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Abstract

Under the conditions of coefficients being non-Lipschitz and the diffusion coefficient being elliptic, we
study the strong Feller property and irreducibility for the transition probability of solutions to general mul-
tivalued stochastic differential equations by using the coupling method, Girsanov’s theorem and a stopping
argument. Thus we can establish the exponential ergodicity and the spectral gap.
© 2009 Elsevier Masson SAS. All rights reserved.

Keywords: Non-Lipschitz multivalued stochastic differential equation; Ellipticity; Girsanov’s theorem; Stopping time;
Strong Feller property; Irreducibility; Ergodicity

1. Introduction

Recently in [9] the third named author proved the exponential ergodicity of the solution of the
following stochastic differential equation with non-Lipschitz coefficients:

dX, =b(X)dt +o(X)dW,,  Xo = xo, (1)

where b:RY — R? and ¢ :R? — RY ® R" are continuous (but not necessarily Lipschitz con-
tinuous) functions, (W;);>¢ is an n-dimensional standard Brownian motion defined on some
complete probability space (£2, F, P). The idea therein was to use the drift transform together
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with an appropriate coupling function to deduce necessary estimates. To carry out this idea it was
assumed that the diffusion coefficient, o, was a square matrix and is uniformly elliptic.

On the other hand, Cépa and Jacquot in [3] proved the ergodicity for the solution of the
following stochastic variational inequality (SVI in short):

dX; +0¢(X;) 3 b(X;)dt + o (X,)dW;, Xo =xp € Dom(g), 2)

where d¢ is the sub-differential of some convex function ¢ with Dom(¢) = {x: ¢(x) < 00}. The
main tool therein is the Bismut formula and it is also assumed, besides the Cg regularity of o
and b, that ¢ is a square matrix and uniformly elliptic.

Consequently, a common drawback of the two papers mentioned above is the uniform ellip-
ticity assumption of the diffusion coefficients. The purpose of the present paper is to remove this
assumption and instead we assume only the ellipticity. Our main result is stated in Theorem 3.1
below which unifies and improves the main results in both [9] and [3]. At the same time, it turns
out that we do not need to assume the diffusion matrix is square any more and that our method
even works for general multivalued stochastic differential equations (MSDEs in abbreviation):

dX; +A(X;) 5b(X,)dt + o (X,)dW,, Xo=xp€ D(A), 3)

where A is a multivalued maximal monotone operator on R? with Int(D(A)) # @. It is well
known (see [1]) that these equations include stochastic variational inequalities as a special case.
It is worthwhile mentioning here that SVIs generalize reflected stochastic differential equations
in a convex domain.

2. Preliminaries

We begin with some notions and notations. Let {X;(x), # > 0, x € E} be a family of
Markov processes with state space [E being a Hausdorff topology space, and transition proba-
bility P;(x, E). Then

(i) P is called strong Feller if for each t > 0 and E € #(E)
E>x+— P(x, E) €0, 1] is continuous;
(i) P; is called irreducible if foreacht > 0 and x € E
P;(x,E) >0 for any non-empty open set £ C E.
(iii) A measure u on (E, ZA(E)) is an invariant measure for P; if

/P,(x,E)M(dx)z,u(E), Vi >0, E € BE).
E

The transition probability P, (x, -) determines a Markov semigroup (P;);>0. The theorem be-
low is a classical result combining the concepts above (cf. [4]).

Theorem 2.1. Assume a Markov semigroup (Py);>¢ is strong Feller and irreducible. Then there
exists at most one invariant measure for it. Moreover, if u is the invariant measure, then [ is
ergodic and equivalent to each P;(x,-) and that as t — oo, P;(x, B) — w(B) for any arbitrary
Borel set B.
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In this paper the semigroup (P;);>¢ is defined as
P, f(x0) :=Ef(X/(x0)), >0, feBy(RY)
and the transition function is
P,(x0. E) := P(X, (x0) € E)

where X, (xp) is the solution to (3) and Bp,(R?) denotes the set of all bounded measurable func-
tions on R4,

We collect here definitions and some useful properties about the maximal monotone operator
and solutions to MSDEs. For more details, we refer to Cépa [1].

Definition 2.2. Given a multivalued operator A from R4 to ZRd, define:
D(A) = {x e R%: A(x) #0),
Gr(A) = {(x,y) eR*: x eRY, y e A()}.

