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Abstract

For a compact group G we define the Beurling—Fourier algebra A, (G) on G for weights w : G —»> R>0.
The classical Fourier algebra corresponds to the case w is the constant weight 1. We study the Gelfand
spectrum of the algebra realising it as a subset of the complexification G¢ defined by McKennon and
Cartwright and McMullen. In many cases, such as for polynomial weights, the spectrum is simply G. We
discuss the questions when the algebra A, (G) is symmetric and regular. We also obtain various results
concerning spectral synthesis for Ay, (G).
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1. Introduction

Let G be a compact abelian group with discrete dual group G.A weight is a function  : G —
R>0 for which w(o1) < w(0)w(7) for o, T in G. Given such an w, the Beurling algebra on G
is given by

,(G) = {(f(a))(,eg c €% Y @) < oo}

oeG

and is easily verified to be a commutative Banach algebra under convolution. We say w is
bounded if inf, g w(o) > 0. In this case ¢! (G) is a subalgebra of the group algebra ¢! (G)
In particular we can apply the Fourier transform to obtain an algebra A, (G) of continuous func-
tions on G. Beurling algebras have been studied by several people, e.g. Domar [4], Reiter [17].
If w = 1 we get the classical Fourier algebra A(G), i.e. the space of Fourier transforms of 2! (G)

For any locally compact group G the Fourier algebra was defined by Eymard [5] as the algebra
of matrix coefficients of the left regular representation. In the case that G is compact it is well
known that A(G) can be identified with the space of operator fields indexed over the set of
irreducible representations:

{(fm)nea e [1£tHn: 3 dall s, < °°}

reG neG

where L£(H) is the space of linear operators on the Hilbertian representation space H, and
I-Il1 is the trace norm. In light of the definition of Beurling algebras, above, it is natural to define
a weight on G as a function w : G — R>0 Wthh satisfies w(0) < w(w)w ('), whenever o may
be realised as a subrepresentation of 7 ® /. Thus it is natural to define the Beurling—Fourier
algebra A, (G) so it may be identified with the space of operator fields

{(f(n) LG € H L(Hz): Z | £ dre ) <oo}

neG neG

We show that this definition always provides a semisimple commutative Banach algebra; more-
over, when w is bounded — i.e. inf g w(r) > 0 — this is a subalgebra of the Fourier algebra.
To describe the spectrum of A, (G) we require an abstract Lie theory which is built from
the Krein—Tannaka duality and was formalised separately by McKennon [15] and Cartwright
and McMullen [2] in the 70s. This Lie theory allowed them to develop the complexification G¢
even for non-Lie groups G. The Gelfand spectrum of A, (G) is shown to be a subset of G¢.
In contrast to the Fourier algebra A(G), for which the spectrum is G, A, (G) can have a larger
spectrum G . Examples of such weights and groups G are given in Section 4. We explore condi-
tions for which G, = G. In Section 4 we prove that for symmetric weights o the equality holds
if and only if the algebra A, (G) is symmetric. In Section 4 we define the notion of exponen-
tial growth for a weight @ and show that G, = G if w is of non-exponential type. Examples of
weights of non-exponential growth are polynomial ones defined in Section 5. For such weights
we could introduce a smooth functional calculus and use this to show that A, (G) is a regular al-
gebra. This gives us a possibility to study the property of spectral synthesis. Adapting arguments
from [14] on the Fourier algebra of compact Lie groups we prove that if E is a compact subset
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of a Lie group G, then E is a set of weak synthesis if it is of smooth synthesis. Moreover we
give an estimate of the corresponding nilpotency degree in terms of the degree of the polynomial
weight w. As a consequence we obtain conditions for a one-point set to be a set of spectral syn-
thesis for A, (G). Finally in the last subsection we study a connection between spectral synthesis
and operator synthesis in the spirit of [19].

We note that Lee and Samei in [13] suggest a more general approach to the notion of weight
on G. Their central weights for compact groups turn out to coincide with our notion of weight.
However in their paper they mainly concentrate on the study of properties of operator amenability
and Arens regularity.

2. An abstract Lie theory for compact groups

In this section we remark on some consequences of the Krein—Tannaka duality theory for
compact groups which allow us to define a “complexification” G¢ for any compact group G.
This object will be necessary for us to develop a description of the spectrum of general Beurling—
Fourier algebras. The theory in this section was thoroughly developed by McKennon [15] and
Cartwright and McMullen [2]. We shall be requiring it to an extent that a summary is warranted.

Let G be a compact group with dual object G, which, by mild abuse of notation, we treat
as a set of unitary irreducible representations: 7w : G — U(Hy). We let d; = dim(H). For
representations o, w of G, we will use the notation o C 7 to denote that o is unitarily equivalent
to a subrepresentation of .

We let Trig(G) denote the space of trigonometric polynomials, i.e. the span of matrix coef-
ficients of elements of G, which is well known to be an algebra of functions under pointwise
operations. We note that Trig(G) = @, .g Trig,, (G), where Trig, (G) is the span of matrix co-
efficients of &. For u in Trig(G), we let

u(w) = / u(s)n(sil)ds
G

which may be understood to be an element of the space of linear operators L(H). We caution
the reader that our notation differs from that in [8, (28.34)]. We shall make an identification

between two linear dual spaces Trig(G)T and the product [ [ .5 L(Hy) via

(u, (T) peg) = Zdﬂ Tr (i () Ty ) 2.1)

neG

It follows from the orthogonality relations between matrix coefficients that for a matrix coeffi-
cient g ; (s) = (7w (s)n, &)

<7T§,7]’ (Tﬂ)ﬂea> = (Tﬂ77, %‘)
In the notation of (2.1), we will write for any 7' in Trig(G)T andw € G
n(T)=T; inL(Hz). (2.2)

In particular, we identify G, qua evaluation functionals on Trig(G), with {(7(s)),.g: s € G}.
Thus we gain the Fourier inversion formula
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)= dr Tr(i(m)m(s)) = u(s). 2.3)

neG

Moreover, by [8, (30.5)], for example
G ~|T € Trig(G)": n(T) € U(Hy) for each 7 in G}. (2.4)

‘We note that Trlg(G)? >~ HﬂeG L(H) has an obvious product and involution which respects
the formulas 7(TT’) = 7n(T)n(T') and 7 (T*) = n(T)* for 7 in G and T,T in Trlg(G)T
Moreover the action of Trlg(G)T on Trig(G) given by T - u(rr) =n(T)u(r) forw € G satisfies
(T',T -u) = (T'T,u). We note that the involution satisfies (T*, u) = (T, u*), where u*(s) =
u(s—1).

With the notation above we define

Ge = {0 € Trig(G)": (0, uu') = (8, u)(0, ') for u, u’ in Trig(G))}
={0 e Trig(G)": 0 - (uu') = @ -u)(0 - u’) for u, u’ in Trig(G)}, (2.5)

Ty . (X, uu') = (X, u)u'(e) +u(e)(X,u')
{X in Trig(G) for all u, u’ in Trig(G) }

X - uuy=X wu' +u(X -u)
for all u, u’ in Trig(G)

X in Trig(G)™: (2.6)

and

g={Xegc: X*=-X}

where the equivalent descriptions (2.5) and (2.6), of G¢ and gc respectively, can be checked by
straightforward calculation. We observe that it is immediate from (2.5) that G¢ is closed under
the product in Trig(G)T. It is a standard fact, see [8, (30.26)] for example, that G¢ is closed
under inversion and hence a group. Moreover, from (2.6) it is immediate that gc is a complex
Lie algebra under the usual associative Lie bracket: [X, X'] = X X’ — X'X. In particular g is a real
Lie subalgebra. It is obvious that Trig(G)" ~ [[eg £(Hz) is closed under analytic functional
calculus. Thus by standard calculation we find that for X in Trig(G)', X € gc if and only if
exp(tX) € G¢ for each ¢ in R; see [2, Prop. 3] (or see comment after (2.10)) for one direction,
and differentiate 7 — exp(tX) - (uu’) to see the other. Moreover, by further employing (2.4), we
see for X in Trig(G) that X € g if and only if exp(tX) € G for each 7 in R.
We record some of the basic properties of the group G¢ and the Lie algebras gc and g.

Proposition 2.1. (i) G¢ admits polar decomposition: each 0 in G¢ can be written uniquely as
0 =sl6|, i.e. 1(0) = (s)|m ()| for each 7 in G. Hence, each such |0| is an element of G¢.

(ii) If 6 € G, then 6* € G too. If 6 € GE ={T €eGc: n(T) =20 form € 6}, then for each
z€C, 0% € G too; moreover if t € RZ0, then 0" € GE.

(iii) If the connected component of the identity G, is a Lie group, then g is isomorphic to the
usual Lie algebra of G and gc is its complexification.

(iv) We have exp(g) C G, and is dense, and exp(ig) = G(JCF. The map (s, X) — sexp(iX) :
G x g — G is a homeomorphism, where g and G¢ have relativised topologies as subsets of
Trig(G)" whose topology is the weak topology induced by (2.1).
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Proof. Part (i) and the second part of (ii) can be found in [15, Cor. 1 & Thm. 2]. We note that
the proof can be conceptualised a bit differently, the ideas of which we sketch below.

It is well known that G x G is given by Kronecker products {7 x 7": m, 7’ € G }, and hence
Trig(G x G) ~ Trig(G) ® Trig(G). We let m : Trig(G x G) — Trig(G) denote pointwise multi-
plication and

m': Trig(G)" — Trig(G x G)' ~ [] L(Hx®Hx)

n,m'eG

denote its adjoint map. For each 7, 7" in G and each o in G there are m(o, w ® 7’) (this number
may be 0) partial isometries V. ; : Hy — Hy ® H,s with pairwise disjoint ranges, for which

m(o,m@n’)

T = Vyio(HVE. 2.7)
> 2 Vi OV

(rea i=1

where we adopt the convention that an empty sum is 0. Then we may calculate for 7' in Trig(G)"
that

m(o,m@m’)
axa'(m'T)y=>"" > Veio(MV},. (2.8)
aeé i=l

It follows readily that mT is a s-homomorphism; in fact it is the well-known coproduct map, see
[20, Ex. 1.2.5]. In particular, it is easy to calculate from the definitions of G¢ and g¢ that

Ge=1{0eTrig(G)": @0 =m'(0)}, (2.9)
gc={XeTrig(G)": X@I+1® X =m' (X))}, (2.10)

where 1 is the identity element of Trig(G)". We note that it is easy to check that exponentiating
elements of gc is (2.10) gives elements of the form (2.9).

