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Abstract

The propagation of guided waves in photonic crystal fibers (PCFs) is studied. The structure of a PCF can be regarded as a perfect
two-dimensional photonic crystal with a line defect along the invariant direction. This problem can be treated as an eigenvalue
problem for a family of noncompact self-adjoint operators. We prove that line defects do not change the essential spectrum of
the associated “background” medium. This result plays a key role for studying the influence of line defects on the “background”
spectrum. A modified Combes—Thomas estimate is also formulated.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Photonic crystals (PCs) are periodically structured dielectric media, which are designed to favor band gaps, i.e.,
monochromatic electromagnetic waves of certain frequencies cannot propagate through these structures. The fact
that photonic crystals exhibit band gaps that bear a resemblance to semiconductors has great importance in physics.
Since the first proposals of a photonic band gap effect by Yablonovitch [23] and John [12], lots of applications have
been studied. Among these applications, photonic crystal fibers (PCFs) as fundamental transmission medium to guide
electromagnetic waves have been intensively studied. See, e.g., [2,3,6,7,17,18]. Photonic crystal fibers consist of
a periodic array of two different optical transparent materials running through the length of the fibers with a central
defect which serve as cores for light guiding. Physically, guided waves (or guided modes) can be created in these
structures, i.e., electromagnetic waves of certain frequencies propagate along the line defects of these structures may
have finite transverse energy (or we can say that they are localized near the line defects) and radiating otherwise.

To the best of our acknowledge, although this phenomenon has been intensively studied in experiments and nu-
merical simulations, theoretical studies are few. Recently, we noticed that in [22], both the transverse electric (TE)
and transverse magnetic (TM) cases were studied. More precisely, in TM case, a guided wave has only longitudinal
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electric field and a purely transverse magnetic field. Similarly, in TE case, a guided wave has only longitudinal mag-
netic field and a purely transverse electric field. By dealing with the two 2D scalar differential equations, they proved
the exponentially decay of the guided waves in the cladding. They also proved the possibility of opening gaps in the
spectrum of the background spectrum making it possible to guide electromagnetic waves with suitable cores.

One can also deal with this problem under the assumption of weak guidance, i.e., small variations of electric per-
mittivity and magnetic permeability of the medium. Then guided waves have only transverse electric and transverse
magnetic fields, approximately. Under this assumption the problem can be reduced into a scalar problem in the trans-
verse plane of a photonic crystal fiber. However, for photonic crystal fibers used in practice, this scalar approximation
is generally not valid, due to great variations of electric permittivity and magnetic permeability of the medium. So it
is very important to study the vectorial problem not only in theory but also in practice.

The goal of this paper is to give a mathematical framework for understanding this phenomenon. For this purpose,
we use the theory developed in [8,9]. The distinguishing point of our work, is that the results here are also hold
for the ordinary dielectric waveguides, where the ordinary waveguides is a cylindrical structure, with homogeneous
electric permittivity and magnetic permeability in longitudinal direction and inhomogeneous electric permittivity and
magnetic permeability in the transverse plane. This paper is a first step in rigorously explaining the spectral properties
of guided modes in photonic crystal fibers. The existence of eigenvalues created by line defects, exponential decay
property of the corresponding eigenfunctions and other interesting issues have been studied in [19].

The outline of the remainder of this paper is as follows: In Section 2, we show that this problem can be treated
as an eigenvalue problem for a family of noncompact self-adjoint operators. We prove the self-adjointness of these
operators in Section 3. In Section 4, we prove the stability of the essential spectrum, i.e., line defects do not change
the essential spectrum of the associated “background” medium (in fact we only require background medium to be
invariant in one direction, the periodic condition of the background medium in the transverse plane is unnecessary).
This is a fundamental result for studying their point spectrum. Since the proof of the Combes—Thomas estimate used
in Section 4 is complex, we will list it as Section 5 separately. It is worth noting that this estimate is also very useful
for studying the exponential decay property of guided waves [19].

2. Mathematical formulation
First we will give a rigorous description of some special photonic crystals and photonic crystal fibers. We will
adapt some notations for convenience in the following:
¥=(x,x3) €R3, x = (x1,x2) € R%.

We consider lossless inhomogeneous dielectric medium occupying the whole space R3. The functions €(¥)
and w(X) which describe the medium are called electric permittivity and magnetic permeability, correspondingly.
We assume that €(X) and p(X) are invariant under any translation in the x3 direction

€(x) = e(x), p(X) = p(x). ey
It is reasonable physically that there exist constants ¢ and ¢; such that

O<c1 <e@), u(x¥) <cr <00 ae. )
If they are periodic functions of the transverse variable x with period ¥ =R?/Z?, i.e.,

e(x+n)=€e(x), px+n=wnkx) foralneZ’, xeR? 3)

these structures are often called (two-dimensional) photonic crystals, or photonic band gap materials [13]. Further-
more, a photonic crystal fiber is created if a line defect in parallel with x3-direction is introduced (see Fig. 1). We
describe the defect strip by

2={¥=@.x)eR|x3eR, xe}, )

where 2 is the support of the perturbation in the transverse plane. We assume that 2 is a measurable compact subset
of R2. Without loss of generality, we also assume that 0 € 2. Inside the defect, the dielectric medium can be different
from the background medium. We define the background medium and the perturbed medium rigorously in Section 4.
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Fig. 1. The line defect is shown on the cross section of the photonic crystal fiber as a darker region.