(1) A multivalued operator A is called monotone if

(y1—=y2,x1 —x2) 20, V(x1,y1), (x2, y2) € Gr(A).
(2) A monotone operator A is called maximal monotone if and only if

(1, y) €Gr(Ad) & (yr—y2,x1 —x2) 20, V(xz,y2) € Gr(A).
Proposition 2.3. Let A be a maximal monotone operator on RY, then:

(i) Int(D(A)) and D(A) are convex subsets of R¢ and Int(D(A)) = Int(D(A)).

(i1) For each x € D(A), A(x) is a closed and convex subset OfRd. Let A°(x) := projA(x) 0) be
the minimal section of A, where projp, is designated as the projection on every closed and
convex subset D on R? and projy(0) = oo. Then

xeD(A) & |A°(0)| < oo

(iii) The resolvent operator J, := (1 + %A)_1 is a single-valued and contractive operator de-

fined on R? and valued in D(A).
(iv) The Yosida approximation A, :=n(I — Jy,) is a single-valued, maximal monotone and Lip-
schitz continuous function with Lipschitz constant n. Moreover, for every x € D(A), as

n /1 0o,
Ap(x) = A°(x)

and
|An ()| A ]A°(x)| ifx € D(A),
|Ay(x)| /400 ifx ¢ D(A).

Definition 2.4. A pair of continuous and (F;)-adapted processes (X, K) is called a solution of (3)
if

(i) Xo=x0, X; € D(A) as,;
(i1) K is of locally finite variation and Ko =0 a.s.;
(i) dX, =b(t, X)) dt + 0 (t, X;)dW; —dK,;,0 <t <00, as.;
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(iv) For any continuous and (F;)-adapted functions (&, 8) with
(o, Br) € Gr(A), Vi €0, +00),
the measure
<X[—at,dK[_,3[dt>>0 a.s.
Proposition 2.5. Let A be a multivalued maximal monotone operator, (X, K) and (X', K') be

continuous functions with X, X' € D(A), K, K’ being of finite variation. Let (a, B) be continuous
functions satisfying

(ar, Br) € Gr(A), Vr=0.

If
(X; — o, dK; — By dt) >0,
(X; — o, dK] — By dt) >0,
then
(X, — X;,dK; — dK/) > 0.

The following generalization of the Gronwall-Bellman type inequality (cf. [7]) is useful in
our proof.

Lemma 2.6 (Bihari’s inequality). Let p, :RT — R be a concave function given by

xlogx~!, x <,
nlogn™' +(ogn™' —=D(x—n), x>,

where 0 < n < e~ ' If g(s), q(s) are two strictly positive functions on Rt such that

Pop(x) 1= {

t

g(1) <g(0)+/q(s)pn(g(s))ds, 1>0.
0
Then

(1) < (g(0)™ Jpa(s)dsy .

Let p1,, p2,, be two concave functions defined by
x[log(%)]l/j’ 0<x<1,
p”“:Z{m%enw—}mgﬁwm*n+}mgﬁwm*m x>,
where j =1,2and 0 < n < 1/e.
The following lemma has been proved in [7].

Lemma 2.7.

1°: For j =1,2, p;n is decreasing in 1, i.e. pj " < pj: n ife ' >n > n.
2°: Foranyk,e >0,n>1and e > n > 0, there is a sufficiently small 5 > 0 such that

k(x An)log(x An) < —kpy p(x) + €p1,5(x).



J. Ren et al. / Bull. Sci. math. 134 (2010) 391-404 395

We make the following assumptions in the present paper:

(H1) (Monotonicity) There exists Ao € R such that for all x, y € R4

20x = y,b(x) = b(W) + o () — () |5 < Rolx — y2(1 v Ioglx =y 7).
(H2) (Growth of o) There exists A > 0 such that for all x € R?

o) s < (1 4121
(H3) (Ellipticity of o)

oo*(x) >0, VxeR?

(H4) (One side growth of b) There exist a p > 2 and constants A3 > 0, A4 > 0 such that for all
x e R4

2
2(x, b))+ [0 (0)|| 535 < —A3lx]” + A4
The theorem below presents existence and uniqueness of solution to the MSDE.
Theorem 2.8. Assume (H1) and (H2) hold. Then (3) has a unique strong solution.