Now (i) follows from (2.8), (2.9), (2.4) and the uniqueness of polar decomposition. Any
multiplicative analytic function ¥ : R*? — C#0 (resp. multiplicative anti-analytic function
Y : C — C) will thus satisfy

YO RYO)=yORIT130) =0 ®0)=y(m"(©)=m"(v©)

for 6 € GE (resp. 6 € G¢). Hence, again by (2.9), ¥(0) € G¢; moreover (0) € GE if
¥ (R>% c R>°. Thus we obtain (ii).
Part (iii) is [2, Cor. 4], while part (iv) is [2, Prop. 4] (see also [15, Thm. 3]). O

If H is another compact group, and ¢ : G — H is a continuous homomorphism then
o induces a x-homomorphism o : Trig(G)" — Trig(H)". Indeed, if we assign Trig(G)" ~
[l:cc £(Hy) the linear topology from the dual pairing (2.1) then span(G) is dense in
Trig(G)T, since span(w (G)) = L(H,) for each = by Schur’s lemma. The map Z';=1 ajsj >
Z?:] ajo(s;) : span(G) — span(H) is well defined, being the relative adjoint of u > u oo :
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Trig(G) — Trig(H), and is clearly a x-homomorphism. Hence this map extends as claimed.
It follows that o |G : G¢ — Hg is a homomorphism of groups, while o |4 : gc — b is a ho-
momorphism of C-Lie algebras, and o[ : g — b is a homomorphism of R-Lie algebras, where
b is the Lie algebra of H. Moreover it is immediate that exp(o (X)) = o (exp(X)) for X in g¢.
Finally, if K is a third compact group and t : H — K is a continuous homomorphism, then
T o0 : G — K extends to a x-homomorphism 7 o o : Trig(G)? — Trig(K)* and restricts to a
group, respectively Lie algebra, homomorphism where appropriate.

If 7 € G, we denote the linear dual space of H, by Hz. For A in L(Hy), let Atin L(Hz)
denote its linear adjoint. For s € G we define 7 (s) = (s~ ). Then 77 is a unitary representation
on Hz called the conjugate representation of 7.

Corollary 2.2. For any 0 in Gz:' and 7 in G we have 70) = Ht.

Proof. Let U/(H;) denote the unitary group on H, and u(Hy) its Lie algebra, which we may
regard in the classical sense by (iii) of the proposition, above. Let y : U (H,) — U(H5) be given
by y () = (u™Ht. The map U — —U"' : u(H) — u(Hz) is a Lie algebra homomorphism.
Moreover, if we write U =i H where H is hermitian we have

exp(—U") =exp(—iH') = (exp(iH)_l)£ =y (exp(U)).

We see thatdy (U) = —-U t U e u(Hy) and hence its unique C-linear extension to the complex-
ification satisfies dy (X) = —X* for X € u(H,)c.

We shall regard 7 : G — U(H) as a homomorphism, as above,so7 =y ox.If 0 € G, we
use (iv) in the proposition above to write 8 = exp(i X) where X € g (so i X is hermitian). Thus
we compute

7(0) = exp(i7 (X)) = exp(iy o (X)) = exp(—in (X)) =7 (67")"

as desired. O
3. Beurling-Fourier algebras. Definition

Let G be a compact group. A weight on G is a function w : G — R0 such that
w(0) <w(m)w(r’) whenevero C @7’

We say that w is bounded if inf 5 w () > 0, and symmetric if o (7) = w () for each 7 in G.
Note that since 1 C 7 ® 7, any symmetric weight is automatically bounded with () =
w(m)w (@) = w(l). Of course, w(1) > 1 since 1 ® m = 7 for each 7.

We let Trig((G))f [ ;g Trig, (G) denote the space of formal trigonometric series. For u €
Trig((G)) and 7 in G, the definition i (;r) can be regarded as a formal integral. If w is a weight
on 6 we define

Aw(G) = {u € Trig(G)): llulla, = Y [a(0)| dre () < OO},

eG
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where, for each 7 in 6, dn = dim(Hy). It is obvious that A, (G) is a Banach space with norm
lI-Ila,- We call A,(G) the Beurling—Fourier algebra with weight w. We will see that it is a
Banach algebra, below. Note that if w is the constant weight 1, then A;(G) = A(G) is the Fourier
algebra of G.

Proposition 3.1. For any weight w, A,(G) is a Banach algebra under the product extending
pointwise multiplication on Trig(G). If w is bounded, then A,(G) C A(G), and hence is an
algebra of continuous functions on G.

Proof. It is clear that Trig(G) is ||-]| 4, -dense in A, (G), hence it suffices to verify that |||/ 4,
is an algebra norm on Trig(G). Let us first consider a pair of basic coefficients, u = (7w (-)&€, n)
and ' = (7' ()€, 7n’), where 7,7’ € G, &,n€Hy, and &', 1 € Hy. Note that by the Schur
orthogonality relations

. 0 i85,
u(8)={iTn’g if5=n

where T, ¢ is the rank one operator i > (h, n)§. Therefore

|(xO& )] 4, =Tyl

and hence

[ (xO& )] 4, = 1N,

Similar holds for any basic matrix coefficient. There exist, not necessarily distinct, o1, ..., oy, in
G such that Vrr ® '/ V=" j=10 ;(+) for some unitary operator V, and, with those associ-
ated pairwise orthogonal projections onto the reducing subspaces, pi, ..., pm on V(H; @ Hy1).
Letforeachi, V; =p;V (so V; = V* in the notation of (2.7)). Hence we have

=(r@r(ERE,n®N)

éa i (E®¢) iVﬂ(n@n/))

J:

—_

fa,ov E@8).Vi(1en)).

j=1

~.

Hence, since w is a weight, we have

m

Ju 4, < 2_I(e;0V;(E @), Vin@n)) ],

j=

=Y Vi @) ||vinen)|ow)
j=1
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< (iu Vo) IVitnen) ||)w<n>w<n/>
1/2

<(iuvj(s@5’)u2)m(éuw(n®n'>n2) p——"

j=1
=l¢@&[|Inen|omalr)=lula,|u],,-

For each 7, each T in L(Hy) with ||T||; = 1 is in the convex hull of rank one operators of norm
one. Let u in Trig(G), |lu|l4,, = 1. Then

u(s) =Y Tr(r()i(m))dy and Y |i(r)| w(r)dy =1.

neG neG

Denoting by T¢ , the rank one operator Tt , : h +— (h, &)n, we have for each 7 € 6, u(m) =
i@l Y, of Ter yr, where &7 0 € Ha, [1E7 0] | =1, o >0 foreachi and ), off = 1.
Therefore

u(s) =Y Tr(r(©)am)dy =Y > af wer o ()] ()] dr-
e neG i

As Y g2 ol la(m)llw(m)dy =1 we obtain that u is in the convex hull of

{(x()&,n): 7 € G, &, neHy, Il =1/0(0)}.

Now let u,u’ € A,(G), |lulla, = llu'lla, = 1. By the above arguments, u and u’ are convex
linear combinations ), o;ju; and ) ; ,B,-ug of matrix coefficients u;, u; of A,-norm one. Hence

], Zazﬂj\uzu,HA < cibilluilla, il 5, =1=lulla, ||,

)

giving sub-multiplicativity of |||/ 4,
Now if w is bounded, with C = 1nf g @ () > 0, then we have for u in Trig, (G) that u is
contained in A(G) and that

1 1
lulla = c@Mdr = =llulla, (3.1)

i) dr < 3|

neG reG

Thus A, (G) is contained in A(G) and is therefore a space of continuous functions. 0O

Example 3.1. (1) If o = 1 then A, (G) = A(G), the Fourier algebra of G.

Qfw(m)=d;, e G (we say that w is the dimension weight) then A, (G) = A, (G), an
algebra studied by B.E. Johnson [7] and which is the image of the map from A(G) Q" A(G) to
A(G) given on elementary tensors by f ® g +— f * g, where g(¢) = g(¢t~1); or, as shown in [6],
is the image of the map f ® g f * g from A(G x G) to A(G).

(3) If G =T" and w is a weight on Tn ~ 7", then A, (G) ~1'(Z", w) is a Beurling algebra
(see [17]).
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Remark 3.2. For a bounded weight @ on a compact group G we can extend the Fourier inversion
formula (2.3) to elements u € A,(G), since then A,(G) C A(G), and series from elements of
the latter are summable. That is for u € A, (G) and s € G we have that

u(s) =Y Tr(m(s)i(n))dy.

neG
Let p denote the right translation on Trig(G), i.e. for an element u in Trig(G) we let
pMu(s) :=u(st), s,teq,
and let A be the left translation on Trig(G) defined by
ABu(s) := u(t_ls), s, teq.

Proposition 3.3. For every weight w on G, right and left translations extend to isometries of
A, (G).

Proof. Indeed, for an element u in Trig(G) and ¢ in G we have that

o — o —

(p(t)u)(n) =nt)u(m), ()\(t)u)(n) :ﬁ(n)n(fl), neG

and therefore

lo@ul, =Y |r@ae) | dro) =Y [@60)] dewi) = lulla,

neG neG

and similarly
|r@ul,, =lulls,. O

Let for a bounded weight @ on G

L2(G) = {s € Trig(G): 1§13, = > [§(m) |3drw () < oo},

neG

where ||é‘ () |l> denotes the Hilbert—Schmidt norm of the operator é (r). The assumption that
w is bounded gives us that LCZU(G) C L%(G). Note also that if for & € L,(G) we let &(s) :=

£(s™") then ||§(71)||2 = ||§(r'r)||2 and hence for symmetric weight w, & € LZ)(G) if and only if
EeL2(G).
It is well known that the Fourier algebra A(G) coincides with the family of functions

A(G):{sv—>(f*g)(s):/f(t)g(t_ls)dt: f,geL2(G)}.
G
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We observe that the product w; w3, of two weights w1, wa, is a weight; and if ¢ : R>0 — r>0
is a non-decreasing sub-multiplicative function, then ¢ o w is a weight for any weight w.