It is worth noting that the results of this paper hold for all €(x) and w(x) which just satisfy (1) and (2). That is to say,

the condition (3) for €(x) and u(x) is unnecessary.

The Maxwell’s equations that govern light propagation in the medium in absence of free charges and currents look

as follows:
- dB(X,1) -
Vi x E(x,t)+ 3 =0, Vi -B(x,1)=0,
- aD(x, 1) -
V;xH(x,t)—Tzo, Vi-D(x,t) =0,

®)

where E(X,t), H (X, t) are the electric and magnetic fields, and D(X, t) and B(X, t) are the displacement and magnetic
induction fields, correspondingly. The so-called constitutive relations are

DX, 1) =e(X)E(X,1), B(X,t) = u(X)H (X, 1).
We consider time-harmonic waves
E®, 1) = “'E(Y), H(X, 1) = “"H(),
where w > 0 is the angular frequency. This leads from Egs. (5) to
{ V x E(X) +iopH(X) =0, V- (uH) =0,
V x H(X) —iweE(X) =0, V-.(cE)=0.

Definition 2.1. A guided mode is the solution of (6) on the form

{ EG) = (E1 (x), Ex(x), E3(x)) e 85,
H(X) = (H (x), Hy(x), H3(x))Te*i/3x3
and

/(e|E|2 + ulH|?) dx < 0,

RZ

where

E=(E\(x), E2(0), E3(0))',  H=(H(x), Ha(x), H3(x))"

and B > 0 is the wave number of the mode in the x3-direction.

(6)

)
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We will introduce some notations in the following:

31 0 3
Vs=[a|-islo]=] & |,
0 1 —ip

where 01 = d/dx1, d» = d/dx>. Furthermore, we define
Ve = (010, . —ifo) .
Vg x il = (Bous + iBus, —dusz — iBuy, dus — dour) ',
Vg - u=01uy + dup —iPus,

where i = (u;, uz, u3) | and ¢ = ¢ (x) is a scalar function.
Now plugging formula (7) into (6) and eliminating E or H, one obtains

e 'V x u'Vg x E=AE (®)
and

'V x e 'Vg x H=1H,

where A = w?.

We first consider the E-formulation (8). In the following, some functional spaces are useful. We shall denote
for any 3D vector field u = (u1(x), ua(x), u3(x))T the transverse field by u = (u;(x), uz(x)) T, thus we have u =
(', u3(x))T. We define

curlu = 81142 — 82u1
and

H (curl; Rz) ={ue L*(R?) | curlu € LZ(RZ)}
with the norm

1613 curt 2y = N2 17 2 oy + leurlull s o,
A standard Sobolev space is also needed

2

H'(R?) ={¢ e L}(R?) | Vg € L*(R?)}.
Furthermore, we also define

H, = L*(R?) 9)
equipped with the weighted inner product

(il, D) =/eﬁ-5dx

R2

and the norm |/ii||c = +/(ii, D), where ¥ means the conjugate of .
We introduce

Ve ={ii € He | Vg x il € He}.
The space V¢ is a Hilbert space equipped with the norm

i1, =/e(|ﬁ|2 + |V x ii|*) dx.
R2
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Lemma 2.1. V. is isomorphic to H(curl; R?) x H'(R?) and the norm || - lv. is equivalent to the norm

Il ”H(curl;]Rz)le(]Rz)’ ie.,
Ve = {ﬁ | U= (uT, u3)T € H(curl; ]Rz) X Hl(]Rz)}.
Proof. We notice that
liill3, = lillz,, + 1V x iil7,
=/e(|ﬁ|2 + |Bous + iBua|® + [d1u3 + ifuy |* + 911z — druy |*) dx
]R2
:/e(|fi|2+|Vu3+iﬁu|2+|curlu|2)dx
R2
This implies
lillv, < Cllill g cun:r2) x 11 ®2)

for some constant C < oo.
On the other hand, for i € V., using (10) and for some integer n > 1 + 2/32 we have

IIMIIVE IIMIIHG + IV x uIIH
=/e(|ﬁ|2+|Vu3+iﬂu|2+|cur1u|2)dx
RZ

=/e(|ﬁ|2 + | Vus? + B2 |ul* — 28Im(u - Vuz) + |curlu|?) dx
]RZ

> /e(|ﬁ|2 + |Vus|? + B2 |ul* = 2B|ul|Vus| + |curl u|?) dx

]RZ
1 1 1 1
=/e —|uz|> + =|Vus|? dx~l—/€ —u|> + =|curlu|® | dx
n n 2 2
R2 R2
n—1 5 1 5
+ | € |us| +§|curlu| dx
RZ

1 1
|Vus|® + (5 + ﬁ2)|u|2 — 2ﬁ|u||w3|> dx

n f—
+/e<
R2
1 2 1 2
2 ;Cl ”u3”H1(R2) + EC1 ”u”H(Curl;Rz)

—1 1
+/e<”7|w3|2+ (5 +/82)|u|2 —2ﬂ|u|IW3|> dx

R2

1 2 1 2
> _C1||”3|| 1r2 T —Clllull R2
HI(R?) H(curl;R?)

< F\/ﬂzi—%?)lullvwldx

1
_C1||U3|| gy T 5 ClIIMII 2
HI(R2) H(curl;R?)