Proof. Suppose that (X;, K;) and ()~(,, IE’,) are two solutions. Set Z; := X; — f(,, then by Itd’s
formula,

t t
X, — X > = 2[(25, (0(X5) — o (Xy)) dW;) — 2/<Zs, dK, — dKy)

0 0
t

+ f [2(Zy b(X,) — bR} + [0/(Xy) — 0 (X9)| ] ds.
0
Note that there exists an n > 0 such that

r2(1 vlogr_l) < p,,(rz), Vr >0,
by (H1) and Proposition 2.5,
t
E|lX, — X,]* < xOE/|zS|2(1 Vvlog|Zs| ") ds

0
t t

<on/pn(|Zx|2) ds §)»o//0n(E|Zs|2) ds,
0 0
where the last inequality is due to Jensen’s inequality.
By the Bihari inequality (4), we get
E|Z,|* =0,
which yields the pathwise uniqueness.

The existence of a weak solution has been proved in [3] and therefore by Yamada—Watanabe’s
theorem (cf. [6]), (3) has a unique strong solution. O
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Remark 2.9. When b is monotone, the existence and uniqueness of solutions to (3) has been
proved in [8].

3. Main result and the proof
At the beginning of this section, we present our main result of the paper.
Theorem 3.1. Assume (H1)—(H3). Then the transition probability Py of the solution to (3) is

irreducible and strong Feller. If in addition, (H4) holds, then there exists a unique invariant
probability measure w of Py having full support in D(A) such that:

(i) If p > 2in (H4), then for all t > 0 and xo € D(A), w is equivalent to P;(xo, -), and
IILHSOH Py (xo, ) — 'u“”Var =0,

where || - ||var denotes the total variation of a signed measure.
(i) If p > 2 in (H4), then for some o, C > 0 independent of xo and t,

250, =y < €75
Moreover, for any g > 1 and each ¢ € L1(D(A), 1)
| Pro — @), < Cq-e™lglly,  Vi>0,

where o is the same as above and L(¢) := fm @(x) w(dx). In particular, let L, be the gen-
erator of Py in L1(D(A), 1), then L, has a spectral gap (greater than a/q) in LY(D(A), ).

From Theorem 2.1 we know that the key point of the proof lies in irreducibility and strong
Feller property of the transition probability of the solution.

3.1. Irreducibility
We shall need the following lemma whose proof is adapted from [3]:

Lemma 3.2. Suppose yo € Int(D(A)), m > 0, and Y; is the solution to the MSDE below:
dYt+A(Yt)dt3—m(Yt—yo)dt+U(YI)dWI, YO:.X(),
where o is the diffusion coefficient of (3). Then under (H1) and (H2) we have

_ Co
E|Y; — yol> <e €™ |xg — yo|? + ——,

where C(m) = 2(m — 213 — 1/2) and Co = 223(1 +2|yo|%) + |A° (o).
Proof. Consider the solution ¥/ to the following equation:

Ay + A, (Y]')dt = —m (Y] — yo) dt + o (Y") dW,, Y = xo,

where A, is the Yosida approximation of A. Since the law of Y/ converges to that of ¥; (cf. [1,2]),
it is enough to prove the inequality for ¥;*. By (H2) and Proposition 2.3, we have
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—2mlx — yol? + o (0) |5 — 2(An (), x — yo)
< —2mlx — yol2 + 23(1 + 1x1)® = 2{An (¥) — Au(30). x — y0) — 2(An(¥0). X — o)
< —2mlx — yol? + 231+ 1x1)* + Ix — yol? + [ A°Go)
< —2mlx — yol? + 223 (1 +21x — yol> +21y0[?) + Ix — yol? + [A° )|
= —C(m)|x — yol* + Co.

Thus, by 1t6’s formula we have
d
LB - Yol = =2E((Y]" = yo, Au(Y]"))) + E[Tr(00*(¥}"))] — 2mE|Y! — yo|*
< —CmE|Y! — yo|* + Co.

Therefore it is easy to deduce that

Co
E|Y" — yol? <e €™ |xo — yo|? .
|Y!" = yo|” < [x0 — Yol +C(m)

Proposition 3.3. Under (H1)—(H3), the transition probability P; is irreducible.

