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Abstract

An important problem that arises in different areas of science and engineering is that of computing the limits of sequences of
vectors {x }, where x, € CV with N very large. Such sequences arise, for example, in the solution of systems of linear or nonlinear
equations by fixed-point iterative methods, and lim;,,—, o x5, are simply the required solutions. In most cases of interest, however,
these sequences converge to their limits extremely slowly. One practical way to make the sequences {x,} converge more quickly
is to apply to them vector extrapolation methods. In this work, we review two polynomial-type vector extrapolation methods that
have proved to be very efficient convergence accelerators; namely, the minimal polynomial extrapolation (MPE) and the reduced
rank extrapolation (RRE). We discuss the derivation of these methods, describe the most accurate and stable algorithms for their
implementation along with the effective modes of usage in solving systems of equations, nonlinear as well as linear, and present
their convergence and stability theory. We also discuss their close connection with the method of Arnoldi and with GMRES, two
well-known Krylov subspace methods for linear systems. We show that they can be used very effectively to obtain the dominant
eigenvectors of large sparse matrices when the corresponding eigenvalues are known, and provide the relevant theory as well. One
such problem is that of computing the PageRank of the Google matrix, which we discuss in detail. In addition, we show that a
recent extrapolation method of Kamvar et al. that was proposed for computing the PageRank is very closely related to MPE. We
present a generalization of the method of Kamvar et al. along with a very economical algorithm for this generalization. We also
provide the missing convergence theory for it.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

An important problem that arises in different areas of science and engineering is that of computing the limits of
sequences of vectors {x,}, where x, € CV with N very large. Vector sequences arise, for example, in the solution
of systems of linear or nonlinear equations by fixed-point iterative methods, and lim,,_, o x,, are simply the required
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solutions. One common source of such systems is the finite-difference or finite-element discretization of continuum
problems.
Let us consider the (linear or nonlinear) system of equations

Yy(x)=0; y:C¥—CV, (1.1)

whose solution we denote s. Then, starting with a suitable vector xp, an initial approximation to s, the sequence {x,}
can be generated by some fixed-point iterative method as in

Xpp1 = F(xp), n=0,1,...; F:CN -V, (1.2)

where x — F(x) = 0 is a possibly “preconditioned” form of (1.1) hence has the same solution s (that is, ¥ (s) = 0 and
also s = F(s)), and, in case of convergence, lim,,_, , x, = 5. One possible form of F'(x) would be

F(x) =x+ oA Y x),

where A(x) is a nonsingular N x N matrix and w is a relaxation parameter.

In most cases of interest, however, the sequences {x, } converge to their limits extremely slowly; for example, when
they arise from the finite-difference or finite-element discretizations of continuum problems, their rates of convergence
deteriorate as the relevant mesh-sizes become smaller (hence N becomes larger). One practical way to accelerate their
convergence is to apply to them suitable vector extrapolation methods.

A detailed review of vector extrapolation methods, containing the developments up to the early 1980s can be found
in the work of Smith, Ford, and Sidi [1]. This work discusses (i) two polynomial-type methods, namely, the minimal
polynomial extrapolation (MPE) of Cabay and Jackson [2] and the reduced rank extrapolation (RRE) of Eddy [3]
and Mesina [4], and (ii) three epsilon algorithms, namely, the scalar and vector epsilon algorithms of Wynn [5,6], and
the topological epsilon algorithm of Brezinski [7]. Numerical experience suggests that, when applied to very large
systems of equations, polynomial-type methods are in general more economical than the epsilon algorithms as far as
computation time and storage requirements are concerned.

In the first part of this work, we present an up-to-date review of MPE and RRE, the two polynomial-type methods.
This review contains the developments that have taken place in the study of MPE and RRE since the publication of [1].
We discuss the derivation of MPE and RRE, describe the most accurate and stable algorithms for their implementation
along with the effective modes of usage, and present their convergence and stability theory. We also discuss their
close connection with the method of Arnoldi [8] and with GMRES of Saad and Schultz [9], two well-known Krylov
subspace methods for solving linear systems.

When applied to the sequence of partial sums of a vector-valued power series of a vector-valued meromorphic
function, MPE serves as a tool for analytic continuation: it produces vector-valued rational approximations to the
function in question that approximate it even outside the circle of convergence of its power series. These rational
approximations are closely related to the Arnoldi method for eigenvalue approximations. This topic, which we do not
go into here, is discussed at length in Sidi [10,11].

Following the summary of MPE and RRE, we discuss their application to the solution of systems of equations, and
we describe a strategy that is known as cycling or restarting. We also describe some extensions of cycling that have
proved to be effective in that they reduce the time and/or storage overhead involved in the application of MPE and
RRE.

In the second part of this work, we consider the computation of an eigenvector of an arbitrary large and sparse
matrix, corresponding to its largest eigenvalue when this eigenvalue is known. In addition to being of importance
in its own right, this problem has attracted much attention recently because it also arises in the computation of the
PageRank of the Google Web matrix. We show that vector extrapolation methods, especially MPE and RRE, can
be used effectively in the solution of this problem and hence in PageRank computations. In addition, drawing on
some earlier results concerning Drazin-inverse solutions of consistent singular linear systems, we propose and justify
theoretically the use of standard Krylov subspace methods, such as the method of Arnoldi and GMRES, for solving
this problem. We present a polynomial preconditioner to improve the performance of these methods as well.

Turning next to the computation of the PageRank, we study an extrapolation method that was proposed recently by
Kamvar et al. [12] and denoted quadratic extrapolation there. We generalize this method, and prove that the resulting
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generalization is very closely related to MPE, and also state a convergence theorem for it. In addition, we provide an
algorithm that is twice as economical as that of [12] storagewise.

The contents of this part of the paper on computing eigenvectors in general and the PageRank in particular are new
and originally appeared in the author’s 2004 technical report [13].

Before we end this section, we would like to point out to a nice feature of vector extrapolation methods in general,
and MPE and RRE in particular: These methods can be defined and used in the setting of general infinite-dimensional
inner product spaces, as well as CV with finite N. The algorithms and the convergence theory remain the same for all
practical purposes.

Finally, we mention that MPE and RRE have been used as effective accelerators for solving large and sparse
nonlinear systems of equations that arise in diverse areas of sciences and engineering, such as computational fluid
dynamics, structures, materials, semiconductor research, computerized tomography, and computer vision, to name
a few. As we do not intend to give even a partial list of these applications here, we refer the reader to the relevant
literature for them.

Note that, throughout this work, |z|| with z € C® will stand for the standard vector /;-norm of z, namely,
Izl = ~/z*z, and || A|| with A € C*** will stand for the matrix norm induced by this vector norm.

2. Theoretical preliminaries

In order to motivate the derivation of vector extrapolation methods, we first look at the problems for which they
were designed. Thus, we start by discussing the nature of the vectors x,, that arise from the iterative method of (1.2),
the function F(x) there being nonlinear in general. Assuming that lim,,_, « X, exists, hence x,, = s for all large n
(recall that s is the solution to the system 1/ (x) = 0 and hence to the system x = F(x)), we expand F(x,) in (1.2)
about s, thus obtaining

Xng1 = F(s) + F'(s)(xa — ) + O(llx, — s|*) asn — oo. 2.1

Here, F’(s) is the N x N Jacobian matrix of the vector-valued function F(x), evaluated at x = s. It is known that
convergence will take place from any xg sufficiently close to s provided p(F’(s)) < 1, where p(A) stands for the
spectral radius of the (square) matrix A. The result in (2.1) can be also expressed as in

Xni1 =Txn +b+ O(|xy —sI?) asn — o0;
T=F(s), b=[I—F(s)s, (2.2)

T being a constant matrix and b being a constant vector. In other words, we have
Xpt41 =~ Tx, + b forall large n.

We have thus shown that the system x = F(x) “behaves” linearly when x is close to its solution s. This then suggests
that we should look at linear systems for deriving vector extrapolation methods. We aim at developing methods whose
only input is the vector sequence {x,} generated by a black box.

3. Derivation of MPE and RRE

The treatment we give in this section follows in part that of Smith, Ford, and Sidi [1]. (For a completely different
approach that goes through the transformation of Shanks [14], we refer the reader to the paper by Sidi, Ford, and
Smith [15].)

