplicity we assume that:

(A2). The typesT × X → S of functions contain only one abstract sortX , not a direct
product (direct products can be treated as in [8]). �
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Definition 4. We will write U f of real type also asU f (τ, λ, z) to make the parameters
explicit. We say that fx is Uf -defined on an intervalζ by z0 ∈ R, if for t ∈ ζ the value
fx(t) is defined asfx(t) = U f (t, ζ−, z0) (we useNotation 3). �

Definition 5. A partition of T is a sequenceπ = (ζi )i∈N of non-empty disjoint intervals
such that:

• N is a prefix ofN,
• ⋃i∈N ζi = T ,
• ζ+

i = ζ−
i+1 for 0 ≤ i ≤ |N| − 1,

• ζ−
0 = 0, ζ+

k = ∞ if N is finite andk is its last element. �

3.2. Repetitive interpretations

We define the interpretations that will be used in the description of our decidable class
of formulas of FOTL.

Notation 4. Below we use the following abbreviations:
PI for partial interpretation; FPI for finite partial interpretation. �

Definition 6.

• For an abstract function f of typeT ×X → S and an interpretationX ∗ of X , a (finite)
partial interpretation f∗x∗ of fx∗ , where x∗ ∈ X ∗ , is given by
– a (finite) set ofdisjoint intervals

and for each interval by
– a termU f ∈ U f and by a value ofz to be put intoU f to define fx∗ on this interval.

This set of intervals is called thesupportof the (F)PI f ∗
x∗ .

• A FPI hascomplexity cif the number of intervals in its support isc. In the context of
several complexity parameters, that will be introduced later, we will call this complexity
interval complexity. �

Example 3. Fig. 2 shows a finite total model of complexity 4. The support of the
model consists of four intervals[0, 3), [3, 6), [6, 10), [10,∞). The terms that define the
interpretation are:(2

3τ − 2
3λ+z) for the firstinterval,z for the second one,(−1

4τ + 1
4λ+z)

for the third one, and again(2
3τ − 2

3λ + z) for the last one. These three terms constitute
the setUϕ. The values ofz are respectively 0, 1,−1 and−4. �

Definition 7.

• A (finite) partial interpretationof f : T × X → S is a subsetY∗ of an interpretation
X ∗ of X and a collection of (F)PIs, one for eachfy∗ , y∗ ∈ Y∗.

• A (finite) partial interpretationof vocabularyV is a collection of (F)PIs, one for each
abstract function ofV .

• A PI M′ of a function fx∗ is anextension of a PIM of fx∗ if every interval ofM is
contained in an interval ofM′, and the restriction of M′ on intervals ofM givesM.
In a similar way we define anextension of a PI of a vocabulary. �

Now we go to more general finitely definable interpretations.
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Fig. 2. Finite partial interpretation of complexity 4.

Definition 8.

• An interpretationM of fx∗ is ultimately repetitive of complexity candperiod h if it is
a finite interpretation with complexityc or it is a concatenation of a finite interpretation
of complexity c on someinterval, say[0, h0), followed by an interpretation of the
following ‘almost periodic’ structure:
◦ any interval Ii = [h0 + i · h, h0 + (i + 1) · h), i ≥ 0, is partitioned intoc consecutive

intervalsζi, j , 0 ≤ j ≤ (c− 1) suchthat|ζi, j | = |ζi+1, j | (that means that the partition
has a periodic structure starting fromh0).

◦ moreover, on eachζi, j the function fx∗ is defined by a U f, j (t, ζ
−
i, j , zj ) , where

U f, j ∈ U f and zj do not depend oni .
• The intervalsζi, j are calledperiod defining intervalsandIi is called adefining interval

of this ultimately repetitive interpretation.�

An ultimately repetitive interpretation of complexity 2 and period 2.5 is displayed in
Fig. 3, if we startwith ‘prefix2’ and go to infinity.

Ourmainnotion concerning interpretations of finite complexity is the following one.

Definition 9 (Chains of Repetitive Interpretations).

• A finite prefix of an ultimately repetitive interpretation of afx∗ is exact if its
end coincides with the end of one of its defining intervalsIi . Its complexity is
defined similarly to the complexity of ultimately repetitive interpretations (in fact, this
complexity is the maximum of the interval complexity of the prefix and of the interval
complexity of the period.)

• We say that an interpretation of afx∗ is achain of ultimately repetitive interpretations
with complexity(L, c) if it is a concatenation of at most(L − 1) finite exact prefixes of
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Fig. 3. An interpretation consisting of repetitive chains.

repetitive interpretations and of one infinite ultimately repetitive interpretation, each of
complexityc (seeFig. 3). We will sometimes refer toL aschain complexity. �

Example 4. Fig. 3 shows an interpretation of complexity(2, 3) of a functionϕ of time
with real values defined by terms from the finite set
Uϕ = {3τ −3λ+z, −2τ +λ+z, 0.5τ −0.5λ+z, z, −6τ +6λ+z, 4

3τ − 1
3λ+z}. On the

first interval “prefix1”, that is[0, 3
2), this interpretation is given by term 3τ − 3λ + z with

z = 0. On the next three intervals[3
2, 2), [2, 3) and[3, 4) it is defined by terms−2τ +λ+z

with z = 1, 0.5τ − 0.5 + λ + z with z = 0 andz with z = 1 respectively. The same three
terms define the interpretation on thenext three intervals, obtained from the just mentioned
ones by a shift by 2.5 to the right. The next two intervals[6.5, 8) and[8, 8.5) constitute
prefix2, whereϕ(τ) is definedby termz with z = −3

2) andby term−6τ + 6λ + z with
z = 0 respectively. Then a repetitive piece over two intervals goes on (the defining terms
with concretez and three repetitive pieces are shown inFig. 3). �

In Example 4the chain inFig. 3has complexity(2, 3).