Proof. To prove the irreducibility, it suffices to prove that for any xo € D(A), T > O,
yo € Int(D(A)) and a > 0,

Pr(x0, B(y0,a)) =P(X1(x0) € B(yo,a)) =P(| X7 (x0) — yo| <a) >0,
or equivalently:
P(|XT(x0) — yo| > a) < 1.

From now on, a, T and y are fixed. By Lemma 3.2 and Chebyshev’s inequality, we can
choose an m large enough such that, denoting by (Y;, K;) the unique solution to

dY; + A(Yy)dt 5 —m(Y; — yo) dt + o (Y;) dW;, Yo =x0 € D(A), 5
C
P(|Y7(x0) — yo| > a) < (e_c(’”)TIXO —yol* + Tr(:z)>/a2 <1 (6)
Set

ty =inf{z: |Y;| > N}.

Note that by [3] for some constant C depending on xg, yo, A1, m and T,

E[ sup Vo] <cC
1€[0,T]

holds.
Thus we may fix an N so that

P(ty < T)+P(|Yr(x0) — yo| > a) < L. (7)
Define
Uy =0 (Y [0 (4o (¥)*] ™ (=m(¥; — yo) — b(¥)))
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and

T ATN ; TATN
ZTzexp</ Udes—E / |Us|2ds>'

0 0

Since |Utazy |2 is bounded, then E[Z7] = 1 by Novikov’s criteria.
By Girsanov’s theorem, W;* := W; + V; is a Q-Brownian motion, where

IATN
V= / U, ds, Q:=ZrP.
0
By (7) we have
O (ftw < TYU{|Yr(x0) — yo| > a}) < 1. (8)
Note that the solution of (5) (Y;, K;) also solves the MSDE
t t tATN t
Y, + f A(Yy)ds 3 fa(Ys)dW;‘ - / b(Yy)ds — f m(Y; — yo) ds.
0 0 0 tATN

Set
Oy :=inf{r: |X;| > N}.

Then the uniqueness in distribution for (5) yields that the law of {(X;1{g, >7})ref0,7], O } under P
is the same as that of {(Y;1{zy>7))ref0,7], Tv} under Q. Hence

P(|X7(x0) — yo| > a) <P({6n < T}U {0y > T, |X1(x0) — yo| > a})

=Q({tn <T}U{ty =T, |Y7(x0) — yo| > a})
< O({ty < TYU{|Y7(x0) — yo| > a})
<1

as desired. O
3.2. Strong Feller property
To prove that Py is strong Feller, we first need a lemma.

Lemma 3.4. Denote by (X;(x), K;(x)) the solution of (3) with initial value x. Then for any
p > d, there exists t, > 0 such that for all r >0

E[ sup |Xs(x)‘p]<oo,

xeDy,s<t)

where D, := D(A) N{|x| <r}.

Proof. For x,y € D,, set

Z =X (x) — X (y)
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and
Ap:=0 (X () = o (X (1))
By 1t6’s formula and Proposition 2.5 we have

t

L a
1
|Z,|P=|x_y|p+p/|z 1P72(Zy, As dW(s)) + 5/ Z fii (Zs)(A A) ds
0 hj=l

t

+p / 1Z3 P2 {b(X,(0) — b(X, (). Zs () ds
0
t
— P /|Z3|p_2<ZS7 dK(x) — sz(Y))
0
t

L d
<|x—y|f’+p/|z P7(Zs. A dW (5)) + /Z Fii(Z)(A5 As),; ds

0 i,j=1

t\.)l'—‘

t

+p / |Zs P2 {b(X5 (1) = (X (1), Zs () ds
0
where
fij ) = p(p = De|P " xixj + plal P28
Taking expectations and using Burkholder’s inequality and Lemma 2.6 give

t

E| sup |zx|"]<|x—y|”+cpfp1,,,p(E[ sup 17,17 ]) ds
0<s <t o o<u<s

where C), is a constant depending on p. Hence by the Bihari inequality (4) we have

E| sup [X,00 = X, 0)|"| =E[ sup |Z,]F] < x— y|reron.
0<s <t 0<s <t

For p > d, choose 1, > 0 small enough such that p - exp(—Cpt,) > d. Deduce by Kolmogorov’s
criterion that

