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Abstract

The main objective of this paper is to give a rigorous treatment of Wigner’s and Eisenbud’s R-matrix
method for scattering matrices of scattering systems consisting of two selfadjoint extensions of the same
symmetric operator with finite deficiency indices. In the framework of boundary triplets and associated
Weyl functions an abstract generalization of the R-matrix method is developed and the results are applied
to Schrodinger operators on the real axis.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The R-matrix approach to scattering was originally developed by Kapur and Peierls [20] in
connection with nuclear reactions. Their ideas were improved by Wigner [39,40] and Wigner and
Eisenbud [41], where the notion of R-matrix first appeared. A comprehensive overview of the
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R-matrix theory in nuclear physics can be found in [7,23]. The key ideas of the R-matrix theory
are rather independent from the concrete physical situation. In fact, later the R-matrix method
has also found several applications in atomic and molecular physics (see e.g. [6,8]) and recently
it was applied to transport problems in semiconductor nano-structures [27-32,42-44]. In [25,26]
an attempt was made to make the R-matrix method rigorous for elliptic differential operators,
see also [33,34] for Schrodinger operators and [35,36] for an extension to Dirac operators.

The essential idea of the R-matrix theory is to divide the whole physical system into two
spatially divided subsystems which are called internal and external systems, see [39—41]. The
internal system is usually related to a bounded region, while the external system is given on its
complement and is, therefore, spatially infinite. The goal is to represent the scattering matrix of a
certain scattering system in terms of eigenvalues and eigenfunctions of an operator correspond-
ing to the internal system with suitable chosen selfadjoint boundary conditions at the interface
between the internal and external systems. This might seem a little strange at first sight since
scattering is rather related to the external system than to the internal one.

It is the main objective of the present paper to make a further step towards a rigorous founda-
tion of the R-matrix method in the framework of abstract scattering theory [5], in particular, in the
framework of scattering theory for open quantum systems developed in [3,4]. This abstract ap-
proach has the advantage that any type of operators, in particular, Schrédinger or Dirac operators
can be treated. We start with the direct orthogonal sum L := A @ T of two symmetric operators
A and T with equal deficiency indices acting in the Hilbert spaces $) and &, respectively. From a
physical point of view the systems {A, $} and {7, K} can be regarded as incomplete internal and
external systems, respectively. The system {L, £}, £ := $ @ R, is also an incomplete quantum
system which is completed or closed by choosing a selfadjoint extension of L. The operator L
admits several selfadjoint extensions in £. In particular, there are selfadjoint extensions of the
form Ly = Ag & Ty, where A and Ty are selfadjoint extensions of A and 7 in $ and R, respec-
tively. Of course, in this case the quantum system {L¢, £} decomposes into the closed internal
and external systems {Ag, $} and {7y, K}, respectively, which do not interact. There are other
selfadjoint extensions of L in £ which are not of this structure and can be regarded as Hamiltoni-
ans of quantum systems which take into account a certain interaction of the internal and external
systems {A, 9} and {7, £}. In the following we choose a special selfadjoint extension L of L in-
troduced in [9] and used in [3], see also Theorem 5.1, which gives the right physical Hamiltonian
in many applications.

For example, let the internal system {A, $} and external system {7, £} be given by the mini-
mal second order differential operators A = — % +vand T = — dd? +Vin$=L*(x;, x,)) and
f=L%R\ (x7, x,)), where (x;, x,) is a finite interval and v, V are real potentials. The extension
L can be chosen to be the direct sum of the selfadjoint extensions of A and T corresponding

to Dirichlet boundary conditions at x; and x,. According to [3,9] the selfadjoint extension L
coincides in this case with the usual selfadjoint Schrédinger operator

2

I-——L 13 3w
=—— 40, v(x) =
dx?

U(.x), xe(-xlv-xr)9
V(-x)a XER\(xl’xr)v

in £ = L*>(R), cf. Section 6.1.
Let again A and T be symmetric operators with equal deficiency indices in §) and K, respec-
tively. It will be assumed that the deficiency indices of A and T are finite. Then the selfadjoint
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operator L is a finite rank perturbation in resolvent sense of Lo = Ag @ Ty and therefore {Z , Lo}
is a complete scattering system, i.e., the wave operators

Wj:(z, L()) = tS_-)lzltTélo eitLe—ilL() PaC(LO)

exist and map onto the absolutely continuous subspace 53‘”(1?) of L, where P4 (Ly) is the or-
thogonal projection onto $%“(Lg), cf. [2]. The scattering operator

S:=Wi(L, Lo)*W_(L, Lo)

regarded as a unitary operator in the absolutely continuous subspace $%“(L) is unitarily equiv-
alent to a multiplication operator induced by a family of unitary matrices {S(L)},cr in a spectral
representation of the absolutely continuous part of Lo. This multiplication operator {S()};cr
is called the scattering matrix of the scattering system {L, Lo} and is one of the most impor-
tant objects in mathematical scattering theory. The case that the spectrum o (Ag) is discrete is of
particular importance in physical applications, e.g., modeling of quantum transport in semicon-
ductors. In this case the scattering matrix of (L, Lo} is given by

S =1—2i/Im(t(W) (M) + r()\))‘1 Sm(t(A)),

where M (-) and 7(-) are certain “abstract” Titchmarsh—Weyl functions corresponding to the in-
ternal and external systems, respectively, see Corollary 5.2.

The R-matrix {R(A)},er of {Z , Lo} is defined as the Cayley transform of the scattering matrix
{SM)}ier, ie.,

ROY =i(I—SO)(I+SM) ",

and the problem in the R-matrix theory is to represent {R(1)},cRr in terms of eigenvalues and
eigenfunctions of a suitable chosen closed internal system {E , $}. By the inverse Cayley trans-
form this immediately also yields a representation of the scattering matrix by the same quantities.

For Schrodinger operators the problem is usually solved by choosing appropriate selfadjoint
boundary conditions at the interface between the internal and external systems, in particular,
Neumann boundary conditions. We show that in the abstract approach to the R-matrix theory
the problem can be solved within the framework of abstract boundary triplets, which allow to
characterize all selfadjoint extensions of A by abstract boundary conditions, cf. [10-12,18].
It is one of our main objectives to prove that there always exists a family of closed internal
systems {A(A), H}recr given by abstract boundary conditions connected with the fungtion (),
cf. [37], such that the R-matrix {R(})},cr and the scattering matrix {S(A)}yer of {L, Lo} can
be expressed with the help of the eigenvalues and eigenfunctions of A(A) for a.e. A € R, cf.
Theorem 5.5. This representation requires in addition that the internal Hamiltonians A(A) satisfy
A(A) < Ag, which is always true if Ao is the Friedrichs extension of A. Moreover, our general
representation results also indicate that even for small energy ranges it is rather unusual that the
R-matrix and the scattering matrix can be represented by the eigenvalues and eigenfunctions of
a single A-independent internal Hamiltonian A

. . . . . 2 2
As an application again the differential operators A = —j7 +vand T = —;7 + V from
above are investigated and particular attention is paid to the case where the potential V is a
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real constant. Then the family {A (1)}, cr reduces to a single selfadjoint operator, namely, to the
Schrodinger operator in L?((x;, x,-)) with Neumann boundary conditions. In general, however,
this is not the case. Indeed, even in the simple case where V' is constant on (—0o0, x7) and (x,, 00)
but the constants are different, a A-dependent family of internal Hamiltonians is required for
a certain energy interval to obtain a representation of the R-matrix and the scattering matrix
in terms of eigenfunctions, see Section 6.2.1. The condition A(A) < Ao is always satisfied if
Ag is chosen to be the Schrodinger operator with Dirichlet boundary conditions. Finally, we
emphasize that it is not possible to represent the R-matrix and the scattering matrix in terms of
eigenfunctions of the internal Hamiltonian Ao with Dirichlet boundary conditions.

The paper is organized as follows. In Section 2 we briefly recall some basic facts on boundary
triplets and associated Weyl functions corresponding to symmetric operators in Hilbert spaces.
It is the aim of the simple examples from semiconductor modeling in Section 2.3 to make the
reader more familiar with this efficient tool in extension and spectral theory of symmetric and
selfadjoint operators. Section 3 deals with semibounded extensions and representations of Weyl
functions in terms of eigenfunctions of selfadjoint extensions of a given symmetric operator. In
Section 4 we prove general representation theorems for the scattering matrix and the R-matrix of
a scattering system which consists of two selfadjoint extensions of the same symmetric operator.
Section 5 is devoted to scattering theory in open quantum systems, and with the preparations
from the previous sections we easily obtain the above-mentioned representation of the R-matrix
and scattering matrix of {Z , Lo} in terms of the eigenfunctions of an energy dependent selfadjoint
operator family. In the last section the general results are applied to scattering systems consisting
of orthogonal sums of regular and singular ordinary second order differential operators.