Consider the linear system

x=Tx+b; bxeCN, TeCVNV, (3.1

Assume that (I — T') is nonsingular, which means that 1 is not an eigenvalue of 7'. As a result, the system in (3.1) has
a unique solution that we denote by s. Let us choose an initial vector xo € C", and generate the sequence {x,} via

Xpp1 =Tx,+b, n=0,1,.... (3.2)
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Let us also define

ep =Xy — S, up, = Axy,, w, = Auy, :Azxn, n=20,1,.... 3.3)
Here, Az, = 2441 — zn and Azzn = A(Azp) = zZp+2 — 22n+41 + 2n- It is easy to see that

e, = T"eg, u, = T"ug, wp, =T"wy, n=0,1,.... (3.4)
In addition,

up =T —Ne,, n=0,1,.... (3.5)

Definition 3.1. Let y # 0 be a vector in CV. The monic polynomial P (1) is said to be the minimal polynomial of T
with respect to y if P(T)y = 0 and P (A) has smallest degree.

We then have the following known result:

Theorem 3.2. (i) The minimal polynomial of T with respect to the vector y exists, is unique, and divides the minimal
polynomial of T, which, in turn, divides the characteristic polynomial of T. (ii) If M ()) is another monic polynomial
for which M(T)y = 0, then deg M > deg P and P (A) divides M (}).

Let P(A) = Zl;zo cjA, cx = 1, be the minimal polynomial of T with respect to the vector eg = xp — 5. (Also
notice that, by Theorem 3.2, k = deg P < N.) Thus, P(T)eg = 0, which, by (3.3) and (3.4), also means that

k k
D ¢TI —s) =) cj(xj—s)=0. (3.6)
j=0

J=0

From this, we have

k
ZO CjXj
s = "k— (3.7
2 ¢j
=0

Note that division by Z?:o ¢;j in (3.7) is allowed, because ZI;-:O ¢j = P(1) # 0 since (i) P(A) divides the
characteristic polynomial of 7', and (ii) 1 is not an eigenvalue of T'.

We have thus shown that the solution s can be constructed from the &k + 1 vectors of iteration xg, x1, ..., Xk,
provided P () is known. Now, being the minimal polynomial of 7" with respect to eg = x9 — s, P(A) depends on s,
as well as on xg. This may lead us to believe that, in order to know P (1), we must know s. Fortunately, this is not the
case; as we show in the next theorem, P () is also the minimal polynomial of T with respect to ug = x; — xo, and ug
is known.

Theorem 3.3. Let P(X) and Q (L) be the minimal polynomials of T with respect to ey and ug, respectively. Then
PR) = 0.
Proof. By the fact that P(T)eg = 0 and by (3.5), we have that

0=(T—-1)P(T)ey = P(TYT — ey = P(T)uop.
Thus, by part (ii) of Theorem 3.2, we have that Q (A) divides P (A). Next, by the fact that Q(T)uo = 0 and by (3.5),
we have

0= 0(T)uo = Q(T)(T — Deo = (T — I)Q(T)eo.

Now invoking the fact that (T — I is a nonsingular matrix because 1 is not an eigenvalue of T, this last relation is
equivalent to Q(T)eg = 0, which, by part (ii) of Theorem 3.2, implies that P (A) divides Q(A). Since both P(A) and
Q(A) are monic, it is now clear that P(A) = Q(1). N

The fact stated in Theorem 3.3 enables us to determine the coefficients of P()), namely, co, c1, ..., ck—1, again
from our knowledge of the x;. (Recall that P(}) is monic, that is, ¢, = 1.) First, by (3.4), P(T)ug = 0 can be
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re-expressed as in

k k
ZC./Tjuo = Zc./uj =0.
=0 =0

What we have here is a possibly overdetermined but consistent set of linear equations for the c; that is of the form

Uc = —uy; C=[Co,cl,...,ck,1]T€(Ck, U=[M()|u1 |-~ |uk,1]€(CNXk. (3.8)
Note that the matrix U has full rank, that is, rank(U) = k, becguse its columns, namely, the vectors ug, u1, ..., Ur—1,
are linearly independent by the fact that P(A) = ZI;:() cjA/ is the minimal polynomial of T with respect to ug.
Hence, the linear system Uc = —uy has a unique solution given by

c=—-Utuy, (3.9)

where U is the Moore—Penrose generalized inverse of U, which, in this case, is given by U = (U*U )_1 U*. (Note
that this is in complete agreement with the fact that P (1) is unique.) Clearly, this solution for c is also the solution we
would obtain by solving the linear system Uc = —uy by linear least-squares. It is these observations that will lead us
to the definition of MPE and, following that, to the definition of RRE.

By the developments above, it is clear that s can be constructed from the knowledge of the k + 2 vectors x;,
j=0,1,...,k+ 1, nothing else being needed. We have also shown that s is some sort of “weighted average” of the
vectors xg, X1, ..., Xk; that is, it is of the form

k k
s:Zijj; Zyjzl.
j=0 j=0

Here, of course,
Cj .
y]= % s ]=0,1,...,k.
> Ci

i=0

3.1. Definition of MPE

As is clear, the developments above leading to the solution s given in (3.7) are made possible by the fact that k is
the degree of the minimal polynomial of 7" with respect to u#y. Normally, £ would be very close to N, and this would
make the solution process prohibitively expensive. This raises the question as to what would happen if we took k to be
an arbitrary integer (and much smaller than N). Obviously, the linear system Uc = —uy in (3.8) will be inconsistent,
hence will not have a solution in the ordinary sense. We can, however, define ¢ as the least-squares solution of the
system Uc = —ug, leaving everything else unchanged. This results in the following definition:

Definition 3.4. Let {x,} be a given sequence in C¥, and let the vectors u, be as in (3.3). Choose k < N arbitrarily
and define the matrix U via

U= [uo [wyg |- Mkfl] € CNxk,
Let c be the least-squares solution to the linear system Uc = —uy; this means that c is the solution to the problem
k—1
ol | 26000 610
Set cx = 1, and compute yp, 1, - - ., Yk via

) k
=L j=0l..k a=)a (3.11)
i=0
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provided Zf:o ¢i # 0. Then, s}(\/IPE, the MPE approximation to lim,_, » x, = s, is given by

k
s,ICVIPE = Zijj. (3.12)
j=0

3.2. Definition of RRE

Going back to the situation in which k is the degree of the minimal polynomial of 7" with respect to ug, we first
observe that, by dividing the equations Uc = —uy in (3.8) by Zf:o ¢, denoting y; = c;/ Z;{:o ¢ci,j=0,1,...,k,
and observing that Zﬁ':o yj = 1, we can rewrite (3.8) as in

k
Uy =0 and Zyj =1;
j=0

y =yl €CHFL U =Tug Juy |-+ Jug] € CNXEFD, (3.13)
As before, a unique solution to this system for y exists in case k is the degree of the minimal polynomial of 7 with

respect to ug. When k is an arbitrary integer smaller than this degree, there is no solution to the system U’y = 0 and
> j=o0 vj = 1 in the ordinary sense. We can, however, define y to be the least-squares solution of the system U 'y =0

subject to the constraint Zl;zo v;j = 1. This results in the following definition:

Definition 3.5. Let {x,} be a given sequence in CV, and let the vectors u, be as in (3.3). Choose k < N arbitrarily
and define the matrix U’ via

U'=luoluy |- |ug) € CV*¥EFD,

Let y be the least-squares solution to the linear system U’y = 0 subject to the constraint Zl;zo yj = 1; this means
that y is the solution to the problem

k
, subject to Zyj =1. (3.14)
j=0

Then, s,}SRE, the RRE approximation to lim, .« X, = s, is given by
k
sRRE — Z Vixj. (3.15)
=0

Note that the way we have approached the definition of RRE here is not the only way possible, and it differs from
that of [1] and those of the original works [3,4]. (The approaches of [3,4] differ from each other greatly, and their
equivalence is established in [1].) Our approach here is the most direct, however. The definition of RRE here is also
that given in [4], and turns out to be very suitable for computational purposes. For a completely different approach,
see Sidi, Ford, and Smith [15].