E[ sup sup |Xs(x)|p] < C(l +E[ sup |Xs(x0)|p]),
0<s<tp xeDy 0<s<tp

where xg € D(A). By [1], we also know

E[ sup ]Xs(xo)V?] <00
0<s<ty

The proof is thus complete. O

Proposition 3.5. Under (H1)—-(H3), the semigroup P; is strong Feller.
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Proof. We divide the proof into two steps.
Step 1. Assume that the diffusion coefficient is uniformly elliptic with
[to"o)™ s <22

for some Ay > 0 and in this case we follow essentially the argument in [9].
Consider the following drift transformed MSDE:

X; —Y,
dY, + A(Y,)dt 3 b(Y,) dt + o (Y,) AW, + [x0 — yol¥ ——— - 1ix,2v,) - Ljr<r) dt,

o | Xr — Y3l 9)
Yo =yo € D(A),

where « € (0, 1), X; is the solution to (3) and 7 is the coupling time given by

t:=inf{t > 0: |X; — ¥;| =0}.
We make a change to the coupling function:

dv? + A(Y2)dr 3 b(Y))dt + o (YD) AW, +cs(X, — ¥2)dr,  ¥E =y, (10)
where

5@ = o = ol fo(J2) -
and

1, r>3§,

fs(r):= {0, rel0,8/2]

is a smooth function from R to [0, 1].
It is easy to see that for any z, 7’ € Rd, there exists a constant Cys such that

|es(2) —es(2)]| < Cs - 1z — 7).

Thus there is a unique solution, denoted here by (Y93, K ;s)’ to (10).
Define

Ts :=inf{t > 0: |X, — Yﬂ < 8}.

For 8’ < §, the uniqueness yields that 7y > 75 and
Y,‘s:Yt‘S/, I?f:l?f, on {t < 15}.

So © =limg g 7s is just the coupling time and Y; is well defined on [0, z]. For all > 7, define
Y, = X;, I?, = K;.

Then (Y;, K;) solves (9).
Now fix a T > 0 and define

Trt 1 T AT
Ur ::exp|:/(dWs,H(Xs,Ys)>—§ / |H(XS,YS)|2ds:|
0 0

and
INT

Wt =W, + / H(Xy, Yg)ds,
0
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where
-1 X—=Y
Hx ) = o =0l o oo 0] =

Since [[[oo* ()] 7! [lus < A2, we have
2
|H (x, y)|” < A2+ xo — yol™.
Thus,
EUr =1 and EU% < exp[kgT - |xo — y0|2°‘].
By the elementary inequality ¢” — 1 < re” for r > 0, we have for any |xg — yo| < 7,
(Il — Url)’ <E|l —Ur[? =EU} — 1
<exp[AaT - xo — yol**] — 1
< Crap - Ix0 — Yo (11)
and
*<(3+EU})-Px>T)
<CT i P(RT)AT=T)
<Cr0n E(QT)AT)/T. (12)

(B[ +Un)1psm])

Now apply 1td’s formula to /| Z;¢ |2 + & where Z; := X; — Y;, and then let ¢ | 0, we obtain
by (H1) and Proposition 2.5,

INT

| Zine| — |x0 — yol — /<251 (G(Xs) - G(Yx)) dWs)

0
IAT INAT
= /(2|Zs|)_l : (2<Zsa b(Xs) _b(Ys))+ ||U(XY) - O—(YY)”?{S) ds — /(ZS7 a(Zs))ds
0 0
INT INT
—/<Zs,d1<s—d1€s>—/(2|Zs|)*‘~|(a(Xs)—a(Ys>)*Zs|2ds
0 0

INT

Xo _
<2 f|zs|(1vlog|zs| 1) ds — [xo — yol*(t A ),
0

where
z=2z/lz|

and
a(Zy) = |xo = yol“ Zs.