2. Boundary triplets and Weyl functions
2.1. Boundary triplets

Let $ be a separable Hilbert space and let A be a densely defined closed symmetric opera-
tor with equal deficiency indices ni(A) = dimker(A* F i) < oo in §). We use the concept of
boundary triplets for the description of the closed extensions of A in ), see e.g. [10-12,18].

Definition 2.1. Let A be a densely defined closed symmetric operator in . A triplet
I ={H, Iy, I} is called a boundary triplet for the adjoint operator A* if H is a Hilbert space
and Iy, I'] : dom(A*) — H are linear mappings such that the abstract Green’s identity

(A*f.g) = (f.A"9) = (I f, Tog) — (I0 f. T1g)
holds for all f, g € dom(A*) and the mapping I" := (g’) :dom(A*) — H @ H is surjective.

We refer to [11] and [12] for a detailed study of boundary triplets and recall only some impor-
tant facts. First of all a boundary triplet IT = {H, Iy, I} for A* always exists since the deficiency
indices n+(A) of A are assumed to be equal. In this case n+(A) = dim’H holds. We also note
that a boundary triplet for A* is not unique.

In order to describe the set of closed extensions NZ\\ C A* of A with the help of a boundary
triplet IT = {H, I, I'1} for A* we introduce the set C(H) of closed linear relations in H, that is,
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the set of closed linear subspaces of H @ H. If @ is a closed linear operator in H, then ® will
be identified with its graph G(©®),

@zg(@)zKth): hedom(@)}.

Therefore, the set of closed linear operators in H is a subset of C (H). Note that ® € C (H) is
the graph of an operator if and only if the multivalued part mul(®) := {h’ e H: ( }?/) € (9} is
trivial. The resolvent set p(®) and the point, continuous and residual spectrum 0,(®), o.(®)
and o, (®) of a closed linear relation @ are defined in a similar way as for closed linear operators,
cf. [13]. Recall that the adjoint relation ®* € C(H) of a linear relation & in H is defined as

@*::{(:,): (W, k) = (h, k') for all (Z)e@} 2.1

and O is said to be symmetric (selfadjoint) if ©® C @* (respectively @ = @*). We note that defin-
ition (2.1) extends the usual definition of the adjoint operator. Let now @ be a selfadjoint relation
in ‘H and let Py, be the orthogonal projection in H onto Hop := (mul(®))+ = dom(®). Then

o) (2) )

is a selfadjoint (possibly unbounded) operator in the Hilbert space Hop and @ can be writ-
ten as the direct orthogonal sum of @y, and a “pure” relation ®y in the Hilbert space
Hoo := (1 = Pop)H = mul(®),

O = O ®Oco, Oooi= {(f,): x’emul(@)} € C(Hwo). (2.2)

With a boundary triplet IT = {H, I, I'1} for A* one associates two selfadjoint extensions of A
defined by

Ag:= A" [ker(Iy) and Ap:= A* [ker(I). (2.3)

A description of all proper (symmetric, selfadjoint) extensions of A is given in the next proposi-
tion.

Proposition 2.2. Let A be a densely defined closed symmetric operator in §) with equal deficiency
indices and let IT = {H, Iy, I'1} be a boundary triplet for A*. Then the mapping

O > Ap=A* I T"VO=A* | | f edom(A®): (ILf. 1 f)' €O} (2.4)

establishes a bijective correspondence between the set C (H) and the set of closed extensions
Ao C A* of A. Furthermore

(Ae)" = Ao+

holds for any © € C (H). The extension Ag in (2.4) is symmetric (selfadjoint, dissipative, maxi-
mal dissipative) if and only if © is symmetric (selfadjoint, dissipative, maximal dissipative).
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It is worth to note that the selfadjoint operator Ag = A* | ker(Ip) in (2.3) corresponds to the
“pure” relation Oy, = { (2) he H}. Moreover, if @ is an operator, then (2.4) can also be written
in the form

Ap = A* [ker(I'l — O 1), (2.5)

so that, in particular A in (2.3) corresponds to & = 0 € [H]. Here and in the following [H]
stands for the space of bounded everywhere defined linear operators in H. We note that if the
product ® I in (2.5) is interpreted in the sense of relations, then (2.5) is even true for parameters
©® with mul(®) # {0}.

Later we shall often be concerned with closed simple symmetric operators. Recall that a closed
symmetric operator A is said to be simple if there is no nontrivial subspace which reduces A to a
selfadjoint operator. By [22] this is equivalent to

§ = clospan{ker(A* —1): A € C\ R},

where clospan{-} denotes the closed linear span of a set. Note that a simple symmetric operator
has no eigenvalues.

2.2. Weyl functions and resolvents of extensions

Let again A be a densely defined closed symmetric operator in §) with equal deficiency in-
dices. A point A € C is of regular type if ker(A — 1) = {0} and the range ran(A — 1) is closed. We
denote the defect subspace of A at the points A € C of regular type by A = ker(A* — 1). The
space of bounded everywhere defined linear operators mapping a Hilbert space H into §) will be
denoted by [H, $]. The following definition was given in [10,11].

Definition 2.3. Let A be a densely defined closed symmetric operator in $, let IT = {H, I, I'1}
be a boundary triplet for A* and let A9 = A* | ker(p). The operator-valued functions
y():p(Ao) = [H, H] and M(-): p(Ag) — [H] defined by

y() =l M)~ and MG):=Tiy (), A€ p(Ao), 2.6)
are called the y -field and the Weyl function, respectively, corresponding to the boundary triplet I7.
It follows from the identity dom(A*) = ker(Ip) +Ns, A € p(Ag), where Ag = A* | ker(I),

that the y-field y (-) in (2.6) is well defined. It can be shown that both y (-) and M (-) are holo-
morphic on p(Ag), and the relations

Yy =14+ 0= wAo—»" Ny, x uep(Ag,
and
M) —M@* =0 —myryR), i, unep(Ao), 2.7)

are valid (see [11]). The identity (2.7) yields that M (-) is a Nevanlinna function, that is, M (-) is
holomorphic on C\ R, M (1) = M (A)* for all A € C\ R and Im(M ())) is a nonnegative operator
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for all A in the upper half-plane C; = {X € C: Im()) > 0}. Moreover, it follows from (2.7) that
0 € p(Sm(M (L)) holds for all A € C\ R.

The following well-known theorem shows how the spectral properties of the closed extensions
Ag of A can be described with the help of the Weyl function, cf. [11,12].

Theorem 2.4. Let A be a densely defined closed symmetric operator in $ and let IT1 =
{H, I'v, I} be a boundary triplet for A* with y-field y and Weyl function M. Let Ao = A* |
ker(Iy) and let Ag C A* be a closed extension corresponding to some ©@ € C(H) via (2.4)—(2.5).
Then a point A € p(Ag) belongs to the resolvent set p(Ag) if and only if 0 € p(® — M (X)) and
the formula

(Ao =M '=Ao—N""+r)(O - M(X))_IJ/(X)* (2.8)

holds for all . € p(Ao) N p(Ae). Moreover, A € p(Ag) belongs to the point spectrum o,(Ag),
to the continuous spectrum o.(Ag) or to the residual spectrum o,.(Ap) of Ae if and only if
0e€oi(® —MW)), i =p,c,r, respectively.

2.3. Regular and singular Sturm—Liouville operators

We are going to illustrate the notions of boundary triplets, Weyl functions and y-fields with
some well-known simple examples.