Remark 2. Clearly, any chain of ultimately repetitive interpretations of a given complexity
is an ultimately repetitive interpretation whose complexity is higher in general: we take as
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a prefix of this ultimately repetitive interpretation the prefix of the chain up to the last
infinite repetitive part. This does not mean that we can deal only with ultimately repetitive
interpretations. In our context we have an infinite class of chains of ultimately repetitive
interpretations of agiven complexity. If we treat these chains as ultimately repetitive
interpretations, their complexity has no upper bound in general.�

Equivalence

To reduce the complexity of interpretations in spite of a possibly large amount of
elements in abstract sorts we introduce a notion of equivalence of interpretations, and on
this basis we will generalize the complexity measures for the PI of individualfx∗ . Given
an interpretation of the vocabulary, such an equivalence is defined over elements of the
interpretation of abstract sorts for eachf .

Assumption 2. Without loss of generality, an abstract sortX is interpreted as an initial
segmentX ∗ on natural numbers.

In Definitions 10–12 that follow,X ∗ stands for an interpretation of a sortX .

Definition 10.

• An equivalenceE over Y∗ ⊂ X ∗ is interval-wiseif its classes of equivalence are
intervals.

• An equivalenceE overY∗ is f -compatible if for any two elementsu∗, v∗ ∈ Y∗ the
equivalenceu∗Ev∗ implies that the functionsf ∗

u∗ and f ∗
v∗ are equal. �

Now we define the complexity of ultimately repetitive interpretations. We start with
partial interpretations and then go to total interpretations.

Definition 11 (Complexity of Finite Partial Interpretations).

• A PI of f over Y∗ ⊂ X ∗ is a FPI ofcomplexity(m, c) if there is an interval-wise
equivalenceE onY∗ with at mostm classes which isf -compatible, and such that each
f ∗
y∗ , y∗ ∈ Y∗, hascomplexityc (without loss of generality we assume that the partition

of time, the terms fromU f and parametersz that definef ∗
y∗ are the same for ally∗ of

the same equivalence class).
• A FPI of V of complexity(m, c) is a collection of FPIs with complexity(m, c), one for

each abstract function. A FPI of complexity(m, c) will be also called a(m, c)-PI.
• The parameterm will be sometimes calledequivalence complexity. �

Definition 12 (Complexity of Chains of Ultimately Repetitive Interpretations).

• An interpretation off overX ∗ is ultimately repetitive with complexity(m, c) if there is
an interval-wise equivalenceE on X ∗ with at mostm classes which isf -compatible,
and such that for each class, allf ∗

x∗ with x∗ in this class are ultimately repetitive with
complexityc.

• An interpretation of f overX ∗ is a chain of ultimately repetitive interpretations with
complexity(m, L, c) if there is an interval-wise equivalenceE onX ∗ with at mostm
classes, which is f -compatible and such that for any class, allf ∗

x∗ with x∗ in the class
are chains of ultimately repetitive interpretations with complexity(L, c).
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• An interpretation of V of complexity(m, L, c) is a collection of interpretations with
complexity(m, L, c), one for each abstract function.�

We introduce classes of interpretations used below, in particular, the class used in our
decidability result.

Notation 5.

• BelowK is a complexityof the form(m, c), andL is a complexityof the form(m, L, c).
• For a classC of interpretations we denote byC(κ) the set of interpretations in the class
C with complexityκ , whereκ has the form defined for this class of interpretations.

• UR is the class of ultimately repetitive interpretations.
• UR∗ is the class of chains of ultimately repetitive interpretations.
• UR∗(L,Λ), whereΛ ⊂ Q>0, is the set of interpretations fromUR∗ with complexity
L whose period lengths are fromΛ. (Recall that for a given ultimately repetitive
interpretation f ∗

x∗ , the period length is fixed, so the setΛ specifies possible period
lengths for interpretation of different functionsfx.)

• UR∗(Λ) is the union of all UR∗(L,Λ) overL. �

Remark 3. Remark 2implies thatUR = UR∗. But this is not the case for their sub-
classes of bounded complexity. We deal with the latter ones.

4. Small model properties

Our decidable class of formulas, in particular of verification formulas, will be described
in terms of finite refutability and finite satisfiability which are defined below.

4.1. Finite refutability and finite satisfiability

Recall that we fixed some FOTL (Assumption 1) so when we speak about a formula
then, by default, we mean a formula of this FOTL.

Definition 13 (Finite Refutability). A formula F is K-refutable if for every its counter-
modelM there exists aK-FPIM′ suchthatM is an extension ofM′, and any extension
of M′ to a total interpretation is a counter-model ofF . �

Speaking informally, finite refutability (with a given complexity) of a formula means
that any counter-model of this formula contains a piece of this complexity that concentrates
all the contradictions that determine the fact that the interpretation is a counter-model; so
any extension of this piece will be again a counter-model. Safety properties are usually
finitely refutable.

Example 5 (Continuation 1 ofExample2). (Safety) of Example 2 says “At any time
instant there are no two processes with a token”. A counter-model says that there is an
instantt0 with two concrete processesp and q with tokens, i.e., such thatp �= q and
Token◦(p, t0) andToken◦(q, t0). Clearly, any interpretation that contains this time instant
and these two processes with tokens is a counter-model. Here a PI, sufficient to ensure this
contradiction, has one time interval[t0, t0] and one class of equivalence that consists of the
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partial interpretations forp andq and maybe other processesr for which Token◦(r, t0) is
true. Hence, (Safety) is(1, 1)-refutable.