For completeness, here we reproduce the definition of [3]:

k=1
SO =x0+ ) &, (3.16)
i=0
where the &; are determined from the least-squares solution of the linear system
W& = —uy, 3.17)
where

£E=[£0.&1.....6-11"€C",  W=[wo|wi| - |uwei] eCVk (3.18)
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Here, the w;, just as the u;, are as defined in (3.3). Thus,
SRRE — xo — UW T uy, (3.19)

with U = [ug | uy | -+ | up—1] € CN*k as before.
4. Determinant representations

The least-squares solutions for the vectors ¢ and y in Definitions 3.4 and 3.5, respectively, give rise to normal
equations. Being linear systems, these normal equations can be manipulated suitably to enable us to express the MPE
and RRE approximations s}(vIPE and S}}RE as ratios of determinants.

Instead of applying MPE and RRE to the k 42 vectors xg, x1, ..., Xk+1, We now propose to apply them to the k +2
Vectors X, X1, - - -, Xn+k+1 With some positive integer n. This usage of MPE and RRE has some very beneficial
effect, as we will discuss in the next sections. Let us denote the approximations obtained this way by srl:/’l,f E and SVI}EE.

Thus, sMPE — s}CVIPE and sRRE — SERE.

0,k 0,k
The determinant representations for the approximations s}lw,l:E and s}fle given in the next theorem were presented

originally in Sidi [16].

Theorem 4.1. The approximations S%EE and s}f_le have the following determinant representations:
D(x,, 41, ..., X
Sk = ( ns An+1 n+k), (4.1)
D(,1,....1)
where D(z0, 21, ..., 2k) is a (k + 1) x (k + 1) determinant defined as in
ZO Z1 e Zk
uQ,0 uo,1 o U0k
D(z0, 21, ..., 2) = | 1.0 Lo ULk 4.2)
Uk—1,0 Uk—1,1 = Uk—1k
with u; ; being scalars defined as in
- (Wnis Untj) = (A Xpyi, Axpyj)  for RRE
Here u;, and wy, are as in (3.3) and (a, b) is simply the Euclidean inner product in CN, that is, (a,b) = a*b.
Note that, in case the z; in D(zo, z1, ..., 2x) are vectors, this determinant is vector-valued and is defined to be

Z];:o Mz, where M is the cofactor of z;.

The determinant representations above have been used in obtaining the convergence and stability results of
Theorem 5.2 in the next section. They have also been used by Ford and Sidi [17] to obtain recursion relations among
the different s, . We skip these recursions here and refer the reader to [17].

5. Analytic properties of MPE and RRE

As can easily be seen from Definitions 3.4 and 3.5, the approximations produced by MPE and RRE are defined
exclusively in terms of the vectors x;, nothing else being required as input. Even though the derivation of the two
methods was based on the solution of linear systems, their definition is totally independent of the way in which
these vectors are generated. Thus, these methods can be used for (hopefully) accelerating the convergence of vector
sequences {x,}, whether these sequences are generated by linear systems or not. By the way they are derived, it is
reasonable to assume that MPE and RRE will be effective accelerators for vector sequences arising from fixed-point
iteration techniques on linear systems. Since nonlinear systems behave linearly close to their solutions, we can expect
MPE and RRE to be effective in accelerating the convergence of vector sequences {x,} generated by fixed-point
methods on nonlinear systems as well.
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Since the least-squares problem for the y; always has a solution for RRE, we conclude that S}SRE exists

unconditionally for all k. In case of MPE, even though there is always a solution for the c;, we cannot guarantee

that Zf:o ¢; # 0 always. This means that S}CVIPE may not always exist. A sufficient condition for the existence of S}CVIPE

is given in Theorem 5.2.

When applied to sequences {x,} generated by fixed-point iterative techniques for linear systems, MPE and RRE
become equivalent to some well-known Krylov subspace methods. This is the subject of the following theorem that
was proved in Sidi [18]:

Theorem 5.1. Consider the linear system in (3.1) and the vector sequence {x, } generated as in (3.2). Then, S}CVIPE and
s,lfRE are the same vectors generated by k steps of the method of Arnoldi and k steps of GMRES, respectively, as the

latter two methods are applied to the system (I — T)x = b, starting with the vector x.

The following theorem by Sidi [16] explains why MPE and RRE are true convergence acceleration methods. To

this effect, we apply these methods to the vectors x,, X, 41, . . ., Xp+k+1 With n > 0, instead of applying them to the
vectors xg, X1, ..., Xk+1- In the preceding section, we denoted the approximations obtained in this way by s%fE and
S}}%E, respectively. We then have the following result:

Theorem 5.2. Let the vector sequence {x,} be such that

p
Xn =s+ZviAl’.’, (5.1)
i=1
where vi, v2, ..., v, are linearly independent vectors, and A; are distinct nonzero scalars satisfying
Ai# 1 foralli, 5.2)

and are ordered such that

Al = A2l = -+ = [Ap]. (5.3)
Let us assume further that, for some integer k < p, there holds

Akl > (A1l (5.4)

Then, s}fEE exists for all n and s;:/I}:E exists for all large n, and

[Cux +o(D]A} asn— oo,

= 0\ asn— oo, 5.5)

Snk — S

where s, i stands for both srllv[,fE and s}fle, and the vectors Cy, . are uniformly bounded in n, that is, sup,, ||C, k|| < oo.

In addition, C%EE = CYI}IZE, so that

S%}:E—S""S’EIZE—S asn — oQ.

Let us denote y; in (3.12) and in (3.15) by y;n’k). Then, lim,,_, o y("’k) all exist, and

J

S =2

. n, ] _ 1
lim_ 2 N = 1‘[—1 5 (5.6)

j=0 i=1
When k = p, we have the so-called finite termination property:
P p
_ CROTN I

Sn,p =5 and E Y, M= ] T 5.7

j=0 i=
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Remarks. 1. Since x, —s = O(A}]) and s,k —s = O(A ) asn — 0o, and [A1]| > |Ak| > [Ag41], it is clear that
{Sn.k}e tends to s faster that does {x,} when {x,} converges. In case {x, } does not converge (which happens when
A1l = 1), {sn.k )00, will converge if [Ax41] < 1, and it will diverge (but less slowly than {x,,}) if [Ax41| > 1. Thus,
MPE and RRE accelerate the convergence of sequences {x,} that satisfy the conditions of Theorem 5.2. Thus, in
order for MPE and RRE (and the epsilon algorithms mentioned in Section 1) to be effective, convergence of the
sequence {x,} is not necessary. (In case of divergence we call s the antilimit of {x,}.)

2. Vector sequences {x,} satisfying the conditions of Theorem 5.2 arise from the iterative technique of (3.2) when the
matrix 7 is diagonalizable and (I — T') is nonsingular; in this case, all eigenvalues of the matrix 7" are different
from 1, the scalars A, ..., A, are some or all of the distinct nonzero eigenvalues of T', and the vectors v; are
corresponding eigenvectors, that is, Tv; = A;v;, i = 1,..., p, and, of course, p < N. Clearly, v; are linearly
independent. When T is not diagonalizable, the structure of x,, becomes more complicated, and so do the results
of Theorem 5.2. This general case has been treated completely in Sidi and Bridger [19].

3. As we will see later in this work, when a diagonalizable matrix B has a largest eigenvalue equal to 1, the power
iterations with B satisfy (5.1) with s there being an eigenvector corresponding to this eigenvalue. This is precisely
the situation in case B is the Google matrix, and forms the basis for the eigenvalue methods for computing the
PageRank.

4. The result of Theorem 5.2 remains the same when MPE and RRE are applied to vector sequences {x,} in infinite-
dimensional inner product spaces such that

o0
Xn ~s+Zvikf‘ asn — 0o,
i=1
where A; are distinct and nonzero, satisfy (5.2), and
[A1] > [A2] = --- and lim A; =0
11— 00
instead of (5.3), and there can be only a finite number of A; having the same modulus.

