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Abstract

We consider a charged particle, spin %, with relativistic kinetic energy and minimally coupled to the

quantized Maxwell field. Since the total momentum is conserved, the Hamiltonian admits a fiber decompo-
sition as H(P), P € R3. We study the spectrum of H (P). In particular we prove that, for non-zero photon
mass, the ground state is exactly two-fold degenerate and separated by a gap, uniformly in P, from the rest
of the spectrum.

© 2008 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Let us consider a classical point charge, charge e, mass M, position g, velocity g, coupled to
the Maxwell field with electric field £ and magnetic field B. The coupling to the field is through
a rigid charge distribution ¢ : R3 — R, normalized as [ dx ¢(x) = 1. Then the equations of
motion for the coupled system read, in units where ¢ = 1,

d 0
—B=—-VAE, —B=VAE— -—q)q,
o7 a7 ep(- —q)q

V-E=ep(-—q), V-B =0,
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%(M(l —3%) " %q) = e(Ex0(@) +d A (Bx0)@) (1)
with % denoting convolution. The uncoupled system, e = 0, is Lorentz invariant. But the choice
of the rigid charge distribution singles out a specific reference frame and hence makes the model
semi-relativistic, only.

The canonical quantization of (1) results in a quantum evolution governed by the semi-
relativistic Pauli—Fierz hamiltonian. Our goal is to study spectral properties of this operator.
While the nonrelativistic counterpart has been investigated in considerable detail, no spectral
results seem to be available for the semi-relativistic case.

The quantization procedure for (1) is described, e.g., in [24]. One writes (1) in Lagrangian
form and Legendre transforms to Hamiltonian structure in using the Coulomb gauge. Since our
prime example will be an electron (charge —e), we want to include spin % As for the nonrela-
tivistic hamiltonian this amounts to replacing (p + eA)? by (o-(p+ eA))? with o the 3-vector of
Pauli spin matrices. As a result one obtains the semi-relativistic Pauli—Fierz hamiltonian, which
is given by

Hy = \/(o (=iVy + eAM)))’ + M2 + Hy. )

Without restriction of generality we set e >> 0. Hy; acts in L?(R3: C?) ® §, where § is the photon
Fock space

§=Y"TL2® x (1,2)®".

n=0

A(x) is the quantized vector potential defined through

ek, M) (e* ak, 1) + e *¥a(k, 1)*),

A(x) = Z f __ &
V2Q2)3w(k)

A=12p<a

where e(k, A), . = 1,2, is the pair of polarization vectors. k/|k|, e(k, 1), e(k,2) are a dreibein
depending measurably on k. For convenience we use the sharp ultraviolet cutoff A which cor-
responds to setting @(k) = (27)~3/% for |k| < A and @(k) = 0 otherwise, ~ denoting Fourier
transform. Our results are equally valid for a smooth cutoff. a(k, 1), a(k, 1)* are the annihilation
and creation operators which satisfy the standard commutation relations

[atk, 1), a(K', M) ] = 8,8k — k'),
[atk, 1), ak', )] =0=[alk, )" ak’,})*].

Hs is the field energy,

Hp= )" /dkw(k)a(k,k)*a(k,k). (3)

A=12p;
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For the Maxwell field the dispersion relation is
(k) = |k|.
Mathematically it is convenient to introduce the photon mass mp, through the choice
wk) =k + mih.
Readers will find more precise definitions of A(x) and Hr in Appendix A.

Remark 1. For a fixed configuration of the vector potential the classical hamiltonian function is

Ha(p,) = (p — eA@)’ + M2, )

We picked here the “naive” quantization p ~ —iVy, g ~ x, which is fairly common in the
physics community [3]. Alternatives would be either Weyl or magnetic Weyl quantization [16].

By translation invariance the total momentum, i.e., the sum of the momentum of the charge
and the field momentum, is conserved. The generator of translations is the total momentum
operator Py = —1Vy + Pp with

Pr= )" /dkka(k, M*alk, L).

k:l,2R3
It strongly commutes with the hamiltonian Hg, namely, exp[—ia - Py]exp[—itHy] =
exp[—it Hgr] exp[—ia - Pyy] for all a € R3 and 7 € R. Therefore Hy admits the direct integral
decomposition

®
UHsru*zf Hy(P)dP, (5)
]R3
Hsr(P)z\/(P — Pr+eA0)) 40 - BO) + M2 + H; (6)

acting in C’® 3, B(0) =V A A(0). The unitary U is defined by U = F; expl[ix - Pr] where
Fy is the Fourier transformation with respect to x. We will provide a mathematically rigorous
definition of Hg and Hg.(P) in Section 2.