2.3.1. Finite intervals
Let us first consider a Schrodinger operator on the bounded interval (x;, x,) C R. The minimal
operator A in ) = L%((x7, x,)) is defined by

1d 1
(AN = =5 T G f 00 + 00 f (),
£ e wh((xy, x)) (2.9)

dom(A):=1{ fe€fhH: flx)=f(x)=0 ,
()0 = (5 £/) ) =0
where it is assumed that the effective mass m satisfies m > 0 and m, % € L*°((x;, x,)), and that
also v € L*((xy, x,)) is a real function. It is well known that A is a densely defined closed simple

symmetric operator in £ with deficiency indices n4 (A) = n_(A) = 2. The adjoint operator A*
is given by

1d 1 d

(A" fHx) = —Eamaf(x) +v(x) f(x),

1
dom(A*) = {f eg): fv Zf/ € Wl,z((xl’-xr))}-

It is straightforward to verify that [T4 = {(Cz, Iy, I}, where

(@D IRYACTHIEN
Iof = < o > and If:== <—(%f’)(xr))’
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f € dom(A*), is a boundary triplet for A*. Note, that Ag := A* | ker(Ip) corresponds to Dirich-
let boundary conditions, that is,

1
deAw={feﬁ:ﬁ;g”eWL%uhm»,fun=fu»=0} (2.10)

The selfadjoint extension A| := A* [ ker I'] corresponds to Neumann boundary conditions, i.e.,

1
deAo—{feﬁ f f‘ewl%ulm» <mf>un—(gf>u»=0}wzn>

Let ¢ and ¥y, A € C, be the fundamental solutions of the homogeneous differential equation

—% j—x % ddx u + vu = \u satisfying the boundary conditions

1 1
or(x) =1, <%<pi>(x1)=0 and ¥, (x;) =0, (%%)(Xz)=l.

Observe that ¢, and ¥, belong to L?((x, x,)) since (x7, x,) is a finite interval. A straightforward
computation shows

((AO_)\)ilf)(x):‘PA(X)/wk(l)f(t)dt+1ﬁk(x)/§0k(f)f(t)dl

©5.(xr)

w(0w<>/wuuﬂmm

for x € (x;,x,), f € L2((x1, xr)) and all A € p(Ap). In order to calculate the y-field and Weyl
function corresponding to IT4 = {C2, Iy, I} note that every element fj € Ny = ker(A* — 1)
admits the representation

H() =80pr(x) + 6195 (x),  x €(x,x), L€C, &, 6 €C,

where the coefficients &g, &) are uniquely determined. Then

B 1 0 &0
Tofr= ((px(xr) m(xr)) <€1>

yields

1 ¥(x) 0 _ (%o
wmm(—mmol)“ﬂ‘(a)

for ¥ (x,) #£ 0 (thatis A ¢ 0 (Ag)) and it follows that the y-field is given by
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y (W) :C* = L*((x1, x,)),

1
(g?) = oy @OV = v Opr )0 + Ui Of).

We remark that the adjoint operator admits the representation

1 (f;’(m(y) Yo () — ¥ (v) o2 () f () dY)

YO f = —— .
V) [ () f () dy

f e L2((x1, xr)). The Weyl function M(A) = I'1y (A), A € p(Ap), then becomes
M) = — @ (xr) 1/ ) .
W= ( L —(m ) )

All selfadjoint extensions of A in Lz((xl, X)) can now be described with the help of selfadjoint
relations ® = ©®* in C? via (2.4)—(2.5) and their resolvents can be expressed in terms of the
resolvent of Ag, the Weyl function M(-) and the y-field y(-), cf. Theorem 2.4. We leave the
general case to the reader and note only that if @ is a selfadjoint matrix of the form

o_ [« 0
O_<O Kr)v KvireR’

then
dom(Ae) = | ¢ domary. ()@ =sfe)
. (ﬁf/)(x’) = —kr f (xr)
and
(©@-Mw)™
= 1 (Krl/fx(xr) + (ﬁ%ﬁ)(xr) 1 )
V3.(x,) det(© — M (1)) 1 K1Y (xr) + @1 (xr) )

Obviously the case k; = x, = 0 leads to the Neumann operator Aj.
2.3.2. Infinite intervals

Next we consider a singular problem on the infinite interval (—oo, x;) in the Hilbert space
£ = L*((—00, x;)). The minimal operator is defined by

d
(Tig)(x) :== —Eamagl@) +v(x)gi(x),

1 1
dom(T;) := {gl € R g, m—lgz/ e W2 (=00, x)), gi(x) = <Eg1/> (xp) =0} ,
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where m; > 0, my, le € L*®((—o00,x;)) and v; € L*°((—00, x7)) is real. Then T; is a densely
defined closed simple symmetric operator with deficiency indices n_(7;) = ny(T;) = 1, see
e.g. [38] and [17] for the fact that 7; is simple. The adjoint operator 7;* is given by

d
(Tl*gg)(x) = —Eamagl(x) +u(x)gi(x),

1
dom(7}*) = {gl € R g, m—lgz/ € Wl’z((—oo,)w))}-

One easily verifies that 17, = {C, 1!, Tll},

1
Tlgi=g(x) and Tlg :=—<2—mlg1/)(m), g1 € dom(7}¥),

is a boundary triplet for 7;*. Let ¢; ; and v ; be the fundamental solutions of the equation

—% dd—x m% %u + vju = Au satisfying the boundary conditions

2m1

1 1
er1(x) =1, <—<ﬂi,z)(X1) =0 and ¥ ,(x) =0, (z—lnll/fﬁ,l)(m) =1
Then there exists a scalar function m; such that for each A € C \ R the function

x> () =@ (x) —my (M) Y (x)

belongs to L2((—00, x7)), cf. [38]. The function my is usually called the Titchmarsh—Weyl func-
tion or Titchmarsh—Weyl coefficient and in our setting m; coincides with the Weyl function of
the boundary triplet 77, = {C, Té, Tll}, since

Tl =Yg, g.1eN =ker(T* —1), reC\R.

An analogous example is the Schrodinger operator on the infinite interval (x,, co) in the
Hilbert space &, = L?((x,, 00)) defined by

(Trgr)(x) == —zam—(x)agr(x) + v (x)gr (%),

&rs w8 € Wh2((x,, 00)) ]

d T,):=1g € R:
om(7;) {g € g () = (7-81) (06) =0

where m, > 0, m,, m% € L*°((x,, 00)) and v, € L*°((x,, 00)) is real. The adjoint operator T, is
(Tr*gr)(x) = —Eamagr (x) + v () gr (x),

1
dom(T;) = {gr €Ki gr, ——g €W () oo))}
r



J. Behrndt et al. / J. Differential Equations 244 (2008) 2545-2577 2555

and IT7, ={C, 7§, 17},

1
Y gr =g (x,) and 7|g = <2m g;)(xr), gr € dom(T}),
r

is a boundary triplet for T*. Let ¢, , and v, , be the fundamental solutions of the equation
—2drm dxl T Uru=Au satlsfylng the boundary conditions

1 1
@A,r(xr) =1, (%@i,r>(xr) =0 and llf)»,r(xr) =0, (%w}/»,r>(xr) =1
Then there exists a scalar function m, such that for each A € C \ R the function

X g r(x) = @A,r(x) +mr()\)w)»,r(x)

belongs to L2((x,,o0)). As above m, coincides with the Weyl function of the boundary triplet
Iy, :={C, 77,7/}

For our purposes it is useful to consider the direct sum of the two operators 7; and 7;. To this
end we introduce the Hilbert space

Ri=L*((—00,x) U (x,,00)) = & & R

An element g € & will be written in the form g = g; @ g,, where g € L?((—o0,x;)) and g, €
L?((x,, 00)). The operator T = T; @ T, in R is given by

———xmggl(x)*'”lgl(x) 0 )

0 — 3 e a8 () + vrgr ()

dom(7T) = dom(T;) ® dom(7}),

(Tg)(x) = (

and T is a densely defined closed simple symmetric operator in & with deficiency indices
n4(T) =n_(T) = 2. The adjoint operator T* is given by

1d
—3 A o (x) + vgi(x) 0
(T*g)(x) _ ( dx mj(x) dx a
0 ~3dxm (x) ng(x)‘i‘vrgr(x)

dom(7*) = dom(7;*) & dom(7}").

One easily checks that ITr = {C2, Yo, 11}, Yo := (Y, YT, Y1 := (v], 1)) 7, that is,

1 7
1 —(5r81)x0)
T()g=<gl(xl)) and Tlg:—( (lm] l) >’
8 (xr) 2\ (o))
g € dom(T™*), is a boundary triplet for 7*. Note that To = T* | ker(Yy) is the restriction of 7*
to the domain

dom(7p) = {g € dom(T™): g (x) = gr (x,) = O},
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that is, Ty corresponds to Dirichlet boundary conditions at x; and x,. The Weyl function t(-)
corresponding to the boundary triplet 77 = {C?, Ty, 11} is given by

my (1) 0

)u—)r()»):( 0 mr(k))’ A€ p(Ty).

3. Semibounded extensions and expansions in eigenfunctions

Let A be a densely defined closed symmetric operator in the separable Hilbert space §) and
let {H, I'v, 1} be a boundary triplet for A* with y-field y (-) and Weyl function M (-). Fix some
® =0O* €C(H) and let Ag € A* be the corresponding selfadjoint extension via (2.4).