Proposition 3.4. Let w1, wy be bounded weights on G and w = (w1w2)V/ 2 Then

Am(G)z{sn—)(f*g)(s):ff(t)g(t_ls)dt: felL: (G) andgeLz)z(G)}.
G

Proof. Let u € A,(G). For each 7 € G consider the polar decomposition of #(w): u(w) =
V(m)li(r)|. Let a(r) = (LEN2Y () [fi(r)]'/? and b() = (%)1/2|ﬁ(7r)|1/2. We have

()

1/2

Y dro a3 < Y deor (0| i) |3 = Y deon (o)) |, < 00

neG reG neG

and similarly

3 dro@) b5 < Y dean(m) i) |, < oo

neG neG

Thus if £, g € L*(G) are such that 3() = a () and f () = b(r) then f € L2, (G), g € L2 (G)
and u = f % g. Hence A, (G) C L2 (G) = L2 (G).
Take now f € Lc201 (G), g€ LZ)Z(G) and let u = f % g. Then

Y dro@|im|, =" drom|s) fm),

neG neG
< droy ()P (m) ' 2| 2|, | )|
neCG
5 1/2 R 5 12
< ( > dron(m)]| () ||2> ( > dron(m)| f () ||2)
7eG 7eG
=1 f 2.0, 18 112.0-

Thus u € A,(G). O
4. The spectrum of a Beurling—Fourier algebra

It follows from the identification Trig(G)" ~ [;eg £(Hy) given in (2.1) that for a weight w,
A, (G) has continuous dual space

Ap(G)* = {T € Trig(G)": || Tl 4z = sup 17 () llop < oo}. 4.1)

ze¢ @)

The definition of G¢ then immediately gives the Gelfand spectrum



J. Ludwig et al. / Journal of Functional Analysis 262 (2012) 463—499 473

Go=Ayp(G) = {9 e Ge: sup 17 ©)llop < oo} 4.2)

xeg  @(0)

where < 0o may be replaced by < 1, by a well-known theorem of Gelfand that multiplicative
functionals on Banach algebras are automatically contractive. Proposition 2.1 provides that G¢
is closed under polar decomposition, and that for 8 in G¢ and 7w € G, I @) llop = Il )| llop =
r(|m(0)]), where the latter is the spectral radius.

The terminology below is motivated by [12].

Proposition 4.1. If o is a bounded weight on G then G, is a compact subset of G¢ which
contains G and satisfies the following properties:

(i) G is G-Reinhardt: for s in G and 0 € G, we have s0,0s € G; and
(ii) G, is log-convex: for 6,0’ € G5 =G, NGE and 0 < s < 1, we have 0°0'179 € G,,.

In particular, (9, s) > 0s : G$ x G = G, is a homeomorphism.
(iii) If w is symmetric then G, is inverse-closed.

Proof. (i) This is immediate from Proposition 3.3 and the fact that operators of translation are
multiplicative.

(ii) It follows from Proposition 2.1 that 856’ 1=5) ¢ G¢ (though not necessarily in G?CL). Itis
a standard fact of functional calculus that || (0)* [lop = [ (0)l5,, for each 7 in G, and hence we
have

) 1—s N l—
@) (@) lop < sup 7 @) lgpll @) llop*

X

() ()

neG

max (|| (0)llop, 77 (0") [lop)
up <

7eG ()

neG

~

It is immediate from (4.2) that 950’1~ € G,,,.

By (i) and (ii) the map (0, s) > Os is a bijection between G, x G and G, and it follows
from Proposition 2.1(iv) that this map is a homeomorphism.

(iii) If w is symmetric, then for 8 in G¢, Corollary 2.2 shows that

7O Dllop 1T lop
o) ()

’

7eG neG
and hence 6! € G,, ifand only if 0 € G,,. O

If w is bounded, then it is clear from Proposition 3.1 that A,(G) is semisimple. If @ is not
bounded this is not as clear, but still true. The following is motivated by [10, 2.8.2].

Theorem 4.2. The algebra A, (G) is semisimple.
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Proof. We first note that the constant function 1 is in A, (G). Hence the spectrum G, is non-
empty. Let 0 € G,
We note thatif u € A,(G) and T € A,(G)* then T - u € A(G). Indeed

IT - ulla = Y [w (i) ] de < - |7 a6 dn

e reG

T llop
< %%Humulmm <IT g lulla, < oo.
e

Thus for 6 in G, as above, 6 - u € A(G) for u in A, (G). Suppose u # 0. Since u = 0~ -u)
(formally, in Trig((G))), we have that 6 - u # 0 in A(G), and hence there is some s in G for which

(u,s0) =0 -u(s)#0.

Since s6 € G, for all s in G by Proposition 4.1, it follows that A, (G) admits no radical ele-
ments, and thus is semisimple. O

The following fact, which will be useful for the following examples, is well known. If @ :
N — R0 is a weight, i.e. @(n +m) < &(n)@(m), then

06 = lim &m)"" = inf &(n)"/". 4.3)
n—oo neN
See, for example, [3, A.1.26]. Furthermore, if @ is bounded below, then pg > 1.

Example 4.3. Let G = T" and w be a bounded weight on Z" ~ G. Let

2", w) = {fﬁZ"—>CI Iflhe= > If(u)|w(u)<00}

ezt

with convolution as multiplication. The Fourier transform identifies £! (Z", w) with A, (T") (for-

mally, in the case that w is not bounded). Let ¢y, ..., &, denote the standard integer basis of Z".
Since &, ..., 8, and their inverses generate /{(Z", w), any character x € £1(Z", w) ~T" is
determined by the values z; = x(J /.), j=1,...,n. Hence the Gelfand transform converts

f in £Y(Z", w) into a Laurent series

S fwt (=2t ).

nezn

These series converge, simultaneously for all f in ¢!(Z", w), if and only if |24k = |7k <
w (k) for each w in Z". Thus it follows from an application of (4.3) that

T2 =~ {z € C": 1/pu(—p) < |2"] < po(p) for all p € Z"}
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where p, (1) = limg_, o a)(kp,)l/ k If n > 2 the family of defining inequalities can be simplified
to choices of u for which ged(u1, ..., u,) = 1. However if n = 1 we obtain the usual annulus of
convergence with inner radius 1/0,(—1) and outer radius p,(1).

We observe that in the case that n > 2 and @ (u) = A#! for some A > 1, then T/, 2 T", but is
not an open subset of C". For any A in (RZHY" with A1 ... A, > 1, the weight w(u) = A defines
an exponential weight.

If @ > 0, the weight w, () = (1 + ||e]l1)* is the classical polynomial weight. These weights
will be generalised in Section 5.

Example 4.4. Let G =7 X Zy = {(s,a): s € 7, a € Zp} with multiplication (s,a)(t,b) =
(st%, ab), where Z, = {1, —1}. It is a straightforward application of the “Mackey machine” that
G= {1,0,m,, n > 1}, where ¢ is a one-dimensional representation given by o ((s, a)) = a and
7, n 2 1 is a two-dimensional representation defined by

s0 0\ [0 1\!T9~
nn((s,a))=<0 s‘”)(l 0) .

We have that the corresponding characters are

sT+sT a=1,

Xo (s,a) =a, X, (s, a) = {O, 1.

Taking into account that x;g, = Xz X, we obtain that 1 ® 0 =0, 1 @, =7y, 0 ® 0 =1,
0 Q My N Ty, Ty @ My N Tpypn D Mm—n| if m #n and 7, @ m, ~ w2, & 1 @ 1. Hence any
weight w on G is governed only by the relations that w (1), w (o) > 1, and &®(n) = w(7,) defines
a weight on {0} U N which satisfies @(0) = w(1) and o(jn —m|) < @(n)w(m). Since 7 ~ 7 for
each 7 in G, any weight w is automatically symmetric.

We observe that Gc >~ C* x Z,. Indeed, we appeal to [2, Prop. 9] to see that (G¢), =~
(Ge)ec ~C*, as G, ~ T, and that G¢/(Gc)e = (G/Ge)c, where (G/G.)c =~ (Zy)c = Z, by
definition of the complexification. In particular we can identify GE ={(A,1): A >0} and we
have G¢ = GGE. Thus for A > 0 and s in 7, the corresponding element 6 in G¢ is given by

1) =1,0(6) = o (s) and 7,(0) = 7, (s) A(n), where A(n) = (AO 2, ) s0 A(n) = 1, (16)).

Let w: G — R>? be any weight and p,, = lim,_, o @(1,)'/". For example if o > 1, let
o(l) =w(o) =1 and w(m,) = «", and then p, = a. For 6 as above, [|77,(0)llop = | AM)lop =
max (A", A™"). For each n in N (4.3) implies

l7n @ llop max(A",A7")

neN @(n) neN @(n)

<l & max(r,27") < p.

Hence G, >~ {(z,a): a € Z», z€C, 1/py < |z] £ po}. In particular, if p,, > 1, then G, 2 G.

Example 4.5. Let G = SU(2). We have that G= {m,: n € {0} UN} where g = 1 and 7 is the
standard representation. The representations satisfy the well-known tensor relations

(n+n'—|n—n'()/2

Ty Q 7Ty &2 @ T|n—n'|+2j+
Jj=0
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Thus any weight w : G —> R0 is given by a weight @ : {0} UN — R>% which satisfies
(ln —n'| +2j) <oma@®) for j =0,...,(n+n' — |n —n'|)/2. For example, any expo-
nential weight @(n) = A" for some A > 1, suffices. We have for every n that 7, ~ m,, so every
weight is automatically symmetric.

It is well known that su(2)c = sl(C). It follows from Proposition 2.1(iii) that SL;(C) ~
m1(isu(2))m(G) = w1 (Gc). Then, since 7| generates G in the sense that every irreducible rep-
resentation of G is a subrepresentation of the n-fold tensor product of w1 for some n € N, we
find from (2.7) that 71 (G¢) determines G¢. Hence SL>(C) >~ G¢.