As the most basic information on Hg(P) we want to study its spectral gap and the multiplicity
of its ground state. To have a guideline, one restricts Hs(P) with e = 0 to one-photon excitations
only [6]. Then this restricted operator has a single, doubly degenerate eigenvalue

E5(P) =+ P2+ M? 7)

and continuous spectrum with bottom

EL(P) :ilklf(\/(P — k)2 + M? + (k). (8)
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Now in the non-relativistic case, kinetic energy P2/2M, the corresponding version of (7), (8)
imply that for small P there is a gap which vanishes at P., P, =~ M. On the other hand for
the semi-relativistic case, (7), (8) imply that the restricted hamiltonian has a spectral gap which
closes as 1/|P| for | P| — oo.

One of our long term goals is to control the effective dynamics of a charge subject to slowly
varying external potentials and coupled to the radiation field as in (2). Very crudely, one consid-
ers the subspace of L2(R3; C?) ® § spanned by the ground states of Hy:(P) with P € R® and
constructs the effective dynamics as an approximate solution to the full dynamics lying close to
that subspace. In principle this problem can be handled by space-adiabatic perturbation theory
[19,25,26], which as one basic input uses that Hg.(P) has a uniform spectral gap, i.e., for all
PR3,

inf{spec(Hy(P)) \ {Est(P)}} — Eqr(P) =: Co(P) = Co > 0, )

where Eg(P) = infspec(Hg(P)). The heuristic argument above indicates that Hy.(P) does not
satisfy the gap condition (9). Of course, one could imagine to avoid the uniform gap through a
suitable restriction on the allowed initial wave functions. But this seems to be a major technical
enterprise. Therefore we propose to modify somewhat Hg(P) such that the small energy behav-
ior is changed only little, while at large P the gap condition (9) holds. The simplest way is to put
a factor y, 0 < y < 1, in front of the square root, to say, (2) is modified to

H= y\/(o (=iV, + eA(x)))’ + M2 + H. (10)

Then (4) carries a prefactor y and (5), (6) are modified to

2]
UHL{*zf H(P)dP, (11)
R3
H(P) =y\/(P—Pf+eA(0))2+U~B(0)+M2+Hf. (12)

The heuristics based on (7) and (8) indicates that H (P) should have a uniform gap and this will
be one of the main results of our paper.

To get started we have to ensure the self-adjointness of H and of H(P), see Section 2 for
details.

Proposition 1.1. For any 0 < y <1, A < 00 and 0 < mph, there exists ey > 0 such that, for all
e < ey, H is self-adjoint on dom(|—iV,|) N dom(Hr). Moreover H is essentially self-adjoint on

any core of the free Hamiltonian Hy = y~/—A, + M? + H;.

Proposition 1.2. Choose y, A, mpy arbitrarily as Proposition 1.1. Let e, be given by Proposi-
tion 1.1. Then, for all e < e, and P € R3, H(P) is self-adjoint on dom(Hy). Moreover H(P) is

essentially self-adjoint on any core of the operator Hy(P) = y+/ (P — Pp)? + M? + H;.

Remark 2. There are further parts of our proof which will require small e,. Therefore we did
not attempt to optimize e, in every step.
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The spectral analysis of the nonrelativistic Pauli—Fierz hamiltonian was initiated by J. Frohlich
in his PhD thesis [6]. Our first main result is the extension of his methods to the semi-relativistic
case. While the result could be anticipated from [6,17,23], the actual proof is surprisingly tech-
nical, since the minimal coupling is under the square root, see Section 3.

Theorem 1.3. Set A, y, mpn arbitrarily as in Proposition 1.2. Choose e as e < ey. Let

A(P) = inf (E(P —k) + w(k) — E(P))

inf
keR3
where
E(P)=infspec(H(P)),  X(P)=infess.spec(H(P)).
Then one has
X(P)— E(P)=A(P)
forall P e R3.