In the next proposition it will be assumed that Ag = A* [ ker(/p) and Ag (and hence also
the symmetric operator A) are semibounded from below. Observe that if A has finite defect it is
sufficient for semiboundedness of Ag and A to assume that A is semibounded, cf. Corollary 3.2.

Proposition 3.1. Let A be a densely defined closed symmetric operator in $) and let {H, Iy, I'1}
be a boundary triplet for A* with y-field y (-) and Weyl function M (-). Let Ao be a selfadjoint
extension of A corresponding to ® = @* € 5(7‘() and assume that Ag = A* | ker(Ip) and Ae
are semibounded from below. Then Ag < Ag holds if and only if

ran(y (\)(© — M(1)) ') € dom(y/Ag — 1) 3.1)
is satisfied for all .. < min{o (Ag),0(Ag)}.
Proof. Let Ag < Ap. From (2.8) we get
_ _ -1
(Ao =N = (A —N"'=yW(O -M®) yW)* >0
for A < min{o (Ag), 0 (Aeg)} which yields
-1
(@—-M®»)  >0.
By [15, Corollary 7-2] there is a contraction Y acting from $) into H such that
—1/2 _

(@ —MmW) Pyt =r (Ao — 1) V2

Since A € R, ® = ®* and M is holomorphic on (—oo, mino (Ag)) the adjoint has the form
—1/2 _
Y (0 - M@) ™ = (a0 — 0712y,

so that

ran(y () (€ — M)~ %) € dom(y/Ag — 2).

Therefore

ran(y (\)(© — M(1)) ™) Cran(y 0)(© — M(3))~"?) < dom(y/Ag — 1)

and (3.1) is proved.
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Conversely, let us assume that condition (3.1) is satisfied. Then for each A < min{o (Aop),
o (Ap)} the operator

F5() = vAe —Ay(W)(O — M)~ (3.2)

is well defined on H and closed, and hence bounded. Besides F, (’5 (A) we introduce the densely
defined operator

Fo(h) =Th(Ae — 1)1/,

(3.3)
dom(Fo (1)) ={f € H: (Apo — 1)1/ f € dom(A*)}
for A <mino(Ag).
It follows from (2.8), Ag = A* [ ker(/p) and Iy (A) = Iy that
No(de — 7' = (@ - MW) 'y (B (3.4)

holds for all A € p(Ag) N p(Ag). Thus for A < min{o (Ag),c(Ar)} (3.2) becomes

F5() =+ Ao —A(Ip(Ae — 1))
and together with (3.3) we conclude
Fo(\) =T(Ae — 1)~ ? C (VAe — A(Ih(Ae — 1)) = (FH0)™

This implies that Fg (1) admits a bounde(l everywhere defined extension F @()Q for every A <
min{o (Ap), 0 (Ag)} such that Fg(A)* = Fe(L)* = Fj(X). From (3.4) and M (A) = M(1)* we
find

Nn(NAe =07 =(© -M®) ™', repA)Nple),
so that for A < min{o (Ap),0(Aw)}

(© - M)~ =Ty(Ae — 72 VAe —A(Io(Ae — 07"

=Fo(MWFo()*>0. (3.5)
Using (2.8) we find
(Ao =17 = (Ag— 0"

for A < min{o (Ap), 0 (Ap)} which yields Ag < Ag. O

Corollary 3.2. Let A be a densely defined closed symmetric operator in $ and let {H, Iy, I'1}
be a boundary triplet for A* with y-field v (-) and Weyl function M (-). Assume that A has finite
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defect and that Ay = A* | ker(1) is the Friedrichs extension. Then every selfadjoint extension
Ag of A in § is semibounded from below and

ran(y (\)(© — M(1)) ") € dom(y/Ae — 1)
is satisfied for all .. < mino (Ag).

In the next proposition we obtain a representation of the function A > (@ — M(1))~! in
terms of eigenvalues and eigenfunctions of Ag. This representation will play an important role
in Section 5.

Proposition 3.3. Let A be a densely defined closed symmetric operator in §) and let {H, Iy, 171}
be a boundary triplet for A* with Weyl function M(-). Let Ag be a selfadjoint extension of A
corresponding to ® = O* € 5(7'{) and assume that Ay = A* | ker(Ip) and Ag are semibounded
from below, Ag < Ao, and that the spectrum of Ao is discrete. Then the [H]-valued function
A (O — ML)~ admits the representation

o
-1 _
(©-M@®) = Z(?»k =07 Ty Nove, A€ p(Ag) N p(Ae), (3.6)
k=1
where {Ar}, k =1,2,..., are the eigenvalues of Ag in increasing order (counting multiplicities)

and {Y} are the corresponding eigenfunctions. The convergence in (3.6) is understood in the
strong sense.

Proof. Let 1y < min{info (Ag),info(Ag)} and let E,,, m € N, be the orthogonal projection in
£ onto the subspace spanned by the eigenfunctions {y}, k=1, ..., m < 0o, of Ag. Considera-
tions similar as in the proof of Proposition 3.1 show

—1 _ —1
Eny (10)(© — M(10)) " =To(Ae —20) ™ Envy/Ae — oy (10)(© — M (20))
= Fo (o) EnFo(ro)*,
where Fg (Ag) is defined as in (3.3) and F g (Xo) € [$), H] denotes the closure. Hence we have
. -1_ = = -1
Jim RoEny (L0)(© — M(h0)) = Feo(ho)Fo(o)* = (O — M (ko))
in the strong topology, cf. (3.5). For A € p(Ag) N p(Ae) we conclude from the representations
—1 - _ — =
(@ —M®m)™ =Iy(lo(Ae — 1)) =Fe(o)(Ae — 20)(Ae — 1) Fo(ho)*
and
—1 — _ —
REny(M)(O© — M) =Fo(o)(Ae — 1) (Ao — V) 'EnFo(ro)*
that
. -1 —1
ml;mw RERyM)(©@ —M©M) =(0 —M©0)

in the strong sense for all A € p(Ap) N p(Ap).
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Furthermore, since the resolvent of Ag admits the representation

(Ao =M 7'=D k=7 Y)Yk, A€ p(Ao),

k=1
where the convergence is in the strong sense, we find

m

(Ao =0 En =Y 0k =0 ¢ v Hovi.
k=1

For A € p(Ap) N p(Ap) the adjoint operator is given by
En(Fo(Ao — 071" = En((0 = MW) ™y () = Eny () (0 — M) ™!

=Y 0u—07'C Doy v

k=1

Here we have again used (2.8), Ag = A* | ker(Ip) and Iy (A) = Iy. Replacing A by A and
applying Iy we obtain from the above formula the representation

REny (M) (0 = M@) ™ =Y 0w — 7. Tovi) Nov
k=1

for all L € p(Ag) N p(Ap). By the above arguments the left-hand side converges in the strong
sense to (@ — M (1))~ !. Therefore we obtain (3.6). O

The special case ® = 0 € [H] will be of particular interest in our further investigations. In
this situation Proposition 3.3 reads as follows.

Corollary 3.4. Let A be a densely defined closed symmetric operator in $ and let {H, I'y, I'1}
be a boundary triplet for A* with Weyl function M(-). Assume that Ag = A* | ker(Iy) and
A| = A* [ ker(I')) are semibounded from below, A; < Ao, and that o (A}) is discrete. Then
the [H]-valued function » — M )Y admits the representation

o0
M) =Y "= G Doy Tov, A€ p(Ao) N p(A), (3.7)
k=1
where {Ar}, k = 1,2, ..., are the eigenvalues of A1 in increasing order (counting multiplicities),

{Yr} are the corresponding eigenfunctions, and the convergence in (3.7) is understood in the
strong sense.

Proposition 3.3 and Corollary 3.4 might suggest that the Weyl function M can be repre-
sented as a convergent series involving the eigenvalues and eigenfunctions of the selfadjoint
operator Ag. The following proposition shows that this is not possible if Ag is chosen to be the
Friedrichs extension.
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Proposition 3.5. Let A be a densely defined closed symmetric operator in §) with finite or infinite
deficiency indices and let {H, Iy, I'1} be a boundary triplet for A*. Assume that the opera-
tor Ag = A* | ker(Ip) and Ay = A* | ker(I")) are semibounded, that Aq coincides with the
Friedrichs extension of A and that o (Ao) is discrete. Then the limit

m
lim Y 0. — )~ . NN, A€ p(Ap),
m—)()Ok:l

where {ui}, k=1,2, ..., are the eigenvalues of Ay in increasing order (counting multiplicities)
and {¢r} are the corresponding eigenfunctions, does not exist.