Note that Theorem 5.2 does not cover the case |Ax| = |Ar+1]. By different techniques it can be shown that, when
|[Ak] = |Ak+1l, the convergence result of Theorem 5.2 pertaining to sp x, namely, s, —§ = O(AZH) asn — oo,
remains essentially the same, provided the sequence {x,} results from the iterative scheme in (3.2). The relevant result
for this case is the subject of the next theorem that was proved originally in Sidi [20].

Theorem 5.3. Let the vector sequence {x,} be precisely as in Theorem 5.2 with the notation therein; assume only that
Akl = (A1l

instead of (5.4). Assume, in addition, that the x,, have been obtained via x,+1 = Tx, + b, n =0, 1, ..., where the
matrix I — T is nonsingular, and that s is the unique solution to the linear system (I — T)x = b. Then,

Snk—8 = 0(@0p,) asn— oo,

(i) for RRE unconditionally, and (ii) for MPE provided the eigenvalues of the matrix A = I — T lie strictly on one
side of a straight line through the origin in the complex plane, which happens when A + A* is positive definite, for
example.

So far, we have reviewed the convergence properties of the approximations s, x for n — oo while k is being
held fixed. In practice, of course, n does not tend to infinity. In addition, to avoid excessive storage requirements that
may arise on computers on account of increasing k, MPE and RRE are applied in the so-called cycling mode (to be
discussed later in Section 7), where n and k can be moderately large but are both kept fixed.

The next result, due to Sidi and Shapira [21,22], provides error bounds on sﬁle for the case in which both n and k
are being kept fixed. This theorem actually gives the justification for cycling with s, x with even moderate positive n

rather than fixing n = 0.

Theorem 5.4. Let s be the solution to the linear system (I — T)x = b, where I — T is nonsingular. Assume that T is
diagonalizable, that is,

T = RAR™'; A =diag(u1, o, ..., un),
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and let the vector sequence {x,} be generated via x,+1 = Tx, +b,n =0, 1, ..., precisely as in Theorem 5.2. Define
the residual vector associated with the vector x by r(x) = b — (I — T)x. Also let

Pr ={p@) : p € I, p(1) =1}.
Then

et

min |77 p(T)r (o)

IA

|T" p(D)|| Ir (xo)|~ for every p € Px,

S T
kR 1r (o)l

where k (R) = | R||||R™"|| stands for the condition number of R, spect(T) stands for the spectrum of T, and, for any
set D in the complex plane,

IA

'’ = min max |z p(2)|.
n.k pEPy zeD | |

Remark. Theorem 5.4 was originally given in [21], where a similar statement can also be found for MPE. The
paper [22] actually treats (restarted) GMRES (k) with 7 initial iterations of Richardson type, which is denoted there
GMRES(n, k). Due to the fact that RRE and GMRES are equivalent in the sense described in Theorem 5.1, the results
of [22] can be expressed as in Theorem 5.4 and without any changes.

In [21], upper and lower bounds on that can be expressed analytically in terms of suitable sets of

Fspect(T)
n,k
orthogonal polynomials are given. It is also shown there that, for some special types of spectra, both of the bounds can

be expressed analytically in terms of the Jacobi polynomials P,fa”g )(z) and can easily be computed numerically. In
addition, these bounds are quite tight. (See the tables in [21,22].) Below, by [u, v] we mean the straight line segment
between the (complex) numbers # and v in the z-plane. The Jacobi polynomials Pk(')’”3 )(z) are normalized such that

P,fa”g )(1) = (k?‘); see Abramowitz and Stegun [23], for example.

1. If spect(T) is contained in [0, B] for some possibly complex 8 (1 is not in [0, 8]), then

F;’p]fct(T) < 2n)|,3|" _ |BI"H*
‘Pk’ (2/,3—1)‘ i(/;) (2n;rk>(1_'3)j

j=0

This bound is a decreasing function of both n and k when 8 # 0 is real and 8 < 1. In particular, its decrease as a
function of k becomes faster with increasing n. Clearly, this bound decreases very quickly in case the spectrum of
T is real nonpositive, that is, 8 < 0.

2. If spect(T) is contained in [—f, B] for some possibly complex 8 (1 is not in [— 8, B]), then

Fspect(T) < |'3|n Fspect(T) < |,3|n_H
n,2v — (0,n) 2 ’ n,2v+1 0,n+1) 2 :
PyT2/BT D) Py @2/B~—1

Both for even and odd values of k, these upper bounds can be unified to read

Fspect(T) < |,3|n+k

"R eryaemey

3

where

-l o[t

This unified bound is a decreasing function of both n and k when 8 is real and || < 1. The same holds in case 8
is purely imaginary and |8| < 1, which happens when T is a skew-hermitian matrix, for example. In this case, the
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upper bound on F:p,f T tends to zero as a function of k with increasing n at the best possible rate, because now
n+k
spect(T) |,3|
Fn,k = v v + )
. .
(5) (") a+ 18Py
Jj=0

When comparing two approximations SE%E and s,lf,RkE, what seems to determine which one is better is the

corresponding upper bounds for F;p,fCt(T) and F;?‘;{Ct(n. At least from the examples we have given here, it can be

concluded that srl}lZE is the better one if n > n’. In particular, SS%E is likely to be better than s(l)“;E. We can make use

of this observation in applying RRE (and MPE as well) in the C);cling mode; this will be discussed in Section 7.
6. Algorithms for MPE and RRE

The definitions of MPE and RRE given above can also be used to design algorithms (computational procedures)
for implementing MPE and RRE. The most immediate algorithms would be those that use the normal equations (i)
U*Uc = —U*uy in Definition 3.4 to determine the ¢; for MPE, and (ii) W*W§& = —W™*uq in (3.17) to determine
the &; for RRE. Since the matrices U and W become very ill-conditioned with increasing k, these algorithms are not
stable numerically, and they produce s, x with reduced accuracy in floating-point arithmetic. Concerning the solution
of least-squares problems via normal equations, see Golub and Van Loan [24]. In this connection, we should also warn
the reader that the determinantal expressions given in Theorem 4.1 should not be used for this purpose as they come
directly from the normal equations.

Numerically fast and stable and storagewise economical algorithms have been given in Sidi [25], where a
fully documented FORTRAN 77 code can also be found. We now turn to a summary of these algorithms. One
important feature of these algorithms is that they both proceed through the solution of least-squares problems by
QR-factorization.

We switch to the computation of s}lv’[,l:E and s,lile with n > 0. To discuss the algorithms conveniently, we introduce
the notation

UjZ[MnIMn+1|"'|”n+j]’ j=0,1,....

Let us assume that U; has full rank, namely, rgnk(U j) = j+ 1. Then, it has a QR-factorization U i = QjR;, where
Q; € CN*U+D js unitary and R; € CYUTD*U+D jsyupper triangular with positive diagonal entries,

Nx(j+1
Qj=[aolqil-1q]€CVV*D 0%0; = Ijiiyxijn,
roo ror ro2 - Foj
rir ori2 e rij
Rj: 2 - 12 N rii > 0 for all i.
Tjj
Also, Q; is obtained from Q;_; by appending one column (the vector g;) to the end of the latter. Similarly, R; is
obtained from R;_; by appending one row of zeros and one column ([ro;, 71}, ..., 7} j]T) to the end of the latter. The
details of the algorithms are summarized in Tables 1 and 2. Note that, in these algorithms, we need to store only the
vector x, and the matrix Qy, namely, the vectors qg, g1, - . ., k. The rest can be overwritten. (Actually, g; need not

be computed as it is not needed for determining s, .)

The QR-factorization can be carried out inexpensively by applying the modified Gram—Schmidt process (MGS)
to the vectors uy, up11, ..., usy;; see [25]. (For MGS and other orthogonalization processes, see Golub and
Van Loan [24].) For the sake of completeness, we reproduce here the steps of MGS. For simplicity of notation,
we replace the vectors u,1; by u;.

MGS algorithm

Step 1. Compute roo = (ug, uo)l/2

and set go = uo/roo.
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Table 1
Algorithm for MPE
Step 0.  Input: The vectors Xy, X;41, - - - » Xptk-+1-

Stepl. Computeu; = Ax; =x;4] —x;,i =n,n+1,...,n+k.
SetUj = [un | tysy |-+~ [ upyj1€ CVXUFD j=0,1,....
Compute the QR-factorization of Uy, namely, Uy = Oy Ry.
(Uk—1 = Q—1Rj—1 is contained in Uy = QyRy.)