If mpn > 0 and y < 1 it s easily seen that A(P) > Cy > 0 uniformly. However this does not
yet establish a spectral gap in the sense of (9), because beyond the ground state there could be
other eigenvalues in the interval [E(P), X (P)]. In the literature there are two methods to count
the number of eigenvalues. One is through positive commutator, Mourre type estimates and the
other uses a pull through in order to estimate the overlap between the Fock vacuum and the
ground state. For sufficiently small P both methods yield the desired result. However, a uniform
bound on the spectral gap seems to be difficult to achieve by such techniques. Therefore we
introduce a novel method based on operator monotonicity, which we learned from the masterly
works of Lieb and Loss [13,14], together with the min-max principle. While the case y =1 is
not worked out detail, our method is still available to investigate the spectral gap of Hg(P).

Progressed so far, one still has to determine the degeneracy of the ground state. For the non-
relativistic Pauli—Fierz model this is discussed in [12]. Later on we learned a very simple and
general argument from M. Loss. We reproduce his result and show that it is applicable to the
semi-relativistic Pauli—Fierz hamiltonian.

We summarize our main result in

Theorem 1.4. Fix 0 < y < 1 and 0 < mpp. Then there exists e, > 0 independent of P, such that,
forall e < e, and P € R3, the following properties hold.

(i) One has
Z(P)— E(P) = (1 —y)mpy —eci — O(e?) > 0
for all P € R3, where c1 and O(e*) are independent of P. In particular E(P) is an eigen-
value.

(i) One has

inf{spec(H (P)) \{E(P)}} — E(P) > (1 —ecy — y)mpn —ec3 — O(e*)  (13)
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for all P, where c3, c3 and O(e?) are independent of P.
(i) E(P) is exactly doubly degenerate.

Remark 3. We remark that the lowest energy E(P) and a possible spectral gap are also of
importance, e.g., in scattering theory. We refer to [1,7,8,10,11,22] for the investigation of related
models and to [2] for E(P) when the infrared cutoff is removed.

This paper is organized as follows. In Section 2 we define the semi-relativistic Pauli-Fierz
Hamiltonians and prove Propositions 1.1 and 1.2. In Section 3 we prove Theorem 1.3. Section 4
is devoted to show the degeneracy of eigenvalues by Kramers’ degeneracy theorem. In Section 5
some energy inequalities are established. We prove Theorem 1.4 in Section 6. Some auxiliary
results are proven in Appendices A-E.

2. Self-adjointness
2.1. Dirac operators

As a preliminary, we introduce two Dirac operators which will simplify our study.
Let us define a Dirac operator D by

D=oa-(—iVy +eAx)) + MB

living in L?(R?; C*) ® . This is essentially self-adjoint on CJ°(R*; C*) ® Fin by the Nelson’s
commutator theorem [20] with the test operator —A, + Hy. Here

Fin =Lin{a(f)*...a(f)* 2, 2| i, 2D, ..., ful An) e C°(RY)
forall Ay, ..., A, €{1,2} and n € N},

where Lin{...} means the linear span of the set {...} and £2 is the Fock vacuum defined by
2=100800---. We denote the closure of D by the same symbol. We note that

D?> =T + M?,
|ID| =V T + M2,

where the self-adjoint operator 7 is expressed as

r_ (0 (=iVit eA(x)))? 0
- 0 (0 - (—iVy + eA(x)))?

on C§°(R3; C*) ® Fin-
Next let us define the following Dirac operator

D(P)=a- (P — Pi+eA(0) + MB

acting in C* ® §. Again this is essentially self-adjoint on C* ® o by the Nelson’s commutator
theorem with a test operator Hy. We denote its closure by the same symbol. Then one can easily
observe that
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D
UDU*:/ D(P)dP,
R3

D(P)>=T(P) + M?,

|D(P)| =VT(P)+ M2,

where the action of the self-adjoint operator 7' (P) is concretely given as

_ (0 (P = Pr+eA(0)))? 0
T(p)= ( 0 (0 - (P — Pr+eA(0)))? )

on C* @ Fin.
2.2. Definition of the Hamiltonians

Our definition of H and H (P) are as follow:

H =y|D|+ Hy,
H(P)=y|D(P)| + Hr.

In this paper we occasionally identify a direct sum operator A @ A with A if no confusion
occurs. Hence the above definitions mean that H @ H = y|D| + Hy @ Hr and H(P) & H(P) =
y|D(P)| + Ht © H.

2.3. Proof of Proposition 1.1

For each ¢ € CSO(R3; C*) ® Fin, one has

I |D|ga”2 =(p. D2<p> < const||(Ho + ]l)ga”z.