Proof. We set
Q) :=Ti(Ag— 1", Xep(Ag). (3.8)
and
G :=NQM0*=N(NMA-N")" repa).
Taking into account the relation
(A =0""=Ao—N —yMN) 'y (W)*, A€ p(Ao) N p(A)),
and (2.6) we find
QM) =y(M)* and GA)=M®), 1€ p(Ag)Np(A)).

Let m € N, let E,, be the projection onto the subspace spanned by the eigenfunctions {¢x},
k=1,...,m, and define

Om(A):=QWE, and G :=TNE,QM)* e p(Ao).
With the help of
(Ao =R 7"=D (=7 pon
k=1

and (3.8) we find the representation

GuW) =) (k=N ¢ Nigw) Nk, 1 € p(Ag) N p(A),

k=1

and, on the other hand,

Gn(M) = 0m(W)(Ag — VEn QW) =y (M) *(Ag — A)Eny (1)

for A € p(Ag) N p(A1).
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Let A € R, A < min{o (Ag), 0 (A1)}, and assume that there is an element n € H such that the
limit
m

Jim Gy (n=lim (27" 01 T T (3.9)
k=1

exists. Since for h :=y (A)n € N, =ker(A* — 1)

(G, 0) = (Ao = M Eny W, ¥ 0On) = |/ Ao — AEnh |’

we obtain from (3.9) that the limit lim,,—, o ||[~/Ao — AE;, /]| exists and is finite. Therefore there
is a subsequence {m,}, n € N, such that

g =w-limy/ Ay —AE, h and lim E, h=h.
n—>0oo n— 00

Hence we conclude i € dom(,/Ag — A) and g = /Ao — X h. But according to [1, Lemma 2.1]
we have dom(s/Ag — 1) NN, = {0}, so that 4 = 0 and therefore n =0. O

4. Scattering theory and representation of S and R-matrices

Let A be a densely defined closed simple symmetric operator in the separable Hilbert space
£ and assume that the deficiency indices of A coincide and are finite, n (A) =n_(A) < oco. Let
IT = {H, Iy, I} be a boundary triplet for A*, Ag = A™ [ ker(Ip), and let Ag be a selfadjoint
extension of A which corresponds to a selfadjoint relation ® € Ci (H). Note that dimH =n1(A)
is finite. Let Py, be the orthogonal projection in H onto the subspace H,p, := dom(®) and de-
compose @ asin (2.2), @ = Oyp ® O with respect to H = Hop ® Hoo. The Weyl function M (-)
corresponding to H = {H, Iy, I"1} is a matrix-valued Nevanlinna function and the same holds for

-1 —1
No(W):=(0 —=M@H) =(Oop — Mop(1))™ Pop, r€C\R, “4.1)
where Mop(A) = PopM (L) Pop, cf. [24, p. 137]. We will in general not distinguish between the
orthogonal projection onto H,p and the canonical embedding of ‘H,p into H. By Fatou’s theorem

(see [14,16]) the limits

M@, +i0):= lim M. +ie)
e—>+0

and

m (O - MG +ie) !

No(h+i0):= li
e—~>—+0

from the upper half-plane exist for a.e. A € R. We denote the set of real points where the limits
exist by ZM and XN respectively, and we agree to use a similar notation for arbitrary scalar
and matrix-valued Nevanlinna functions. It is not difficult to see that

No(+i0) = (@ — M(L +i0)) " = (Oop — Mop(h+i0)) ™" Pop

holds for all . € XM N XNe and that R\ (XM N XN ) has Lebesgue measure zero, cf. [3, §2.3].
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Since dim H is finite by (2.8)
dim(ran((Ae —2) ' = (Ag— 1) ")) <co, A€ p(Ade) N p(Ao),

and therefore the pair {Ag, Ao} performs a so-called complete scattering system, that is, the wave
operators

Wi(Ap, Ao) i= s-lim €40~/ Pec(Ap)

exist and their ranges coincide with the absolutely continuous subspace H%“(Ag) of Ag, cf. [2,
21,38,45]. P9“(Ap) denotes the orthogonal projection onto the absolutely continuous subspace
H9(Ag) of Ag. The scattering operator Sg of the scattering system {Ag, Ao} is then defined by

Se = Wi(Ae, Ao)"W-(Ae, Ao).

If we regard the scattering operator as an operator in $%“(Ap), then Sg is unitary, commutes with
the absolutely continuous part

AG© :=Ag [ dom(Ag) N H*(Ao)

of Ap and it follows that Se is unitarily equivalent to a multiplication operator induced by a
family {Se (1)} of unitary operators in a spectral representation of Ag“, see e.g. [2, Proposi-
tion 9.57]. This family or multiplication operator is called the scattering matrix of the scattering
system {Ag, Ag}.

In [4] a representation theorem for the scattering matrix {Se (1)} in terms of the Weyl function
M (-) was proved, which is of similar type as Theorem 4.1 below. We will make use of the
notation

Huey :=ran(Sm(M(1))), re M, (4.2)

and we will usually regard H s (») as a subspace of H. The orthogonal projection onto H () will
be denoted by Pp(;). Note that for A € p(Ag) N R the Hilbert space H ) is trivial by (2.7).
The family {Pys(3)};.c v of orthogonal projections in H onto Hpy(xy, A € XM, is measurable and
defines an orthogonal projection in the Hilbert space L2(R, dA, H). The range of this projection
is denoted by L2(R, dA, Hux))- Let Pop and Mop(L) = Pop M (1) Pop, 1 € ZM, be as above. For
each A € XM the space H () will also be written as the orthogonal sum of

Hioy ) = ran(Im(Mop (1))
and
Hf,,op(k) i=Hm0) © Huyoy = ker(Im(Mop(1))).
The following theorem is a variant of [4, Theorem 3.8]. The essential advantage here is, that

the particular form of the scattering matrix {Seg (1)} immediately shows that the multivalued part
of the selfadjoint parameter @ has no influence on the scattering matrix.
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Theorem 4.1. Let A be a densely defined closed simple symmetric operator with equal finite
deficiency indices in the separable Hilbert space $) and let I[1 = {H, Iy, I'1} be a boundary triplet
for A* with corresponding Weyl function M (-). Furthermore, let Ag = A* | ker(I) and let Ag
be a selfadjoint extension of A which corresponds to the selfadjoint relation © = O, ® O €
C (H) via (2.4). Then the following holds:

(i) The absolutely continuous part A§ of Ag is unitarily equivalent to the multiplication oper-
ator with the free variable in L*(R, dX, Humo)-
(ii) With respect to the decomposition Harx) = Hm,, ) @HJA;IOP oy the scattering matrix {So (1)}

of the complete scattering system {Ag, Ao} in L*(R, dX, Huny) is given by

S, (A) 0 1
Se (1) = ( 0 L ) € [Hatop ® Mgy -
Mop (1)

where
N -1 [
S0 (W) = Iy, ) + 2 SIM(Mop(1))(Oop — Mop(M)) ™/ Im(Mop (1))

and > € ZM N EZNo, Moy (L) := Mop(A +i0).

Proof. Assertlon (i) was proved in [4, Theorem 3.8] and moreover it was shown that the scat-
tering matrix {SO (1)} of the complete scattering system {Ag, Ag} in L*(R,dx, Hum.y) has the
form

S0 () = Iy, +2iy/Sm(MG)) (O — M)~ /3m(M (M) € [Haro]

for all A € XM N ¥Ne  With the help of (4.1) this becomes

SO()L)_IHM(D—i-Z,/\sm(M(A)) Pop(Oop — Op(A))“POp Sm(M(1)).

From the polar decomposition of /Im(M (1)) Pop, A € M we obtain a family of isometric
mappings V(A), A € M from HMop(k) onto ran(/Im(M (X)) Pop) defined by

V() 3m(Mop(1))x = /Sm(M (1)) Popx

and we extend V(1) to a family V(&) of unitary mappings in Hp ;). Note that V(A) maps
ker(,/Im(Mqp(A))) isometrically onto ker(Pop+/Im(M (1))). It is not difficult to see that the

scattering matrix

So(M) =V *SeMVQR), rexMnxNe,

with respect to the decomposition Hp) = HMop(A) ) HJMOP(A) is of the form as in asser-
tion (ii). O
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We point out that the scattering matrix {So (1)} of the complete scattering system {Ag, Ag}
is defined for a.e. A € R and that in Theorem 4.1(ii) a special representative of the corresponding
equivalence class was chosen. We also note that the operator ,/3Im(Myp(A)) is regarded as an
operator in H,,1)-

Next we introduce the R-matrix {Rg(A)} of the scattering system {Ag, Ag} in accordance
with Blatt and Weisskopf [5],

Ro () =By — S0 ) (Friyyy + S0 ()™ “3)

for all A € ZM N X Ne satisfying —1 € p(Se(1)). Since Sg (1) is unitary it follows that Rg (1)
is a selfadjoint matrix. Note also that

S0 () = (i1, — RoM) (i Iy, + Ro )™ (4.4)

holds for all real A where Rg (1) is defined.