(10)
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where ¢ is defined in (2). This implies
lillve = Clll 7 eurt; r2) 11 2)
for some constant C < co. This completes the proof. O

Some simple properties about the operators Vg x, Vg- and Vg should be noticed:

Lemma 2.2.
(i) Vg (Vgx)=0,
i) Vg x(Vg)=0,
(iii) Vg-(eE)=0 for E=(E, E, E3)—r satisfies (8) and X # 0. (11)
Proof. One can easily check (i) and (ii). From Eq. (8),
Vg x n” Vg x E = A€¢E, (12)
applying (i) to (12) for A # 0, one obtains (iii). O

Remark 2.1. Identity (iii) of Lemma 2.2 means that all physical solutions must satisfy the divergence free condition
for A > 0.

3. Self-adjointness

In the following, we will first give a space decomposition which is analogous to the classical Hodge decomposition
(also called Helmholtz decomposition or Weyl decomposition in some literature).

Lemma 3.1. The space H. can be decomposed to the direct sum of the spaces Hc(B) and G(B),
He=H:(p)®G(p), (13)

where
He(B) = {ii € Hc | Vg - (eii) =0} (14)
and

G(B)={Vso | € H'(R?)}.

The sum (13) is orthogonal with respect to the scalar product with the weight €(x) dx.

Proof. For arbitrary ii € H,, introduce the unique weak solution ¢ € H L(R?) of Vg - (eVgp) = Vg-(€u),i.e., ¢ solves
the weak formulation

/(evm) Vg¥rdx = /(eﬁ) Vg dx
R2 R2

for any ¥ € H'(R?). We set v = ii — V¢, then we have

O:/(eﬁ —€Vg) - Vpyrdx
R2

= /(vﬂ (el — €Vgd))yr dx
R2
=/(vﬂ -(eD))¥dx forall y in H'(R?).
R2
This implies ¥ € H¢(8) and orthogonality of the spaces between H,(8) and G(B). Thus the lemma is proved. O
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Definition 3.1. The unbounded operator <7 (8) is defined by
e (Bii =€ 'Vg x n7!Vp x il
with
D(ee(B)) = {ii € Ve | Vg x u™ 'V x ii € He}.
We can describe the structure of <7 (8) by

Lemma 3.2.

D) Kerde(p)=G(B),
(i)  Zme(B) C He(B).

Proof. (i) By (ii) of Lemma 2.2 we have G(B) C Ker <% (B). Conversely, if i € Ker .o/ (8), by Green’s formula, we
have

0=/Vﬁ x (W 'Vg x i) - udx =/u_l|Vﬁ x i|*dx,
R? R?
this implies
Vg x =0,
ie.,
ohuz +ifuz =0,
—diuz —ifu; =0,
oiupy — ooup =0.
Hence we have
U= (-.i3lu3, —.i32143,u3>T
ip ip

= —(01u3, dou3z, —ifus)

B
—iVu

Since Vguz € G(B), this implies Ker o7 (8) C G(B). Thus, Ker # (B) = G(B).
(ii) is the immediate consequence of (i) of Lemma 2.2. O

Since #(B)|cp) =0, we have o ((B)) = {0} U o (% (B)|H.(s)nv.)- It is natural to work on the restriction
of o7 (B) to the space H(B) NV, i.e.,

Ac(B) = Fe(Blvep),

where
Ve(B) = He(B) N Ve = {ii € Ve | Vg - (eti) = 0}.
The nonnegative closed quadratic form a.(8; -,-) corresponding to A(B) is
ac(B; i, v) = /(M—lvﬁ X ﬁ) Vg x vdx forall (i1, ) € Ve (B) x Ve(B). (15)

R2
Next, a two-dimensional scalar valued operator div is defined by

divu =01u; + doup foru = (ug, ug)T.
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Theorem 3.1. For any B > 0, the operator Ac(B) is self-adjoint, uniformly positive and
a(Ac(B) C [p-B?, ),

where

p— =1nf, p2 (e_l(x)u_l(x)) > 0.

Proof.
i = [ w1% x P dx
R2
>p_/e|Vﬂ x i|*dx
R2

=P—/€(|32M3+i,3u2|2+|31M3+i,3’41|2+|31M2—32M1|2)dx

RZ

=p_ / e(IVusz + iBul* + |curlu|2) dx
RZ

=p_ / e(IVus|® + B*ul* — 2BIm(u - Vuz) + |curl u|?) dx. (16)
RZ

Notice that i € H.(B),
Vﬁ : (éﬁ) = 0,

it implies that
div(eu) =if(eu3).

By Green’s formula, we have

_/gu.V—u?,dx:/diV(EM)M_?,dXZiﬂfelu?"zdx'

R2 R2 R2
Since € is a real number, we have
—Im/ eu-(Vuz)dx = —/elm(u . (V—ug)) dx = ﬂ/e|u3|2dx. (17)
R2 R2 R2

Plugging identity (17) into (16) leads to

ac(B; i, it) 2,0,/.6(|Vu3|2+|cur1u|2)dx+,07,32/.6(|u|2+2|u3|2)dx
R2 R2
>p_BlilZ. O

Remark 3.1.

(1) Theorem 3.1 is just the first step for studying the spectral properties of A¢(B). It is well known that the spectrum
of A(B) consists of an essential spectrum corresponding to a continuum of radiating modes (i.e., plane wave-like
modes) and a point spectrum corresponding to guided modes. Of course the radiating modes have no finite energy
in the transverse plane.