(Liveness1) says “At any instant at least one process has a token”. A negation of this
property says that there exists a instantt0 when no process has a token. In this counter-
model the interpretation of Token◦(p, t0) is the same for all processesp. Thus all these
interpretations can be put in the same equivalence class. (Liveness1) is(1, 1)-refutable.

(Liveness2) says “The token changes itslocation within a duration that lies in the
interval[β0, β1]”. To be precise we look at the formula for this liveness property.

A counter-model says that there existt0 and p0 such that Token◦p0
becomes true

immediately aftert0, and whatever be a time instantt ′ ∈ [t0 + β0, t0 + β1] and a process
q �= p0 we have the following implication:if Token◦p0

is true on(t0, t ′] andToken◦q is false
on (t0, t ′] then for anyε > 0 there isτ ∈ (t ′, t ′ + ε) whereToken◦q is again false.

If we consider interpretations ofToken◦r that are piecewise constant without
accumulation points (i.e., the set of ends ofmaximal intervals where the function is
constant does not have accumulationpoints) then in this counter-modelToken◦q is false
on (t0, t0 + β1]. Therefore, for this class of interpretations (Liveness2) is(2, 2)-refutable:
we have two classes of equivalence, one of{p0} and the other of{q : q �= p0}, and
a 2-interval PI for the first class and a 1-interval PI for the second one such that any
extension of this FRI gives a counter-model. However, in the formulation of theExample 2
we have to make precise the class of admissible interpretations, and that is why we said
in Example 2that the formulation of (Liveness2) wasnot elaborated sufficiently carefully.
One can express the same informal idea in a way that needs no reference to the class of
admissible interpretations, but this complicates the formulation.

Our observations show that we always have enough practical constraints to permit us
to formulate the requirements on functioning (e.g., safety, liveness) as finitely refutable
properties. �

Finite satisfiability, defined just below, is a notion that is, in some way, dual to finite
refutability. It represents the following property. If in amodelwe take any piece of a given
complexity (imagine that this piece is definedon some number of separated intervals), then
we can fill the gaps between these defined parts to get a total model whose complexity is
bounded as a function of the complexity of the given initial piece. This bounding function
is the augmentation function mentioned inNotation 6; it appears inDefinition 14below.
The main point is with what kind of interpretations we will fill the gaps.

Notation 6. By α we will denote a total computable function transforming a complexity
value of the form (m, c) into a complexity value of the form(m, c), when we speak
about classUR, or into a complexity value of the form(m, L, c), when we speak about
classUR∗. Such a function will serve as anaugmentationfunction in thenotion of finite
satisfiability below. �

Definition 14 (Finite Satisfiability).

• A formula F is (C, K)-satisfiable with augmentationα if for every K-FPI M
extendable to a model ofF there is an extensionM′ of M from C(α(K)) (we use
Notation 5) that is amodel ofF .
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Fig. 4. A model for the token algorithm and its finite sub-model.

• A formula F is C-satisfiable with augmentationα if for everyK, for every K-FPI M
extendable to a model ofF , there is anextension M′ of M from C(α(K)) that is a
model ofF . �

Remark 4. It is clear that we can speak about finite refutability or finite satisfiability of a
set of interpretations of a vocabulary. For example, finite refutability formulated above is a
property of the set of counter-models ofF . �

In Example 5all the properties of functioning (safety, liveness) are finitely refutable,
and it is easy to prove. This fact represents a general view on safety properties; for example,
a general definition of safety in [12] implies its finite refutability in some way. Conjunction
and disjunction preserve finite refutability, and one can give simple syntactic conditions
on formulas that ensure their finite refutability [17]. However, in the general case both
finiteness properties, namely finite refutability and finite satisfiability, are undecidable [7].

Notice that finite satisfiability is usually much harder to prove than finite refutability.
We illustrate this property by examples.

Example 6 (Continuation 2 ofExample2). Fig. 4shows a model for three processes, i.e.,
P is interpreted asP∗=d f {1, 2, 3} (we assume that the parameters of the token algorithm
are ‘well chosen’:α0 = d0, α1 = d1). The model defines four functions:Token◦1, Token◦2,
Token◦3, andPass◦. The values ofPass◦ not equal toundefare represented by bold points:
apoint on a linei says that at this instantPass◦ takes the valuei . The valuestrueof Token◦i
are displayed as bold intervals. This model is infinite and ‘irregular’ in the sense that time
distances between consecutive ‘defined’ values ofPass◦ vary.

In this model there is chosen a finite sub-model shown by rectangles. Continuous line
rectangles on linei choose a sub-model ofToken◦i . Threedashed line rectangles indicate
a sub-model ofPass◦. The sub-model forToken◦1, displayed by two rectangles, consists
of four intervals: two intervals, with valuesfalse and true, in the first rectangle, and
two intervals, with valuestrue and false, in the second one — four intervals in total.
Similarly, the sub-model ofToken◦2 has also complexity 4, and the sub-model ofToken◦3
has complexity 3. The sub-model ofPass◦ is constituted of five intervals in the first dashed
rectangle (with valuesundef, 2,undef, 1,undef) plus a similar five intervals in the second
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Fig. 5. Bounded complexity extension of the sub-model inFig. 4.

and the third dashed rectangles — 15 intervals in total. Hence, the complexity of the sub-
model is(3, 15), where the 3refers to the three equivalence classes of the setP∗.

Fig. 5 illustrates how to extend this finitesub-model to a total model of bounded
complexity (we do not try to minimize the complexity of the extension). In this example,
the partitions of time are almost the same for all functions, and the gaps between the
pieces of the given FPI are filled with ultimately periodic models (for the vocabulary of
this example, ultimately repetitive modelsare ultimately periodic because the values of
functions are from finite sets).