Since C{° (R3; C* ® Fsn is a core of Hy, one concludes that dom(Hy) € dom(|D|). Also note
that, for Dg := o - (—i1V,) + M8, one has dom(Hp) € dom(|Dg|). Let Hy be the interaction term
given by

Hy = |D| — |Dy].

By the above arguments, dom(Hp) € dom(Hy) holds. Using the formula

o0
lal 1fm1 « (14)
al=— _——,
b4 Jit+a?
0

one has
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|D| = | Dol
o

:%/dz\fz(rwz)’l{zm(xy(—ivx)+e2A<x>2+ea~B<x>}(f+03)717 (15)

0

where B(x) = V, A A(x). Observe that

|A; ) (=id)(+ D) (Ho+ 1)~

<A (=idp)—id; 172 (Ho + 17| | 1=i0; 12 (e + D) |

< constt /4

for j =1,2,3,and

||A(x) (Hp+1)~ 1|| const,
||0 B(x)(Hy+ 1)~ 1|| const.

Combining these with (15), one obtains

o0
| Hi(Ho + 1)~ < const(e + ¢* /dt\/ft—i—Mz {t*3/4+(t+M2)7]}
0

< OCe). (16)

Hence there exists e, such that || Hy(Hy + 1)~ '|| < 1 for all e < e,. Now we can apply the Kato—
Rellich theorem [20] to obtain the assertion in Proposition 1.1.

2.4. Proof of Proposition 1.2
By (16), one has
IHY I < O@) | (Ho+ Dy |. (17)

For each kg € R3, choose ¥ as Uy = |B€,/(0|_1/2)(13M0 ® ¢ where ¢ € C? ® Fn, xs is the

characteristic function of the set S, Bgx, = {k € R3 | |k — ko| < €} and | Be kol = 47‘[83/3. It
follows from (17) that

%, (18)

| B sy |~ f dk | Hi(k)g|* < O(?) B gl / dk || (Ho(k) + 1)¢

Bé‘,ko BS,/(O

where Hi(P) = |D(P)| — |Do(P)|. Since Hi(P)¢ and (Hy(P) + 1)¢ are strongly continuous
in P, we can take the limit as ¢ | 0 and obtain that

| Hi(ko)e | < O(e) || (Ho(ko) + 1) |-
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Since ky is arbitrary and C? ® sy is a core of Ho(P), we have that || Hy(P)(Ho(P) + 1)~ 1| <
O(e) for all P. Now we can apply the Kato—Rellich theorem [20] and obtain the assertion in the
proposition. O

3. Spectral properties

3.1. Preliminaries

In this section, we will prove Theorem 1.3. To this end, we need some preliminaries.

Let j; and j» be two localization functions on R? so that j12 + j22 =1 and j; is supported in
a ball of radius R. For each vector f = f(k,A) in L*(R3 x {1,2}), we define an operator _Z;
(i =1,2)by

(i )k, ) = ji(=iVi) f(k, ).
Now we define a linear operator _¢ : L2(R? x {1,2}) — L*(R? x {1,2}) ® L*(R3 x {1, 2}) by
S I=NFe Nf
for each f € L2(R3 x {1, 2}).
Let U be the natural isometry from F(L2(R? x {1,2}) @ L*(R3 x {1,2})) to § ® & where

F(L2(R3 x {1,2}) ® L2(R3 x {1,2})) is the Fock space over LZ(R3 x {1,2}) ® L*(R3 x {1, 2}),
see Appendix A. Concrete action of U is given by

Ua(fi®gn" ... alfu ®g:)*2°
=[a(f)*@1L+1®ag)*]...[a(f)* ®1+1®a(g)*|2 ® L2,
where £29 is the Fock vacuum in F(L2(R? x {1, 2}) ® L2(R3 x {1,2})). The following operator
I'(f):=Ur(g%)
plays an important role in our proof. The importance of f( #) was discovered by Dereziriski
and Gérard [4].

In Appendix C we show the following formula.

Lemma 3.1 (Localization formula). Let

H®(P):y\/{0-(P—Pf®]l—]l®Pf+eA(0)®1)}2+M2+Hf®]1+]l®Hf

acting in C> ® § ® §. Choose e as e < ey, where ey, is given in Proposition 1.2. Then, for all
¢ € C? ® Ffin ® Ftin, one obtains

@, (H(P) = (7Y HE(P)T'(_7))g)| <or (D[ (H(P) + 1)o |,

where or (1) is a function of R vanishing as R — o0.
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Finally we note the following lemma.