(i1) The results of Lemmas 3.1, 3.2 and Theorem 3.1 are similar to the versions of Lemmas 1.1, 1.2 and 2.1 in [14].
However, we should notice that the operator <7 (8) is different to the counterpart defined in [14].
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4. Stability of essential spectrum

In the following we set .Z(H) as the space of all bounded linear operators, where H is a Hilbert space, and
Com(H) as the subspace of .Z(H) of all compact operators.

We will also describe the background medium by €y and 1, and the perturbed medium by € and p. However, it
should be noticed that we do not require €y and pq satisfying (3) until we give a statement.

We adapt Ac(B) as the perturbed operator according to A¢, (). We also introduce

N =pt 0 - g @), E ='W - @)

and

nizmax{j:r;(x),O}, Eizmax{:té(x),O},

then we have

Ac(B) — Ay (B) = (e7'Vg x u™'Vpx) — (5" Vg x 1y ' Vg x)
= ((€7'Vp x n™'Vpx) = (& Vp x 7' Vpx))
+((eg ' Vo x 1n™'Vpx) = (6 Vp x 15 ' Vg x))
= (SVﬂ X M_lvﬁx) + (ealvﬂ X nVﬁx).
By our hypotheses (4), both £ and n are bounded measurable functions and they are supported inside £2. £+ Vg x
M_IVﬂx, eo_lvﬂ x n+Vgx and Ac(B) — A (B) is denoted by Ag+, Ayt and S, respectively. It is easy to see
Ac+, Ay+ are nonnegative self-adjoint operators. Since we have
S - A%‘J’_ - Ag_ + A’H‘ _— A’]_

and

Ac(B) = (Aeg(,B) + Ag-f- + A’H‘) — (Ag_ + Aﬂ—)’

it suffices to prove Theorem 4.1 below in the case that both £(x) and n(x) do not change their signs for all x. Without
loss of generality, we only consider the case £ > 0 and n > 0.

Theorem 4.1 (Stability of essential spectrum,).
Oess (Ae (/3)) = Oess (Aeo (,3)) .

Proof. Since (A¢,(B)+1)7"S(A¢ (B)+ )" is a Hilbert—Schmidt operator for arbitrary n > 1 which will be proved
in Theorem 4.2 below, this implies that (A¢ (8) + 1) 7" S(A¢(B) + 1) € Com(H). This theorem follows from
Corollary XIII.4 in [20]. O

Theorem 4.2. For any €(x) and ju(x) satisfying condition (2), any bounded measurable functions & (x), n(x) with the
same compact support and any n 2> 1, (A¢y(B) + 1)7"S(A¢,(B) + 1) is a Hilbert—Schmidt operator.

Proof. We first prove this theorem in the case S =€ ! Vg x nVgx, where n > 0 has a compact support.

As we know that, if 0 < A < B, where A and B are two self-adjoint operators with B Hilbert—Schmidt, A is
also Hilbert—Schmidt. Hence, we can always find infinitely differentiable function 7 with compact support such that
n(xX)po(x) < 7j(x) for x € R2. Because

0< e ' Vg x n(x)Vgx <€y Vg x <Ml>vﬁx,
0

it is sufficient to consider the case n = 7)/uo with 7 € C3°(§2;), where £2,, represents the support of 7. Also, let x;
denote the characteristic function of §2,;, then we have
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—n

(Aey(B)+ 1) " (65" Vs x nVpx) (Aey(B) + 1)
= (A (B) + 1) " (e " (Vi) x 11y ' Vx ) (Aey(B) + 1)
+(Ae(B) +1) " (e 18 % 115 V) (Ao (B) +1)

= (Ae(B) + 1) " xeg  (V5i) x 15" Vg x (Ae(B) + 1) (Aeg(B) + 1)
+ (A B + 1) " 2065 17V x 15 ' Vg x (A B) + 1) (Aey(B) + 1) "7 V.

Some notations are needed in the following

—n
—n

—(n—1)

ef = sup eo(x),  pug = sup po(x),

xeR? xeR?
e, = inf eg(x), uo = inf po(x). (18)
0 xeR? 0 xeR2

Because A, (8) is a nonnegative operator on He, it is easy to see

[V5 x 15" V5 x (A B + 1) | = | A (B)(Aco(BY +1) [, < 7 (19

Next, we will estimate the term [|[Vg x (A¢, (B) + D~ Y. Forall v € He,, we have

[V5 x (A (B) + 1) 5] /|V,3x (Ay (B + 1) 52 dx

< [T () +1)715)- 15 % (At 1) )

R2

=u3/((Aeo<ﬂ> +1)7'5) - (Vp x g ' Vg x (Aqy(B) + 1) ™' 0) dx
R2

=155 [[(Aa®)+ 179 (AP (A + 1) 7) d
R2

<uger [ (A +1) '3 [4e (B)(Ae (B) + 1) ']

<udel vl

Hence we have

16 x (A B+ 1) | < ugeq (20)

where operator norm || - || is defined by

_ IAD]
Al =

duven, IV

Besides, it is easy to see

(A + 1) < 1. @1

Since tr|x, (A, (B) + 1)~ xy? < 0o by Theorem 4.3 below, we know that (A¢,(8) + 1)~ 'y, is a Hilbert-Schmidt
operator. Then for this case the theorem is proved by employing (19), (20) and (21).
We then deal with the case

S=&Vgxpu 'V x.