Consider the model ofPass◦ in Fig. 5 that extends the sub-model ofPassin Fig. 4. The
first prefix consists of five intervals (the last one in open to the right) with valuesundef, 2,
undef, 1,undef. Then there follows a periodic part that repeats three times a period defined
over four intervals with consecutive values 3,undef, 2,undef. Theperiod is repeated three
times, though we could repeat it four times. The second prefix, closed to the left and open
to the right, is more complex. It consists of consecutive intervals with values 3,undef, 2,
undef, 1, undef, 3, undef, 2, undef, 3, undef. In total wehave 12 intervals in this prefix.
The next periodic part is similar to the first one, it alternates values 2 and 1. After that there
is an infinite ultimately periodic part with a simpler prefix and a similar period.

Consider the extension of the sub-model ofToken◦1. The first prefix, closed to the
right, consists of two intervals whereToken◦1 is respectivelyfalse and true. The next
part, the first “finite periodic model” inFig. 5, can be treated as periodic with trivial
one interval periods whereToken◦1 is false (we can add this piece to the prefix; then it
will increase the complexity of the prefix). The second prefix consists of three intervals
with values ofToken◦1 equal to false, true, false respectively. Then there follow four
periods each consisting of two intervals with values ofToken◦1 equal tofalse and true
consecutively.

The extensions of sub-models ofToken◦2 and Token◦3 have periodic parts of the same
complexity; however their prefixes have higher complexity. The second prefix of the model
of Token◦2 in Fig. 5has complexity 5 (recall that it is left open).

Thus, the highest complexity is that of the second prefix of the model ofPass, namely,
12. That gives the total complexity of the finite model inFig. 5 equal to(3, 3, 12) (each
function model consist of three chains, there are three equivalence classes, and the highest
number of intervals to take into account is 12).�
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Fig. 6. An automaton which is not(UR, c)-satisfiable.

The nextExample 7shows that chains of ultimately repetitive interpretations are really
necessary.

Example 7 (A UR∗-Satisfiable but notUR-Satisfiable Formula). Consider the set of runs
of the timed automaton inFig. 6 (time automata were introduced in [1]). The state of
the automaton at timet is denoted byloc◦(t). The clocks arex and y. The expression
1 < y ≤ 2, {y} on the edge froms2 to s1 means that the transition froms2 to s1 is
fired at some instantτ0 when the value of clocky is in (1, 2], and thaty is reset to 0 at
τ0 (that means, to the left ofτ0 clock y grows up as(τ − τ0) until the next reset). The
other expressions are understood in a similar manner. To have compliance with the run
representation inExample 2(and in [8]) we suppose that, as functions of time, the states
are constant on intervals closed from the right and open from the left, and the clocks grow
up monotonically (with tangent 1) also on intervals of this type.

The set of runs of this automaton is described by some formula, but we will speak about
the set itself (seeRemark 4). Notice that here we do not have abstract sorts of unknown
cardinality, so there is no need to care about equivalences over abstract sorts. Therefore we
will measure the complexity of interpretation by one valuec for interpretations fromUR
and by two values(L, c) for interpretations fromUR∗.

We claim thatwhatever the augmentation functionα and complexity c ≥ 1 are, this set
of runs is not(UR, c)-satisfiable.

Suppose that this set of runs is(UR, c)-satisfiable with augmentationα for somec ≥ 1
andα. Let α(c) = N0, and assume, without loss of generality, thatN0 ≥ 1 (otherwise
we replaceN0 below by 1). Take any modelM representing the following behavior. The
automaton executes(N0 + 1) loops froms0 to s0 within (2N0 + 1) time units. After that
the automaton stands ins0 for some time (say, about1

2 time units), and thengoes tos1. At
the instantt0 = 2N0 + 3

2 the automaton is in the state (4):

loc◦(t0) = s1, x◦(t0) = 1

2
, y◦(t0) = 0. (4)

Thereafter the automaton switches froms1 to s2 and back tos1 within various durations
lying in (1, 2].

Take as a PI the sub-model with support{t0}. Its complexity is 1 and,hence, is not
greater thanc. Thus, due to our hypothesis, this PI can be extended to some modelM0 of
complexityN0. From (4) we see that any model must have to the left oft0 at leastN0 + 1
resets ofx. Indeed, in order to arrive att0 with x◦(t0) = 1

2 the automaton must leaves0
for s1 at time(2N0 + 1). Thetime distance between two consecutive resets ofx to 0 in an
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s0-to-s0 loop is strictly smaller than 2. Thus, it takes more thanN0 resetsto stay ats0 until
the time(2N0 + 1) to leaves0. But to the right of t0 any model is in states1 or s2. So the
part up to time instant(2N0 + 1) must be in the prefix of the ultimately periodic model.
Thus the complexity of any ultimately periodic model extending the chosen PI is greater
thanN0. Contradiction.

On the otherhand, one can see thatthe set of runs of the automaton inFig. 6 is UR∗-
satisfiable with some small augmentation that we will make precise below.

Indeed, take a numberH ∈ [3
2, 2) that we will use as the length of periods in ultimately

repetitive sub-models. In other words,Λ = {H } (seeNotation 5). Recall that each run
consists of three consecutive parts:

(i) A part where the state iss0, y grows up, andx is reset to 0 within time intervals
whose length is in(1, 2). This part can be partitioned intos0-to-s0 cycles. Each cycle is a
PI with support of the form(α, β] whose length is in(1, 2). On this intervalx◦(τ ) grows
up as(τ − α), the state iss0, andy◦(τ ) = τ .

(ii) A passage froms0 to s1, wherex starts to grow up without reset, andy is reset when
having arrived ats1. This part consists of one interval(α, β] without any constraint on the
length. On this intervaly continues to grow up as the identity, as in part (i),x◦(τ ) grows
up as(τ − α), and the state iss0.