Step 2. Solve the (upper triangular) linear system
Re_1c=—pi; Pk = [roks 1k - k1) T, e =Tlcgucrsnnncp—1]T.
(Note that p = QF _ upy-)
Set ¢, = 1 and compute & = Zf:o -
Sety; =c¢i/a,i =0,1,... k.

Step3.  Compute & = [£0, £, ..., &—11T by

So=1-y; §=&-1—-vj, j=1..., k=1
Compute v}:’IIfE via

sMPE — xn + Qi1 (Re—15) -

Table 2
Algorithm for RRE
Step 0.  Input: The vectors xp, X, 41, - .., Xpfk-+1-
Stepl. Computeu; = Ax; =xj4] —x;,i =n,n+1,...,n+k.

Set Uj = [un | tyg1 | -+ [y ;1 € CVXUFD =01, ..
Compute the QR-factorization of Uy, namely, Uy = QO Ry.
(Ug—1 = Qk—1Rj—_1 is contained in Uy = Q¢ Ry.)

Step2.  Solve the linear system
RiRyd=e; d=Idy.dy,... d]",
e=[1,1,....,1T e Ck*1.
(This amounts to solving two triangular (lower and upper) systems.)
Set A = (Zf:() di) : . (Note that X is real and positive.)
Sety = Ad, thatis, y; = Ad;,i =0,1,... k.

Step3.  Compute £ = [0, &1, ..., &—11T by
fo=1-y; & =&-1—-vj, j=1....k-1

Compute SE%E via

SRRE = xp + Q1 (Re—1£) .

Step2. Fork=1,2,...,do

Set u](co) = uy
For j =0tok —1do
Compute rj x = (g, u,(cj)) and u,(CJH) = u,(cj) —rjkq;.
end for(j)
Compute rix = (u,(ck), u,ik))l/2 and gx = u,Ek)/rkk.
end for(k)

Given the vectors x,4;, 0 <i < k 4+ 1, and given that the QR-factorization is done with MGS, the operation count
for determining s, i, whether for MPE or RRE, via our algorithms in Tables 1 and 2, is as follows: %(k2 + 5k +2)
vector additions, %(k2 +5k) scalar—vector multiplications, and %(k2 +3k+2) inner products. All this amounts roughly

to 2k*>N floating-point operations.
The quality of s, can be ascertained by looking at the />-norm of the vector Uyy, which is available at no
additional cost through the algorithms in Tables 1 and 2:

Uy | = Tk | Vi for MPE,
LA VAN for RRE.
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Here ri is the (k + 1, k 4 1) element of the matrix Ry, and X is the (positive) scalar computed in Step 2 of the RRE
algorithm in Table 2. The justification of this is as follows: When the sequence {x,} is generated linearly as in (3.2),
we have that Uyy = r(sy k), where r(x) = Tx 4+ b — x is the residual vector associated with x; hence Uy is indeed
the residual vector r (s, x). When {x,} is generated nonlinearly as in (1.2), and s, x is close to the solution s, we have
Uiy = r(sn.r), where now r(x) = F(x) — x is the residual vector associated with x.

Finally, note that the algorithms for MPE and RRE that we have summarized here allow us to compute all s, x,
k=1, ..., kmax, without having to orthogonalize the vectors u;,, u,+1, . . ., Un+k for each k from the beginning.

7. Efficient use of MPE and RRE in solving equation systems

As mentioned already in the preceding section, to determine s, x, we need to store x,, and vectors qo, g1, - - - , Gk,
namely the unitary matrix Q. Using the same storage, we can obtain more accurate approximations to s by applying
MPE or RRE to the sequence {x,,};°, with some integer r > 1, instead of {x,}. To see that this is possible, let us
look at the sequence {x,} considered in (5.1) of Theorem 5.2. Because

p
Yrn =5+ v n=1.2...,

in this case, instead of (5.5) and (5.6), we have

sn,k—s=0(|)&k+1|”’) asn — 00, (7.1)
and

. k (n,k) o — 0 r .

nll)rgo;)yj o/ Ul—a,’ o=, i=1,2,.... (7.2)

It is clear from (7.1) that, when storage is a problem, we can reduce the storage requirements, and maintain a given
level of accuracy at the same time, by applying MPE or RRE to the sequence {x,,},,_, with increasing r > 1.

We now give another justification of this strategy. From the analysis given in [16], it follows that the error s, x — s
is proportional to ]_[ﬁ-‘zl (1 = A;)~"as n — oo. This shows that the error will be large in case the largest A; (or some

of them) are close to 1 in the complex plane. In such a case, by (5.6), some of the y("’k)

n, despite that fact that Z i—0 y(n 0 = 1. (Note also that Z =0 |y(" k)| > 1.) This implies that errors committed in
the computation of the Vectors x; will be magnified in the computatlon of s, x (via (3.12) and (3.15)), which means
that the computed s, x will be quite different from the exact one. If we could do something to cause the largest A; to
separate from 1 as much as possible, this may help to solve both problems. One effective way of achieving this is by
applying MPE or RRE to the subsequence {x,};,_,, which we already discussed in the preceding paragraph. Note
that, with r > 1, A7 is farther from 1 in the complex plane than ; is.

will be quite large for large

7.1. Extrapolation with cycling

We now present a practical strategy for computing s, the solution to the (in general nonlinear) system
x—F(x) =0,
that involves cycling (or restarting) that is motivated by Theorem 5.2 and justified by Theorem 5.4 and also by (7.1)
and (7.2). Here are the steps of this strategy:
CO0. Choose integers n, k, and r, and an initial vector xg.
C1. Compute the vectors x1, X2, ..., Xr(u+k+1) (Via X,41 = F(x,), cf. (1.2)), and save
Vs Yntls o Yntks Yntk415 Vi = Xriy, 1 =0,1,....

C2. Apply MPE or RRE to the sequence {y;} precisely as in Table 1 or Table 2, with end result s, .
C3. If s, « satisfies accuracy test, stop.
Otherwise, set xo = s, ., and go to Step C1.
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We will call each application of Steps C1-C3 a cycle. We will also denote the s, ¢ that is computed in the ith cycle
s
nli’% discussion of the error in this mode of usage —in case of linear F (x), i.e., when F(x) = Tx+b asin (3.1) —that is
based on Theorem 5.4 is given in [21,22]. Note that, in this mode, the integer n, just as k, is kept fixed (in Theorem 5.2,
we let n tend to infinity), and the analysis of [21,22] takes this into account and derives upper bounds on the error of
Sn.k- As we saw following Theorem 5.4, these upper bounds are expressible in terms of Jacobi polynomials for certain
types of spectra of the matrix 7', and they turn out to be quite tight. They also indicate that, with even moderate n, s, x
may be a very good approximations to s with small k, hence small storage, and few iterations. Another advantage of
applying MPE and RRE in this mode (that is, with n > 0) is that it prevents stagnation in the cases where GMRES
stagnates. (See the numerical examples in [22].)
Combining cycling with Theorem 5.4, in the notation of Theorem 5.4, we can now state the following result

concerning the approximation s,(lii that is computed at the ith cycle above.