The next theorem is of similar flavor as Theorem 4.1. We express the R-matrix of the scatter-
ing system {Ag, Ag} in terms of the Weyl function M (-) and the selfadjoint parameter ® € C(H).
Again we make use of the special space decomposition which shows that the “pure” relation part
® has no influence on the R-matrix.

Theorem 4.2. Let A be a densely defined closed simple symmetric operator with equal finite
deficiency indices in the separable Hilbert space $) and let I1 = {H, Iy, I'1} be a boundary triplet
for A* with corresponding Weyl function M (-). Furthermore, let Ag = A* | ker(Iy) and let Ag
be a selfadjoint extension of A which corresponds to the selfadjoint relation © = Oqp ® O €
C(H). Then for all . € ZM N xNo yith

ker(Op — Sie(Mop(1))) = {0}

the R-matrix of {Ae, Ao} is given by

Ro () = <\/3m(Mop(?»))(@op — Re(Mop(M))~1/Sm(Mop (1)) 0>
OV = 0 0)

with respect 10 Hya) = Hmopr) © Hitlop()\)’ where Mop (L) = Mop (X +i0).

Proof. It follows immediately from the definition (4.3) and the representation of the scattering
matrix in Theorem 4.1(ii), that the R-matrix of {Ag, Ao} is a diagonal block matrix with respect
to the space decomposition Hys ) = HMop(/\) ® ’Hj}up(k) and that the restriction of Rg (1) to
Hlf,lnp ) is identically equal to zero.

Moreover, for every A € £ N XNo it follows from the representation of the scattering matrix

that
VSM(Mop () (I, + S0, (1))
=2{ By )+ SM(Mop(2)) (Oop — op () 1/3m(Mop (1))

=2(Oop — Ne(Mop(1))) (Oop — Mop()\))*‘ Sm(Mop (1))
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holds. If » € M N XNe is such that Ogp — Re(Mop (1)) is invertible, then we obtain

J/3Im Mop(x))(IHMopm + S04 (M),,

1
= 5 (O = Mp(02) (@ —e(Mop(02)) ' S (Mg,

so that

21 (Bop — Mop(1)) ™ /S (Mop (1) (Frtyy,, ) + Sy ) ™
= i(@op - 9{6 op ()t) \/ op()\)

Finally multiplication by —,/Im(Mqp(A)) from the left gives

(IHMOP(A) - S@()p ()‘))(IHMOP(A) + S@()p O‘))_l

= —i\/3m(Mop(2)) (Oop — Ne(Mop(1))) ™ y/Sm(Mop (1))

so that assertion (i) follows immediately from the definition of the R-matrix in (4.3). O
5. Scattering in coupled systems

Let $ and K be separable Hilbert spaces and let A and T be densely defined closed simple
symmetric operators in $) and £, respectively. We assume that the deficiency indices of A and T
coincide and are finite,

n:=ny(A)=n_(A)=ny(T)=n_(T) < 0.

Then there exist boundary triplets IT4 = {H, Iy, I} and I1r = {H, Yo, 71} for the adjoint oper-
ators A* and T*, respectively, with fixed selfadjoint extensions

Ag:= A" [ker(Iy) and Tp:=T* |ker(Typ) (5.1)

in § and R, respectively, and dim’H = n. The Weyl functions of [Ty = {H, Iy, I'1} and 17 =
{H, Yo, Y1} will be denoted by M (-) and 7(-), respectively. Besides the spaces Hasn), A € M
(see (4.2)), we will make use of the finite dimensional spaces

Heoy = ran(;“sm(r(k + iO))), re X’
and
Hm+o o) =ran(Sm((M + )(x +i0))), re TVt 5 (2Mnx7).

_In the following theorem we calculate the S and R-matrix of a special scattering system
{L, Lo} in $ & R in terms of the Weyl functions M and 7. Theorem 5.1 is in principle a conse-
quence of Theorems 4.1 and 4.2, cf. [3, Theorem 4.5]. We note that the coupling procedure in
the first part of the theorem is similar to the one in [9].
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Theorem 5.1. Let A, [Ty ={H, Iy, 1}, M(:) and T, I1IT = {H, Yo, 11}, T(:) be as above. Then
the following holds:

(i) The pair {L, Lo}, where Lo := A¢ ® Ty and

(5.2)

- Tof —Tog =0
L:A*@T*[{f@gedom(A*eaT*): 0/ —Tog }

nf+Tig=0
forms a complete scattering system in the Hilbert space $) ® & and L{® is unitarily equiva-

lent to the multiplication operator with the free variable in LZ(R, dr, Hyoy © He)-
(i) With respect to the decomposition

Hm+009 © g0 6

of Huy ® Hr the scattering matrix {§(A)} of{z, Lo} is given by

~ S(A) 0 n
S\ = ( 0 Ly ) € [H(M.:,.f)()h) &) H(M+,)(A)],
(M+1)(2)

where

SO = Iy — Zi\/Sm(M(A) + 1)) (M) + r(x))” \/ Sm(M ) + (D))

and e SM A T SMAOT M) = M(A +i0), T(A) = T(A + i0).
(iii) Forallx e SMN X A ZM+O™" with ker(Re(M (L) +1 (1)) = {0} the R-matrix of {L, Lo}
is given by

_ (—VAmMG) F () Re(M () + (1))~ 'VImMMR) + () 0

with respect to the decomposition (5.3).

Proof. (i) Let L := A ® T, so that L is a densely defined closed simple symmetric operator in
the Hilbert space $) @ K. Clearly, L has deficiency indices n4 (L) = 2n, and it is easy to see that
Iy ={H, Iy, I'1}, where

I

Nfes:= (ro

f ~ —(1f 7
g)’ Fl(f@g)._<Tlg) and H:=Ho®H,

f € dom(A*), g € dom(T*), is a boundary triplet for the adjoint operator L* = A* @ T* in
9 @ R. Together with the selfadjoint operators Ag and Ty from (5.1) we obviously have

Lo:=L* [ker(ﬁ)) =Ayg®Tp.

It is not difficult to verify that

~ T ~
@:{((;x’_x;f): x,yeH}EC(H@H) (5.4
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is a selfadjoint relation in H and that the corresponding selfadjoint extension L* | IF'=Y@ in
£ @ R via (2.4) coincides with the operator L in (5.2), cf. [3]. Since L has finite deficiency
indices, L is finite rank perturbation of L in resolvent sense (cf. Theorem 2.4 and Section 4),
and hence~{z, Lo} is a complete scattering system in §) @ K. Moreover, as the Weyl function
M(-) of {H, To, fl} is given by

< (M} 0
M()»)—( 0 t(k)>» A€ p(Lo), (5.5)

it follows from Theorem 4.1(i) that the absolutely continuous part L of Ly is unitarily equiva-
lent to the multiplication operator with the free variable in the Hilbert space L*(R, dA, H fioy) =

L2(R, dr, Hygy @ He)- ~ _
(ii)—(iii) Note that the operator part @, of the selfadjoint relation & in (5.4) is defined on

ﬁop := dom(®) ={(x, 'ixe 'H}

and that éop =0¢ [ﬁop], cf. (2.2). Next we will calculate the [ﬁop]-valued function A~40p(-), and
in order to avoid possible confusion we will distinguish between embeddings and projections
here. The canonical embedding of H,p into H & H is given by

- ~ 1
lop:Hop%H@H, yHﬁ<§>,

and the adjoint i3, € [H & H, ﬁop] is the orthogonal projection Fop from H @ H onto ﬁop,
ﬁop(u D)= %z(u + v). Then we obtain

~ ~ o~ 1

Mop(2) = PopM (Mo = 5 (M) +7(3)), & € p(Lo),
from (5.5). Now the assertions (ii) and (iii) follow easily from Theorems 4.1(ii) and 4.2, respec-
tively. O

The case that the operator Ag has discrete spectrum is of particular importance in several
applications. In this situation Theorem 5.1 reduces to the following corollary.