(iii) An infinite loop that alternatess1 ands2, and resetsy to 0 within time intervals
whose lengths are in(1, 2]. In this partx grows up. This part can be partitioned intos1-
to-s1 cycles. Each cycle is a PI whose support has length in(1, 2]. This support can be
partitioned into two intervals(α, β] and(β, γ ] suchthat(β − α) > 1, the state on(α, β]
is s1, the state on(β, γ ] is s2, y◦(τ ) = τ − α for τ ∈ (α, γ ] andx◦(τ ) = (τ − α1) where
α1 is the last instant of the part (i).

Consider any runρ of the automaton and any finite sub-run (i.e., a PI)ρ0 of ρ. The
support ofρ0 consists of a finite set of disjoint intervals. Let the (interval) complexity of
ρ0 bec. If the instant 0 in not in the support ofρ0 we add it toρ0. Denote the obtained PI
by ρ1. The complexity of ρ1 is at mostc + 1.

Each intervalσ of the support ofρ1 belongs to one of the parts (i)–(iii). Moreover, if it
belongs to (i) or (iii) it is situated in a cycle mentioned in (i)–(iii). We extend each interval
σ in the following way, using the valuesof functionsloc◦, x◦ andy◦ from ρ: if σ belongs
to (i) or (iii) we extend it to the cycle in which it is situated; ifσ belongs to (ii) we extend
it to the whole support of (ii).

Denote the obtained PI byρ2. Its complexity is at most 2c+1 (the complexity augments
only for the intervals of the part (iii), but the interval containing 0 is not in part (iii)).

Now we start filling the gaps between the intervals of the support ofρ2. Recall that all
these intervals, except thefirst one, are open from the left and closed from the right.

Take any twoconsecutive intervalsσ1 andσ2 of the support ofρ2. Let t1 = σ+
1 and

t2 = σ−
2 . Thecase when the last gap goes to∞ is simpler, so we donot consider it now.

Assume thatt1 < t2, otherwise there is no gap.
Consider the most difficult case whenσ1 andσ2 are cycles of (iii). In this case both

pointst1 andt2 are points of reset ofy. Recall that the complexity of ones1-to-s1 cycle
is 2.

To fill the gap(t1, t2) we analyze the size of this gap.
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Notation: ν = ⌊ t2−t1
H

⌋
, δ = (t2 − t1) − νH . Notice that δ < H .

If ν = 0 then the gap is a cycle inρ, and we fill the gap by this cycle fromρ (in this
caseδ > 1).

Let ν ≥ 1. Two cases are possible.

Case 1: (H + δ) ≤ 2. We fill the gap by adding ones1-to-s1 cycle of length(H + δ)

starting att1 followed by(ν − 1) s1-to-s1 cycles of lengthH .

Case 2: 2 < (H + δ). The bounds onH and δ imply that (H + δ) < 4, and hence
1 < H+δ

2 < 2. We fill the gap by adding two cycles of lengthH+δ
2 followed by (ν − 2)

cycles of lengthH .

Hence, the gap is filled by an exact prefix of an ultimately periodic interpretation of
complexity at most 4.

Filling other gaps is simpler, and the filling is done also by exact prefixes of ultimately
periodic interpretations of complexity at most 4.

Putting this all together, we obtain the following augmentation of complexity. Take an
intervalσ of ρ1. Its complexity is 1. Letσ1 be the cycle or part (ii) in which σ wasput in
when we constructedρ2. The complexity of σ1 is at most2. Gluingσ1 with the exact prefix
of the ultimately periodic interpretation which fills the gap to its right gives an exact prefix
of an ultimately periodic interpretation of complexity at most 6.

Thus each ofc + 1 intervals ofρ is transformed into an exact prefix of an ultimately
periodic interpretation of complexity at most 6. The last gap can be filled by an ultimately
periodic interpretation of complexity 2.

Hence, the augmentation function is(c + 1, 6). �

Examples 6and7 show that the notion of a chain of ultimately repetitive interpretations
is more useful than the notion of ultimately repetitive interpretation.

The finiteness properties introduced above permit us to describe our class of formulas
such that the validity of closed ones is decidable, and for any formula we can effectively
describe its counter-models of a given complexity as a quantifier-free formula in a theory
with ‘good’ algorithmic properties (theoryL ′′ below). The class is motivated by the
verification problem; that is why it consists of implications that tacitly refer to the structure
of verification formulas explained in the Introduction.

Notation 7 (Class V E RI F(Λ,K, α) of FOTL formulas).

• Ch=d f UR∗(h · Λ), whereh is a realnumber,Λ is afinite set of rational numbers and
h · Λ is the set of reals of the formh · λ with λ ∈ Λ.

• V E RI Fh(Λ,K, α) is the class of FOTL formulas of the form(Φ → Ψ ), whereformula
Ψ isK-refutable andΦ is (Ch, K)-satisfiable with augmentationα.

• V E RI F(Λ,K, α) = ⋃
h∈R>0

V E RI Fh(Λ,K, α). �

Notice thatour description ofV E RI F(Λ,K, α) admits not closed formulas in the class.
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5. Decidability and quantifier-free description of counter-models

The following result given by V. Weispfenning will be used in our proofs.

V. Weispfenning’s quantifier elimination theorem

In [20] V. Weispfenning gives a quantifier elimination procedure for the theoryL ′′ with
mixedvariables, namely variables over reals and variables over integers. The vocabulary
of L ′′ consists of the two just-mentioned sorts: reals and integers, rational numbers as
constants, (binary) addition, scalar (unary) multiplication by rational numbers, integer part
� �, congruences≡n modulo concrete natural numbersn. We consider the vocabulary
without congruences as the latter can be eliminated; see [20]. The first part of the
Corollary 3.4 of [20] states:

Proposition 8 (V. Weispfenning). There is an algorithm assigning to a given L′′-formula
Φ a quantifier-free L′′-formula that is equivalent toΦ.