Theorem 7.1. Let s be the solution to the linear system (I — T)x = b, where I — T is nonsingular. Let the vector
sequence {x,} be generated via x,11 = F(x,) = Tx, + b, n = 0,1, ..., precisely as in Theorem 5.2. Define the
residual vector associated with the vector x by r(x) = b— (I — T)x. Let xinit be the vector xq in Step CO of the cycling
procedure above, and denote

@n k,r = Min || T p(T")
PEP

| Pe={pQ@: pell p(l)=1}.
Then, under RRE, sr(ll;( satisfies

6| = of Gl
If T is diagonalizable, that is,
T =RAR™'; A=diag(ui. na. ..., un),

then

spect(T")
Wn k,r = K(R)Fn,pk ,

with

K(R) = |RIIR™Y| and TP = min  max 7" p)].
(R) = [IRIIR™"| e pemespwm| P

Note. The results we have given above concern the application of MPE and RRE to vector sequences arising
from fixed-point iteration of linear systems. As far as nonlinear systems are concerned, little is known about the
convergence of these methods. There have been several attempts at studying the convergence of vector extrapolation
methods in general as these are applied to nonlinear systems in the cycling mode. The earliest studies due to Brezinski
[26,27], Gekeler [28], and Skelboe [29] have been reviewed in [1]. It follows heuristically from the study in [29],
for example, that if MPE and RRE are applied using the cycling strategy above, with n = 0 and » = 1 in Step CO,
and with k = k; at the ith cycle in Step C1, where k; is precisely the degree of the minimal polynomial of the matrix

F'(s), the Jacobian matrix of F(x) at x = s, with respect to s(()i,:i)l —s, the sequence {s(()iz 152, converges quadratically.

(Here, we let s(()o,io be the vector xg in Step C0.) A precise study of the topological epsilon algorithm, one of the epsilon
algorithms, in the cycling mode has been given by Le Ferrand [30].

7.2. Cycling with “frozen” y;

When storage is a problem and the unitary matrix Qx_1 in Step 2 of the MPE and RRE algorithms given in Tables 1
and 2 needs to be saved in secondary storage, the cost of cycling as described here may increase timewise on account
of input—output when working with the secondary storage. We can reduce this cost substantially as follows: Perform
Steps C1-C3 in the cycling mode m times (m is a small integer like 1 or 2), and save the y; that are computed (in Step
2 of the MPE and RRE algorithms in Tables 1 and 2) at the mth cycle. In subsequent cycles, perform Step C2 using
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these (frozen) y; and set s, x = Zf:o YiYn+i» instead of computing s, x by MPE and RRE as described in Tables 1
and 2. This strategy enables the introduction of the vectors y; one-by-one without having to save them. In addition, it
also avoids the computational (timewise) overhead of MPE and RRE on account of the QR-factorization of the matrix
Uk. The idea behind this is that the y;, from one application of Step C2 to the next, do not change very much. This is
so because the yi("’k) = y; associated with s, ; obtained by MPE and RRE are such that lim,_, o yi("’k) all exist and
satisfy (7.2). We have verified the validity of this shortcut with several numerical examples involving both linear and
nonlinear systems with very good results.

8. Computation of dominant eigenvectors by MPE and RRE

One problem that can be treated efficiently by MPE and RRE is that of computing an eigenvector corresponding
to the largest eigenvalue of an arbitrary large sparse matrix A € CV*" when this eigenvalue is known. This problem
has become of interest recently in connection with the computation of the PageRank of the Google Web matrix.

Because our approach relies on power iterations with the matrix A, we first summarize the properties of power
iterations. This will set the stage for later developments, and fix some of the notation as well.

For simplicity of presentation, we assume again that A is diagonalizable. Choosing an arbitrary initial vector
X0 € (CN we compute the vectors x1, X3, .. ., via

Xnt1 = Axp, n=0,1,.... (8.1)

Then x,, can be shown to have the spectral decomposition

q
Xp=y winf, n=12... (8.2)
i=1

Here, (i) ; are some or all of the distinct nonzero eigenvalues of A, (ii) for each i, w; is an eigenvector corresponding
to ui, whether u; is simple or multiple; that is, Aw; = pjw;,i =1, ..., q, and, of course, (iii) ¢ < N. Thus, the w;
in the summation in (8.2) are linearly independent vectors, and each of the vectors w; 7 in (8.2) is nonzero. Whether
a distinct nonzero eigenvalue of A appears in the spectral decomposition of x; depends, of course, on the spectral
decomposition of the initial vector xq. It does only if at least one of its corresponding eigenvectors is present in the
spectral decomposition of xp. We also order the u; in (8.2) as follows:

1] = 2l = -+ = |ugl. (8.3)

We assume that w1 is the unique largest eigenvalue (that is, |ft1] > |2|), and that it is known. We are interested in
determining the corresponding eigenvector wj.

Let us define B = ,ul_lA, and do power iterations starting with the vector x¢ as in (8.1), but with the matrix A there
replaced by B; that is,

Xp+1 = Bx,, n=1,2,.... (8.4)
Then (8.2) becomes

xn:wl—l-Xp:vi)»?, n=12,..., (8.5)

i=1

where

p=q-—1 Ai = piy1/pmr and v =wiy, i=1,2,...,p, (8.6)
with p; and w; precisely as in (8.2). Also, with the p; ordered as in (8.3), we have

L> M) = A2| = - = [Apl. (8.7)

Thus, lim,,—, o, X, = wj, and the rate of convergence is given by x, — w; = O(|A1]") as n — o0. Of course, when
|A1] is close to one, the convergence of {x,}>°_, will be slow.
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By Theorem 5.2, the expansion in (8.5), however, immediately suggests that the convergence of {x,}” can be
accelerated by applying to it appropriate vector extrapolation methods, such as MPE and RRE. We thus have the
following theorem:

Theorem 8.1. With x,, as in (8.4)—(8.7), let s, i stand for either s,IXIIE’E or sfﬁE. Then, also provided that

Akl > |Aks1| for somek < p, (8.8)
there holds
Sk —w; =0 (|Ak+1 |”) asn — oo. (8.9)

Clearly, the performance of MPE and RRE on the present problem can be improved by using the cycling strategies
described in Section 7.

Remarks. 1. The convergence result given in (8.8) and (8.9) remains virtually the same even when the matrix A is
not diagonalizable, provided the largest eigenvalue 11 has only associated eigenvectors but no principal vectors.
The precise convergence result for this general case that has been given in [19] is however more involved.

2. Note that, in the problems we are treating here, lim,_, o X, exists and is equal to wj since |A1| < 1, and we
have stated Theorem 5.2 to suit these problems. However, as already stated in Remark 1 following Theorem 5.2,
Theorem 5.2 remains valid also when lim,_, o, x,, does not exist (which happens in case |A1| > 1). In this case,
limy,— o0 Sn,x €Xists and equals wy, provided |Ax+1| < 1. This observation becomes useful when the matrix A has
several known distinct largest eigenvalues having the same modulus, that is, when (8.3) assumes the form

il == ltml > |tm+1] = - = Ingl.
U1, - - ., 4, being known. To approximate w; foreachi € {1, ..., m}, we apply MPE or RRE to the sequence {x,}
obtained via the power iterations x,,+| = Bjx,,n =0, 1, ..., where B; = /Ll-_lA. In this case, x,, satisfies

)4
xnzwi+2vj)\7, n=1,2,...,
Jj=1

where
(1j/pis wy) j=1,...,0—1,

(Aj,vj) = . .
(Mj+1/,ui,wj+l) j=i....p; p=q-1

Note that now
L=1Al="=hm=1l > [Am| = -+ = |Ap].

As a result, the sequence {x,} is bounded, but lim,_, »; x;,, does not exist. Nevertheless, we can approximate w; by
applying MPE or RRE with k > m — 1 since |A;,—1| > |Ap|. For example, lim,, 0 Sy m—1 = w;; we actually have

Sn,m—1 — W; = (0] (l)»m|n) asn — oo.

9. Application of Krylov subspace methods to consistent singular linear systems

Suppose the vector sequence {yn}o._, is generated via the iterative process y,u+1 = My, +b,m = 0,1,...,
where M is a square matrix and (/ — M) is nonsingular. As mentioned in Theorem 5.1, the vectors sg x produced by
the vector extrapolation methods MPE and RRE, as they are being applied to the vector sequence {y,,}, are those that
are generated by, respectively, the method of Arnoldi [8] and GMRES of Saad and Schultz [9] for linear systems, as
these are being applied to the solution of the linear system (I — M)y = b, with initial vector yy.

In another paper by Sidi [31], it is shown that this applies also when the matrix ( — M) is singular, which happens
when 1 is an eigenvalue of M, provided the system (I — M)y = b is consistent. It also follows from [31] that, when
the eigenvalue 1 of M is not defective, that is, it has only corresponding eigenvectors but no principal vectors, then
the vectors sp x obtained from these methods approximate y(’) +I-M b, where y(’) is that part of yq that lies in the
null space of (I — M) and (I — M ) is the group inverse of (I — M). Thus, if b = 0, then we obtain approximations
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to y, only. For group inverses, and other generalized inverses too, see Ben-Israel and Greville [32] and Campbell and
Meyer [33].

