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We show that, by using recently developed exact resummation techniques based on the extension of the
methods of Yennie, Frautschi and Suura to Feynman'’s formulation of Einstein’s theory, we get quantum field
theoretic descriptions for the UV fixed-point behaviors of the dimensionless gravitational and cosmological
constants postulated by Weinberg. Connecting our work to the attendant phenomenological asymptotic
safety analysis of Planck scale cosmology by Bonanno and Reuter, we estimate the value of the cosmological
constant A. We find the encouraging estimate p, = Sﬂ"GN ~(24x1073 eV)4. While this numerical value is
close to recent experimental observations, we caution the reader that the estimate involves a number of model
parameters that still possess significant levels of uncertainty, such as the value of the transition time between
the Planck scale cosmology era and the Friedmann-Robertson-Walker radiation dominated era, where our
current understanding allows for at least two orders of magnitude in its uncertainty and this would change
our estimate of p, by at least four orders of magnitude. We discuss such theoretical uncertainties as well.
We show why GUT and EW scale vacuum energies from spontaneous symmetry breaking are suppressed in
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our approach to the estimation of p, . As a bonus, we show how our estimate constrains susy GUTS.
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1. Introduction

In Ref. [1], Weinberg suggested that the general theory of relativ-
ity may have a non-trivial UV fixed point, with a finite dimensional
critical surface in the UV limit, so that it would be asymptotically safe
with an S-matrix that depends on only a finite number of observable
parameters. In Refs. [2-7], strong evidence has been calculated us-
ing Wilsonian [8] field-space exact renormalization group methods
to support Weinberg’s asymptotic safety hypothesis for the Einstein-
Hilbert theory. As we review briefly below, in a parallel but indepen-
dent development [9-18], we have shown [19] that the extension of
the amplitude-based, exact resummation theory of Refs. [20,21] to
the Einstein-Hilbert theory leads to UV-fixed-point behavior for the
dimensionless gravitational and cosmological constants, but with the
added bonus that the resummed theory is actually UV finite when
expanded in the resummed propagators and vertices to any finite or-
der in the respective improved loop expansion. We have called the
resummed theory resummed quantum gravity. More recently, more
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evidence for Weinberg's asymptotic safety behavior has been cal-
culated using causal dynamical triangulated lattice methods in Ref.
[22].Y At this point, there is no known inconsistency between our
analysis and those of the Refs. [2-7,22].

We need to stress that the results in Refs. [2-7], while impressive,
involve cut-offs which remain in the results to varying degrees even
for products such as that for the UV limits of the dimensionless grav-
itational and cosmological constants. In addition, the results in Refs.
[2-7] retain some mild dependence on gauge parameters, again even
for the product of the UV limits of the dimensionless gravitational and
cosmological constants. Accordingly, henceforward, we refer to the
approach in Refs. [2-7] as the ‘phenomenological’ asymptotic safety
approach. What can be said is that dependencies are mild enough
that the existence of the non-Gaussian UV fixed point found in these
references is probably a physical result. But, until a rigorously cut-
off independent and gauge invariant calculation corroborates these
results, we cannot consider them final. Our approach offers such a
calculation, as our results are both gauge invariant and cut-off inde-
pendent. The results from Ref. [22], involving, as they most certainly
do, lattice constant-type artifact issues, are also only an indication
of what the true continuum limit might realize - they too need to be
corroborated by a rigorous calculation without the issues of finite size
and other possible lattice artifacts to be considered final. Again, our

1 We also note that the model in Ref. [23] realizes many aspects of the effective field
theory implied by the anomalous dimension of 2 at the UV-fixed point but it does so
at the expense of violating Lorentz invariance.
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approach offers an answer to these issues. The stage is therefore pre-
pared for us to try to make contact with experiment, as such contact
is the ultimate purpose of theoretical physics.

Toward this end, we note that, in Refs. [24,25], it has been argued
that the attendant phenomenological asymptotic safety approach in
Refs. [2-7] to quantum gravity may indeed provide a realization? of
the successful inflationary model [27,28] of cosmology without the
need of the as yet unseen inflaton scalar field: the attendant UV fixed
point solution allows one to develop Planck scale cosmology that joins
smoothly onto the standard Friedmann-Walker-Robertson classical
descriptions so that then one arrives at a quantum mechanical solu-
tion to the horizon, flatness, entropy and scale free spectrum prob-
lems. In Ref. [19], we have shown that, in the new resummed theory
[9-18] of quantum gravity, we recover the properties as used in Refs.
[24,25] for the UV fixed point of quantum gravity with the added
results that we get “first principles” predictions for the fixed point
values of the respective dimensionless gravitational and cosmolog-
ical constants in their analysis. In what follows here, we carry the
analysis one step further and arrive at an estimate for the observed
cosmological constant A in the context of the Planck scale cosmology
of Refs. [24,25]. We comment on the reliability of the result as well,
as it will be seen already to be relatively close to the observed value
[29,30]. While we obviously do not want to overdo the closeness to
the experimental value, we do want to argue that this again gives, at
the least, some more credibility to the new resummed theory as well
as to the methods in Refs. [2-7,22]. More reflections on the attendant
implications of the latter credibility in the search for an experimen-
tally testable union of the original ideas of Bohr and Einstein will be
taken up elsewhere [31].

The discussion is organized as follows. We start by recapitulating
the Planck scale cosmology presented phenomenologically in Refs.
[24,25]. This is done in the next section. We then review our results
in Ref. [19] for the dimensionless gravitational and cosmological con-
stants at the UV fixed point. In the course of this latter review, which
is done in Section 3, we give a new proof of the UV finiteness of the
resummed quantum gravity theory for the sake of completeness. In
Section 4 , we then combine the Planck scale cosmology scenario in
Refs. [24,25] with our results to estimate the observed value of the
cosmological constant A. The appendices contain relevant technical
details.

2. Planck scale cosmology

More precisely, we recall the Einstein-Hilbert theory

L) = 55 VE(R-24), (1)
where R is the curvature scalar, g is the determinant of the metric of
space-time g, , A is the cosmological constant and « = /87 Gy for
Newton’s constant Gy . Using the phenomenological exact renormal-
ization group for the Wilsonian [8] coarse grained effective average
action in field space, the authors in Refs. [24,25] have argued that the
attendant running Newton constant Gy (k) and running cosmological
constant A(k) approach UV fixed points as k goes to infinity in the
deep Euclidean regime in the sense that k2 Gy (k) — g+, A(k) — i+ k2
for k — oo in the Euclidean regime.

The contact with cosmology then proceeds as follows. Using a
phenomenological connection between the momentum scale k char-
acterizing the coarseness of the Wilsonian graininess of the aver-
age effective action and the cosmological time t, the authors in Refs.
[24,25] show that the standard cosmological equations admit of the

2 The attendant choice of the scale k ~ 1/t used in Refs. [24,25] was also proposed in
Ref. [26].

following extension:

a\?> K 1 87
b+3(1+w)gp=0 @
A+8mpGy =0
Gn () =GN (k(1))
A(t) = A(k(t))

in a standard notation for the density p and scale factor a(t) with the
Robertson-Walker metric representation as

dr?

2 2 2
ds® = dt* — a(t) (1—Kr2

+12 (do? + sin29d¢2)> 3)
so that K = 0, 1, —1 correspond respectively to flat, spherical and
pseudo-spherical 3-spaces for constant time t. Here, the equation of
state is taken as

p(t) = wp(), (4)

where p is the pressure. In Refs. [24,25] the functional relationship
between the respective momentum scale k and the cosmological time
tis determined phenomenologically via

k(t) == (5)

for some positive constant & determined from requirements on phys-
ically observable predictions.

Using the UV fixed points as discussed above for k 2Gy(k) = g+ and
A(k)/k 2 = 1~ obtained from their phenomenological, exact renormal-
ization group (asymptotic safety) analysis, the authors in Refs. [24,25]
show that the system in (2) admits, for K = 0, a solution in the Planck
regime where 0 < t < tgj,ss, With .55 @ “few” times the Planck time
tp;, which joins smoothly onto a solution in the classical regime, t >
taass» Which coincides with standard Friedmann-Robertson-Walker
phenomenology but with the horizon, flatness, scale free Harrison-
Zeldovich spectrum, and entropy®> problems all solved purely by
Planck scale quantum physics.

While the dependencies of the fixed-point results g-, A+ on the cut-
offs used in the Wilsonian coarse-graining procedure, for example,
make the phenomenological nature of the analyses in Refs. [24,25]
manifest, we note that the key properties of g+, A+ used for these
analyses are that the two UV limits are both positive and that the
product g+ A« is only mildly cut-off/threshold function dependent.
Here, we review the predictions in Ref. [19] for these UV limits as
implied by resummed quantum gravity theory as presented in [9-18]
and show how to use them to predict the current value of A. In view
of the lack of familiarity of the resummed quantum gravity theory,
we start the next section with a review of its basic principles in the
interest of making the discussion self-contained.