The theoryL ′′ is used to formulate our main result:

Theorem 9 (Main Theorem). Given a complexity K, acomputable augmentation function
α and a finite set of positive rational numbersΛ ⊂ Q>0, the validity of (closed) formulas
from V E RI F(Λ,K, α) is decidable. Moreover, for any formula of this class, its counter-
models of complexityα(K) can be described by a quantifier-free L′′-formula.

Theorem 12below gives precisions on the role ofh in this description (h is a parameter of
V E RI Fh(Λ,K, α) — seeNotation 7).

Theorem 9will be proven in this section, and the proof usesProposition 8.

5.1. Starting observation and some precisions of the Main Theorem

Our algorithm, that produces a quantifier-free description of counter-models of a given
complexity and gives a decidability procedure, starts from the following observation:

Proposition 10. A formula from V E RI Fh(Λ,K, α) has a counter-model if and only if it
has a counter-model of complexityα(K) in Ch.

Proof. Suppose that a formulaF = (Φ → Ψ ) from V E RI Fh(Λ,K, α) has a counter-
modelM. ThisM is a counter-model ofΨ and a model ofΦ. K-refutability of Ψ means
that there is a restrictionM1 of complexity K of M whose all extensions are counter-
models ofΨ . ThepremiseΦ is (Ch, K)-satisfiable with augmentationα. Thus,M1 can
be extended to a model ofΦ from Ch with complexityα(K). This extension remains a
counter-model ofΨ . Hence it is a counter-model ofF . �

Corollary 11. Suppose that the existence of h and of a counter-model of a fixed complexity
α(K) from Ch is decidable for closed FOTL formulas. Then the validity of formulas from
V E RI F(Λ,K, α) is decidable: such a formula has a counter-model if and only if it has a
counter-model of complexityα(K) in Ch for some computable h.

Hence, the problem of decidability is reduced to the decidability of the existence of a
(counter-)model of a given complexity. In order to give a procedure that builds a quantifier-
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free description of counter-models (of a given complexity), we will proveTheorem 12. In
the formulation of this theorem we treat classCh of interpretations as a parametric class
with parameterh. If we fix a complexity of models to consider, then for a given formula
such a model may exist for someh and may not exist for other ones.

Theorem 12. Given a FOTL formulaF and a complexityL, one can construct a
quantifier-free L′′-formula that describes all h and all repetitive models (we mean chains
of ultimately repetitive interpretations) of F of complexityL in Ch.

Corollary 13. The existence of h for which there is a model of complexityL in Ch for a
formula F, or the existence of a model of F of complexityL for a concrete h, is decidable.

Hereafter we prove Theorem12.

For technical simplicity we introduceAssumptions 3and4.

Assumption 3. Each setU f contains only one term that will be denoted asU f

(generalization to setsU f with several elements is straightforward).�

Let F be a an FOTL formula, and let a bound on the complexity of ultimately repetitive
models be given.

Assumption 4. Without loss of generality we assume that formulaF does not have
abstract constants (clearly, they can be replaced by variables). This is done just to permit us
to use the word “variable” and not “variable or abstract constant”. Thus, “constant” means
“pre-interpretedconstant” below. �

5.2. Elimination of abstract functions

To start with, we transformF to an equivalent formula with simpleatomic sub-formulas.

Simplification of atomic formulas

Predicates will be treated as functions with Boolean values.
We replace time variables by real variables.
By adding some new (quantified) variables we can reduce all atomic formulas to

arithmetic inequalities or equalities of the forms:

• (AF1) a0 · t0 + · · · + an−1 · tn−1 + an ω 0, wherea1, . . . , an ∈ Q, t1, . . . , tn are real
variables andω is an arithmetic order relation from (=, <, ≤, . . .);

• (AF2) u = f (x, v) where f is an abstract function andu, x andv are variables or
constants.

The transformations that achieve these forms are standard ones, for example,

τ = a1 · η1 + · · · + am · ηm ↔

∀τ ′
1 . . .∀τ ′

m

(
m∧

i=1

τ ′
i = ηi → τ = a1 · τ ′

1 + · · · + am · τ ′
m

)
,

whereηi are terms,τ , τ ′
i are variables anda1, . . . , an ∈ Q.
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Suppose that formulaF has been transformed to an equivalent one with atomic formulas
(AF1) and (AF2) mentioned above.Denote the formula obtained as F0.

Assumption 5. To avoid minor but tedious technical difficultieswe will describe our
procedure forUR-models. It will be clear that the case ofUR∗-models needs only one
more index for the variables described in (RM2)–(RM5) below in order to represent the
chain complexityL. SeealsoRemark 7.

Thus,the complexity under consideration has the form(m, c), wherem is thenumber
of equivalence classes of abstract parameters of functions ofF0, andc is the number of
time intervals to take into account.�

Recall thatthe lengths of repetitive parts are of the form h· λ with λ ∈ Λ.

Remark 5. Our method works also for the case when all the lengths are known rational
numbers (corresponds toh = 1) — this case is simpler than the case whenh is a parameter.
The method does not work for the mixed case, that is for the case when some lengths
are known and the others are rational multiples ofh. Actually, in this latter case, our
transformations lead to a formula which contains binary mixed products (i.e., of a real
variable and an integer one) that we cannot eliminate.�

Description of partitions

A repetitive model ofF0 of complexity (m, c) will be, first, described in a theory that
extends a theoryL ′′ of mixed addition mentioned above. This description will contain
many variables that refer to various partitions, intervals, values of functions. The existence
of such a model can be described by a formula that existentially quantifies these variables.