1

Since u=' =n+ ual, we can rewrite S as

S=(EVg x nVgx)+ (Vg x puy' Vgx).
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For the first part, we can proof (A¢,(B8) + 1) 7"V x nVg x (A¢ (B) + I1)™" is Hilbert-Schmidt by mimicking the
proof above. In the following, we only need to deal with the second part. Let x: be the characteristic function of &,
then we have

(Ae(B)+1)"EVp x 115" Vg x (Ao (B) +1) "
. & 1 (i
= (4B +1) "t S A0 B (A B + 1) (A @ +1) ",
Also, it follows from Theorem 4.3 below that (A¢,(8) + 1) ™" x¢ is Hilbert—Schmidt. Furthermore, we have

-1
|Aey(BY(Ae(B) + 1) | < 1.
Hence we know that the theorem also holds in this case by employing the inequality above and (21). Thus we complete

the proof of this theorem. O

For simplicity of notations, the operators A¢,(8) and .27, (8) are abbreviated to Ag(8) and 2% () in the following,
correspondingly.
We define

mo=sup 5 (x),  po= inf ug'(x) (22)
xeR2 xeR?

and

€0 = sup egl(x), €g = inf egl(x). 23)
xeR2 —  xeR?

We shall also formally define some auxiliary operators

(B = —eoey ' Vg (g ' Vg - (eoid))
and

Wo(B)u = oo(B)u + Pp(B)i
for any u € He,. Wo(p) is rigorously defined by the nonnegative self-adjoint operator on weighted Hilbert space
L%(R?; ¢y(x) dx) given by the nonnegative quadratic form

S oo _ - — -\ 12
wo(B; u, u) :/“0 1|Vﬁ X u|2dx +E_()//LO 1|Vﬁ . (eou)| dx
R2 R2
foru € {ui | Vg x it € L>(R?)?, Vg - (eoii) € L*(R?)).
By Green’ formula, one has

(Wo(Byi, i), = wo(B: id, if).

It follows from Lemma 3.1 that %,(8)| Hey(B) = 0. Furthermore, if we set

Yo(B) =2 (B)lcp),

we have

Wo(B) = Ao(B) @ Yo(B) (24)
by the decomposition (13). Particularly, if €g(x) = 1 and po(x) = 1, we have
O = (Vg x Vgx) —Vg(Vg-)
= Vp(Vp) — (Vg - Vp) ® I3 — V(Vg-)
=—-Ap® I,

where Ag = 812 + 822 — B2 is the operator in He, and I3 is the identity operator on 3.
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Now we will give an auxiliary theorem needed in the proof of Theorem 4.2.

Theorem 4.3. (Ao(8) + 1)~ xp is a Hilbert—Schmidt operator, where D can be any bounded measurable subset
of R2.

Since

0< (Ao(B) + I|V€0(ﬁ))7l ® 0lgp)
< (4B + 11y, i5) " @ (YoB) +lGp)
=(WoB) +1)7",
Theorem 4.3 is the immediate consequence of the following theorem:

Theorem 4.4. The operator (Wo(B) + 1)~ xp is a Hilbert—Schmidt operator, where Wo(B) is defined in (24) and D
can be any bounded measurable subset of R?.

In order to prove this theorem, we need some preparing work in the following.
We shall introduce some needed notations.

Ri=(Wo®+1)"", T®:=00+D" fort>0,

Lemma 4.1.
T (eopr0) < R < T (€0f20)

Proof. As we know that if A and B are self-adjoint operators with 0 < A < B, we have A~! > B~!. Hence the lemma
follows from (22) and (23). O

Theorem 4.5. For arbitrary r > 1 and t > 0, there exists a constant M| = M (r, 8,1) < 00, such that

w(xeT" Oxe) < M (25)

for any bounded measurable subset 2 C R?.

Proof. Since

r

") =0+ =t (-A+p*+17")7,
it is sufficient to prove
w(xe(—A+B+17") " xe) <MD,

where A = 812 + 822. Let G(x, y; B2+ t~") be the kernel according to the operator (—A + B2 +1~1)~". Since for any
number k > 0, (—A +k)™" is a positive operator, we have G (x, y; k) > 0. The following formula is due to Simon [21],
formally

o0
(H+ E) ™% =cq4 / e e tEra=l gy
0
for o > 0, where ¢y is a constant expressible as a I' function. Particularly, let H = —A, E =k and @ = r. Then we

have

o0
(=A+k)~" =cr/e’Ae_’kt’_ldt.
0
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Using the Fourier transform, we obtain
oo
klx—yl?

Gy =c [ee T2 (26)
0

for some constant ¢ > 0, as desired. Here G (x, y; k) > 0 is the kernel of (—A +k)™".
First of all, we shall show that for0O <r < 1,

0< Gx, yi k) E(Vklx — y) "o, @7)
where ¢ and @ are two positive constants. Using a scaling argument, one can use the inequality (26) to obtain

oo
klx—y[?