3. g- and A- in resummed quantum gravity

We start with the prediction for g, which we already presented
in Refs. [9-19]. Given that the theory we use is not very familiar,
we recapitulate the main steps in the calculation in the interest of
completeness.

More specifically, as the graviton couples to a an elementary parti-
cle in the infrared regime which we shall resum independently of the
particle’s spin, we may use a scalar field to develop the required cal-
culational framework. The extension to spinning particles will then
be straightforward. Thus, we start with the Lagrangian density for the

3 Here, we should note that, to solve the entropy problem, the authors in Ref. [25]
retain the general form of the requirement from Bianchi’s identity so that the second
and third relations in (2) are combined to 4 + 3(1 + w)4p = — % we discuss this
in more detail in Section 4.
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basic scalar-graviton system which was considered by Feynman in
Refs. [32,33]:
1 1 JLV 2 2
L(x)= —ﬁR«/—g+ 5 (g 0,90y — My )./—g
= 3 {hﬂmﬁuv,x _ 277”'”,nAA,HMK,)»/nJG/HM/U.U/}
1 } 1
+ E [‘P,;L‘P’M - mg(ﬂz} —kh* |:‘P,;A.(P,u + jmgWZU;w}
1 TPr —=p'v
— K2 |:§h>\php ((pyurp“’“ — mg<p2> — Znﬂprh“”hp <p,,1<p,v:| + -

(6)

Here, ¢(x) can be identified as the physical Higgs field as our repre-
sentative scalar field for matter, ¢(x), = 3, ¢(x), and g, (X) = 7.
+ 2«h,, (x) where we follow Feynman and expand about Minkowski
space so that n,, = diag{1, —1, —1, —1}. Following Feynman, we have
introduced the notation y,,, = %(yw + Yo — nwy,”) for any tensor
V-4 The bare (renormalized) mass of our otherwise free Higgs field
is my (m) and for the moment we set the small observed [29,30] value
of the cosmological constant to zero so that our quantum graviton,
h,. , has zero rest mass. We return to the latter point, however, when
we discuss phenomenology. Feynman [32,33] has essentially worked
out the Feynman rules for (6), including the rule for the famous
Feynman-Faddeev-Popov [32,34,35] ghost contribution needed for
unitarity with the fixing of the gauge (we use the gauge of Feynman
in Ref. [32], 8#h,,, = 0), so for this material we refer to Refs. [32,33].
Accordingly, we turn now directly to the quantum loop corrections in
the theory in (6).

Referring to Fig. 1, we have shown in Refs. [9-18] that the large
virtual IR effects in the respective loop integrals for the scalar prop-
agator in quantum general relativity can be resummed to the exact
result

o i LA ™)
iAg (k) = I<2—m2—23(k)+ie = k2—m2—2;+ie :lAF(<)|resummed
for (A = k2 — m?2)
d4e 1
BI(k) = —2ic2rdd 61
g (K) ‘ 1677 12 32 t-ic
(€2 + 2tk + A + i)’ ®)

K2 ‘kz‘ poo)
= In s
8x2 (m2+ |k2|>

where the latter form holds for the UV (deep Euclidean) regime, so
that (7) falls faster than any power of |k 2| - by Wick rotation, the
identification — |k 2| = k 2 in the deep Euclidean regime gives imme-
diate analytic continuation to the result in the last line of (8) when
the usual —ie, €}0, is appended to m 2. An analogous result [9 ] holds
for m = 0; we show this in our Appendix 1 for completeness. Here,
—iXs (k) is the 1PI scalar self-energy function so that i A% (k) is the
exact scalar propagator. As ¥ starts in O(x?), we may drop it in cal-
culating one-loop effects. It follows that, when the respective analogs
of (7) are used for the elementary particles, one-loop corrections are
finite. It can be shown actually that the use of our resummed prop-
agators renders all quantum gravity loops UV finite [9-18]. We have
called this representation of the quantum theory of general relativity
resummed quantum gravity (RQG).

We stress that (7) is not limited to the regime where k 2 = m 2 but
is an identity that holds for all k 2. This is readily shown as follows. If
we invert both sides of (7) we get

AR () = S (k) = (A1 (k) — 3 (k) e~ Pe®), 9)

4 Our conventions for raising and lowering indices in the second line of (6) are the
same as those in Ref. [33].

k
k+q q
(a) (b)

Fig. 1. Graviton loop contributions to the scalar propagator. q is the 4-momentum of
the scalar.

where the free inverse propagator is A;1(k) = A(k) +ie . We intro-
duce here the loop expansions

B (k)= Ssn (k). (10)
n=1

(k)= Eak) (11)
n=1

and we get, from elementary algebra, the exact relation

. n—j .
~Zon(k) ==Y % (k) (~Bg (k) ~/(n—J)! (12)
j=0

where we define for convenience — o(k) = —Egyo(k) = A?(k) and
Ags n is the n-loop contribution to 4; . This proves that every Feynman
diagram contribution to X (k) corresponds to a unique contribution
to (k) to all orders in « 2/(4x) for all values of k 2. QED.

The key question is whether the terms which we have extracted
from the Feynman series in (12) were actually in that series. When
we take the limit that k 2 — m 2, the result is known to be valid from
the discussion in Ref. [36] where the same result for the respective
exponentiating virtual infrared divergence in (8) is obtained. Indeed,
one generally has to introduce a regulator for the IR divergence and
one shows that the terms which diverge as the regulator vanishes
exponentiate in the factor Bg(k) . When k 2 £ m 2, the IR divergence
is regulated by A(k), so that we can use A(k) as our IR regulator.
We can then isolate that part of the amplitude which diverges when
A(k) — 0 when the UV divergences are themselves regulated, by n-
dimensional methods [37] for example, so that they remain finite in
this limit. At this point we stress the following: when we impose a
gauge invariant regulator for the UV regime, to any finite order in
the loop expansion, all UV divergences are regulated to finite results.
If we then resum the IR dominant terms in this the UV-regulated
theory, that resummation is valid independent of whether or not the
theory is UV renormalizable, as the theory is finite order by order
in the loop expansion in the UV when the UV regulator is imposed
independent of whether or not it is renormalizable. The latter issue
arises only if we remove the UV regulator. What we show now is that,
after the IR resummation, the UV regulator can be removed and the
UV regime remains finite order by order in the loop expansion after
the IR resummation.

We call attention as well to the close analogy between our use of IR
resummation in the presence of n-dimensional UV regularization to
study the UV limit of quantum gravity with the use of exact Wilsonian
coarse graining in Refs. [2-7] to arrive at an effective average action
for any given scale k which has both an IR cut-off for momentum
scales much smaller than k and a UV cut-off for momentum scales
much larger than k so that the resulting field-space renormalization
group equation is well-defined even for a non-renormalizable theory
like quantum gravity. In both cases the UV limit can be studied by
taking the UV limit of the resulting non-perturbative solution and in
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both cases the same result obtains: a non-Gaussian UV fixed point is
found, as we present below.

To show that(7) holds with Bg(k) given by the expression in (8), we
proceed as follows. We represent the respective m-loop contribution
as defined above to the proper self-energy contribution to the inverse
propagator as

T

where n is the analytically continued dimension of space-time to
regulate UV divergences and the function p,, is symmetric under the
interchange of any two of the m virtual graviton n-momenta that
are exchanged in (13), by the Bose symmetry obeyed by the spin 2
gravitons and the symmetry of the respective multiple integration
volume. Here is the point in the discussion where the power of exact
rearrangement techniques such as those in Refs. [20,21] enters. For
the case m = 1, let Sg(k)po represent the leading contribution in the
the limit k — 0 to p1. We have

o1 (k) = Sg (k) po + B1 (k), (14)

where this equation is exact and serves to define g7 if we specify
Sg(k), the soft graviton emission factor, and recall that

d"k;

em(P 2 +ie”

om(ki. ... k), (13)

po=1i%50(p)=—iAp(p)”" (15)

This can be determined from the Feynman rules for the Feynman
[32,33,9] formulation of the scalar-graviton system in (6) or one can
also use the off-shell extension of the formulas in Ref. [36]. We get [9]

1 g (T T T ) (—ik py) (20p) (—ik D) (20P')

Sg(p.p. k) = _
g (P. P.K) @)t (k2 —2kp + A +ie) (k2 — 2kp’ + A’ + ie) lp=p
7] (16)
ik’ pt 1
©o16rt (2 oy ie)?
p+ A +ie)

where A’ = p'2 — m 2. To see this, from Fig. 1, note that the Feynman
rules [32,33,9] give us the following result