Assumption 6. For technical simplicity we assume that all the intervals we consider are
of the form[a, b) with a < b. The general case can be covered by introducing Boolean
variables that say for each end whether it belongs to the interval or not.�

A repetitive model of a given complexity(m, c) can be described along the following
lines (“RM” comes from “Repetitive Model”) that explains the parameters (variables) we
use:

(RM1) A positive realh (it definesCh).
(RM2) For each abstract sortX we define its interpretation as an initial interval[0, MX −1]

of N, MX ≥ 1.
(RM3) For any abstract functionf : T × X f → S f natural number variables

M f,0 = 0 ≤ M f,1 ≤ · · · ≤ M f,m−1 ≤ M f,m = MX f − 1

give a partition of the interpretation ofX f into m classes. Fork = 1, . . . , m − 1
thekth class is the set of naturalsn ∈ [M f,k−1, M f,k), and the last class is the set
of naturalsn ∈ [M f,m−1, M f,m] (note that this partition may say that the number
of classes is not greater thanm, i.e., the classes are not necessarily non-empty).

(RM4) For any abstract functionf andk ∈ [0, MX f − 1] a variableh f,k stands for the
length of repetitive intervals off for its k-th equivalence class;it just symbolizes
h ·λ f,k, λ f,k ∈ Λ. For technical convenience (to be ableto formally quantify them)
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we treat theseh f,k andλ f,k as variables whose domain is an explicitly given finite
set.

(RM5) For any abstract functionf and itskth equivalence class we introduce:
(RM5.1) An initial interval [0, H f,k), i.e., the prefix of the model off , andits

partition into c subintervals that are described by points
H f,k,0 = 0 < H f,k,1 < · · · < H f,k,c−1 < H f,k,c = H f,k

and by a list(Z f,k, j )0≤ j <c of parameters to be put in place ofz in U f to
define an interpretation off on interval[H f,k, j , H f,k, j +1).

(RM5.2) A partition of [0, h f,k) (i.e., of the period of f for its kth equivalence
class) intoc intervals is described by points

0 < h f,k,1 < · · · < h f,k,c−1 < h f,k,c = h f,k

and by a list (zf,k, j )0≤ j <c of parameters ofU f , as just above. For the
beginningsof intervals of periods involved in the definition off in terms
of U f we introduce the followingnotation:

α f,k,i, j =d f [H f,k + i · h f,k + h f,k, j , H f,k + i · h f,k + h f,k, j +1).

Notice that this is the place wherethere appear mixed binary products
i · h f,k = i · h · λ f,k (see (RM4)) of an integer variablei and of a
real variableh. These products will be eliminated — see formula (7) and
thereafter.

The variables introduced above permit us to represent abstract functionsf in terms of
U f and thus, to eliminate them — see below.

Remark 6. Assumption 3limits the number of terms inU f to one. The general case
demands to add one more variable over the finite set of names ofU f in U f that identify
eachU f . �

Arithmetical description of abstract functions

Recall that the atomic formulas are of the formf (t, x) = v, wherex is a variable over
X f , t is a variable overR (time was eliminated) andv is a variable overR, X or a finite
sort of a concrete cardinality likeBool. Note that any ofx or t can be dummy. On the other
hand, there is no need to consider formulas wherex is a pre-defined abstract sort. Actually
if this is the case, then this sort is of known cardinality, say,κ , and wecan replacefx by
κ functions. However, variablev of a pre-defined sort is necessary to treat, for example,
predicates. For predicates,Boolwill be represented, as any other abstract sort, by an initial
segment of natural numbers; that is,Boolbecomes{0, 1}.

The elimination of abstract functions is done as follows. In formulaF0 replace each
occurrence of atomic formulaf (t, x) = v by (the symbols with indices used below are
just variables — their role was explained above in (RM2)–(RM5); in particular, intervals
α were introduced in (RM5.2))∧

0≤k<m

∧
0≤ j <s

[ (
M f,k ≤ x < M f,k+1 ∧ t ∈ [H f,k, j , H f,k, j +1)

)

→ U f (t, H f,k, j , Z f,k, j ) = v
]
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∧
∧

0≤k<m

∧
0≤ j <s

∀ i
[ (

M f,k ≤ x < M f,k+1 ∧ t ∈ α f,k,i, j
)

→ U f (t, α
−
f,k,i, j , zf,k, j ) = v

]
. (5)

Formula (5) consists of two parts; the first part describes the prefix of ultimately repetitive
model, and the second part describes the period (recall thatα− denotes the left end of
intervalα; seeNotation 3).

Remark 7. Due to Assumption 5we consider the existence of a model constituted
by ultimately repetitive interpretations. In the general case, when the model under
consideration consists of chains of ultimately repetitive interpretations, some quantifiers
∀ i in (5) will be bounded by constraints of the formi ≤ Nl , whereNl is an abstract
variable bounding the number of periods in thel th exact prefix of the ultimately repetitive
interpretation under consideration. We will see below that these constraints do not interfere
will our transformations of variables that play the central role in our reductions.�

We finalize theprocedure inNotation 8:

Notation 8.

• F1 is the formulaobtained fromF0 after the transformations of atomic formulas
according to (5).

• Π is the list of all variables mentioned above in (RM2)–(RM5) except h, i.e. M f,k,
H f,k, j , h f,k, j , Z f,k, j , zf,k, j andh f,k for 0 ≤ k < m, 0 ≤ j < s and all abstract dynamic
f .

• B is a conjunction of the inequalities mentioned above in (RM2)–(RM5).

• G is the formula(B ∧ F1) that hash andΠ as free variables.