G(x,y; k) =c/e_se_ 5" 2ds
0
o0
= c/ ek =yPt =5 (klx — y*t) " klx — y|*dt
0

o0
- 2 1 1
:c(\/lax —y|)2’ 2/6—(k|x—y| ) 2 gy
0

o0
S
Sc(\/l;|x—y|)2r 2 ‘/;‘x ylv/‘e_étr_zdt
0
~\/_ _ 2r—2 —olx—y|
< &(vklx — yl)* e,

for some constant ¢ > 0, where o = \/g . Note that we used the fact 0 < r < 1 to obtain the last inequality. In order

to prove tr(xe (—A 4+ k) ™" xe) < oo for r > 1, it suffices to prove that tr(xo(—A + k)’% Xs2) is a Hilbert—Schmidt
operator for 5 > %, or equivalently, to prove

//Kz(x,y;k)dxdy<oo,
2 2

where K (x, y; k) is the kernel of (—A + k)_%.

We first consider the case % < 5 < 1. We can use the estimate (27) to obtain

0< K(x,y; k) < C/(«/Hx — y|)*(2*2%>efg/lx7y\

for suitable ¢’ and ¢’ > 0. A simple calculation shows that

//((«/ax — y|)_(2_r)e_9/‘x_y|)2dx dy < //(\/%Ix — yl)_z(z_r) dxdy < oco.
2 2 2 2

(Note that % > %, ie.,r > 1) Thus tr(xo(—A + k)’%xg) is proved to be a Hilbert—Schmidt operator for % < % < 1.
As a consequence, tr(xo(—A + k)" xo) <ooforl <r <?2.

Moreover, recalling that if A and B are self-adjoint operators and 0 < A < B with tr B < oo, then tr A < co. Note
that (—A + k)P < k97P(—A + k)™ for 0 < g < p. Thus we have tr(xo(—A + k)" xe) < oo for r > 2. This
completes the proof of Theorem 4.5. O

Remark 4.1. Similar results appear in [1] and [9] for 3D case.
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We will also introduce some notations needed in the following. We set
o 2
m=(mi,mp) €Z

and x,; as the characteristic function of the set

Q GRZ' 1< <1 1< <1 for m € 7>
> = 1X —— X1 —m -, T X X2—m — m ,
m 2 1 1 ) ) 2 2 )
and
Rii = xmRxi,  Xmi = max{xz, Xz} (28)

Itis easy to see that ), - x5 = 1.

Theorem 4.6. There exists a positive number M> = M> (€, [tg) < 00, such that

tr|Ri;* = tr R%-Ryi < My forallm,n e 72,

Proof. Using Theorem 4.5 and Lemma 4.1, we have
tr|Rzil> = tr R% = Rins
=tr Xii R xin Xin R Xii
=tr xi R xin R X5
<t G R Xmis R X
=t Xii Xonii R Xonii R Xonii Xii
S Xwii R Xiii R Xiinia
= (X R X))
< (i T @) xii)
=1tr X I (€0120) Ximii T (€01L0) Ximii
< tr i T2 (€0720) Xini
< M1 (2, éopo)

= M3 (&, fto) < o0. o

Lemma 4.2. Suppose A € £ (H) is a positive operator, where H is a Hilbert space. Then for any number s € (0, 1),

tr(A) < A r(A).

Proof. One can prove this inequality easily by using the definition of the trace. More precisely, for any given ortho-

normal basis {u,}7° ,,

w(A) = > (g, Aun) = Y IV AU 2 < Y[ (VA VA u, |
n=1 n=1 n=1

SIVAIRE Y[ WA P = AP w(a' ). o

n=1

Lemma 4.3. Let A > 0 be a bounded operator and P an orthogonal projection on a Hilbert space H. For any y > 1,
we have

tr(PAP)Y <trPAY P. (29)
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Proof. For the proof, we refer to Lemma 21 in [9]. O

Theorem 4.7. There exists a positive number M3 < oo such that

tr i R2 i < M3, Vi e 7%
Proof. Since 1 =) = 72 xi =D sepm X,%, we have

tr Xin R Xin = Z tr o R X3 Xii R i = Z tr| Ryl
nez? nez?
For a € (0, 1), it follows from Lemma 4.2 that
tr| Rinii|* = tr| Ry |* [ Ry |~ < || R | x| R |~
For « € (0, 1), we can use Corollary 5.3 of Section 5 to obtain

> IRl <o>°‘

nez?

> " lixiRoxall?, < M3 for all i € R?,

nez?
where €, is defined in (18). Hence we have
X R xin < | R | tr| Rz |~
nez?

< sup (trf Ry *™) Y I1Riill®

2
meZ nGZz

< M3 sup (tr| Rz |*™%).

mez?
Next, we need to prove sup, ;2 (tr|Rj7127%) < oo. Note A j(A), j=1,2,... (counting multiplicity) the singular
values of A € Com(H), then we can easily verify that A;(A) = 1;(JA]) = A;(A%), A;(BA) < || B|A;(A) for all
B € Z(H) (for the proof, see, e.g., [9,11]). Using these properties we have
3 (Riz) = (1Rl
= Aj (xi Rxin Rxi)
< A (G R X R x3)
< A (i R Xinia R X )
= hj (Gt Rxiii)°)
= (hj Gt Roii))”
< (0 (i T @0) xinit)) -
Hence we have
% (Rii) < 2 (X T (€0720) X )
Note that 0 < o < 1,50 2 — o > 1. Applying (25) and (29), we have

o0
R =Y (hj (Rii)) ™
j=1
> 2
2 (xai T @E0) X))
=1

~.