501 (9) = | L% ivs(p, p k) i vs(p— k. p)
T et T sk —e e
,‘% (7)#”’7’“‘ + ’IMUM _ nuunw) (17)
l<2—X2+i51( B - -
Jdk . , g (0™ Ty — gy
2(27[)4 W4(p= p )“I;.m K2 — )2 Tie ‘p—p’

where we have defined from the Feynman rules the respective 3-
point(hee) and 4-point(hheg) vertices

ivs(p. p)s = =i (PP + pop’, — & (PP — 1))
Va(P. P )y = —4ik? [ (pp’ - mz) (Muw e + Mo Ny = Nyow)
- (p“’ P +p” P"") { e (o ors + Neory — Nios)
+ N (Mo + Mwthy — Mopilis) 3

(18)

using the standard conventions so that p is incoming and p’ is outgoing
for the scalar particle momenta at the respective vertices. In this way,
we see that we may isolate the IR dominant part of iZ(p) by the
separation

1 B A . 1
2kp + A +ie)® K2 —2kp +ie

k2 —2kp + A+ie (k2 —

- 242

I2 = 2kp + A +i€) (k2 — 2kp +i

(€ =2pr avif (e -2 19 g
- (k2 = 2kp + A +i€)? (k2 — 2kp +ie)?

o0 An
+) (=1

,; (k2 — 2kp + ie)™"

from which we can see that the first term on the RHS gives, upon
insertion into (17), the IR-divergent contribution for the coefficient of
the lowest order inverse propagator for the on-shell limit A — 0. The
second term does not produce an IR-divergence and the remaining
terms vanish faster than A in the on-shell limit so that they do not

contribute to the field renormalization factor which we seek to isolate.

In this way we get finally

Jdk

@)
(=2ikp,p's+isv3(p' — k. p')s)

f n
" 200 7 1va(P. P)s 2

[d . . —iA VN,
=1 —ikpg)(2ip,) ——— (—ixp'y) (2ip,
{(zn)"[( pa)( p})(kZ—kaJrAJrie)z( P5)(2ip.)
i% (1 ™ + g — n“r‘n"v) (271)4ﬂ1 (k)

k2 — 22 +ie k2 — 22 +ie

which agrees with (14)-(16) with

1 _ 2A?
k2 —2kp+ie (k2 - 2kp + A+ie) (k2 —2kp +ie)

i = ———— +iRAF (k,
i (p) [ ( 2’<p+A+Ie) 7 iR P))

(n;u n;u + '7“ ’7“ _ nuu n\u)
. kR —x2 e

(U“' W‘“ + T — "an) |

— 2 +ie p=p

( 2ik p, pr+i8vs(p, p—k) ﬁ)
iz

(20)

Ip=p>

RAF (k. p) =

(k2 —2kp+ A+ le) (k2 = 2kp + ie)*

+ Z(’ )" n+1

a4 2I<p+1e)
i8v3(p, p—k),z =iv3(p, p— k)w*{ 2ik p, pr}

1 . . —iA
prl) = [_W (~2ixp.pr+isva(p. p— k)0 ) |

(k2 = 2kp + A +ie)’
+iRae (e psv( — k 2 i (o =i = )| )

1 . . .
o (~2ixpupr+ivs(p, p = k) ) (R (k. P))
JT

(=2ikp, P’V){ ; (00" T — ri""n“)}

1, —ia
G (900900) ()
(*21"(1-7.' Py)yiz (0™ + Ty — )

2(2 7 3 Va(P. P ) [’% (0™ + —n"“n'”)]] Ip=p -

One can see that the result in (16) differs from the correspond-
ing result in QED in Eq. (5.13) of Ref. [20 ] by the replacement of
the electron charges e by the gravity charges « pg, « p'y with the cor-
responding replacement of the photon propagator numerator —ir,,,
by the graviton propagator numerator i %(n“”nW 4 g — YY) |
That the squared modulus of these gravity charges grows quadrati-
cally in the deep Euclidean regime is what makes their effect therein
in the quantum theory of general relativity fundamentally different
from the effect of the QED charges in the deep Euclidean regime of
QED, where the latter charges are constants order-by-order in per-
turbation theory.

Indeed, proceeding recursively, we write

pm(ki. . k) = Sg (km) pm1 (ki o ko) + B (K k1 k). (22)

where here the notation indicates that the residual /3,(,1” does not con-
tain the leading infrared contribution for kp, that is given by the first
term on the RHS of (22).> We iterate (22) to get

Pm (k], ey km) = Sg (km)Sg (k,,,,])pm,z (k], ey km—Z)
+5£ (km)ﬂm 1 (kl ----- kin-2; km-1)
+Sg (km 1(]{1 m 2, k )
+{-sic kmfl)ﬁm,l (i 23 )+ Y (Ja

(23)
. ....km—lzkm)} .

The symmetry of p, implies that the quantity in curly brackets is
also symmetric in the interchange of k;, _ 1 and k;; . We indicate this
explicitly with the notation

{_Sg (km—])ﬁ,(.,}_)l (’(1,.._,
:ﬂg)(lﬁ,.._,

k-2 k) + B2 (k..
kim—2; kim—1. km) .

knaiknf oy

Repeated application of (22) and use of the symmetry of p, leads
us finally to the exact result

¢ (km) Bo
+25"( oSy (k1) Sy (ki) - Sy k) B1 (k) 25)

+~<+25g(k,»)ﬁm,1(k1 ..... ki1 ki1, ..., Km) + B (K1, ... k).

i=1

5 We stress that it may contain in general other IR singular contributions.
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where the case m = 1 has already been considered in (14) with pg =

Bo. Here, we defined as well g = g; .
We can use the symmetry of the residuals Bi to re-write py; as

=y Z e ]‘[ S (ki) Brr (Krst ki) (26)
perm r=0 =1

so that we finally obtain, upon substitution into (13),

) u 1 dnksy (k) '\
IES,m(P) Zrl(m—r) ( k2 — )

22 +ie
Jn k (27)
/l_[ 1 ,Bm r(ki, .o kmer).
With the definition
d"kSy (k)
__R” _ g
Bz (p) k2 — 22 4ie (28)
and the identification
- d"k;
IS, (p r'/l—[kz—)ﬁ-;-z Br ki k) (29)
we introduce the result (27) into (9) via (10) to get
. (p)
—1 (AF(p)il —Es(p)> = ZZE; mr (D) ( )
m=0r=| O
—ie BsP Z =, (p) (30)

sl o)

In this way, our resummed exact result for the complete scalar prop-
agator in quantum general relativity is seen to be [9,11-13]

. ieB:(p) . e

AL (p) = (p “m_ T (p )+ ie) = iAF (D) Iresummed = 1 AF (P)}rsm, (31)
where

% (p)=D_%.(P). (32)

We have introduced the shorthand “rsm” for “resummed” in the last
line of (31) for later convenience.

This result (32) becomes identical to (7) when we take the limit n
— 4 in it. In taking this limit, we note that Bg(k) is UV finite so that
the limit exists without further ado. As the IR limit of the coupling
of the graviton to a particle is well-known [36] to independent of its
spin, the entirely analogous result to (32) holds for the propagators
of all particles [9,11-13] with corresponding exponent Bg(k) and the
attendant IR-improved proper self-energy function. We note that in
¥:(p) the limit n — 4 can be taken if we represent it by its IR-improved
propagator expansion in which, to any finite order in the loop expan-
sion, the usual free Feynman propagator is replaced by its resummed
version with the attendant IR-improved proper self-energy function,
¥i(p) or its graviton analog, set to zero on at least one internal line
(per loop): for the scalar case this reads

) eBe(P)
LAF (p)|resummed = (pz

—m? +ie) (33)

with a corresponding result for the graviton case. Standard resumma-
tion algebra then can be used to remove any double counting effects to
any finite order in the loop expansion, as Bg(k) is a UV finite one-loop
effect. Let us now see how one proves this last remark.

To this end, let T¢™(ky, ..., ke; Ki.....ky) be the 1PI ¢-graviton,
m-scalar proper vertex function, where we suppress all Lorentz
indices without loss of content. We follow Ref. [38] and write
remky, ..o ke Ki. ..., kp)interms of its skeleton expansion in which,
to any finite order in the respective loop expansion, each graph g is

mapped into a unique skeleton S in which all corrections to propaga-
tors and interaction vertices are removed. We then have the identifi-
cation

Fz'm(k],..‘,kg;ka,...,k;n)
= > TSk ke Ky K AR DT k) (34)
skeletons S

following the recipe in Ref. [38] so that here one uses the complete
propagators, Ay, Di , for the scalar and the graviton on the lines of
the skeleton and one uses the complete interaction vertex foundations
{Ij } at each respective vertex in the skeleton to produce the exact,
complete result for T¢™(ky, ... ks Ky, ..., kr,) - In this representation,
it is immediate how to obtain the attendant N-th loop result accurate
up to and including the N-th loop for T¢™(ky, ..., ke; Ki,....kp):one
expands the propagators and complete interaction vertices to the
appropriate order, <N and retains all terms with <N loops in the sum
on the RHS of (34). In the case of the exact scalar propagator, for
example, we expand it as usual in each term in (34),

iAF (p)=1iAF (P)+iAF (P)(—iZs (P)IAF (P)+--- . (35)

and we stop at the term with N-factors of (—i%s (k)) each one of which
we evaluate only to one loop order in this last term, with the atten-
dant higher loop evaluations in the terms with less than N factors
by the standard methodology. Inserting this result into (34) with the
analogous ones for the graviton propagator and the interaction ver-
tices we isolate the result accurate up to and including the N-th loop
by dropping all contributions that involve more than N-loops. This
is the standard Feynman diagrammatic practice. Since we have the
n-dimensional regulation of the UV divergences, the result we obtain
this way is UV finite.