Now given a weight w, let p,, = lim,, oo @(n)'/". Any element of SLy(C)™ is, up to unitary

equivalence, A = ( o ) for some A > 0. Taking successive tensor products A®" = 71" (A)

A
0
we see by induction that |77, (A)[lop = max(A", A™"). Thus, using reasoning as in the example
above, and then (4.2) and comments thereafter, we see that

Go = {x € SLy(O): o (Ix]) = {2, 27"}, 1/p0 <A < po)-

Example 4.6. Suppose G, is non-trivial so G¢ 2 G. If 6 € G¢ \ G let wy(w) = (|7 (0)|lop =
lr (10D ]lop- It is immediate from (2.7) that wy is a weight, and from Proposition 2.1(i) we
may choose 8 to be positive. It follows from Corollary 2.2 that wy is symmetric if and only
if |7 (@)~! llop = I (@) llop for each 7 € G. For the cases in Examples 4.3, 4.4 and 4.5 above,
these weights generalise the exponential weights.

We can take advantage of Proposition 4.1 to see that G, contains some analytic structure when
it is bigger than G. We note that by Proposition 4.1 G| is logarithmically star-like about e: for
0in Gfand 0 <s < 1,0° =0%'~5 € GF. We will call 8 in G, \ {e} a relative interior point of
G} if 917¢ € G for some ¢ > 0.If G, 2 G, then G, always admits relative interior points.

Theorem 4.7. Suppose that o is bounded and G, 2 G. Then for any relative interior point

0 in G} \ {e} there are real numbers o < B such that for every u in A, (G), ugp(z) = (6%, u)
defines a holomorphic function on Sy g ={z € C: « <Rez < B}.

Proof. We let @ = inf{s € R: 6° € G,} and B = sup{s € R: 6° € G,,}. Proposition 2.1(iv) pro-
vides X e ig, for which exp(X) = 6. We note for z = s +it in Sy g, that 0% = 6° exp(it X) € G.
Now, if u € Trig,, (G) then ug(z) = Tr(i () exp(zmw (X)))d, defines a holomorphic function on
Se,p for which

sup |ug(@)| < sup |(0,u)| < llulla, = llillidzo ().
2€S8u.8 0'eGy

Hence if we consider u in A, (G), we see that

up(z) =Y _ Tr(d(w)m(0)°)dy

neG

converges uniformly on Sy, g and hence defines a holomorphic function. O

Remark 4.8. We will say that the unit e of G is a relative interior point of G/, if there is 6
in G} \ {e} such that 6~¢ € G/ for some ¢ > 0. We note that if @ is symmetric and G, 2 G,
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then it follows from Corollary 2.2 if 6 € G} then 6~ e G showing that e is a relative interior
point of G/ . Even in the case that e is a relative interior point, the above procedure, applied to
e produces only constant holomorphic functions. If 6 in G}, \ {e} is a relative interior point, for
which 67¢ € G, the holomorphic function uy satisfies uy (0) = u(e).

Definition 4.9. An involutive Banach algebra is called symmetric if for every self-adjoint ele-
ment u, the spectrum o (1) C R.

If w is a symmetric weight then u +— u defines an isometric involution on A, (G), where
u(s) = u(s) for s in G. Indeed, it is easy to check that for every = in G, and u in A, (G) that
i) 1 = li(w@)|i. It is then immediate from the definition of the norm that ||i|| 4, = ||u|| 4, -

Theorem 4.10. Let w be a symmetric weight on G. The Beurling—Fourier algebra A, (G) is
symmetric if and only if G, = G.

Proof. If G = G, then it is obvious that A, (G) is symmetric.

If G, 2 G, then by Theorem 4.7, for any relative interior point 6 in G \ {e}, the function
u > ug is a homomorphism from A, (G) into Hol(Sy, g), the space of holomorphic functions
on an open strip Sy, g. Since for z # 1 but sufficiently close to 1, 6 # 6, there is u in A, (G)
for which (u, 0%) # (u, ). Moreover, since A, (G) is generated by its self-adjoint elements, i.e.
2u = (u +u) + (u — u) for each u, there must be a self-adjoint element u for which (u, 6%) #
(u,0) for some z. Hence uy is a non-constant holomorphic function, whence ug(Sq,g) is open

in C. Since ug(Sy,p) C 0 (1), the latter cannot be contained in R. O

In the end of this section we give general conditions on weights w for which the spectrum G,
of A, (G) coincides with (is different from) G.

4.1. Some functorial properties

The Beurling—Fourier algebras admit natural Beurling—Fourier algebras when restricted to
subgroups. If H is a closed subgroup of G and @ : G — R>? then we define wy : H — R>" by

wg(o)= inf w(m).
reG
oCm|y

Note that by [8, 27.46], wp is well-defined.
Proposition 4.11. wy is a weight on H.

Proof. Leto,o’,7 € H witht Co®o’ ande > 0 be given. Find 7, 7’ in G such that o C Ty
with w(7) < wg (o) + & and ¢’ C /|y with w(n’) < wy(0’) +¢&. Then T C 7 ® n'|y and
hence

wr(t) < in; L o(p) < w@o(r') < (0p(0) +¢)(on(c’) + ).
PCTRT
TCplu

Since &€ > 0 can be chosen arbitrarily and independently of o, c’, it follows that wgy(7) <
wp(@)wy (). O



478 J. Ludwig et al. / Journal of Functional Analysis 262 (2012) 463—499

Let ¢ : H — G denote the injection map which, as in Section 2, extends to a homomorphism
L: Trig(H)T — Trig(G)T.

Proposition 4.12. (i) The “restriction” map u > u ot is a Banach algebra quotient map from
A, (G) onto A,y (H).
(ii) The spectrum Hy,, of Ay (H) is homeomorphic to G, N t(Hc).

Proof. (i) The extension ¢ : Trig(H)" — Trig(G)", satisfies

moul)~ @ o(r)®m

occH
oCrnly

where m (o, ) is the multiplicity of o in m|y. We have that ((A,, (H)*) C A,(G)*. Indeed

lo@llop -, NoDllop ¢ (e have

o C 7|y implies wy (0) < w () and hence on@) 2 o0

7z o t(Dllop _ llo(T)llop _ llo (1) llop

iy X
(1) reG oeH () veh @H(O)
oCm|y

[«

= sup
A¥* 4
¢ 7eG

Hence L|AwH (Hy* : Apy (H)* = A,(G)* is contractive. Moreover, L|AwH (H)* 1s an isometry.
HO'(T)an
R wg(0)
over there is 7 € G such that 0 C |y and w () < wy (o) + . Then

Indeed, given T in A, (H)* and & > 0, there is ¢ in H such that > ”T”AZH —¢. More-

lollop _ o (llop

HL(T)”ALU > w () wg(o)+e

(” ||AZ)H - S)H_ig

wp (o)

from which it follows that ¢| Awyy (HY* is an isometry.

Since Trig(G) is dense in A, (G), it follows that the preadjoint u — u ot = u|y of L|A(DH (H)*
extends to a quotient map from A,,(G) onto A, (H).

(ii) It is noted in [2, Cor. 3] that the map ¢| g : Hc — G is a topological embedding. Also,
H,, =HcNA,, (H)".Hence «(Hy,,) =GcNALG)*=G,. O

The connected component of the identity warrants particular consideration.

Corollary 4.13. Let w be a bounded weight. The connected component of G, containing e,
(Go)e is naturally isomorphic with (G.)wg, - In particular, G, 2 G if and only if (Gy)e 2 Ge.

Proof. It follows from Proposition 4.1(ii) that G$ C (Gy)e. The same proposition shows that
0,s)— 0Os : ng x G — G, is a homeomorphism, and hence G$ G.=(Gy).. However, since
GEGe =1(G.)c, we get, from Proposition 4.12 above, that G;U“Ge =GuNu(Ge)ec =(Geluwg, -

In particular, we have G, 2 G if and only if G, D {e}. Hence this condition is equivalent to
(Gw)e 2 Ge. O

=



J. Ludwig et al. / Journal of Functional Analysis 262 (2012) 463—499 479

Let N be a closed normal subgroup of G and g : G — G/N be the quotient map. The map
T+ moq:G/N — G clearly preserves decomposition into irreducible components. Thus if
w:G—>R>%isa weight we may define a weight " : G/N — R>? by

a)N(JT) =w(mwoq).

As above, we let ¢ : N — G denote the injection which extends naturally to a map ¢ : Trig(N)" —
Trig(G)T. We note that since N is normal in G, n ={X € g: exp(tX) € N for all r € R} is a Lie
ideal in g, whence nc¢ is a Lie ideal in gc, from which it follows that N¢ = («(N¢) = N exp(in)
is normal in G¢.

Proposition 4.14. (i) The map u — uoq : A,n(G/N) — A,(G) is an isometric homomorphism.
(ii) On G, let 0 ~N 0" if 070" € ((N¢). Then the quotient space G,/ N¢ may be identified
with a closed subset of (G/N),~.

Proof. (i) Define Pyu(s) = f  u(sn)dn. Then, since by Proposition 3.3 translations are isome-
tries on A,(G), we have that Py defines a bounded linear operator on A,(G). Moreover,
P]%, = Py and Py(A,(G)) = A,(G:N), the subalgebra of elements constant on cosets of N.
It remains to prove the latter is isometrically isomorphic to A,y (G/N).

Let us note thatif 7 € G \ (5-/1\\/ o q) then |y never contains the trivial representation of N.
Indeed if for & € H,; we have w(n)§ =& for all n in N, then for any s in G and any n in N, we
have 77 (n)7 (s)€ = 7 (s)7w (s~ 'ns)é = w(s)&. Then either £ =0, or & is a cyclic vector for 7 (G),
in which case (n) = I for all n in N, but this contradicts our assumption about 7.

Thus if u € A, (G) we have for 7 in 6, sin G

Py Tr(ﬁ(rr)n(s)) :Tr(ﬁ(n)n(s)fn(n) dn)
N

0 ifmw ¢ (T/]\Voq,
Tr(i(m)n(s)) ifreG/Nog

by the Schur orthogonality relations. Thus

A, (G:N) = {ueTrig((G)): u(r)=0forr € G\ G/N ogq and }

3 c67og 10D I1dr () < 00
which is clearly isometrically isomorphic to A, IN (G/N).