Corollary 5.2. Let the assumptions and {Z , Lo} be as in Theorem 5.1 and assume, in addition,
that o (Ag) is discrete. Then the following holds:

(i) LGS is unitarily equivalent to the multiplication operator with the free variable in
LX(R, d), Hx)). 5
(ii) The scattering matrix {S(A)} of {L, Lo} in L*(R, dx, H.) is given by

SO = I,y — 20/ 3m(z)) (M) + (1)~ /Sm(z (1))

forre ZM A ETATMAOT here M(A) i= M(A +i0), T(L) = T(A +i0).
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(iii) Forallr e SMN SN XM+ with ker(M (1) +Re(t (1)) = {0} the R-matrix of {L, Lo}
is given by

R() =—/3m(t(W)(M() + Re(r(V)) ™' /3m(x ().

Proof. The assumption o (Ag) = o, (Ap) implies Sm(M (1)) = {0} forall L € ¥ M Therefore
Hm+o0) =Hepy and Hygy={0}, rezM,

and the statements follow immediately from Theorem 5.1. O

From relation (4.4) we obtain the next corollary. We note that this statement can be formulated
also for the case when o (Ao) is not discrete. However in our applications we will only make use
of the more special variant below.

Corollary 5.3. Let the assumptions be as in Corollary 5.2. Then for all ) € sMApTayM+oT
with ker(M (L) + Re(t (1)) = {0} the scattering matrix {S(1)} of {L, Lo} admits the representa-
tion

SO = (i I, + /3T () (MO + Se(z (M) 7 /Sm(z(,\)))
_ —1
x (iIHM) — /3m(T()) (M) + fe(r (1)) 1,/Sm(f(x)))

and, if, in particular, Re(t (1)) =0, then

SO = (iIHT(A) +/3m(z () M), /Sm(r(k)))
x (i, ,/sm(r(x))M(x)*‘,/Sm(r(x)))_1.

Our next objective is to express the scattering matrix of the scattering system { L, Lo} in terms
of the eigenfunctions of a family of selfadjoint extensions of A. For this let again t(-) be the Weyl
function of Iy = {H, Yo, 11}, let w € X7, and let [Ty = {H, Iy, "1} be a boundary triplet for
A* as in the beginning of this section. Then Re(z(w)) is a selfadjoint matrix in H and therefore
the operator

A_gie(r(uy) = A [ ker (I + Ne(t(w)) I) (5.6)

is a selfadjoint extension of A in §), cf. Proposition 2.2. Note that by Theorem 2.4 a point
A € p(Ap) belongs to p(A_ gie(r(u))) if and only if 0 € p(M (1) + Re t(w)) holds. The following
corollary is a reformulation of Proposition 3.3 in our particular situation.
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Corollary 54. Let A, I1p ={H, o, I}, M(:) and T, It = {H, Yy, 11}, t(-) be as above
and assume o (Ag) is discrete and that A is semibounded from below. For each u € X with
A_gez(w) < Ao the function A — —(Re(t () + M)~ U admits the representation

o0
—(MG) +9e(rw)) " =3 (bl = 1)~ (- Toweled) Tovliel,
k=1
where {Ai [}, k=1,2,..., are the eigenvalues of the selfadjoint extension A_ge(z(w)) in in-

creasing order (counting multiplicities) and Y [1t] are the corresponding eigenfunctions.

Setting 1 = A in Corollary 5.4 and taking into account Corollaries 5.2 and 5.3 we obtain the
following representations of the R-matrix and scattering matrix of {L, Lo}.

Theorem 5.5. Let the assumptions be as in Corollary 5.4. Then for all . € M 0 X7 A xM+0™!
with ker(M(k) +de(r (1)) = {0} and A_ge(z(r)) < Ao the R-matrix and the scattering matrix
of {L Lo} admit the representations

]

RO) =) (Mlr]— )7 (Y3m(r () -, Toweli])y/Sm(z (V) Fowel]
k=1
and
S = (”H,(,\) —i(kk[k]—/\)_l( Sm(z (1)) -, ToyelAl)y/S (T()\))FOWk[)»]>
k=1
X (iIHM)+i(Ak[A]—/\)_1( Sm(t(V) -, ToylA])/S (r(x))rowk[,\)l,
k=1
respectively, where {Ax[M]}, k = 1,2,..., are the eigenvalues of the selfadjoint extension

A_gte(z(n)) in increasing order and i [A] are the corresponding eigenfunctions.

If Re(r (1)) =0 for some A € X¥, then the operator A_ge(c(3)) in (5.6) coincides with the
selfadjoint operator A| = A* | ker(I). This yields the next corollary.

Corollary 5.6. Let the assumptions be as in Corollary 5.4. Then forall . € M N xT A xM+0™!
w~ith Re(t (X)) =0, ker(M (L)) = {0} and A1 < Ao the R-matrix and the scattering matrix of
{L, Lo} admit the representations

R(G) = (=01 (/3m(T () - Tov)y/ Sm(r (W) Moy

k=1

and
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S = (iIHT(A) - Z(xk -7 H(/Sm(z)) -, Fowk),/fsm(r(x))rowk>
k=1

~ -1
X<i]'Hr(A)+Z()hk_)\)_l( Sm(t(V) -, Tov) 3m(f()»))F01/fk) ,

k=1

respectively, where {Ar}, k = 1,2, ..., are the eigenvalues of the selfadjoint extension A1 in
increasing order and i are the corresponding eigenfunctions.

Remark 5.7. The assumption A; < Ag in Corollary 5.6 above is necessary. Indeed, let us assume
that Ao < A1 and that A is the Friedrichs extension. Let us show that in this case the sum

> 0u =071 Ry Tovi (5.7)

k=1

cannot converge, where {Ax} and {;} are the eigenvalues and eigenfunctions of A;. For this
consider the boundary triplet {H, I';, I/}, I'y = I and I'{ = —I. Obviously Aj = A* |
ker(I) = Ay, A} = A* [ ker(I') = Ag and A, is the Friedrichs extension. By Proposition 3.5
we obtain that the sum

> 0= )7 ) Y

k=1

diverges, where {1} and {y} are the eigenvalues and eigenfunctions of A6 = Aj. Using I 1’ =
—I'p one gets that the sum (5.7) diverges.

6. Scattering systems of differential operators

In this section we illustrate the general results from the previous sections for scattering sys-
tems which consist of regular and singular second order differential operators, see Section 2.3.

6.1. Coupling of differential operators

Let the symmetric operators A = —%%%% + v and
T=T&T 1d1d+ ® 1d1d+
= =\-—z——— v, —— 4
! 4 2dx m;dx ! 2dx m, dx 4

in § = L*((x;, x,)) and & = L2((—00, x;)) @ L?((x,, 00)) and the boundary triplets [T, =
{C2, Iy, I} and IT7 = {C2%, Yy, 11} be as in Sections 2.3.1 and 2.3.2, respectively. By Theo-
rem 5.1(i) the operator

6.1)

~ Tof —Yog =0
L::A*@T*[{f@gedom(A*@T*): 0/ —Tog }

Nf+Tg=0
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is a selfadjoint extension of L = A @ T in $) @ K. We can identify $) & K with
L?((x1,x1)) @ L2((—00, 1)) @ L?((xr, 00)) = L*(R).