To improve it we substitute the resummed representation for the
propagators, which we denote as we have above so that we have

N (TP 7 R
= Y Mk kL Koy A lrsms D lrsms {Tj},¢).  (36)
skeletons S

To obtain the IR-improved result correct up to an including the N-th
IR-improved loop, we repeat the same steps as we did for the un-
improved case: for example, we expand the scalar propagator as

. ieBe(p)
IA} (p)= mz—Z;(p)-i-ie) (37)
= ie%) (AF (p)+ AF (D) (-IZ4 (D) iAF (P)+---).

where we now stop the expansion at the term with N-factors of
(—i%Z4(p)) in which each factor is only computed to one-loop order.
We then introduce this IR-improved N-loop result for the scalar prop-
agator and the analogous results for the graviton propagator and the
interaction vertices accurate as well to N loops in the IR-improved
loops into the the RHS of (36) and drop all terms with more than N IR-
improved loops. The result is now UV finite because the exponential
factor in the respective propagators render the integration in deep UV
finite for any finite order in the interaction strength « because these
exponential factors fall faster than any of the finite powers of the loop
momenta that occur at finite orders in « as given by the Feynman rules
that follow from Refs. [32,33] for (6).

Finally, we observe that (12) can be inverted to give as well the
identity

n—j

—X (k) == % (k) (By (k) "~/ (n—j)! (38)

j=0

This allows us to employ the same result (36) in calculating the IR-
improved self-energy so that it too is now UV finite with our IR-
improved resummation prescription. It follows that, to any finite or-
der in the IR-improved loop expansion, all T¢™(ky, ..., ke; K. k)
are UV finite. QED.
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As we have indicated above [9] and as Weinberg has shown in
Ref. [36], the IR limit of the coupling of the graviton to a particle is
independent of its spin, so that we get the same exponential behavior
in the resummed propagator for all particles in the Standard Model.
Indeed, when we use our resummed propagator results, as extended
to all the particles in the SM Lagrangian and to the graviton itself,
working now with the complete theory

1
52V -8R —2A)+V=gLY, (%), (39)
where LgM(x) is SM Lagrangian written in diffeomorphism invariant
form as explained in Refs. [9,11], we show in the Refs. [9-18] that
the denominator for the propagation of transverse-traceless modes
of the graviton becomes (Mp, is the Planck mass)

L(x)=

C
4 2.eff (40)

2 T 2 P~ a2
+ X +1le = — s
@+ 3 (@) vie=a’ — 3607 M2,

where we have defined

Gep= Y. i)
SM particles j (4])
=256 x 10*

with I defined [9-18] by

I (Ac) = /:odxx3(1 T (42)

2
and with 1¢(j) = Z—In\:ﬁ and [9-18] n; equal to the number of effective
Pl

degrees of particle j. For completeness, we repeat the derivation of
(40) in our Appendix 2 , using results from Appendix 3 . In arriving
at the numerical value in (41), we take the SM masses as follows:
for the now presumed three massive neutrinos [39,40], we estimate
a mass at ~3 eV; for the remaining members of the known three
generations of Dirac fermions {e, u, 7, 1, d, s, ¢, b, t}, we use [41-43]
me =0.51 MeV, m, =0.106 GeV, m, = 1.78 GeV, my; = 5.1 MeV,
my =89 MeV, mg = 0.17 GeV, m¢ = 1.3 GeV, m, = 4.5 GeV and
me = 174 GeV and for the massive vector bosons W *, Z we use the
masses My = 80.4 GeV, Mz = 91.19 GeV, respectively. We set the
Higgs mass at my = 126 GeV, in view of the limit from LEP2 [44,45]
and recent observations from ATLAS and CMS [46]. We note that (see
the Appendix 1) when the rest mass of particle j is zero, such as it is
for the photon and the gluon, the value of m; turns-out to be V2 times
the gravitational infrared cut-off mass [29,30], which is mg = 3.1 x
10-33 eV. We further note that, from the exact one-loop analysis of
Ref. [47], it also follows (see Appendix 2) that the value of n; for the
graviton and its attendant ghost is 42. For A — 0, we have found the
approximate representation (see Appendix 3)

1 1 Inln L 11

I (A ”ln——lnln——i— . 43

(e} Zin 3 ‘e InL-Inlnl 6 (43)
These results allow us to identlfy (we use Gy for Gy (0))

C2.ef7k?

GN(k)=G 1+ 44

N (k) N/( 3607 M2 (44)
and to compute the UV limit g+ as
g.= lim Gy (k) = 3607 - 0.0442. (45)

ké—o0 2,eff

We stress that this result has no threshold/cut-off effects in it. It is a
pure property of the known world.

Turning now to the prediction for A, we use the Euler-Lagrange
equations to get Einstein’s equation as

G/u} + Ag)w = _KZT/UJ (46)

in a standard notation where G, = R, — 3Rg,, . Ry, is the con-
tracted Riemann tensor, and T,, is the energy-momentum tensor.

Working then with the representation g,,, = n,, + 2«h,, for the flat
Minkowski metric n,, = diag(1, —1, —1, —1) we see that to isolate A
in Einstein’s equation (46) we may evaluate its VEV (vacuum expecta-
tion value of both sides). For any bosonic quantum field ¢ we use the
point-splitting definition® (here,:: denotes normal ordering as usual)

9(0)¢(0)= lij(l)w(e)w(o)
= limT (¢ (€)¢ (0)) (47)
=lim{: (¢()9(0)) 1 + < O[T (¢ ()¢ (0))[ 0 >}

where the limit € = (e, 6) — (0,0, 0,0) =0 is taken from a time-like

direction respectively. Thus, a scalar makes the contribution to A
given by’

S d*k (Zk(z,) e rc(k2/(2m2))In(k2 /mP-+1)
2(27 )
= —SHGN |:

As = —-8rGy

2 2
G,2V64p2] ’

where p = ln £ and we have used the calculus of Refs. [9-18] as
recapitulated here in Appendices 2 and 3 . The standard equal-time
(anti-)commutation relations algebra realizations then show that a
Dirac fermion contributes — 4 times As to A. The deep UV limit of A
then becomes, allowing Gy (k) to run as we calculated,

G, eff (

2 —
Ak) = K h, = 2880 2

k200

~1)finj/p? =0.0817 (49)

where F; is the fermion number of j, n; is the effective number of
degrees of freedom of j and p; = p(Ac (m;)). We see again that i« is
free of threshold/cut-off effects and is a pure prediction of our known
world -A+ would vanish in an exactly supersymmetric theory.

For reference, the UV fixed-point calculated here, (g-, A«) =(0.0442,
0.0817), can be compared with the estimates in Refs. [24,25], which
give (g+, A+)~(0.27,0.36).In making this comparison, one must keep in
mind that the analysis in Refs. [24,25] did not include the specific SM
matter action and that there is definitely cut-off function sensitivity
to the results in the latter analyses. What is important is that the
qualitative results that g- and A are both positive and are less than 1
in size are true of our results as well.

For reference, we note that, if we restrict our resummed quantum
gravity calculations above for g+, A+ to the pure gravity theory with no
SM matter fields, we get the results

g, =.0533, i, =-.000189

We see that our results suggest that there are still significant cut-off
effects in the results used for g+, A~ in Refs. [24,25], which already seem
to include an effective matter contribution when viewed from our
resummed quantum gravity perspective, as an artifact of the obvious
gauge and cut-off dependencies of the results. Indeed, from a purely
quantum field theoretic point of view, the cut-off action is

1

Aks (h, C,?;g) = =< h,

3 R%ravh >+ <C, REhC > (50)

where g is the general background metric, which is the Minkowski
space metric » here, and C, C are the ghost fields and the operators

6 We need to stress that this is a definition of convenience and is not a regularization
because the integral which we calculate in (48) below it is UV finite with exponential
damping in the UV. The definition is robust, the direction of approach to the origin
can be chosen arbitrarily, and when its vacuum expectation value is taken it may be
replaced with the standard path integral Feynman rule for the tadpole loop that it most
certainly is to give the same result.