(i) We consider the extended map ¢ : Trig(G)T — Trig(G/N ). We have that ker(q)|Ge =
t(Nc). Indeed, we note that since g(N) = {e}, g(n) = {0}, and hence g ot (N¢) = g(N exp(in)) =
{e}. Conversely, if 6 = 56| € ker(q) |G, then g (s)g(|0]) is the polar decomposition of g (0) = e,
hence g (s) =e =¢q(|0]). Thus s € N. Moreover we write |0| = exp(i X) for some X in g. We see
for z, o € R that e = g(|0])""e = g(exp(ittpX)) = exp(itq(to X)), and, taking derivative at t = 0
we obtain that ig (foX) = 0. Thus we see that X € n, hence 6 = sexp(i X) € ((N¢).

Now, from (i) above, g (G,) will be a closed subset of (G/N),,~. We see that for 6, 6" in G, C
Gc, q(0) =q(®) ifand only if g(0~'0") € «(Ng), i.e. 6 ~Ne 0. O
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That g : G — G/N extends to an open quotient map ¢|g. : Gc — (G/N)c is noted in [2,
Cor. 3] and requires the somewhat delicate lifting one-parameter subgroup result [15, Thm. 4]. It
is unclear that this result preserves the rate of growth of positive elements.

Conjecture 4.15. In (ii), above, we have that G,/ ~Ne= (G/N),~. In particular, if for some
Lie quotient G/N of G, (G/N),~ 2 G/N, then G, 2 G.

4.2. Growth of weights

We wish to find conditions on the weight w which characterise when G, 2 G and G, = G.
We begin with some notation. If S C G we let

S®"={ne6: T Col®---Qo, where oy, ...,0, €S}, (S}:US®”.
neN

We say that G is finitely generated if G = (S) for some finite S C G.
Proposition 4.16. G is a Lie group if and only if G is finitely generated.
Proof. Thisis [8, (30.48)]. O
We let for any continuous unitary representation p of G, and any finite subset S of G

w(p)= sup w(o) and w(S)=-supw(o)
oeG,oCp oes

so that w(p) = w({wr € G: 7 C p}). We note that if S is a finite subset of G, then S®+m) —
§®" @ S®™ ie. any 7 in S may be realised as a subrepresentation of 7’ ® 7" for some
7’ in §%" and 7”7 in S®™. Hence the function @ : N — R>? given by &@(n) = w (S®") is a weight.
Thus we can appeal to (4.3) to define

Pu(8) = Tim w(s")""
n—od

and for a single 7 in G, we define p,, (1) = lim,_, oo a/)\(n‘@”)l/".

We say that w is non-exponential if for every m € G

Po(m) =1 4.4)
and we say that w has exponential growth otherwise.

Proposition 4.17. Let w be a bounded weight on G. Then the following are equivalent:

() @ has exponential growth; and _
(ii) there is some finite subset S of G for which p,(S) > 1.

Further, if G is a Lie group then (i) and (ii) are equivalent to:

(1il) pu(S) > 1 for every generating set S C G.



J. Ludwig et al. / Journal of Functional Analysis 262 (2012) 463—499 481

Proof. Recall that a bounded weight always has p,(r) > 1; see remark after (4.3). That (i)
implies (ii) is obvious. In the case that G is a Lie group it is obvious that (iii) implies (ii). For a
Lie group G, if S’ is a generating set, then for some m, $'®" > S and hence

po(8) = Tim o(S'®)" > lim w(S'®") /"™ = p, ()" > p, ().

n—o00 n—oo

Hence (ii) implies (iii). It remains to show that (ii) implies (i), in general.
Let S = {o1,...,0n}. Suppose p,(S) > 1. By (4.3) we have that w(S®") > p,(S)", and
hence there is a sequence (7,),eN such that

7, € S®" foreachn, and w(m,) > pu(S)".

Then for each n there are [y ,, ..., Ly, in {0} UN such that 7, € O‘?ll'" Q-+ ®g§’l”"" and /1 , +
-+« 41y, =n. We have
®l n ®lm n
w(my,) <a)(01 - )...a)(om ' )
It follows from the “pigeon-hole principle” that for some j =1, ..., m, there is a sequence n] <

. ®1;, . ®lj,
ny < --- for which w(m,,)"/™ < w(o; TRy Since o (S)/M < w(o; 7Ky, we may assume
. ®lj,
ni,na, ... are chosenso lj, <1ljn, <---. Thus,since /j, <ngand w(o; 7"y > 1, we have
1 ®lj.n l/nk ®[j,nk l/l'_
o (7Tn;) /mni ga)(aj k) ga)(aj ) Ik

and we find

Lim\ 11
1 < po(S)/™ =k1_i>r20w(””k)l/mnk < kli“;o“’("? . k)l/lj.nk

where the latter is p,(0;), again by (4.3). O

Example 4.18. (1) Consider exponential weights wy of Example 4.6. As 0 € G¢ we may appeal
to (2.8) and (2.9) to see that

wp(m®") = max

o O]y = 7" O] = [7@"], = [ @5,

and hence 0, (1) = [|7 (8) || op. In particular such a weight is boundAed only ifinf g7 (0)]lop =1,
and of non-exponential growth only if || (8)|lop = 1 for all 7 in G.

Corollary 2.2 shows that wy is symmetric exactly when, for each m, the smallest and largest
eigenvalues (i, A, of | (0)] satisfy A, = ,u;l.

(2) Let G be a compact group and let w(7) =dy, w € G, be the dimension weight. The
weight o is non-exponential by Example 5.2 and Proposition 5.5 below.

Other examples of weights of non-exponential growth are given in the next section.

Proposition 4.19. Let w be a non-exponential symmetric weight on G. Then G, =0G.
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Proof. Assume G, # G. Then by Proposition 4.1 there exists 6 € G such that Sup. g ”nafi)j)rll“p

<1 and || (8)|lop > 1 for some 7 € G. Then

1/ 1/ 1/
w(n®n) = ail;lr%nw(o)l/n z g?;lr%n ”G(Q)Hor’n - H]‘[(9)®n HOPn - ”n(G)HOP

giving lim,,_, oo @ (7 ®”)1/ " > 1, a contradiction. O
Question. Is it true in general that if a weight w is exponential then G, # G?
5. Polynomial weights

In this section we introduce the polynomial weights which are of fundamental importance.
For ease we will always assume that a weight o on G is symmetric. In particular these weights
are bounded and thus G C G,.

5.1. Definition and basic theory

The following description of the dual space of a connected compact Lie group G has been
taken from [21]. Let g be the Lie algebra of G. Then g = 3 @ g; with 3 the center of g and
g1 = [g, 9] a compact Lie algebra. Let (-,-) be an inner product on g satisfying (1) (g1, 3) = (0)
and (2) (-,-)|g;xg; = — By, (here B denotes the Killing form of a Lie algebra £).

Let X1, ..., X, be an orthonormal basis of g, such that {X1, ..., X,.} is a basis of 3. Set

2= X} eTrigG)". (5.1

1

Then £2 is independent of the choice of the orthonormal basis of g and £2 is central in Trig(G)".
(Normally, the element 2 is defined in the universal enveloping algebra U (g) of g, but for our
purposes it is sufficient to regard its image in the associative algebra Trig(G).)

Let t be a maximal abelian subalgebra of g and let 7 =expt. Letalso A1, ..., A, be complex-
valued linear forms on 3 defined by A;(X;) = 271(—1)1/28,-,1-, 1 <i,j<r.Let P beaWeyl
2A;(Hy .
chamber of 7. Let Ay, ..., A; be defined by # = 4;,j, where a, ..., a; are the simple
j\Ha

roots relative to P and the Hy; the corresponding vectors in t. To every y in the dual space
G of G corresponds a unique element (highest weight) A, =3, nijA; + ) jmjAj with the n;
integers and the m ; non-negative integers. Set

Iyl = lnil+ Y mj.
i J

We let now m; = x; be the character of the group G associated to the highest weight A;, i =
I,...,r; and let y; be the irreducible representation associated to the weight A;, j=1,...,[;
the existence and uniqueness of such y; follows from [21, Thm. 4.5.3] and the fact that A; is a
dominant integral weight.

Let S={%xyx;,yj, i=1,...,r, j=1,...,1}. For each highest weight A let 74 be the cor-
responding irreducible representation. It is well known that for two irreducible representations
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74,y of G the tensor product representation w4 ® 7y contains the representation m 44y €X-

actly once and all its irreducible components 7 satisfy the relation N = A + M’, where M’ is

a weight of 7. Moreover, M’ =M - kja; with k; non-negative integer (see [11, p. 111]).
Therefore S generates G. This allows us to define the function tg on G

ts(m) =k, ifmes®\ §¥*=D, (5.2)

The function tg is subadditive on G. Indeed, for two irreducible representations yj, y» of G, we
have that

Vi®y C §®Ts(v1) ® §®Ts(r2) — g®Es(y)+1s(12))
Hence

Ts(y1 @ y2) < ts(y1) + 1s(12).

Let

ws =1+ t5.

One can easily see that the function ws = 1 + g is a bounded weight on G which we shall
call the fundamental polynomial weight.

By the arguments above, for any highest weight A, =), njA; + > jmjA;j corresponding to
the irreducible representation y of G we see that

Y C]_[x ®1—[y®mj c 5@l

and hence we have the inequalities:

() <lyli and wos()<1+|ylh, yeG. (5.3)

Clearly, for every power a (¢ € R>?) the function w, = o§ is also a weight on G. We observe
that if S’ is another generating set for G , then there are constants k1, k» such that kjws < wg <
kyws. For example, if k is such that S’ C S®k then Ty < ktg and hence wg < kwgs. Hence
Aps(G) = Ay (G).

Definition 5.1. Let G be a compact Lie group. A weight w on G is said to have polynomial
growth, if for some o, C > 0, w(y) < C(1 + |y D%, ¥ € G.

If G is any compact group with a weight w on G then we say that w is of polynomial growth
if for every closed normal subgroup N such that G/N is a Lie group the restriction weight "
has polynomial growth.