Lemma 3.2. One has
H®(P) > E(P)+ A(P)(1 - Pg),
where Pg is the orthogonal projection onto C> ® § ® £2.
Proof. Remark the following natural identification,
52
CeFef=) C?eFe L} (R x{1,2})%".
n30

Set #, =C2QFQ LZ(R3 x {1,2})®s" Each vector ¢ € %%, can be expressed as a C?®F-valued
symmetric function on (R3 x {1,2})*":

(pz(p(klv)"lv '-'1kn1 )\n)

Under this identification, the action of H®(P) is given by

(HE(P)@) ki, At - - Ky D)
- <H<P _Zkl) +Zw(ki))§0(k1,)\1,...,kn,kn)
i=1 i=1

for a suitable ¢ € 7. Thus, using the triangle inequality w (k] + k2) < w (k1) + w(k2), one has

(0. H*(PYp)= > /dlq...dkn<go(k1,kl,...,kn,kn),

Ayeens M=1,2

(H(P — Zkl) + Zw(ki)>¢(k1,/\1, ook, kn)>
i=1 i=1
> (A(P) + E(P)) gl

For n =0, we have H®(P) | 74 = H(P). Combining the results, one reaches the assertion in
the lemma. 0O

3.2. Proof of Theorem 1.3

3.2.1. Lower bound of ¥ (P) — E(P)
In this sub-subsection, we will show the following lower bound.

Proposition 3.3. Choose e < e,. Then one has that X (P) — E(P) > A(P).
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Proof. For any X\ € ess.spec(H(P)), we can find a sequence {¢,}, such that [|g,| =1,
w-limy,_, oo ¢, = 0 and lim,,_,  ||(H(P) — A) @, || = 0. For each n € N, one has

(0ns H(PY) = (00, T'(_F)Y HE(PYT () ) — or (D[ (H(P) + 1)

by Lemma 3.1. Thus using Lemma 3.2 one gets
(¢n, H(P)pn) = E(P) + A(P) — A(P) | Po T (L7 )¢n ||2 —or(|(H(P) + 1), ||2 19)

First we will show that lim, oo [|Pol"(_#)@nll = 0. Remark that |Pol'(_Z)gnl =
1" (_71)¢nll. With Nt the number operator given by

Ni= Z /dka(k,k)*a(k,k),

k:l,2R3
we also remark that (@,, N, ) is uniformly bounded in n because

(@n, Nrgn) < m;hl (@n, Hrpn) < m;hl(Qom H(P)(pn>o

Thus [[(1 — xn(NeD T (D¢l < (M — xn(Np)gnll = on (1) holds where oy (1) is a func-
tion of N, independent of n, vanishing as N — oo. Here xy(s) =1 if 0 < s < N and
x (s) = 0 otherwise, moreover yy (Nr) is defined by the functional calculus. On the other hand,
xn (Np)(Hy +1)~Y2(_#1) is compact for all N. Thus one finds that

|Pal*()enl?
<2 v (NOT C2Den]) > +2] (1 — xw (VD))
= 2(xn (ND) (H; + 1)~ 2T (1) 0u. (Hi + 1)) + oy (1)
=2 v (N (He + 1) 2 0 ()| (He + D2 (H(P) +1) |

172
x [(H(P)+1)" g, | +on (D).
First we take the limit n — oo. Then, by the compactness of the linear operator xy (Nr)(Hr +
1)~Y2r(_#1), the vector xn(Np)(Hy + 1)~V/2I'(_#1)*@, converges to 0 strongly which im-

plies that limsup,_, o, ||P9f(/)¢n|| < on(1). Then taking N — oo, one concludes that
limy, 00 ||P.QF(/)§0n” =0.

Taking the limit n — oo in both side of (19), one finds

A= E(P)+ A(P) —on(D(A + 1)%

Finally taking R — oo, one obtains the desired assertion. O
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3.2.2. Upper bound of ¥ (P) — E(P)
We will complete our proof of Theorem 1.3 by showing the following upper bound.

Proposition 3.4. Choose e as e < ey. Then we have that X (P) — E(P) < A(P).