2
7 We note the use here in the integrand of 2k? rather than the 2(k + m?) in Ref.
[19], to be consistent with w = —1 [48] for the vacuum stress-energy tensor.
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REW RN implement the course graining as they satisfy the limits

lim Ry =0,
p2/k2 00

lim Rk — Skkz,
p?/k2—0

for some 3k [3]. Here, the inner product is that defined in Ref. [3]
in its Eqs. (2.14, 2.15, 2.19). The result is that the modes with p <k
have a shift of their vacuum energy by the cut-off operator. There is
therefore no disagreement in principle between our gauge invariant
results and the gauge dependent and cut-off dependent results in
Refs. [3]. In other words, the graviton and ghost fields at low scales
compared to k have a mass added to them, so that their vacuum
energies are shifted by a mass of order k. Evidently, this shows up as a
positive contribution to the cosmological constant and explains why
the EFRG result for A+ has a positive value in the regime of the gauge
parameter in Ref. [3] where the UV fixed point is attractive.

4. An estimate of A

To see that the results here, taken together with those in Refs.
[24,25], allow us to estimate the value of A today, we take the normal-
ordered form of Einstein’s equation

(G A g ==k Ty (51)

The coherent state representation of the thermal density matrix
then gives the Einstein equation in the form of thermally averaged
quantities with A given by our result in (48) summed over the de-
grees of freedom as specified above in lowest order. In Ref. [25], it
is argued that the Planck scale cosmology description of inflation
needs the transition time between the Planck regime and the classi-
cal Friedmann-Robertson-Walker (FRW) regime at t; ~ 25tp . (We
comment below on the uncertainty of this choice of t;.)8 We thus
introduce

Alty) My (ke)
87Gn(tr) 64

F .
pa(le) = y U (52)

2
TR

and use the arguments in Ref. [49] (t,q is the time of matter-radiation
equality) to get the first principles estimate, from the method of the
operator field,

oate) = *M§1(1 + Co.eke/ (360”M1%1)>2 3 (-1)fn;
o4 -
(%)
g \" (53)
 —M(1.0362)" (-9.194 x 107 (572
- 64 2

~ (24x103ev)".
( )

where we take the age of the universe to be ty = 13.7 x 10° yrs. In
the latter estimate, the first factor in the second line comes from the
period from i to teq which is radiation dominated and the second

8 The analysis in Ref. [25 | of their renormalization group improved Einstein equa-
tions finds a set of solutions in which one has power law inflation in the UV regime and
one switches abruptly to the classical FRW solution with essentially zero cosmological
constant at the transition time t;,.. In other words, the solution to the renormalization
group improved Einstein equations at the transition time and later is very well approxi-
mated by non-running values of the gravitational and cosmological constant when one
uses the FRW approximation. This also avoids issues of double counting of effects, for
example. From our (52) one sees that allowing the running to continue past t;- would
not change our result for p, by very much at all, less than 8%. We ignore effects of such
size here.

factor comes from the period from teq to to which is matter dom-
inated.® This estimate should be compared with the experimental

result [30]0 pa(fo)lexpt = ((2.37 £ 0.05) x 1073 ev)™.

To sum up, in addition to our having put the Planck scale cosmol-
ogy [24,25] on a more rigorous basis, we believe our estimate of p,(tp)
represents some amount of progress in the long effort to understand
its observed value in quantum field theory. Evidently, the estimate
is not a precision prediction, as hitherto unseen degrees of freedom
may exist and they have not been included, for example.

Indeed, we see that our result for the contribution to A from a
particle of rest mass m scales as 1/In%(2/c (m)) so that for masses
m <« Mp; the larger the mass, the larger the contribution in magnitude.
We note that the t, b, ¢, s,d, u, , u, e and the three neutrinos (together)
contribute respectively 21.1%,17.6%, 16.7%, 15.2%,13.5%, 13.2%, 5.63%,
4.97%,4.01% and 7.93% of A whereas the Higgs, W and Z bosons con-
tribute —1.73%, —5.10% and —10.1% of A respectively. The photon and
the gluon, taken together, contribute —2.51% of A, while the graviton
contributes —0.277% thereof. Naively, such dependence on particle
mass might appear to contradict the Appelquist-Carazzone decou-
pling theorem [51], by which larger values of m might be expected
to be more suppressed. Two comments are in order. First, the de-
coupling theorem in Ref. [51] was only proved for renormalizable
theories whereas the Einstein-Hilbert theory we deal with here is
(power-countingly) nonrenormalizable. After we resum the theory,
itis UV finite with a characteristic scale of ~Mp, for the scale beyond
which the UV modes are suppressed. Again, this is not the hypoth-
esis of the Appelquist-Carazzone theorem. The key is the scale Mp, .
In the analyses presented above, we assume that m/Mp, < 1 in de-
riving our results. For a quantity such as the integral on the RHS of
the (48) for A, which diverges like 4-powers of the cut-off without
resummation and which has a dependence on M,‘,‘l when we resum
the theory, the remaining dependence on the particle mass m arises
from the strength of the suppression of the modes beyond the char-
acteristic scale Mp; and this is stronger for the smaller values of m
because they are farther away from Mp; which dominates the inte-
gral, as we expect from the uncertainty principle. This phenomenon
becomes even more transparent if we consider masses m > Mp; , SO
that we are not subject to effects of finite physical intrinsic scales.
For two masses my, my satisfying m; > Mp; , we calculate that the
contribution to As scales as m;Mp, so that we have the behavior one
would expect from summing the zero modes of a field of rest mass
m; when the resummation causes the phase space integral to cut-off
at a scale ~Mp; yielding the factor —SnGN(Mf,,m,-) since the vacuum
energy density of the field is given by (Here # is the usual free field
Hamiltonian density.)

M, 3 M, 3
<O0|H|O >~[ P’di’g%a)(k):/ P[(s 1;3 %,/kz-i-miz
y

(27)

where w(k) is the usual frequency for mode ¥ of the field and reduces
to m; when k? « m? . The larger mass makes a larger contribution
because its zero modes are larger. This naturally raises the question
of what would happen to our estimate if there would be a GUT theory
at high scale? We now comment on this.

In the current status of the standard GUT phenomenology, we
know that the main viable approaches involve susy GUT’s because
the standard non-susy models have trouble to match the value of
sin? 6y and have the three SUy; x U; x SU(3)¢ couplings [52,53]
meet given their now precise values [30,54] at the scale Mz, the rest
mass of the Z© heavy gauge boson in the Glashow-Salam-Weinberg

9 The method of the operator field forces the vacuum energies to follow the same
scaling as the non-vacuum excitations.

10 See also Ref. [50] for an analysis that suggests a value for p(tp) that is qualitatively
similar to this experimental result.
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theory [52]. To illustrate how a susy GUT might affect our estimate of
A we use the susy SO(10) GUT model in Ref. [55] for definiteness.

In this model, the break-down of the GUT gauge symmetry to the
low energy gauge symmetry occurs with an intermediate stage with
gauge group SUy; x SUsgp x Uy x SU(3)¢ where the final break-down
to the Standard Model [52,53] gauge group, SU;; x Uy x SU3)°,
occurs at a scale Mg 2 2 TeV while the breakdown of global susy
occurs at the (EW) scale Ms which satisfies Mg > Ms . For our purposes
the key observation is that susy multiplets do not contribute to our
formula in (52) when susy is not broken - there is exact cancellation
between fermions and bosons in a given degenerate susy multiplet.
Thus only the broken susy multiplets can contribute. In the model
at hand, these are just the multiplets associated with the known SM
particles and the extra Higgs multiplet required by susy in the MSSM
[56]. In view of recent LHC results [57], we take for illustration the
values Mg = 4M;s ~ 2.0 TeV and set the following susy partner values:

mg = 1.5(10) TeV

me = 1.5TeV
mg = 1.0TeV

m; = 0.5TeV o)
g = [0ATeV. =1

% =105TeV, i =2,3,4

mye =0.5TeV, i=1,2
ms =05TeV, S=A% H*, H,,

where we use a standard notation for the susy partners of the known
quarks (q < §), leptons (¢ <> ¢) and gluons (G < G), and the EW
gauge and Higgs bosons (y,Z9, W * H, A% H %, H, < ) with the
extra Higgs particles denoted as usual [56 ] by A ? (pseudo-scalar), H
* (charged) and H, (heavy scalar). § is the gravitino, for which we
show two examples of its mass for illustration. These particles then
generate the extra contribution

(-1 n;

AW, =
0,GUT Z ,0,2 (55)

je{MSSM low energy susy partners}
~1.13(1.12) x 1072

v Dy
to the factor W, = 3°; p
]

on the RHS of (52) for the two respective

values of m; called out by the parentheses. The corresponding values
of ps are —(1.67 x 1073 eV)*(—(1.65 x 1073 eV)*), respectively. The
sign of these results would appear to put them in conflict with the
positive observed value quoted above by many standard deviations,
even when we allow for the considerable uncertainty in the various
other factors multiplying W, in (52), all of which are positive in our
framework. This may be alleviated either by adding new particles to
the model, approach (A), or by allowing a soft susy breaking mass
term for the gravitino that resides near the GUT scale M¢yr, which is
~4 x 10'® GeV here [55], approach (B). In approach (A), we double
the number of quarks and leptons, but we invert the mass hierarchy
between susy partners, so that the new squarks and sleptons are
lighter than the new quarks and leptons. This can work as long as as
we increase Mg , Ms so that we have the new quarks and leptons at
Myjign ~ 3.4(3.3) x 103 TeV while leaving their partners at Mj g, ~
0.5 TeV. For approach (B), the mass of the gravitino soft breaking term
should be set to mz ~ 2.3 x 10" GeV . More generally, our estimate
in (53) can be used as a constraint of general susy GUT models and
we hope to explore such in more detail elsewhere. This admittedly
limited discussion of susy GUT effects highlights what one can expect
for the impact on our estimate in (53) from higher mass scale physics.