—o

= tr(i T (E070) X )
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< (i T2 (€0720) Xini)
Thus the theorem is proved. O

It should be noticed that the proof of this theorem is just a similar version of Lemma 23 in [9].
Now we can complete the proof of Theorem 4.4.

Proof of Theorem 4.4. Since 1 has a compact support, we can conclude that there exists an index set J with |J| < oo
(where |J| is the cardinality of the set J), such that

supp D C £2y,

where 27 = ;< $2in. Hence we have Rxp < Rxg,.
On the other hand, by applying Theorem 4.7, we have

| Rxe, > < Y trl Ryl

melJ

= Z tr X;i R i
melJ
< |J 1 sup tr X7 R X
meJ

< Q.

Thus we know R xp is a Hilbert-Schmidt operator. 0O
5. A Combes-Thomas estimate

We first introduce some notations.
Let xx,» be the characteristic function of a square of side 2/ centered at x, i.e.,

Xx,h = XQ2xp
with
2en={yeR?* ||y —xi1| <h, |y2 —x2| <h},
and
-1
R(@) = (Ao(B) —2I) .

We also denote (-,-) as the inner product of Hilbert space H with the norm || - ||.

Classical wave operators, e.g., acoustic operators and Maxwell operators, can be regarded as generalized
Schrodinger operators. Usually they satisfy a resolvent decay estimate which is called Combes—Thomas estimate
in mathematical physics. See, e.g., [5,8-10,16,21].

Theorem 5.1. Let z € p(Ao(B)), n €N, h > 0and 0 < v < 1, then we have

L+ 1" ,
”Xx,hRn(Z)Xy,h”EO < (< +V) _) eZﬁh\)Goe—\)G()lx—}l forall x, y €R2’

1—-v/) d
with

where



D. Miao, F. Ma/ J. Math. Anal. Appl. 338 (2008) 599619 615
d =dist(z, 0 (Ag(B))) = inf Ao(B) —zI)u
(2.0 (40(8))) ﬁeD(Ao(ﬂ))y”ﬁneozll|( Jiille,
and p is defined in (18). The norm in the left-hand side is the operator norm in He,, where He, is analogous to He

defined in (9).

Proof. We formally define the operators parameterized by «,
Ag(B)=e“TAg(B)e”Y, a=(,0), @' eR*and ¥ = (x,0), x € R?,
as the closed densely operators on {ii € Cé R?; C3) | Vg - ii = 0} uniquely defined by the corresponding quadratic
form
ag (i, i) =/u51(vﬁ +a)xi-(Vg—a)xidx
R2
=g (Vg +a) x ii, (Vg —a) x il).

We denote ap[u] and aq[i] as the abbreviation of ac, (i, u) and aq (i, i), respectively (where ac, (if, u) is defined in
the same way as ac (i, i) defined in (15)). Notice that

aglit] — aglu] =<u61(V5 +a) xu, (Vg —a) x ﬁ)—(ug‘vﬂ X i, Vg X ii)

=—(,u61V/3 xﬁ,axﬁ)—i—(ualvﬁ xﬁ,axfi)—(,ua]axﬁ,a X i)
:—2iIm((u51Vﬁ X U, o X ii)) —(/Lala XU, X ﬁ),

then we have

|aa[ﬁ] — ao[ﬁ]| = (4(Im((u51Vﬁ X U, o X ﬁ)))z + ((,uala X U, 0 X ﬁ))z)i.
Using the inequality

I
ab< —a*+ Lp? forally >0,
2y 2

we have
1 . o N
|aglii] — aolid]| < (4la 1@l (uy) ™ aold) + (1g) " lel* liil*)?
= Jelllill (4(ng) " aoldl + (ug ) " le?li]?)>
1 1 . - N = N
<5|a|(<;nun2)+y(4(uo) Yaolid] + (1) 2|oe|2||u||2))
_ N 1 1 . N
=2Jaly (1y) lao[u]+§|al<;+)/(uo) 2|a|2)||u||2.

Since we can choose y sufficiently small such that 2|e|y (1 )~! < 1 for any fixed «, it follows Theorem VI 3.9
in [15] that a,[-] is sectorial and closed for || > 0. Then by the first representation theorem (Theorem VI 2.1 in [15])
we can define A, (B) as the unique m-sectorial operator corresponding to a,[-].

Assume z € p(Ao(B)), if there exists 0 < v < 1 such that

2[(e+ fA0B)R@,, < v, 0
where

e= %m(% + (uo‘)zlalzy), f=2l(g) -

We can apply Theorem VI 3.9 in [15], further take into account the fact d = dist(z, 0 (Ap(B))) < to conclude

that z € p(Ay(B8)) and

1
TR
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8|l (e + fAO(IB))R(Z)”eo HR(Z) ”
(= 2l(e + FABIRG )2 | e
<A 1
S A-=-v)2d

where Ry (z) := (Aq(B) — zI)~'. Hence we have

4 \1 1+v\?1
\\Ra(z>}|€0<(1+m>g=(l_v> " 3D

On the other hand,

|Re(2) = R, <

2 (e + fA0B) R, < (2e+2f(d + |Z|))$
= |O‘|(% + (ol (1) 2+ 4(d + |Z|)(Ma)_1)y)$.