Let us now go back to the matrix B considered in Section 8 in (8.4)—(8.7) and Theorem 8.1. Then, the matrix B”,
just as B, has 1 as its largest eigenvalue. In addition, this eigenvalue is nondefective. Hence (I — B")x = 0, being
a homogeneous singular system, is also consistent. Therefore, the vectors s¢  obtained by applying MPE or RRE to
the sequence {x,,};_. are the same as those that are obtained by applying, respectively, the method of Arnoldi or
GMRES to the system (I — B")x = 0, with initial vector xq. That is, M = B", b = 0, yg = x, and y6 = w in the
preceding paragraph.

Also note that the system (/ — B")x = 0 can be obtained by preconditioning the matrix (I — B) with the
(nonsingular) matrix K = I + B+ B>+ ---+ B"~! since K B = I — B". Thus, what we have here is (polynomially)
preconditioned Krylov subspace methods applied to the solution of (I — B)x = 0.

We note that Golub and Greif [34,35] apply the Arnoldi method and Arnoldi-type methods that involve the singular
value decomposition to the consistent singular system (B — I)x = 0 to compute the PageRank. It seems likely that
the polynomial preconditioner we have proposed here may help accelerate the convergence further.

10. Application of MPE and RRE to PageRank computation

It is known that the Google Web matrix has 1 as its (unique) largest eigenvalue and that the corresponding
eigenvector has positive components. The PageRank, which serves as a measure of the relative importance of Web
pages, is this eigenvector, normalized such that the sum of its components is 1. In this case, power iterations with the
Google matrix converge to the PageRank. Here are some of the details:

We start by recalling that a real N x N matrix A is column-stochastic if it is nonnegative and the sum of the
elements in each of its columns is 1. Thus, A is column-stochastic if

ajj >0 foralli and j;

N
Y aj=1, j=1...N.
i=1

Therefore, if A is column-stochastic, then p(A) = 1, and A has | = p(A) = 1 as its eigenvalue, the corresponding
left eigenvector beinge = [1, 1, ..., 117, (As usual, p(A) stands for the spectral radius of A.) It is known that A has a
nonnegative right eigenvector wj that corresponds to the eigenvalue 1. If A is also irreducible, then this eigenvector
is positive. These results are well known in the theory of nonnegative matrices. See, for example, the book by Berman
and Plemmons [36, Chapter 2].

The matrix A used in the Google PageRank computations is of the form A = ¢P + (1 — ¢)E, where P and E are
very large column-stochastic matrices and 0 < ¢ < 1; therefore, A is also column-stochastic. In addition, E is of the
form E = ue', where e = [1, 1, ..., 1]T as before, and u is a nonnegative vector such that eTu = 1. Interestingly,
whether u is positive or nonnegative, ;1 = 1 is always simple, and this result follows from the paper [37], where it
is proved that the second eigenvalue w, of A satisfies |iuz| < ¢ < 1. Thus, even if P has a multiple eigenvalue equal
to 1, A has a simple eigenvalue equal to 1. Yet, in two other papers [38,39] by Langville and Meyer, the following is
proved concerning the eigenvalues of A: If 1, u}, i, ..., iy are the eigenvalues of P, then the eigenvalues of A are
1, cpb, cpf, . .., cply. For another short proof of this result, see Eldén [40].

In summary, the largest eigenvalue of the Google matrix A is u; = 1 and this eigenvalue is simple and the
corresponding (right) eigenvector w; is positive. (Thus, our matrix A is simply the matrix B of Section 8.) The
PageRank is simply w1, normalized such that the sum of its components is 1.

Now, the matrix P is very sparse, the number of nonzero elements in each of its rows being O (1). This means that
the cost of computing a matrix-vector product Pw is O (N) arithmetic operations. The cost of computing the product
Ew is also the same because Ew = (uTw)e. As a result, the cost of computing the matrix-vector product Aw is O (N)
arithmetic operations. From this, we see that the matrix A, despite the fact that it is not a sparse matrix, is behaving
like one in the computation of Aw. Thus, methods that are based on power iterations can be most useful in PageRank
computations.

Because storage is a crucial problem in PageRank computations, we must strive to use methods that give accurate
results quickly and require little storage. These aims can be realized by applying MPE and RRE in the cycling mode
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to the sequence of power iterations {x,,}, x;,4+1 = Ax,, m = 0,1, ..., precisely as in Section 7.1, by tuning the
integer parameters n, k, and r appropriately. One other strategy can be to apply MPE and RRE in the cycling mode
with frozen y;, as explained in Section 7.2. This way we need to save only one vector and do not have the overhead
involved in implementing MPE and RRE through the full algorithms in Tables 1 and 2.

Note that, when the initial vector x¢ is chosen to be positive and satisfies eTxo = 1, all the power iterations x,,,
m = 1,2,..., are also positive and satisfy eTx,, = 1, because A is column-stochastic. This implies that the vector
lim, 0 X, = w; is exactly the PageRank. Since Zf:o y; = 1 in both MPE and RRE, s,  is also positive and
satisfies eTs”, x = 1 for both MPE and RRE. In other words, MPE and RRE converge to w, the PageRank vector.

Numerical example

We have applied MPE and RRE to Web matrices of different sizes, small and large, and observed the same pattern
of behavior in all cases. To end this section, we report the application of MPE and RRE to the computation of the
PageRank associated with a matrix P’ that results from a link graph containing N = 281 903 nodes, with roughly 2.3
million links. The link graph was generated from a crawl of the stanford.edu domain created in September 2002
by the Stanford WebBase project. (See [41].)

The matrix P’ has all its nonzero columns summing to unity. It is first modified by replacing its zero columns
by the vector %e, the resulting matrix P being column-stochastic. The matrix A = ¢P + (1 — ¢)E is formed with
E = %eeT.

In our numerical computations, we took several values of ¢ € (0, 1). Here we report those results obtained
with ¢ = 0.95 and ¢ = 0.99. We have applied MPE and RRE to the power iterations {x,,}, where x,,+1 = Axp,
m = 0,1, ..., starting with the vector xop = %e. We have employed the cycling strategy precisely as described in
Section 7.1, with (n, k, r) = (0, 10, 1), (0, 10, 3), (10, 10, 1), (10, 10, 3). The results of our computations are shown
in Figs. 1 and 2. Note that the norms of residuals associated with MPE and RRE shown in these figures are those
of x0, X1, .., X(u4k+1)r—1 (X(utk+1)r not included) and of s, x (instead of x(,1r+1)r), for each cycle. The residual
associated with a vector x is defined to be the vector r(x) = Ax — x.

The graphs in these figures confirm first that, in the cycling mode, MPE and RRE do accelerate the convergence of
power iterations, in the sense that when they employ a given number of power iterations, they achieve higher accuracy
than the iteration vectors they employ. They also confirm that with the same n, k, and », MPE and RRE produce very
similar results, as expected by Theorem 5.2.

Next, the graphs show that MPE and RRE, with the same k and r, have achieved the same accuracy both with
n = 0 and with n = 10, using about the same number of power iterations. However, the number of cycles with n = 10
is much smaller than (about half) that with n = 0, hence take a smaller amount of computing time when the time
overhead of cycling is taken into account. Similarly, with the same k and n, MPE and RRE have achieved the same
accuracy both with » = 1 and with » = 3, again using about the same number of power iterations. Now the results
with r = 3 are obtained in a smaller number of cycles (about one-third of that necessary with r = 1), hence take
a smaller amount of computing time. Both of these observations confirm our statements of Section 7 concerning the
strategy of cycling.

11. Generalization of the method of Kamvar et al. and connection with MPE

In their paper [12] on the computation of the PageRank, Kamvar et al. have developed an extrapolation method,
which they call quadratic extrapolation. This method accelerates the convergence of the sequence {x,,} generated as
in (8.4) to a scalar multiple of the vector wy in (8.5).