Moreover, we need to stress that the value of t;; cannot be taken
as precise, as we now elaborate. Specifically, we are using for it the
theory of Ref.[25]. We can see that the solution to the renormalization
group improved Einstein equations in Ref. [25] relates Mp; = &§H(ty)
= o/ty where o = 1/(2 — 2Q7) with Q7 equal to the relative vacuum
energy in the UV fixed point regime so that Q% < (0, 1). Here, H is the

Hubble parameter as usual and ¢ is of order unity and positive. For
power law Planck scale inflation, we need « > 1, or Q% > 1/2 . The
authors in Ref. [25] take as ‘generic’ Q% = 0.98 which leads to « = 25
and in the solution to their renormalization group improved Einstein
equations to the t; = atp; = 25tp that we have used here. Taking the
difference between Q% and 1 an order of magnitude smaller would
amount to fine tuning, so it is probably unreasonable. In addition, in
order to match smoothly onto the FRW classical solution, t; cannot
be too close to tp , where the classical solution surely fails. Thus, we
need « significantly larger than 1. In other words, what the authors in
Ref.[25] have taken really does seem to be ‘generic’, as they put it. We
feel t;- could be smaller by a factor ~3 and could be larger by a similar
factor and still be ‘generic’. Even this error estimate alone would mean
that our final result for p, is at least uncertain at the factor of 10 level
in the Bonanno and Reuter model. This should be taken in addition to
the uncertainty associated with the relation between the momentum
scale k and the cosmological time t as we have indicated above for
Ref. [25], where the estimates here realize this via Eqs. (2.2) and (5.1)
in Ref. [25], k(t) = £H(t) = «/t.!! Given that we are switching from
the Planck regime to the FRW regime, there is uncertainty in t; from
both pieces of this last relation. Realistically, especially given the non-
rigorousness of any argument based on fine tuning, we actually do not
know the precise value of t; at this point to better than a couple of
orders of magnitude which translate to a conservative uncertainty at
the level of 104 on our estimate of p, . We caution the reader to keep
this in mind.

We discuss in closing three final important matters that we have
not mentioned: (1), the effect of the various spontaneous symmetry
vacuum energies on our p 4 estimate methodology as exhibited here;
(2), the issue of the impact of our approach on big bang nucleosyn-
thesis (BBN) [58]; and, (3), the covariance of theory in the presence
of time dependent values of A and of Gy . We consider these issues in
turn, where we start with (1).

From the standard methods we know for example that the en-
ergy of the broken vacuum for the EW case contributes an amount of
order My, to p, . If we consider the GUT symmetry breaking we ex-
pect an analogous contribution from spontaneous symmetry break-
ing of order MéUT . When compared to the RHS of (52), which is
~ (—(1.0362)? W, /64)M}; ~ ]g—;le‘,‘l, we see that adding these effects
thereto would make relative changes in our results at the level of
%% ~1x107% and ]g—‘_‘z NE;L};T =7 x 1077, respectively, where
we use our value of Mgyr given above in the latter evaluation for
definiteness. We do ignore such small effects here.

Concerning the impact, or the lack thereof, of our approach to A on
the phenomenology of big bang nucleosynthesis (BBN) [58], we recall
that the authors in Ref. [25] have already noted that when on passes
from the Planck era to the FRW era, a gauge transformation (from the
attendant diffeomorphism invariance) is necessary to maintain con-
sistency with the solutions of the system (2) (or of its more general
form as given below) at the boundary between the two regimes at the
transition time t; . Requiring that the Hubble parameter be continu-
ous at t; the authors in Ref. [25] arrive at the gauge transformation
on the time for the FRW era relative to the Planck era

t>t =t—tg (56)
so that the continuity of the Hubble parameter at the boundary gives

a 1

tr 2 (b — fas) &

' In our analysis, we work on a flat background for our Fourier representations so
that we have the usual Heisenberg connection between momentum space and position
space - our k here is the not the same as the coarse graining scale k in Ref. [25].
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when a(t)xt® in the (sub-)Planck regime. This implies

1
tas = (1 - Z> tir- (58)
In our case, we have from Ref. [25] the generic case « = 25, so that
tas = 0.98. (59)

Here, we have used the diffeomorphism invariance of the theory to
choose another coordinate transformation for the FRW era, namely,

t—>t =yt (60)

as a part of a dilatation where y now satisfies the boundary condition
required for continuity of the Hubble parameter at ¢ :

a 1

2 _ 61
ter 2Vttr ( )
so that

1
y=o (62)

The model in Ref. [25] purports that, for t > t;-, one has the time t’ and
an effective FRW cosmology with such a small value of A that it may
be treated as zero. Here, we extend this by retaining A # 0 so that we
may estimate its value. But, with our diffeomorphism transformation
between the (sub-)Planck regime and the FRW regime, we can see
that, at the time of BBN, the ratio of p, to % is

MZ(1.0362)79.194 x 103(25)%/ (64t,§BN)

Q4 (tgan) = 3
(3/(87G ) (1/(2y toow)’) (63)
w1072
24
=131x1073.

Thus, at tggy our p, is small enough that it has a negligible effect on
the standard BBN phenomenology. We see that the uncertainty in the
value of «, which is the value of t4 in units of im does not affect

the estimate in (63) because the factors of «* = 252 cancel between
the numerator and the denominator on the RHS of the first line of
(63). This is in contrast with our estimate of p,(ty) in (53) where the
dependence on o = 252 is not cancelled, as we have discussed above.

Turning next to the issue of the covariance of the theory when A
and Gy depend on time, we follow in Eq. (2) the corresponding real-
ization of the improved Friedmann and Einstein equations as given
in Egs. (3.24) in Ref. [24]. We note that the equations in (2) should be
compared to the more general realization given in Egs. (2.1) in Ref.
[25] - we have effectively followed the latter realization in our dis-
cussions in this Section. The difference between the two realizations
is the solution of the constraint following from Bianchi’s identity:

D" (Agvu +8nGnT,,)=0; (64)

for,in (2), this identity is solved for a covariantly conserved T,,,, as well
whereas in Eq. (2.1) in Ref. [25], one has the modified conservation
requirement, as we noted above,

A+ 87rpC N
" 8aGn
to be compared with (2) in which the RHS of this latter equation is
set to zero. The phenomenology which we referenced from Ref. [24]
is qualitatively unchanged by the simplification in (2) but of course
the details of the that phenomenology, such as the (sub-)Planck era
exponent for the time dependence of a, etc., are affected, as is the
relation between 4 and G y in (2). What we can say is that (2) contains
a special case of the more general realization of the Bianchi identity
requirement when both A and Gy depend on time whereas what
we have done in this Section uses that more general realization. We
should also note that only when A + 87pGy = 0 holds is covariant
conservation of matter in the current universe guaranteed and that

b+3g(]+w)p: (65)

either the case with or the case without such guaranteed conservation
is possible provided the attendant deviation is small. Detailed studies
of such deviation, including its maximum possible size, can be found
in Refs. [59-61].

We want however to stress again that the model Planck scale cos-
mology of Bonanno and Reuter which we use is just that, a model.
More work needs to be done to remove from it the type of uncertain-
ties which we just elaborated in our estimate of A. We look forward,
however, to additional possible checks from experiment with just this
latter goal in mind.

Note added

Here, we point out for clarity that in computing A in the Planck
regime the assumption of K= 0 is presumed as that is the only case for
which the Bonanno-Reuter Planck scale cosmology has been shown
to allow a smooth connection from the Planck regime for times near
or earlier than the Planck time to the semi-classical FRW regime for
times after t . For K = 0, by definition, equal time slices are flat 3-
spaces, exactly as we have employed in the vacuum states used to
compute the zero-point energies that comprise A. Thus the results in
Sections 3 and 4 are fully self-consistent.
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Appendix 1. Evaluation of gravitational infrared exponent

In the text, we use several limits of the gravitational infrared ex-
ponent By defined in (28). Here, we present these evaluations for
completeness.