Proof. For notational simplicity we set y = 1 in this proof. For each ko € R3, let us define

fE,k() - |B8,ko |_1/2XBs,k0 )

Bek, = [k e R | |k — kol < e},
where x4 is the characteristic function of the measurable set A and |A| means the Lebesgue
measure of A. Choose a normalized vector ¢, € ranEA(H(P — ko)) with A =[—e 4+ z,z7+ €],
7= E(P — ko) + w(ko), ¢ > 0. Here for a self-adjoint operator A, E(A) stands for the spec-
tral measure of A for the interval A. Let a,(f) = f]R3 dk f(k)*a(k,1). We will show that

ar(fe.ko) @e/llax(feky)*@ell is @ Weyl sequence for z as ¢ |, 0. Applying the pull-through for-
mula, one has

((H(P) = 2)ar(fekg) @e. V)
= / dk fo ko O{((H (P = k) + 0 (k) — 2)ge, atk. DY) — (Sea(PYoe ¥)} (20)
R3
for each normalized ¥ € C? ® Ffin, where

Ska(P)=|D(P —k)|a(k,») —a(k, \)|D(P)|.

As to the second term in the right-hand side of (20), observe that

‘ / dk fe.kg () Sk 1 (P)*@e, W)
R3

< / dk ko () || Sp. (PY e | 17l

]R3
< f dk fo ko ()| Sks (PYS(H(P = k) + 1) | | (H(P = k) + 1) |
R3
< c/dk Foko G (1+ KDY Fok. 1) (E(P — ko) + 1 + wr(ko) + O(k — kol) +¢)
R3

by Lemma D.6 and (29) below, where

xa(k)ek, 1) ik

V202130 k)

Fi(k,A\)=e 3))
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Clearly the right-hand side of the above inequality converges to 0 as ¢ |, 0 because f; x, weakly
converges to 0 in L?(R?). Next we will estimate the first term in the right-hand side of (20). One
has

’ / dk fo ko O((H (P — k) + (k) — 2) s, alk, w)‘
R3

1/2
< [ f dk fo ko (| (Nt +2) 2 (H(P — k) + (k) — 2) e ||2} (22)
R3
1/2
x [fdk | (Ve +2)"ak, x)w”z} . (23)
]R3

The term (23) is less than ||y ||?(= 1) because

/dk ‘}(Nf+2)_1/2a(k,k)1/f|‘2</dk(a(k,k)w,a(k,k)(Nf+1)_11//>

R3 R3
= (¥, Ne(Ne+ 1)~ ')
<y lP.

As to the term (22) we need a lengthy calculation below. Note that, since Ny + 2 < m;hl H(P —
k) + 2, one has

|(Ne+2)2(H(P — k) + 0(k) — 2) e |
<C|(HP =k +2)*(HP k) + o k) — 2)¢ |
@ | (24)

+Cl2— 24 0®@| P (HP =) + o) —2)e|. (25)

<C|(HP =k + otk —2)

Note that

HP -k +wk) —z
= (H(P —ko) + w(ko) —z) + (H(P — k) — H(P — ko) + (k) — w(ko)).

Thus one has
|(H(P — k) + o (k) — 2) ¢ |

< |[(H(P = ko) + w(ko) — 2)¢e | + | (H(P — k) — H(P — ko)) e | + | (k) — w(ko)|
<e+|[(|D(P —b)| = |DP —ko)|)pe || + (k) — w(ko)|. (26)
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We will show that
[(|D(P = k)| = |D(P — ko)) (H(P — ko) + 1) || < O(1k — kol).- (27)
To see this, we just note that, by (14),

|D(P — k)| - |D(P — ko)
:%/dtﬁ(r‘i_b(P_k)2)_1{2(_k+k0)'Pf‘i‘kz—kg—l—Ze(—k-{—ko).A(())}
M2

x (t+D(P —kp)?) ™.
Hence, by Lemma D.3, one obtains

[(Ipe =] =D ko)) (H (P ~ 0 +1)7"]
< [avi 2k k) P =1+ 2k + ) AO)) )|
M2

< [[(Hr 4+ 1) (1 4+ DP — ko)™ (H(P — ko) +1)'|

<C(@t14+t73/24+-2) by Lemma D.3

< O(lk — kol) (28)
which implies
[(HP —k) + k) —2)p.| <O(lk —kol) + & (29)

by (26). As a consequence, the term (25) is estimated as

(25) < (O(lk —kol) +€)[2 =z + w(®)|'"%. (30)

To estimate (24), observe that

|(H(P = k) + k) —2) g |
< (H(P -k +wk) — z)zwg I (HP =k +wk) —2)¢| - (31)

<O(lk—kol)+€ by (29)

Since ||(H(P — k) + w(k) — 2)>(H(P — ko) + 1)72| is uniformly bounded for k € B; i, by
Lemma D.5, we obtain

(24) < O(lk — kol) + Ce. (32)

Collecting (30) and (32), we arrive at
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2
[ Ok Fesa @R e+ 1) P (1P = 0+ 00~ 2|
R3

< / dk fuzo () (O(1K = kol) +¢)
R3
=o0¢(1).