The elements f D gin HD R, [ €9, g =g D gr € R, will be written as f & g; & g,. Here the
conditions Iy f =Ypg and I't f = —T1g, f € dom(A*), g € dom(T™*), explicitly mean

gi(xp)=f(x) and f(x)=gr(x),

1 1 1 1
<_f/) (xp) = ( g;) (x;) and (_f/) (xp) = ( g;/r)(xr)-
m my m m,

Hence the selfadjoint operator (6.1) has the form

and

1d 1 d
B _iﬁmﬁf +vf 0 0
L(foga®g)= 0 —%%mil%gz-l-vzgz 0
0 _%%%rjjgr+vrgr
and coincides with the usual Schrédinger operator
1d1d _ 1
——=— + V[ feL’R): f, = f e WER),
2dx mdx m
where
m(x),  x€(x,x),
’/Tl('x) = :ml('x)’ xe(_oov-xl)a
my(x), X € (xy,00),
and

vl('x)7 X € (_OO,XI),
vr(x), x € (xp,00).

v(x), xe(x,x),
V(x) = {

The selfadjoint operator Ly = Ag @ Tp, where Ag = A* [ ker(Ip) and Ty = T* | ker(7yp), is
defined on

dom(Lg) = {f ® g @ g € dom(A*) @ dom(T}*) & dom(T*): ; (();’l)) :; (X);OO }

and can be identified with the selfadjoint Schrodinger operator

N 1,
e — 4] {f e L*(R): f, ~f'e WEZ(R\ {x, ), f) = fxr) =0}.
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6.2. S and R-matrix representation

It is well known that all selfadjoint extensions of the differential operator A in L2((x1, x,))
have discrete spectrum. Hence according to Theorem 5.1 and Corollary 5.2 the selfadjoint
Schrodinger operators L and Ly form a complete scattering system {L Lo} in L2(R) and the
scattering matrix {S(1)} is given by

SO = In,, — 2i4/Sm(z (V) (M) + r(x))*1 Sm(t(A)) 6.2)

forae ZM N TN xM+07 Here M () is the Weyl function corresponding to the boundary
triplet IT4 = {C?, I'y, I} and

is the Weyl function of ITy = {C2, T, Y1}, cf. Section 2.3.2. It follows from [19] that for A € X*
with Im(7 (1)) # 0 the maximal dissipative differential operator

Ay = A* [ker(Fl + ‘E()\)F()),

that is,

1d 1
Aoy H(x) = ‘Eam_ﬂ") +v(x) f(x),

L e wh((xy, x0)
dom(A—cy) =1 f € L*(0a, %)z (55 f) ) = =m0 f () ¢
(50 /) Ger) = my () f (x)

has no real eigenvalues, i.e. R C p(A_¢(:)), so that each A € M = p(Ag) N R necessarily
belongs to the set XM +07! by Theorem 2.4. Therefore the representation (6.2) is valid for
all A e {r e X7: Im(z(t)) # 0} N p(Ag). Moreover, for A € X7 with Im(zr (1)) = 0 we have
S() ={0}.

It is well known that the symmetric operator A given by (2.9) is semibounded from below and
that the extension Ag = A* | ker(Ip), cf. (2.10), is the Friedrichs extension of A. In particular,
this yields Ag < A for any other selfadjoint extension Ag of A.

The selfadjoint operator A_gie(z(r)), A € 2T = X™ N Y™, is given by

(A-tie(ran [IX) = =7 md_ f ) +v(x) f(x),

£ i e Whi((x, x)
dom(A_ge(z(y) = 1§ £ € L*(Groxp)): (5 f7) () = — Fe(my (1)) £ (x)
(2 f')(xy) = Re(m, (W) £ (xr)

and clearly o (A_yie(z(2))) is discrete and semibounded from below for all A € X*.
Taking into account Theorem 5.5 it follows that the R-matrix of {L Lo} has the form
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R() = i()» (A]— )»)_1 (( MR ) <1/jk[)L o )) ( e )
= 2 k JSmm, () - YA (xr) VIm(m, ()Y [A](xr)

for all A € 27 N XM with the property ker(M (1) + Re(r (1)) = {0} and Im(z (1)) # 0. Here
{Ac[Al), k=1,2,..., denote the eigenvalues of the selfadjoint operator A_ ge(c(5)) in increasing
order and Y[A] are the corresponding eigenfunctions. Furthermore we have again used R C
p(A_zn) if Sm(t (X)) #0, and moreover, R() = {0} if Im(z (X)) =

The scattering matrix {S(1)} of {L Lo} can be represented in the form

. e _ Sm(m;(L)) - Ye[A1(xp)

so0= s, 3ot ( ey ) (V)
® ; Jamaman- ) L)

X( S‘m(ml()\))l/fk[)\](xl)>

NIRRT

' s _ Sm(my(2)) - (A](xp)
X {lIHrm + Z()‘k[k] —4) 1<< Sm(mr(k))-> ’ (:Z[M(X)))

k=1

—1
<\/W1/fk[”(xl))
Sm(my (A) e [A](x,)

forall . € X7 N IM with ker(M (1) + Re(r (1)) = {0} and Im(z (1)) #0.

6.2.1. Constant potentials v; and v,

Let us assume that the potentials v;(-) and v, (-) as well as the mass functions m;(-) and m, (-)
are constant, that is, v;(x) = v; € R, m;(x) = m; > 0 for x € (—o0, x;) and v,(x) = v, € R,
my(x) = m, > 0 for x € (v, 00). The Titchmarsh—Weyl functions m;(-) and m, (-) can be calcu-
lated explicitly in this simple case. One gets

A a—
my(A) =i Yooand my(0) =i vr
2my 2m,

for A € C4, where the square root is defined on C with a cut along [0, c0) and fixed by
Im(+/2) > 0 for A ¢ [0, 0o) and by VA =0forae [0, 00). It is clear that

TT=y™MAZ™ =R
and it is not difficult to check
{x € 27 Sm(r(V)) # 0} = (minfv;, v}, 00).
Furthermore

_ Ju=2 <
ﬂie(m;(k)) — { 2my A<y,
0, A >y,
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and

vr—A
I <
&)te(mr(k)) — { 2m, A< vy,
0, A > v,

If A € (max{v;, v}, 00), then Eﬁe(t(’):)) = 0 and it follows from Corollary 5.6 and the above
considerations that the R-matrix of {L, Lo} has the form

Rm—ia _ A)_1<<¢7sm<n~u(x>>-> (wk(xl)»(Jirsm(mz(x))wk(xz)) ©3)
T Jsmm - )\ ) )\ ysmom v o) '

for all A € XM with the property ker(M (1)) = {0}. Here {At}, k = 1,2, ..., denote the eigen-
values of the selfadjoint operator A in increasing order and vy are the corresponding eigen-
functions. Note that A; is the usual Schrédinger operator in L2((x;, x,)) which corresponds to
Neumann boundary conditions, cf. (2.11), and that A € ¥ M has the property ker(M (A)) = {0} if
and only if A € p(Ap) N p(A1), cf. Theorem 2.4.

Analogously the scattering matrix {S(1)} of {Z , Lo} has the form

S(y=1{il —i(/\ —/\)—1(( ‘N‘m(ml(k))') (1/fk(xz)>>< 3m(mz(k))wk(xz))
S k=1 ' VIm@m, () -/ "\ Y (xr) VIm(m, ) vk (x,)

x il +i<xk—x)l<<v3m<mz@>>~> (mm))<¢3m(mz<x>)wk(xz)> o
o T o Samm, ) ) \ ) ) )\ SmGm ) ()

for all A € (max{v;, v, }, 00) N p(Ag) N p(Ay).

The situation is slightly more complicated if A € (min{v;, v}, max{v;, v,.}). Assume e.g.
v; > v, and let A € (v, v7). In this case Im(7 (1)) # 0, but the condition Re(z (1)) = 0 is not
satisfied since

—A
fe(my(n) = — | = and  Ste(m, (1)) =0.
nmj
The operator A_ gie( (1)) is given by
1d 1 d
(A_gtez o) H(x) = —Eamaf(x) +v(x) f(x),

fLfrewh((x, x,))
dom(A_ye(r ) = 1 f € L2 x)): (o 1) (e) = /%2 £ (x)

2m;

(5= f")(x:) =0

Since

Sm(r(k)) = (8 (1_3)1/4> , A€ (v, ),

2m,
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the representations of the R and S-matrix of {Z , Lo} from the previous subsections become

o0

RG) = Y (lAd = 1) ™ (y/Sm(my () - Yi[A10r) )y Smi(my (0) g [4] s

k=1
and

i — Y52 M — 07N VSmm, ) - YA () v/Smm, (D)) Y (A ()
P Y02 A — )N VSmm ) - YA () v/Smm, (D) Y [A] (xr)
respectively, for A € (v, v)) N p(Ag) N P(A_ger(r))), see Theorem 5.5. Here {Ag[Al},

k=1,2,..., are the eigenvalues of the selfadjoint extension A_ge(z())) in increasing order
and v, [A] are the corresponding eigenfunctions.

S(A) =

Remark 6.1. One might guess that the sum

G 1 YrCxr) Vi (x1)
kz:;()% & (’(W(xr)))(wk(xr))

in the representation of the scattering matrix in (6.3), where {A;} and {} are the eigenvalues and
eigenfunctions of the Schrodinger operator with Neumann boundary conditions, can be replaced

by the sum
iwk—m(. < CTALD ))( (04 ) )
=1 (Lol /) \ (o) o )

where {1} and {¢y} are the eigenvalues and eigenfunctions of the Schrédinger operator with
Dirichlet boundary conditions. However, this is not possible since by Proposition 3.5 the last
sum does not converge. We note that this can easily be verified directly for the case v(x) =0 and
m(x) = constant.
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