We know from [21, Lemma 5.6.4] (with the notations of that lemma) that for every y € G

-y (@)= ((Ay +p, Ay +p) = (p, p))Ip, = eV (5.4)
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where p is half the sum of the positive roots of G related to the Weyl chamber P of T. Then by
[21, Lemma 5.6.6], there are positive constants c1, ¢2 such that

alyl?<ey)<ealyl? (5.5)

and by [21, Lemma 5.6.7], the series

Y (+lvii) (5.6)

yeG
converges if s > @ , here d(G) denotes the dimension of the group G.

Example 5.2. Let G be a connected compact group and let @ be the dimension weight, i.e.
() = dy. Then w is of polynomial growth. In fact, if N is a closed normal subgroup such

that G/N is a Lie group, then for y € G//]\V we have wV (y) =w(y oq) =d,. Since by (5.6),
dy < C(1+ |y [1)@C/N/D+e for some e > 0 and C > 0, the weight has polynomial growth.

Next result will give us another weight of polynomial growth.

Lemma 5.3. If 0 C y| ® y» for irreducible representations o, y1 and y; of G then c(o)'/? <
ey + ()2,

Proof. Let A, M and N be the highest weights of y;, y» and o respectively. We set y; = w4,
yo =1y and o = my. Itis known that A+ M is the highest weight of the tensor product 74 ® s
and N = A+ M — ) k;o; with non-negative integers k;. Let 8 = ) k;a;. As N is the highest
weight, N is a dominant integral weight of 74 ® m)s and hence (N, B) > 0, where (-,-) is the
inner product on tj. This implies

(A+M, A+M)=(N+pB.N+p)=(N,N)+2(N,B)+(B.B) > (N,N).

Moreover, if p is half the sum of positive roots of G relative to the Weyl chamber P, we have
(B, p) =0 (seee.g.[11, Prop.4.33]) and (N, p) = (A+ M, p) — (B, p) < (A+ M, p). Therefore
by (5.4)
c(my)=(N,NY+2(N,p) <{A+M,A+M)+2(A+ M, p)
= (A, A) +2{A, p) + (M, M) +2(M, p) +2(A, M)
<c(ra) +clay) +2(A, )2 (M, M)

<) + () + 2c( ) Peun? = (e ) + e(mn)'?)?
and hence c(mn)'/2 <c(r )2 + cr)V/?. O

Theorem 5.4. Let w(y) :=1+c(y)'/% y € G. Then w is a bounded weight equivalent to the
Sfundamental weight wg and hence Ay (G) = A (G).
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1/2 < 172 4

Proof. Clearly, by Lemma 5.3, w is a weight. It follows by induction that c(o) '/ < ¢(y1)
4 c(Yn )1/2 whenever 6 Cy1 ® - Q@ yn, 0,7 € G, i = 1,...,n. By (5.5), o(y) < C(1 +
||y ), v € G, for some constant C > 0, i.e. w is a polynomial Welght, and

lol < C(llyilli 4 -+ llyalh)-

Assume now that 75(0) = k and take the ;’sin S suchthato C y1 ® - - - ® y&. Then || y; |1 = 1
for every i and so

lol <C(lyilli + -+ + lIwl) = Ck = Crs(o) < Clio |,
the last inequality is due to (5.3). Applying again (5.5) we obtain the statement. O
Proposition 5.5. A polynomial weight @ on G is non-exponential and hence G, = G.

Proof. We assume first that G is a Lie group. Take 7 € G. Then since by Theorem 5.4 ||o||; <
cn||m||y for each o C 7®" and some constant ¢ independent of n, we have

C()(ﬂezm)l/n: sup w(o) < sup C(l+||0||1)a/n

oCr®n oCn®n

a/n n—00
) —

<C(L+cn|n 1.

Let G be an arbitrary compact group with polynomial weight on its dual space G.Take € G.
Then G/ ker(s) is a Lie group. Let N = ker(sr) and let 7y be the representation of G/N on H
corresponding to ;r. We have

w(n®”)l/n _ a)N(n}%’")l/n.

By the previous argument, lim,_ .o w(m®")!/" = 1. That G, = G follows from Proposi-
tion4.19. O

We observe the following, which was also proved in [16].
Corollary 5.6. Let G be a compact group and let @ be the dimension weight. Then G, = G.
Proof. Follows from Example 5.2 and Proposition 5.5. O

Proposition 5.7. Let G be a compact Lie group, let w be a symmetric weight such that a =
inf, & o)W > 1. Then G, # G.

Proof. Let X, ..., X, and £2 be asin (5.1). Since each X; is skew-hermitian we have from (5.4)
that 0 < —y (X;)? < c(y)I, forany y € G. Moreover, there exists y € G such that y(Xn) #0.
Set 6 = expirX,. Then, as in Proposition 2.1, we have 6 € GE. Since in(X;) < c(rr)l/zlnn <
¢l |l1 I, (the last inequality is due to (5.5)), we have for 7 € G that
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I @) llop _ lexpirr (Xn)llop _ el

= al7ih

a)(j‘[) = a”””l

||7T(9)”op

for ecach 7 € G. Taking now A such that e*¢ < a we obtain that @)

Go\G. O

< 1, and hence 0 €

In what follows we shall frequently use an L-function E,,, m > d(G)/4, defined on G by

Y(Em) = , VyeG. (5.7)

— 1
(I+cy)nm”

The existence of E,, follows from the Plancherel theorem and the convergence result of the series
(5.6). We say that function u : G — C is 2n-times $2-differentiable if u belongs to the space

Ly, ={geL*(G): (1-2)'g e L*(G)}.

We note that by (5.3) LZ)(G) - Lf?’n(G) for any polynomial weight w such that w(y) < C(1 +
Iy ).

Proposition 5.8. Let o > 0 and let @ be a polynomial weight such that w(y) < C(1 + ||y ]1)%,
v € G, for some C > 0. Then L%Z,n(G) CALG) ifn> @ + 5.

Proof. Let E, € L*(G) be the function defined by (5.7). Then for g € Lé,n(G), n> ‘1(4& +3
we have

E,x(1-2)'g=g. (5.8)

Since (1 — £2)"g € L%(G) to see that g € A, (G), by Proposition 3.4 it is enough to prove that
E, € L2,(G). By (5.5) we have

Lo (y)? d
2 2 2_ —r —
Zdyw(y) lvED];= Z (1 +c(y)2 s¢ Z (1+c(y)>
G yeG yeG

d(

and by (5.6) the series is convergent if 2n — o > % O

5.2. A smooth functional calculus and regularity of A, (G)

Definition 5.9. For 7 € G denote by xr the normalised character of 7 i.e.
Xx(s) =dr Tr(n(s)), s€G.

Then we have for any o € G

0 ifo#m,
I, ifo=n.

G(Xﬂ)z{
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Let Q. denote the linear operator on Trig(G) defined by

Qu) =Y Vo). *u, ucTrigG),

neG

and let R, be its inverse:

R,(u) = Xn *u, uecTrig(G).

1
Z Jo(m)
reG
Then we can extend the linear operator Q,, (resp. Ry) to an isometry Q,, : Li(G) — L%(G)
(resp. Ry, : L>(G) — L2 (G)) and for £ € L*(G) we have that

E€LL(G) & 0, eLl*G)

and
€120 = || Qu(®) ] ,-

We can consider Q,, (resp. R,) as a convolution operator with the central distribution g, =
Zn G V() xn (resp. with the central distribution r, = Zn G ﬁ X~ ) and we shall write
Q. and R, as convolution operators and then

Ou*u=ux*Q,, Ry*xu=uxR,, ueTrig(G).

For a real number a, let [a] be the integer part of a and let d(G) denote the dimension of the
group G. Let for o > 0

r(G,a) = [@ +a} +1. (5.9)

The following theorem is an adaptation of Theorem 3.1 in [14].

Theorem 5.10. Let G be a connected compact Lie group, let w < ca§ be a symmetric polynomial

weight on G and let u = u be a self-adjoint element of A(G) rG.«). Then there exists a positive
S

constant C = C(u) such that

e ”Aw(G) <C(1+ |t|)d(G)/2+a’

teR. (5.10)
Proof. For N € N* we let

Gyv={reG: Iyl <N}
and consider Fy € L*>(G) given by

y(F\)=1,, ¥yeGy, y(Fy)=0 otherwise.
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Take an L>-function E,, on G, m > d(G)/4, given by (5.7) and let E,, y denote an L?*(G)-
function for which

Y(EnN)=Y(En), Yy ¢ Gu, y(Em.n) =0 otherwise.
We decompose ¢/'“, t € R, into
e =a, N+ by,
where a; y is defined by
yan)=y(@), VyeGy, y(ar.n) =0 otherwise,

and b, y = ettt — a;,N. Clearly, a; y is a C°°-function and hence b, y is of class (G, «).

In order to estimate the norm ||a;, x|l 4, We note first that
a N = FN *dy N = FN k Qw * Rw *dg N-
Hence, by Proposition 3.4 and the assumption that u is a real-valued function,
itu

lar, vl an@) S IFN * Qoll2,0l| Rw * ar N 12,0 < I1Fn .02 €],

SNEN 2,0 €] ooy = I1EW 2,02
Using estimation given in the proof of [14, Thm. 3.1] we obtain

N
IFNI3 2= D @)y <aN™ ) d> < N> O
IyII<N j=0

d(G) .
and hence ||a; v 4, G) S CN ~2 T for a certain constant C > 0.
Now for the norm of the element b; x we use the equalities

by=Epn%(1—2)"b; n=Enn*(l—2) e
which hold for m = %r(G, a), as by is of class (G, o). Thus

1665 4y(G) = || Em,n * (1 — £2)" " ||Aw(G)

= Qo * Em.n % Rox (1 =)™ |, )

SHEmwllz 2] (1= 2)"e ™.
The arguments in [14, Proof of Theorem 3.1] give the following estimate
| =)™ |, <c(1+1t1*"), teR,

for some constant C > 0 and for all m € %N , and the estimate for the A, (G)-normof b; y,t € R,
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d2a)(y)2 1/2 )
16, N1l A, (G) <C1< Z m) (14 1t1) "

Iy =N
aG-n_ i\ 2m
<G, @o-n_J ) (14
(%’ <1+J>4m> (1
j>
<C ;(1 + 1)
X 3N2m_11(6)2+2a .