Note that there exists an n > 0 such that
r(l \/logr_l) <), Vr>0.
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Taking expectations yields that
INT
Ao
E|X/rr — Yincl < lxo — yol — [xo — yol” - E(t A T) + 7E [ on(1Xs — Y1) ds

0
t

o 2o
< |xo — yol — [xo — yol* - E(t A T) + ) o (ElXgnr — Ysnzl) ds.
0
By the Bihari inequality (4), we get that for any # > 0 and |xg — yo| <7

E|X/nr — Yine| < |xg — yo|XPi—201/2}

and thus
_ Aot _ _
E(t A7) < |xo — yol' ™ + - Pn(lx0 = YolPEA01/2H) g — yo 7. (13)
Taking o = exp{—AoT'}/2, there exists a 0 < 1’ < n such that for any |xg — yo| <71’
E(Q2T) AT) < Crgy - 130 — yo PIH0TI/2, (14)

But by Girsanov’s theorem, (Wt) te[0,7] 1 still an n-dimensional Brownian motion under the new
probability measure U7 - P. Note that (Y;, K;) also solves

dY; + A(Yy) dt 3 b(Y,)dt + o (Y,)dW,, Yo =yo.
So, the law of X7 (yo) under P is the same as that of Y7 (yp) under Ut - P.
Thus by (11), (12) and (14), for any f € Bp(RY),

|Pr f(x0) — Pr f(yo)| = |E(f (X7 (x0)) = Ur - f(Y7(30)))]

<E[(1-Ur) - f(X7(x0) - i<y
+E|(f(X1(x0) = Ur - f(Y1(00))) - Lr=1)]

<N fllo-EN=Ur|+ 1 fllo-E[(1+Ur)lz1y]
< Crgiam 1 llo - 1xo — yol PI0THA,

Hence we have proved the strong Feller property of (P;) when the diffusion coefficient is uni-
formly elliptic.

Step 2. Now we turn to the case under the assumption (H3), that is, the diffusion coefficient
is only elliptic. By the Markov property of the solution, we only need to prove that for every
f € Bp(R?), x — P, f(x) is continuous on D, for all < tp, p > d where p and t,, are specified
in Lemma 3.4. Set

co =l fllco
and

T ::inf{t > 0: sup |X,(x)| > N}.

xeD,

Let £ > 0 be given. By Lemma 3.4 and Chebyshev inequality, there exists N > r such that

P(rgtp)zP( sup |Xt(x)|>N)<E[ sup |X,(x)|”]/NP<e. (15)

xeDy, t<ty xeDy, t<ty
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Define
o(x):=0(x), Vx|<N.

Extend & to the whole R? such that it satisfies the condition (H1) to (H3). Denote by X +(x) the
solution to (3) with o replaced by 6. By Step 1, there exists a § > 0 such that if [x — y| < § and
X, y € Dr’

[E[f(X: ()] = E[f(X:0)]| <e (16)

Hence fort < 1,

[ELf (X:(0)] - E[f (X:M)]|

< E[(f (X)) = F(Xe D)) =] + [E[(F (X (0) = F(Xe D)) < ]|
<[E[(f(X:®) = £F(Xi ) =1, ]| +2c08

< |E[f£(X:(0)) = £ (X)) | + [E[(f (X:0) = £ (X)) Leip ]| + 208
< (1 4+4cp)e,

and the proof is completed. O
Now we are in a position to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. (i) By It6’s formula and (H4), we get
t t t
2
E|X, > = |xo|* + 2/E(Xs, b(X;))ds — 2/E<Xs, dK;) +/EHa(XS)HHS ds

0 0 0
t

< |xol? +/E(—A3|XS|” + ) ds.
0
Taking derivatives with respect to ¢ and using Holder’s inequality give
dE|X,|?
—— <—MEIXi [P+ 04
dr
< —23(BIX, %) + .

Since A3 > 0 we have for all r > 0,
t
1 2
" E|Xs|7ds < A4/A3.
0

Therefore by Krylov—Bogoliubov’s method (cf. [4]), there exists an invariant probability mea-
sure u. As we have just proved, P; is strong Feller and irreducible, then by Theorem 2.1, w is
equivalent to each Py (x, -) with x € D(A), t > 0 and consequently (i) holds.

(ii) If p > 2, consider the following ODE:

Fl)==rf)P? 4+, f0)=|x0%
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By the comparison theorem (cf. [4]), there exists some C > 0 such that
EIX, > < f(1) <C(1+¥CP).
We also have

inf Pt(xo, B(0, a)) >0, Vra>0,1t>0
x0€B(0,r)

because of the strong Feller property and irreducibility. Therefore (ii) holds due to Theo-
rems 2.5(b) and 2.7 in [5]. O
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