Define

D(y) = % + (la(1g) > +4(d +121) (15) )y

One can easily find that

1

\—2 N—1\—=
vo=(le?(1g) " +4(d +1zl) (1g) ) 2 (32)
minimizes the function @ (y) for y > 0, so we have
D (y0) =2y, | =min@(y).
y>0

Hence

—1lel
2]/0 17

ensures the inequality (30). Furthermore, plugging (32) into (33) and solving the inequality, we can conclude it suffices
to require

<v (33)

1
o < 5#6\/16(‘1 + |Z|)2 +v2d? = 2(d + |z|) g

_ v2d?
=2(d+ |Z|)MO ( 1+ m — 1)

We can also give a simple condition on |«| by applying Taylor expansion. Since /1 4+ x < 1+ 5 for x > 0, we can
conclude that if

lo|? < 2(d + 1zl) g ( 414t i)
2 16(d + |z)2
uavzdz
~16(d + 1z

e, ol <Y d+|z|,(30)holds

We set 6y = d In the following we assume that || < v8p, then (31) holds. For any xq, yo € R2,n € N and
4 d+\ [

h>Oleta—(‘x7 |()co—yo) 0)", we have
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[ 3008 R @ 30,0 | ¢ = Iowo.ne ™ R @€ sy,
= ||€7a,'(x07y0)XXO heia/b(XﬂCO)Rg (Z)ea,'(xiy()) Xyo,h “
, Al e
< ¢ V0olxo—yol H Xxo,heia/.(X7xO) ” N ” Ry (2) ”ZO ” Xyo’heo/‘(x*yo) ” o

Since

g™ 5] < /e

(notice that |o’| = |a|), we have

g 1+v)2 1)
O B e (e P e

2
((22Y LY 2vanial ~veoio—ol
1-v/) d

2 n
< I+v l ezﬁhvgoe*VQO‘XO*)’O‘.
1—-v/ d

Thus the theorem is proved. O

Corollary 5.1. For any number s > 0 and any z € p(Ao(B)), there holds

Z “ Xin R(2) Xii “io <Cop<oo forallme R?,
nez?

where x;; and x; are defined in (28) and R(z) = (Ao(B) — zI)~\.
Proof. For m € R? fixed, since V6 is a positive constant, we have

L+v\21)* I
ZHX@R(z)xﬁHiOiZ;(( ) ) e

nez? nez
/ 2 2
< Ko 2 SV (n1—m1) +(n2—m2)
~X

nez?

. |ny—myl+lng—ms|
—svhy —————~—=
< Ko E e V2

nez?
< Cp < 00,

where Ko = ((%)25)%2&/5}“;60 <00. [

We can also give Combes—Thomas estimates on the resolvent of operators Yo(8) and Wy(8) in the following. We
can prove them by mimicking the proof of Theorem 5.1 and Corollary 5.1.
Let R(z) = (Yo(B) — zI)~! for z € p(Yo(B)). Then we have

Theorem 5.2. For any z € p(Yo(B8)), n €N, h > 0and 0 < v < 1, there holds
1+ v)2 1

n
] d’> 22101 =01 =y forall x,y € R?,
—v

”Xx,hlén(Z)Xy,h ”60 < <<

d’ Mo
01 = — )
4\ d +|z|

where d' = dist(z, o (Yo(B))).

with
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Corollary 5.2. For any number s > 0 and any z € p(Yo(B)), there holds

Z xR (2) X3 ”ZO <Cy<oo forallm e R

nez?
Because Wy(B) = Ag(B) @ Yo(B), we have

—1 1 ~
Ro=(Ao(B) — 2l vy ) ' @ (Yo(B) — zll6(p) ' = R() ® R(2),
where Ry = (Wo(B) — zI)~'. Then Theorem 5.3 below follows from Theorems 5.1 and 5.2.

Theorem 5.3. For any z € p(Wp(B)),n e N,h > 0, and 0 < v < 1, there holds

n R WA N T lx—y| 2
||Xx,hR0Xy,h||60< —) 7 e 2e7 2TV forall x,y e R,

where 6y = 4\ | 10 with " = dist(z, o (Wo(B))).

Remark 5.1. It is worth noting that the resolvent decay exponentially fast, depending on d (the distance from z to the
edge of o (Wo(B))).

Furthermore, we also have

Corollary 5.3. For any number s > 0 and any z € p(Wy(B)), there holds

> i Roxulls, < Cf <00 forall i € R2.

nez?
Remark 5.2.

(i) Itis worth noting that € (x) and w(x) may be any bounded measurable functions, thus the periodicity conditions of
€(x) and p(x) are unnecessary in the proof of Theorem 4.1. Our result is general, and the theorem of “stability of
the essential spectrum” presented in [4,14,22] can be regarded as a special case of ours. In [4,14], they considered
an infinite dielectric cylinder with an air cladding. In that case both € (x) — 1 and (x) — 1 have compact supports,
noted as £2. So there is a sufficiently large disk Bg (where R means it’s radius), such that £2 C Bp. Since outside
the disk, the medium is homogeneous, they proposed a constructive method to prove that the essential spectrum
is stable. However, since the medium can be inhomogeneous in the whole space that we considered here, their
method is failed here.

(i1) Generally speaking, Theorem 4.1 can be proved by verifying A.(8) — A, (B) is relatively compact with respect
to A¢,(8), but unfortunately, this is not right.

(iii) The existence of eigenvalues in the band gap of photonic crystal fibers created by defects, exponentially decaying
property of the corresponding eigenfunctions and other interesting issues (e.g., embedding of eigenvalues in the
essential spectrum) have been studied in [19].
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