Letting now N to be the smallest integer > |¢| we obtain

”eitu HAw(G) < llar,nllay6) + 1PN 1l A, G)

)(d(G)/2)+01 )(d(G)/2)+0t

<<£@+n| -+£u+n|
=2 2

for anew constant C > 0. O

Theorem 5.11. Let G be a connected compact group and let w be a symmetric polynomial weight
on G. Then A, (G) is a regular Banach algebra.

Proof. Let E, F be two closed subsets of G such that E N F = J. We must find an element
ve A,(G), suchthat v=0o0n E and v =1 on F. Since G is connected, we can find a closed
normal subgroup N of G, such that G/N is a Lie group and such that EN N FN = (). Hence by
Proposition 4.14 we can assume that G is a connected compact Lie group. The algebra Trig(G) is
uniformly dense in C(G). Hence there exists a trigonometric polynomial # on G, such thatu = u
and such that |u(x)| < 11—0, x e E,and u(y) > %, y € F. We apply now the functional calculus of

C* functions to u. Choose a function ¢ : R — R with compact support of class C(?(G)/2)+a+2
vanishing on the interval [—%, %] and taking the value 1 on the interval [%, %]. Then the
integral

v=f¢m£mmm
R
converges in A, (G) by Theorem 5.10. Moreover, by the Fourier inversion formula,
mm:f@mémwﬂm=¢@unza x€E,
R

uw:/@m&”mwm=¢@@»=L yeF. O
R

6. Spectral synthesis

Let A be a unital semisimple, regular, commutative Banach algebra with X 4 as spectrum. We
will identify A with a subalgebra of C (X 4) in our notation. If E C X4 is a closed subset, let
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Ix(E)={a € A|a"'(0) contains E},
J(E)={ae€A|a""(0) contains anbhd of E} and Ja(E)=JI(E).

It is known that 14 (E) and J4 (E) are the largest and the smallest closed ideals with E as hull,
i.e., if 1 is a closed ideal such that {x € X4: f(x) =O0forall f € I} = E then

JA(E) CI CIs(E).

We say that E is a set of spectral synthesis for A if J4(E) = I4(E) and of weak synthesis if
the quotient algebra I4(E)/J4 (E) is nilpotent (see [22]).

Let A* be the dual of A. For a € A we set supp(a) = {x € X4: a(x) # 0} and null(a) = {x €
X4: a(x) =0}. For T € A* and a € A define at in A* by (at, b) := (t,ab) and define the
support of t by

supp(t) = {x € X4: at #0 whenever a(x) # O}.

It is known that supp(t) consists of all x € X4 such that for any neighbourhood U of x there
exists a € A for which supp(a) C U and (7, a) # 0. Then, for a closed set E C X4

JA(E)t = {r € A*: supp(x) C E}

and E is spectral for A if and only if (r,a) =0 for any a € A and T € A* such that supp(t) C
E C null(a).

We say that a € A admits spectral synthesis if a € J4(null(a)), which is equivalent to
(t,a) =0 forany T € A*, supp(r) C null(a).

Let G be a connected compact Lie group, w be a symmetric weight on G of polynomial
growth and let A, (G) be the corresponding Beurling—Fourier algebra. Then X4, () = G by
Proposition 5.5, and A, (G) is a semisimple regular commutative Banach algebra of functions
on G by Theorem 5.11 and Theorem 4.2. In what follows we write I,,(E) for I4,(c)(E) and
Jo(E) for Ju,(c)(E). Let D(G) be the space of smooth functions on G. For a closed subset
E of G, we denote by Jp(E) the space of all elements of D(G) vanishing on E. Note that
D(G) C A, (G) by virtue of Proposition 5.8.

6.1. Smooth synthesis

In the rest of the section we always assume that G is a connected compact Lie group and w is
a symmetric weight of polynomial growth on G.

Definition 6.1. The closed subset E of G is said to be of smooth synthesis for A, (G) if Jp(E) =
1,(E).

The proof of the next theorem is similar to the one of [14, Thm. 4.3].
Theorem 6.2. Let G be a connected compact Lie group of dimension n. Let M be a smooth

submanifold of dimension m < n and let E be a compact subset of M. If w is a symmetric weight
on G such that » < Ca)sfor some C, a > 0, then JD(E)[2+“]+] = J,(E).
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Proof. As J,(FE) is the smallest closed ideal with E as hull, in order to prove the statement it is
enough to see the inclusion Jp(E )[%“‘Hl C J,(E). We note first that for the right translation
p(t) the mapping ¢t — p(t) f € A,(G) is C*. In fact, for m > @ + % we have E,, € Liz(G)
(see (5.7) for the definition of E,;) and f = E,, * g, where g = (1 — £2)" f € D(G). Hence, for
t € G, we have

p(0) f(x) = f(xt)
=/Em(s)g(s_1xt)ds

G

= / E,, (s),o(t)g(s_lx) ds

G
= Ep * (p(1)g)(x)

which gives the statement.
For0<e < || flloo let

We={xeG: [p@)f —f|, ) <¢}

and
Q. ={xeG: |px)f—f|, <¢}
If A =inf, g w () then by (3.1)
We C 2¢/4.

Since the mapping g — p(g) f € Aw(G) is C*, there exist a constant K > 0, an open neigh-
bourhood W of 0 in the Lie algebra g of G, such that

loexpX) f = £, ) < KIXI

for every X € g and some fixed norm || - | on g. Let for ¢ > 0, V, = exp B, where B, denotes the
ball of radius 5% of center 0 in g. There exist constants C; > C > 0 such that for every & > 0

C1e" > |V | > Cr&"

and V, C W, C §2¢/a. Let f € Jp(E). Then for every x = xov € EV,, x9o € E, v € V,, we have
f(xp) =0and

| F)] = | fxov)| < | £ (xov) — f(xo)| + | £ (x0)]
= () f = £)xo)| < [ (p) f = £)] . <eA™".
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Hence
[FEF @] < (ea!) R @D

Letv= f[%“‘]“ on EV, and v =0 elsewhere. Take a non-negative function b(X) € C2°(g)
supported in By and let b, (X) = b(X/¢e), X € g. Set u(x) = Cb;(logx), where C is a constant
such that [ u(x)dx = 1. Then supp(u) C V. Since

lully 2 = Y drar (0?05 < C Y de (14 () i) |3

reG neCG
=C Y de| (1= 2Py 3 = €1 = 22l
neCG

—n/2—a

we have u € Liz (G) and ||u|l, .2 behaves like & if @/2 is an integer, i.e.,

[a—2mul3=3" (1+c)™ i) |3dn < Coe™ "

neG
for some constant C,,, depending on the non-negative integer m.
This gives
2 2m || A 2 —n
Z (8 (1 + c(n))) ||u(7t)||2dn <Cpe™".
7eG
Let o > 0 be arbitrary. Then for non-negative integers /, m such that 2/ < o < 2m we have

e (1= 2 ul; = 3 (£2(1 + e(m))* i) | 2

neG

= Z (82(1 +c(n)))a||12(n)|‘§dn

m:e2(14c(m)) <1

+ Y () i) |3

m:e2(14c(m)) =1

< Z (14¢))” i) |3dx

neG

+ 2 (1 +em)) )" i) |5

neG

<Ce"+Cpre "< Ce™".
Therefore
(=2} < Ce™ 2 and ||, < De "

for some C, D > 0.
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Consider now the function

o(s) = (FI2FH — ) xii(s) = /(f[%“‘]+1 — V) (st)u(r)dt.
G

As f[%"""]“ —vel?G)and u € Liz (G), it follows from Proposition 3.4 and the remark
before that ¢ € A, (G), and ¢(s) =0 if s - supp(u) C EV,. As E C {s: s - supp(u) C EV,} and
the set {s: s - supp(u) C EV,} is open, supp(p) is disjoint from E and therefore ¢ € J,(E). We
have

f[%+a]+1 —p= (f[%+ot]+1 _ f[%+a]+1 *Lvt) + vl

As supp(u) C Vs C W,, and || fL3Ho+1 — p(x) fL7Halt! lla, ) < Ke for all x € W, and some
constant K = K (m) > 0 which is independent of ¢, it follows that

||f[%+a]+1 _ f[%“‘]“ *LV’HA(,,(G)

Aw(G)

= H /(f[%-ﬁ-a]-i-l _ ,O(X)f[%-’_a]—’_l)u(x) dx
G
< [ = poo fAE G dy < Ke.
G

We have also ||v il a,G) < [Vll2 - [l 42 As lully 42 < Dle| ™/, D > 0, we obtain

dist(F13F ga () < || AT o], 6

" 1/2
< K8+De_”/2_°‘< f | f[TJr“Hl(x)}zdx)

EV,
< Ke + De™"?7% sup \]‘[%J""H](x)||1’5Vg|1/2
xX€EV,

8—n/2—ot
<Ke+D

1/2 8[7+(1]+1|EV8|1/2'
C2

The following estimate of |E V| was obtained in [14]: for every small ¢ > 0
|EV,|=Ce" ™.
Hence, for ¢ > 0 small enough,

dist(f[%+ot]+l’ Jw(E)) < KS+C/S—n/Z—aS[%+ot]+18(n—m)/2

—Ke+ C/S[%+ot]+l—m/2—a
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for a new constant C’ which does not depend on ¢. Thus f [3+altl ¢ Jo(E). It follows now by
standard arguments that Jp(E)lz e+l g (E). O

Corollary 6.3. Let E be a compact subset of a smooth m-dimensional sub-manifold of the Lie
group G. If E is a set of smooth synthesis, then E is of weak synthesis with I,(E)"/>+el+1 —
Jo(E).

The following corollary is a generalisation of the Beurling—Pollard theorem for A(T) (see [9])
and its weighted analog A, (T"), where w is a weight on Z" given by w(k) = (1 + |k)¥, & > 0
(see [18]).

Corollary 6.4. Let E be a compact subset of a smooth m-dimensional sub-manifold of the Lie
group G. Suppose that f € A, (G) satisfies the condition

|[fo| < Kinf{|X|: X eg, xexp(—X) € E}" (6.2)

for some fixed norm ||-|| on g and K > 0. Then f admits spectral synthesis for A,(G) if r >
m/2 +«.