We have to consider

aksy (k)

B = | ey

i3 ("™ 4 T — 0T’ (~ix pr) (2ip) (~ikp'5) (2iP,) |
(k2 —2kp + A +i€) (k2 —2kp' + A + i) p=p

d*k
= 66
/ (2n2‘(k2—A2+is) (66)
 2ikp f dik 1

©16x7 ) (R -2 +ie) (2 —2kp+ A +ie)

where A = p2 — m2. The integral on the RHS of (66) is given by

| _/ d4k 1
(k2 =32 +i€) (k2 — 2kp + A +i€)®

- (1= 1(4B)) -1 ()
with
e 2% (AHZ * <(Z+X2)2 —a (7 - ie))1/2> (67)

for A=1—nm?/p?, 7> = 2/p?ande = ¢/p. In this way, we arrive at
the results, forp 2 < 0,

Kz)pz‘ e

872 ln(m2+}l72>’m7é0

KZ)Pz‘ m
By (p)= g =m, = (68)
s(P) 872 m(méﬂpz)’m et

sz‘p2’l g 0 )

g7 0 2 ,m=0,mg =1,

where we have made more explicit the presence of the observed small
mass, mg, of the graviton. When m = 0 and one wants to use dimen-
sional regularization for the IR regime instead of mg, we normalize
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Fig. 2. The graviton((a),(b)) and its ghost((c)) one-loop contributions to the graviton
propagator. q is the 4-momentum of the graviton.
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Fig. 3. The scalar one-loop contribution to the graviton propagator. q is the 4-
momentum of the graviton.

the propagator at a Euclidean point k2 = —;2 and use standard fac-
torization arguments [62-66] to take the factorized result for By from
(68) as

222 ()2
g(p)‘factorized = Wln <|p2|> . m=0,mg=0. (69)
In physical applications, such mass singularities are absorbed by the
definition of the initial state “parton” densities and/or are canceled
by the KLN theorem in the final state; we do not exponentiate them
in the exactly massless case.

We stress that the standard analytic properties of the 1PI 2pt func-
tions obtain here, as we use standard Feynman rules. Wick rotation
changes the Minkowski space Feynman loop integral [d 4 k with
k=(kO9 k' k2 k3)forreal Wand k2 =k02 — 12 _ 2

— k3 2 into the integral ifd # kg with k = (ik %, k!, k?, k*) and
K2 = k0% _ 12 _ 22 _ 3% = —kZ with kg the Euclidean 4-vector kg
= (KO, k', k2, k3) with metric 6, = diag(1, 1, 1, 1). Thus our results rig-
orously correspond to [p 2| = —p 2 in (68), (69) with m 2 replaced with
m 2 — ie, with €0, following Feynman, for p 2 < 0; by Wick rotation
this is the regime relevant to the UV behavior of the Feynman loop
integral. Standard complex variables theory then uniquely specifies
our exponent for any value of p 2.

Appendix 2. Graviton inverse propagator

To obtain the result in (40) we first consider [9] the diagrams in
Figs. 2 and 3. These graphs have a superficial degree of divergence
in the UV of +4 and are a test of our methods because, in the usual
treatment of the theory, they generate a UV divergence in the respec-
tive 1PI 2-point function for the coefficient of g 4 which can not be
removed by the standard field and mass renormalizations.

For example, consider the graph in Fig. 3a. When we use our re-

summed propagators, we get (here, k — (ik?, E) by Wick rotation,

and we work in the transverse-traceless space)

22
m2
3 l“( 2 k,z)
S (ks + ki) e m+]ie?|
lz(q)ﬁ““ - 202 /2 2
@2n)* ks —m +le> (70)
Kz\k2|1n< 2 )
(K, + Kk, ) e & \m el
(k% —m? +ie) '

We see explicitly that the exponential damping in the deep Euclidean
regime has rendered the graph in Fig. 3a finite in the UV. For the same
reason, all of the graphs in Figs. 2 and 3 are UV finite when we use
our respective resummed propagators to compute them.

To evaluate the effect of the corrections in Figs. 2 and 3 on the
graviton propagator, we continue to work in the transverse, traceless
space and isolate the effects from Figs. 2 and 3 on the coefficient of
the g 4 in the graviton propagator denominator,

@+ %q42T(2) tie (71)

so that we need to evaluate the transverse, traceless self-energy func-
tion 7 (q2) that follows from (70) for Fig. 3a and its analogs for Figs.
3b and 2 by the standard methods. Here, we work in the expectation
that, in consequence to the newly UV finite calculated quantum loop
effects in Figs. 2 and 3, the Fourier transform of the graviton propa-
gator that enters Newton’s law, our ultimate goal here, will receive
support from from |q> « MI%,. We will therefore work in the limit
that g%/ M3, is relatively small, <.1, for example.!? This will allow us
to see the dominant effects of our new finite quantum loop effects.
In other words, we will work to ~10% (leading-log) accuracy in what
follows. See Appendix 2 for more discussion on this point.

First let us dispense with the contributions from Figs. 2b and 3b.
These are independent of g% so that we use a mass counter-term to
remove them and set the graviton mass to 0. Following the sugges-
tion of Feynman in Ref. [33], we will change this to a small non-zero
value below to take into account the recently established small value
of the cosmological constant [29,30]. See also the discussion in Refs.
[67-70] where it is shown that the quantum fluctuations in the ex-
act de Sitter metric implied by the non-zero cosmological constant
correspond in general to a mass for the graviton. Here, as we expand
about a flat background, we take this effect into account as a small
infrared regulator for the graviton. The deviations from flat space in
the deep Euclidean region that we study due to the observed value of
the cosmological constant are at the level of e _ 11 Thisis safely
well beyond the accuracy of our methods.

Returning to Fig. 3a, when we project onto the
transverse, traceless space, that is to say, the gravi-
ton helicity space {er(£2) =€’ €', wheree!, =
+(R+i9)/~/2wheng, yare purely space-like and (%, X, q /1 q
|)form a right-handed coordinate basis}, we get (see the Appendix
3) the result

i57(),, = et [ da [

2m?
My’
stitution x = k 2 and imposed the mass counter-term as we noted.
We have taken for definiteness g = (0, 3). We alsouseq = | q | when
there is no chance for confusion. We are evaluating (72) in the deep

2(x+1)d+d
)1+x X (72)

x+1 ><+1+H)2

where A = d=a(1- a)a /m? so that we have made the sub-

12 This regime is for numerical convenience only, as it allows us to work with a
simple quadratic equation in g2 in determining the Fourier transform of the graviton
propagator below. It is justified because the pole position which we find at non-zero g
satisfies it. There is no problem of principle to treat the exact result, and it will appear
elsewhere.
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UV where m 2/q 2 « 1 and where q%/M3 < 0.1 - see Footnote 8.
Accordingly, we get

2 (1d 22 q 4
T2\ _ —kSf1d " mic 19
iz (¢%),, = g2 ( 3 T30 ) (73)
where
oo
c1 =11 (h) :/ dxx3(1 4 x) 37
(74)

%
=1 (k) = /0 dxx3(1 4 x)4rex,

Using the usual field renormalization, we see that Fig. 3a makes the
contribution

i
(0),0 = ggs0nz
to the transverse traceless graviton proper self-energy function.
Turning now to Fig. 2, the pure gravity loops, we use a contact
between our work and that of Ref. [47]. In Ref. [47], the entire set of
one-loop divergences has been computed for the theory in (6). The
basic observation is the following. As we work only to the leading
logarithmic accuracy in In A, it is sufficient to identify the correspon-
dence between the divergences as calculated in the n-dimensional
regularization scheme in Ref. [47] and as they would occur when A
— 0. This we do by comparing our result for (72) when q 2 — 0 with
the corresponding result in Ref. [47] for the same theory. In this way
we see that we have the correspondence

1
2-n/2°

This allows us to read-off the leading log result for the pure gravity
loops directly from the results in Ref. [47]. Since —Ini¢ = In Mp?2 —
Inm? —In % we see that our exponentiated propagators have cut-off
our UV divergences at the scale ~ Mp; and the correspondence in
(76) shows the usual relation between the effective UV cut-off scale
and the pole in (2 — n/2) in dimensional regularization. Note as well
that, if the small cosmological constant [29,30] is set to zero,'? the
graviton is then exactly massless and we normalize its propagator at
a Euclidean point p? = —u? as is standard for massless non-Abelian
gauge theories for example. It follows that for the graviton case and
for all other cases where m = 0, as we explain in Appendix 1 (see
(69)), the mass m in (76) is replaced with m = u - there is no zero
mass divergence in the case that the mass of the respective particle
is zero. The UV correspondence is the same in both the m # 0 and m
= 0 cases.