Proposition 14. The sets of ultimately repetitive models of complexity(m, c) of formulas
F and G are the same.

Proof. The proof is just a verification that all the transformations, in particular the
elimination of abstract sorts and functions, are correct. Intuitively it is clear; a detailed
proof may follow the lines of the proof of Lemma 3 from [8]. �

5.3. Quantifierelimination

The formulaG is not yet aL ′′-formula because of subformulast ∈ α f,k,i, j and some
of subformulasU f (t, α

−
f,k,i, j , zf,k, j ) = v in (5); these subformulas have mixed binary

multiplications i · h f,k = i · h · λ f,k :

H f,k + i · h f,k + h f,k, j ≤ t < H f,k + i · h f,k + h f,k, j +1, (6)

ξ0 · t + ξ1 · (H f,k + i · h f,k + h f,k, j ) + z = v. (7)

All the other atoms are of the form

u = v (8)
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with u andv being natural numbers or variables representing elements of abstract sorts, or
of the form

a1 · z1 + · · · + an · zn ω c (9)

with ai , c ∈ Q, andzj being real variables, andω ∈ {=,<,>,≤,≥}.
Note thatt from (6)–(7), as well ash, may beamongzj of (9). On the other hand, the

natural number variables from (8) arenot involved in any arithmetical terms and do not
mix with variables for reals or withi from (7).

Divide all terms in inequalities (6)–(7) and (9) by h. Denote the formula obtained by
G0. Underline thath > 0 is common for the whole formula. The bijectionz ↔ z

h preserves
the order relations over reals and commutes with the operations over reals that we use.

Transform formulaG0 in the following way. Replace expressions of the formzh , where
z is a variable, bynew variables. Denote the formula obtained byG1. Clearly, the bijection
z ↔ z

h gives a bijection between sets of models ofG0 and ofG1. So a description of mod-
els of one formula can be easily transformed into a description of models of the other one.

FormulaG1 has atoms of the form (8) andof the form

a · i + a1 · z1 + a2 · z2 + · · · + c

h
ω 0, (10)

wherea, a1, a2, . . . , c ∈ Q, i is an integer variable and the other symbols stand for real
variables. Note that all the occurrences ofh in G1 are of the formc

h .

Now replace1
h by a new variable. Denote the formula obtained byG2. This G2 is a

L ′′-formula, and its set of models is bijective to the set of models ofG1 (due to bijection
1
h ↔ h).

After elimination of quantifiers inG2 (Proposition 8), we get a quantifier-freeL ′′-
formula describing all models ofG2 of bounded complexity(m, c).

This conclusion andProposition 14proveTheorem 12. �

Togetherwith Proposition 10, Theorem 12givesTheorem 9.

Remark 8. Strictly speaking our quantifier-free description of models is done in terms of
1
h , noth. This means that in such a description we may have something likeu + v

h + 2 > 0
if we come back to initial variables. Some expressions may even involve integer parts
(see [20]). However, we can, for example, find a concrete solution of a system of such
inequalities (even with integer parts) within a realistic complexity. This question is beyond
of the scope of this paper.

Complexity of the decision procedure

The complexity of the decision procedure is determined by the complexity of
Weispfenning’s quantifier elimination and by the complexity of our reductions. The worst
case complexity of Weispfenning’s quantifier elimination is the same as the complexity

of the decision procedure for Presburger arithmetics, i.e. 2l n
O(a)

, wherel is the length of
the formula (assumed to be in a prenex form), n is the number of variables anda is the
number of blocks of alternating quantifiers. Our reductions addO(α(k)|V |) variables and
(together with transforming the formula into a prenex form with the quantifier-free part
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in disjunctive normal form) augment the sizeof the initial formula exponentially in the
general case. However, the worst case complexity can hardly appear in practice — the
known proofs of high lower bounds are based on very artificial diagonal constructions (see
[15] for arguments).

The method based on finiteness properties has been successfully applied to two
benchmark problems, namely the Generalized Railroad Crossing Problem [3] and the
Root Contention Protocol [4]. Both problems were treated with the ‘maximum’ number of
parameters. These applications do not demand repetitive models. However, their feasibility
gives hope that not too complex repetitive models can also be feasible. In other words, the
complexity of verification of practical problems may not be so high.

6. Conclusion

The method of the paper permits us, at least in theory, to analyze the correctness of
real-time programs of certain types that are beyond the scope of model checking methods
known so far. This does not mean that our method can replace model checking — if the
latter is applicable, it usually performs better.

A justified application of the decision procedure to a verification problem requires us
to prove that this problem isin our decidable class. Such a proof may be hard to find.
However, we can apply the method along the lines of bounded model checking as we
mentioned in the Introduction. Notice that many errors can be usually revealed by counter-
models of small complexity.

The scope of practical application of the method presented in the paper is not yet
well defined. More theoretical and experimental studies are needed. Important theoretical
questions include:

(1) A more efficient quantifierelimination procedure aimed at verification formulas.
The verification formulas have many particular features that may help us to
develop quantifier elimination procedures that would be faster for these formulas
than the existing ones. These formulas have no complex arithmetical expressions,
the inequalities involved are rather simple, and the quantifiers have relatively
simple and small scopes.

(2) Another way of improving the efficiency may lie in a ‘better’ representation of
runs of controllers and protocols in terms of FOTL formulas. We are interested in
the verification of very specific algorithms with relatively simple structure. A first
step in this direction was taken in [5,7].

(3) The previous question is related to the problem of describing simply verifiable
sufficient conditions for finite satisfiability of practical algorithms (in general,
the finiteness properties are undecidable; see [7]). This question is conceptually
difficult and needs a serious analysisof concrete practical algorithms.
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