Proof. If f satisfies (6.2) then f vanishes on E. Let V, = exp B,, where B, is the ball of radius
g of center 0 in g. Let v = f on EV, and v = 0 elsewhere and let u(x) = u.(x) € D(G) be the
family of functions from the proof of Theorem 6.2. By arguments similar to the ones in that proof
we obtain: g, = (f — v) * il € J,(E) C J,(null(f)), f =@ + (f — f *1ig) + v * 1, and

lim || f — @ella,G) = im [|v % iig]l 4, (G)-
e—0 e—0
Moreover,

v —n/2— 1/2
v *diell a6y < IVI2lluellaee < e™™* 7 sup |f(x)||EVe|"
xeEV,

< Cg—n/Z—otgrgn/Z—m/Z'

Therefore if r > m/2 + «, then lime_ollf —¢slla, ) = 0 and hence f € J,(E) C
Jo(mull(f)). O

Theorem 6.5. Let G be a connected compact Lie group and w be a symmetric weight on G
such that w < Cw§ for some C, a > 0. Let B be a group of affine transformations of G which
preserves A, (G), i.e. u(b(x)) € Ay(G) for each u(x) € A,(G) and each b € B. Let O C G be
a closed m-dimensional B-orbit in G. Then O is a set of smooth synthesis and hence of weak
synthesis with 1,,(0)m/2+el+l — j (0).

Proof. The proof repeats the arguments of the proof of [14, Thm. 4.8 & Cor. 4.9], the affine
transformations of G (see [14] for the definition) are assumed to preserve the algebra A,,(G). O

Corollary 6.6. (i) If ® < Cw§ for some C, 0 < a < 1 then each singleton is a set of spectral
synthesis for A, (G).
(i) If o > Cw§ for some C, a > 1 then no singleton is a set of spectral synthesis for A, (G).
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Proof. Thanks to Proposition 3.3, it is enough to prove the statements for the set {e}, where e is
the identity element in G.

(1) We first note that {e} is a O-dimensional set of smooth synthesis. Indeed, D(G) is dense
in A,(G) and hence for u € I,({e}) there exists a sequence {u,} C D(G) which converges
to u. Letting u), = u, — u,(e) we have u), € Jp({e}) and ||u — u),||a, ) < U —unlla,G) +
lun(e) —ue)lloo < 2|lu — unlla,(G)- Hence it follows form Theorem 6.2 that

[a+1

L (te}) = Ip(fe}) = I (1e}) M = 1, (1e}).

Alternatively, we note that {e} is an orbit under the group B = {s > st~} of inner automor-
phisms, and we can appeal directly to Theorem 6.5.

(ii) Assume now « > 1. Let Xq,..., X, and £2 be as in (5.1). Then for 7 € G we have by
virtue of (5.4), and the fact that each X; is skew-hermitian, that

lrXDllop _ (A tc@N? _ , A+lrl) _ .
w@ T A+lxlye T A+ xl)e

for some constants C, C’, C”, and hence X; € A,(G)*. Thus g C A,(G)*, where each element
of g defines a bounded point derivation at e. We note for each non-zero X in g, 1, ({e}) ¢ ker(X)

(indeed Jp({e}) ¢ ker(X)), but I,,({e})* C ker(X). Hence I,,({e})2 cIl,({e}). O

Remark 6.7. (1) Corollary 6.6 is a generalisation of the result on spectral synthesis of singletons
for A, (T™"), where w (k) = (1 + k)%, k € Z", a > 0. Note that for such weights a stronger result
holds: singletons are Ditkin sets (see [17, Ch. 6.3]).

(2) For the dimension weight w () = dy = ws (S = {m1}) on G = SU(2), the failure of
spectral synthesis for A, (G) at {e} was noted in [7].

6.2. Operator synthesis and spectral synthesis for A,(G)

We let G denote a separable compact group with normalised Haar measure m and w be a
bounded weight. For a function u € A,,(G) and ¢, s € G define

(Nu)(s, ) =u(st™").

Consider the projective tensor product LZ)(G) ® LZ)(G). Every¥ =), fi®gi € LZ)(G) ®
Li(G) can be identified with a function ¥ : G x G — C which admits a representation

W(s,0)=)_ fi()gi(s),

i=1

>l fillz,e - Igill2,0 < 00. Such a representation defines a function marginally almost every-
where (m.a.e.), i.e. two functions which coincide everywhere apart a marginally null set are
identified. Recall that a subset E C G x G is marginally null if E C (M x G) U (G x N) and
m(M)=m(N)=0.

Proposition 6.8. Nu € L2 (G) ® L2 (G).
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Proof. Using the Fourier inversion formula we have

Nu(s, t) = Z Tr(r ()7 ()i () dn

neG

Let {ef ci=1,..., d;} be an orthonormal basis in H,. Consider for each 7 € G the polar
decomposition i (r) = V (i) |é(r)|. Then

APV ) ()er ) dy

12
n(s)e;

dr
Nu(s,t) = Z Z( i

neG i=l1
d
=3 3" (la@)| Pa)er . € (e |a@)| PV )y @)el Vdn
reGij=1

Let

oF 1) = (|a)|r(s)ef  eF)dL?
and

1/2

‘ﬁfj(’):(67’|ﬁ(ﬂ)| V() m(t)el )dl/>.

In order to show the statement we have to prove that
dr , dy 5
> D leilh, <00 and 3o D i, <00
neG i,j=1 req i.j=1

Using the orthogonality property of matrix coefficients one can see that

(@Zj(ﬂ)el?,e?) = 4l z(ek, u(n)}l/ )3 187p-
s
Hence
dr
g011(”)”2 ZH‘/’z jOmer ” = Z (@fj(ﬂ)efvef)(ef@fj(n)e@
k,l=1
dr
=D (@G e ) (e ¢ (0ef )
k=1
& 12 12
= =2 [ae] ) ()| e e )
T k=1
L, .
= 1 aelef. <)
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and
o715, = @ (Jacole]. )
giving

d,, dJT
> e, =2 X e@(acle], )

neG i.j=1 neG i,j=1

=Y dro(m|ien)|, = llulla,@c)-

Similarly,ZneGZ,J LT3, = lullay@)- O

Let H = LfU(G). Then the projective tensor product 7 (H) = H ® H can be identified with
the trace class operators on H. Recall that L(H) =7 (H)™* via

(T, fR& 7w =Tf, 820

Let T = (Tx),g € Au(G)*. Define a linear bounded operator S(T') on H by @(n) =

w(n) f(rr)T Since sup, & ”ﬁjﬂ‘)’f’ < 00, S(T) is bounded.

Lemma 6.9. Let u € A, (G), T € Ay, (G)*. Then

(Tu) = {S(T). Nut) -

Proof. It is enough to show the statement for a matrix coefficient u(t) = (7 (t)el 1€ e’) =:c" i

where {e]', i =1,...,dy} is an orthonormal basis in 1. We have (T, u) = (T e, j)
dy
Nu(s,t) =u(sf]) = (n(fl)ei , Z n(s)ek, ) (e; ,n(t)e,’f).
k=1
Hence
dr drx
(S(T)’ Nu)L(H),’T(H) = Z(S(T)cjk’ lk Z Z dp Tf k(P)Tp (P)*)‘
k=1 k=1peG

Since (&7, (p)ep, ') = 7-8xpdkidjm and

d,
- 1
DR E () = (f.6)ef
=1 T
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we have

(s(D), Nu)L(H).T(H) = (Txef, e?)' O

Let E C G. We set
E*={(s,1)eG x G: st € E}.

Definition 6.10. If S € E(LEU(G)), we define the support of § (written supp ~(S)) as the set of all
points (s,1) € G x G with the following property: for any neighbourhoods U of s, V of ¢, there
are f, gin LfO(G) such that supp(f) C U, supp(g) C V and (Sf, )2, #O.

Lemma 6.11. Let T € A, (G)*. Then supp . (S(T)) C supp(T)*.

Proof. The proof is similar to the one given in [19, Thm. 4.6], we include it for completeness.
It follows from the definition that (S(T) f, g)2. = (T, f *x g) for f, g € Li(G), where g(s) =
gs™h.

If (s,1) € supp,(S(T)) but st~ ¢ supp(T)*, find neighbourhoods U of s and V of ¢ such
that UV~ NW =, where W is a neighbourhood of supp(T’), and then take f, g € Lz)(G)
supported in U and V respectively and (S(T) f, 8)2.0 # 0. As (S(T) f, 8)2.0 = (T, u), where
u = f*g,supp(u) C UV~ sou vanishes in a neighbourhood of supp(7T') and hence (T, u) =0
giving a contradiction. O

Proposition 6.12. Let S be an operator on LZ)(G) and let E, F C G be closed. Then if E x F
is disjoint from supp,(S) then (Sf, g)2,0 =0 for any f, g € L%U(G) supported in E and F
respectively.

Proof. The proof is similar to [1, Prop. 2.2.5]. O

We say that E C G x G is a set of operator synthesis with respect to the weight o if
(S, F)zcmy. 7y = 0 whenever S € £(L2(G)) and F € L2(G) ® L2 (G) with supp, T C E and
F|g =0m.a.e.

Proposition 6.13. Let G be a connected compact group and w be a symmetric weight of polyno-
mial growth. Let E C G be closed. If E* is a set of operator synthesis with respect to the weight
w on G then E is a set of spectral synthesis for A, (G).

Proof. By assumption, A,(G) is a semisimple, regular, commutative Banach algebra with
unit. Let T € A,(G)*, u € A,(G) such that supp T C E C null(u). Then Nu =0 on E* and
by Lemma 6.11 supp,(S(T)) C E*. The statement now follows from the equality (7, u) =
(S(T), Nu) £(my, 7y Which is due to Lemma 6.9. O

Corollary 6.14. Let G be a connected compact Lie group and let D ={(x,x): x € G}. Ifw is a
symmetric polynomial weight on G such that o > Cw§ for some C > 0, a > 1 then D is not of
operator synthesis with respect to the weight w.
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Proof. If E = {e} then E* = D. The statement now follows from Corollary 6.6 and Proposi-
tion 6.13. O
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