Specifically, the result in Ref. [47], when interpreted as we have
just explained, is that the pure gravity loops give a factor of 42 times
the scalar loops for the coefficient a, above when we work in the
regime where |q2| is relatively small compared to Mﬁl. Here, we again
take into account the recent evidence for a non-zero cosmological
constant [29,30], which can be seen to provide the small non-zero
rest mass for the graviton, mg = 3.1 x 10733 eV, which serves as an

(75)

—Inic < (76)

13 For the reader unfamiliar with Feynman’s original observation [33] that, in his
approach to QGR, one of the main effects of the cosmological constant is to give the
quantum graviton field h,, a mass, we recall Einstein’s equation R, — %gWR + Ag. =
—«2T,,, with R, and T,,, the respective Ricci and energy-momentum tensors. For g,,, =
M + 2chy,, we get Ry, =y, + O(c?), with 1, = Oh,,, — 0,9, h% — 9,0, h% + 9,9, hg
so that, absorbing the An,, term into the normal ordering constant-z,, terminT,,, we
get the result r,,, — n,,1¢ +2Ah,, = « T, where here T, is now the normal ordered
energy-momentum tensor, including the contribution from the graviton itself. This
result shows that the field h,,, as already noted by Feynman [33], now has mass-
squared 2 A working to leading order in A. We treat this as an IR regulator mass for a
massless spin 2 field in Minkowski space over the Planck scale distances with which
we work. Indeed, the non-zero value of A means the background metric should be of
de Sitter type and this avoids the problems noted in Refs. [71,72] associated with a
graviton mass different from zero in Minkowski space, as we explained further in the
text above.

IR regulator for the graviton. This is the value of rest mass in A, which
should be used for pure gravitational loops - see Footnote 9 for more
discussion on this point relevant to Refs. [71,72]. See the Appendix 1
for the derivation of the corresponding infrared exponents.

We note that, for A = 0, the constant ¢, is infinite and, as we have
already imposed both the mass and field renormalization counter-
terms, there would be no physical parameter into which that infinity
could be absorbed: this is just another manifestation that QGR, with-
out our resummation, is a non-renormalizable theory.

Using the universality of the coupling of the graviton when the
momentum transfer scale is relatively small compared to Mp;, we can
extend the result for the scalar field above to the remaining known
particles in the Standard Model by counting the number of physical
degrees of freedom for each such particle and replacing the mass of
the scalar with the respective mass of that particle. For a massive
fermion we get a factor of 4 relative to the scalar result with the
appropriate change in the mass parameter from m to my, the mass of
that fermion, for a massive vector, we get a factor of 3 relative to the
scalar result, with the corresponding change in the mass from m to
my, the mass of that vector, etc. In this way, we arrive at the result that
the denominator of the graviton propagator becomes, in the Standard
Model,

2, T (2\ i~ 2 4 C2ef
+ X +ie=q° —q" ———, 77
¢ +35" (¢?) +ie=q?—q o0V (77)
where we have defined
Cer= Y.  Nila(ke(J))
SM particles j (78)

=256 x 10*

2
with I, defined above and with A.(j) = :% and [12] n; equal to the
Pl

number of effective degrees of particle j as already illustrated. The
values for Standard Model masses used in arriving at the numerical
value for ¢; o in (78) are explained in the text. We also note that (see
Appendix 3) for Ac — 0, we have found the approximate representa-
tion

1 Inln ;—C 11

IZ(AC)Elnl—lnln——i—

—_. 79
he Ae ln%c—lnlnf—c 6 (79)

The results (77), (78) and (79) have been used in the text.

Appendix 3. Evaluation of gravitationally regulated loop
integrals

In this section we present the derivation of the representations
which we have used in the text in evaluating the gravitationally reg-

ulated loop integrals in Figs. 2 and 3.
Considering the integrals in Fig. 3 to show the methods, we need

the result for
2
n ( sz [z )

k% —m2+ ie) (80)

2

N , 872
_ (kecks + k) e
(=)t

K2

Vs v

it
(k;LkV + k;kl‘_) e 872 m2+)l<2‘
@ - +ie)

In the limit that |q2| <« Mgl, standard symmetric integration methods

give us, for the transverse parts,
in?

Twopw = =V {gvguy + permutations} Io (81)
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where we have

L Jode /5 ki ke Ac(I2/m? ) In(m? /(m?+12))
(27 )* [ k2 +m2 + g2 |a( 1—a)]

(82)

and where we used the symmetrization, valid under the respective
integral sign,

g8y + permutations} (83)

k*
legheske, ke, — >4 {

and ic = 2n? /(= M}). The integral Iy, with the use of the mass counter-
term, then leads us to evaluate the difference,

- _ Jodef3dx
lo(0)= 202m)*

x3(x 4 1) (

2d(x+1)-d°) (84
X+ 172(x+1+d) (x+1)-T) @4

where we define here d = |q%|«(1 — «/)/m?. It is seen that the domi-
nant part of the integrals comes from the regime where x ~ 1/(pi¢)
with p = —In A, so that we may finally write

Al = Io(q)— 1o (0)

L JodefFdx By o o
©o2en) (x+1)2(x+1+a)2( (x+1) ) (85)
. lgPhL 1gifn

6(27)*  60(27)*

where we have defined

I (A¢) /dxx (14 x)377X,

2 (%) _/ dxx3(1 + x)~ 47X,

The result (85) has been used in the text.

For the limit in practice, where we have A — 0, we can get accurate
estimates for the integrals I, I; as follows. Consider first I,. Write x3
=(x+1-13=x+13-3x+ 12 +3kx+1)—1toget

I (k) = /:dx (+n7

= [ a1yt
0

“3x+ 1) +3(x+1)7°
11
5

—(x+ 1)*“) (1 +x)7

Use then the change of variable r = A.x to get, for p =

- = 0o gerin(rc)-pr
/ dx(x + 1)1 :f dr—— 8 —
0 0 Tt

=—Inic+ [ drin(r + ) (IN(r + ac)+1/(r + i) + p) e r+ra-s
0

In(1/xc),

=p+ fwdrz jl ((p +1)(8/da) ! + (a/aa)f“) (8/0p) 1€ |uco

Jj=0

(86)
Z 77 ((o+ D@/7)™" + (@/80)*2) (9/36) T (@ + 15~ M aco
j=0
Np+7(p+l)lnp+lnp
" np”
*/)—ln/)—pilnp.
This gives us the approximation
Inp 11
Iy(A)=p—-Inp— —— — — 87
2(kc)=p—Inp "I, 6 (87)

when A — 0, as we noted in the text.

The integral I; is a field renormalization constant so, in the usual
renormalization program, we do not need it for most of the applica-
tions. Here, we will discuss it as well for completeness. We get

It (re) = /;:dx(l +X)M* -3 <12 (he) + 161 ) + g

dx(1+x)7* =315 (A¢) - 3,

0

where, as above, we use

/oodx(l + X)—xcx _ fgodre—rln(rﬂcj—rp
0 Ac
L Jodr s

1 . .
=T 2 qi(0/aeY (/e re Moo
j=0
131 . j "
= =3 (0/00)(8/3Y T (1 + @) p~uco
c j=OJ
_1 1
" hep—Inp
Thus, we get
11
Ii(ae) = Em—:ﬂz()\c)—& (88)

Finally, let us show why we can neglect the terms d that were in
the denominators of I;, j = 1, 2. It is enough to look into the differences

Jodxd 1 1
! (x+1+d)°

(x+1) \ (x+1)
where we note that the integral I; is absorbed by the standard field
renormalization where here for convenience we do this at |g2| = 0
when we neglect d in the denominator of I; or at the zero of the
respective graviton propagator away from the origin otherwise. From
this perspective, the main integral to examine to illustrate the level
of our approximation becomes

(x+ 1) j =

1.2, (89)

AL = Jo9 [(x+1)*“_ (x+ 1)~ }
(x+17 | (x+1)7° (x+1+3)2
f dre—"In(r+ic)-rp 1 } (90)
(r+xc (r+Ac) (r+xc+o)

/ dr/ dal“l/ dazaze—rlnr Tp—oq (I+ic)— a;(r+xr)(1 _e—aza)y

where we have defined o = A.d. The approximation, valid for small

values of o,
(1 — e 29) =2e729/%sinh (ap0/2)
—apo /2

(91)

= apoe
then allows us to get

Aet+0/2 )

a2 00
Al ’54aa—/ dre " (1 -
T+ +0/2
1 2 "(po/2)" %2)
=2+ po +2po (1 + 4/)(7)6””/ C +1In(po/2) +27 N

nn!

which shows that this difference is indeed non-leading log. The anal-
ogous analysis holds for Al as well.
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