With a proper change of notation and indexing, quadratic extrapolation is the k = 2 case of the general method we
propose next. Here are the steps of this method:

e Input: The vectors X, Xp+1, - - -y Xntk+1-
e Lety; = xpqitv1 —xn, i =0, 1, ..., k, and solve the minimization problem
k
min d;iyi|, subjecttod; =1. (11.1)
do,dy,....dy—1 g e
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Fig. 1. Application of MPE, RRE, and the power method to the Google matrix of dimension N = 281, 903 of Section 10 with ¢ = 0.95.

e Compute ¢g, ¢y, . .., C via
k
a:Zdj, i=0,1,....k. (Thus,cx =dy =1.) (11.2)
j=i
o Set
k
Sk =Y CiXngigl. (11.3)
i=0

A numerically stable and storagewise economical implementation can be designed along the lines of MPE and
RRE given in Tables 1 and 2. Here are the steps of this implementation:

S1. Form the QR-factorization of the matrices Y; = [yo | y1 | --- | y;], namely, Y; = Q j R j» for example, by MGS.
Thus,

-~

0;=I[q1q1|-1g;]eCV*UtD; Q50 = Ijj+1x(j+1)>
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Fig. 2. Application of MPE, RRE, and the power method to the Google matrix of dimension N = 281, 903 of Section 10 with ¢ = 0.99.

and
Too 701 70)
~ 3% r1j GEDxG4D). = .
R; = eCY JTD. 7 > Oforalli.
Tjj
Then solve the linear system
Ri—1d = —px;
where
Pk = [0k T1ks - - » Tk—1k) . d =[do,di, ..., dx_1]" .

(Note that p = @,’;71 Vi.)
S2. Set dy = 1 and compute ¢ = [Co, 1, . .., ck]T by (11.2).

S3. Set

k
Suk = (ZE) xn + Ok (Ri0) .
i=0
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Steps S1 and S2 in this algorithm essentially generalize those given in [12]. Step S3 (that is new) is the result of
the following observation and of the fact that Y = Qg Ry:

Thus, on account of Step 3 in the new algorithm, we need to store only the vector x,, and the matrix @k, namely, the

vectors 4o, g1, - - - » gk a total of k 4 2 vectors in C". This should be compared with the algorithm of [12], in which
both X,41, ..., Xnix+1 and 4o, g1, - . . , gk, a total of 2k + 2 vectors in C, need to be saved.

The following theorem shows that this method and MPE are different and yet almost identical.

Theorem 11.1. When the vector sequence {x,,} is obtained through power iterations with the matrix B via X;,4+1 =

Bxm,m =0,1,..., thes, x and S%SE are related in the sense that
k
Sk =a(ByfE): a=)c asinTable!. (11.4)
i=0
Proof. Noting that
i
yi:Z”n+js i=0,1,...; ui =Ax;, i=0,1,...,
j=0

and recalling (11.2), we can express the vector Zf:o d;yi asin

k k
> diyi=) Cittnyi.
i=0 i=0

Since dy, dy, . .., dy_1 determine ¢y, C1, . . ., Ck—1 uniquely, and vice versa, this means that the minimization problem
in (11.1) is equivalent to

k
ZQ’”VH—[
i=0

Comparing (11.5) with (3.10), we realize that ¢; = ¢;,i = 0,1,...,k. Substituting this in (11.3), we obtain
Snk = Zf:o ciXn+i+1. Recalling the fact that x,,, 1| = Bx,,, we finally have

k
Snk =B (Z Cixn+i> .
i=0

The result now follows by the fact that S%I:E =a! Zf:o Cixpti Witha asin (3.11). N

__min_ , subjecttocy = 1. (11.5)

€05C1 5045 Ck—1

Remark. With the ¢; computed as above, if we modify the definition of 5, x in (11.3) slightly so that &, ; is now
given by

k
Sn.k = Z CiXn+i
i=0
MPE

then we would have precisely s, x = as, ;-

In view of the result of Theorem 11.1, we can use Theorem 5.2, which concerns the approximations s, x produced
by MPE and RRE, to state the following convergence theorem fors,, 4.
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Theorem 11.2. Let the vectors x,, satisfy the conditions of Theorem 8.1. Then
MPE

lo™ 'Sk — will < IBIllIsy " — will, (11.6)
and
o S =w +0(|") asn — oco. (11.7)
Proof. By Theorem 11.1 and by the fact that Bw; = w;, we have
s,, r=oB ( MPE _ wl) +oaBw; = OlB( MPE _ wl) + awi,
from which
oz_l's\,,,k —w; =B (s%}:E — wl) )
Now apply Theorem 5.2 to s}:/[,fE. |
Note that, if we use the vector /;-norm in Theorem 11.2, then we have || B|| = 1 because B is column-stochastic.

Hence (11.6) becomes

E

lo™ S — will < lIspee — wil.

In a subsequent work [41], Kamvar, Haveliwala, and Golub have observed that, when using quadratic extrapolation,
many web pages converge quickly, while relatively few pages take much longer time to converge. Furthermore,
the pages that converge slowly are generally those pages with high PageRank. Taking this into account, Kamvar,
Haveliwala, and Golub have proposed an adaptive method, in which the effective Google matrix is much smaller after
many of the pages have converged; as a result, in subsequent applications of quadratic extrapolation, the computing
time is reduced considerably. Needless to say, this adaptive method can be used just as effectively with MPE and RRE
and all other extrapolation methods.

Remark. Recently, the PageRank computation has been also treated in a paper by Brezinski and Redivo Zaglia
[42, Section 6]. Just as our present work and its predecessor [13], [42] too is concerned with computing the PageRank
via vector extrapolation methods. In particular, in subsection 6.1 of their paper, Brezinski and Redivo Zaglia make an
attempt at generalizing the method of Kamvar et al., their end result being the vector r(k "
6.2 of [42], a determinant representation of r( )

in Theorem 6.1. In Theorem
that is expressed in terms of the power iterations rE " = = A.r (” D
is given. (Note that our matrix B and vectors x, are, respectively, the matrix A, and the vectors r(n) in [42].) A close

examination of this determinant representation and its comparison with our determinant representation of SM}:E given

in (4.1)—(4.3), namely,

Xn
(Axy, Axy)
(Axp+1, Axy)

MPE __ (Axpik—1, Axp)

Xn+1
(Axy, Axpi1)

(Axpi1, Axpyr)

(AXpgk—1, AXpt1)

Xn+k
(Axy, Axn+k)

(Axpi1, Axpgg)

(Axpqk—1, Axnii)

1
(Axy, Axy)
(Axpt1, Axy)

(Axpyk—1, Axp)

reveal that the numerator determinant of r;

1
(Axp, Axpt1)
(Axpy1, Axpt)

(Axpqk—1, Axny1)
(k,n) -

is, in our notation, identical to the numerator determinant of s

1
(Axy, Axpik)
(Axpy1, Axpik)

(Axpqk—1, Axnyi)

MPE
nk—1-

That is, r( " g nothing but a constant multiple of sMPE The approximations to the PageRank obtained by proper

(and essential) normalization of the vectors s, i1 and r;

MPE

(k,n)

are thus identical. Hence, unlike our method in this

section, the method of [42] does not generahze quadratlc extrapolation.
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12. Concluding remarks

In this work, we gave a survey of MPE and RRE, two most effective and widely used vector extrapolation methods.
We discussed their derivation, convergence properties, stable and economical algorithms for their implementation, and
effective strategies for their use in different situations. We also showed that they can be used in computing eigenvectors
corresponding to dominant eigenvalues when these eigenvalues are known. As an application of this, we discussed
the use of MPE and RRE in computing the Google PageRank. We also gave a true generalization of the quadratic
extrapolation method of Kamvar et al. for PageRank computation, and developed an algorithm for this generalization
that is stable and has minimal storage requirements. We showed that this method is very closely related to MPE, and
proved its convergence, and provided its precise rate of convergence at the same time. Finally, we showed that standard
Krylov subspace methods such as the method of Arnoldi and GMRES can also be used to compute the PageRank, and
we provided a polynomial preconditioner for them as well.
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