This means that
| (H(P) = 2)ar(fere) @e | < o0e(D). (33)

Set We = (fek)) 0e/ @ (fek)*@ell. (Note that, by the CCRs, [a;(fer) el =
Il feko 1Pl @e 1> + Nl@s (feo)@ell® = 1.) Then one can easily see that ¥, weakly converges to 0
as ¢ | 0 and, by (33), limg o [(H(P) — 2)¥.|| = 0. Hence {¥,} is a Weyl sequence. Thus
z=E(P — ko) + w(ko) € ess.spec(H (P)). Since ko is arbitrary, one has the desired assertion in
the proposition. O

4. Degenerate eigenvalues

4.1. Abstract Kramers’ degeneracy theorem

The following lemma is well known as the Kramers’ degeneracy theorem which plays a cen-
tral role in this section.

Lemma 4.1 (Abstract Kramers’ degeneracy theorem). Let © be an antiunitary operator with
0% = —1. (In applications © is mostly the time reversal operator.) Let H be a self-adjoint oper-
ator. Assume that H commutes with ©. Then each eigenvalue of H is at least doubly degenerate.

Proof. Let i be an eigenvector of H for the eigenvalue p. The commutativity between H and
U implies

Hoy = 9HY = udp.

Hence ¢ is an eigenvector for the same eigenvalue .
The antiunitarity of ¢ means that

(O, 0n) = (n, ¥).

Therefore
(@), 99)= (¥, 99)

which implies (¥, 94) =0, using 9> = —1. O
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4.2. Reality preserving operators and degenerate eigenvalues

Recall that the Hamiltonian H (P) is living in C*> ® §. Each vector ¢ € C*> ® § has the fol-
lowing expression:

=91 D¢,
@ .
0i=3 " o™kt hrs kA, =12,
n=>0

under the identification C?> @ § = § @ §. For each ¢ € C2 ® §, set

Jo=jo1® je2,

. ©_ .
](pl:Z (plgn)(klv)“lv"'iknv)"n)s l=172'
n>0

We say that a linear operator A on § preserves the reality with respect to j if A commutes with j.
Since a(k, A) acts by

® —
a(k, )")(pl = Z n + l(p,'('1+1)(k, )‘17 k11 )‘«13 .. ,kn» )"n)s
n>0

one has ja(k,1) =a(k,A)j and ja(k, A)* = a(k, 1)*j which imply

JPr= Pj, (34)
JA0)=A(0)/, (35)
JB(0)=—-B(0)/, (36)

jH= Hgj, (37)

that is, Pr, A(0), iB(0) and Hr preserve the reality with respect to j. (Here B(0) =V A A(0).)

Proposition 4.2. Let ¥ be given by

¥ =o0oJ.
Then ¥ is an antiunitary operator satisfying 9> = —1. Moreover, for all P and e, we obtain that
Y H(P)= H(P)v. (38)

Thus, by Lemma 4.1, each eigenvalue of H(P) is at least doubly degenerate.

Proof. Since 022 =1, one easily sees the antiunitarity of ©. Furthermore using the anticommu-
tativity o»J = —J o, one has 92 = —1.
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Next we will show (38). Since Hf commutes with © by (37), it suffices to show that
|D(P)| commutes with ¢. Our basic idea is simple. Noting the fact do0; = —0;9 for i =
1,2,3, we can easily see that ¥ commutes with ID(P)]2(= (P — P; + eA(0)? + eo -
B(0) + M?) on C?> ® Fn by (34)-(36). As a consequence we could expect that |D(P)]
(= (P — Pt + ¢A(0))2 + eo - B(0) + M?) also commutes with ©.

Unfortunately since we do not know whether the subspace C> ® Fn is a core of D(P)?
or not, the above arguments are somehow formal. However we can rigorize the arguments as
follow. To clarify the M dependence, we write D(P) as Dy (P) in this proof. Let =000
acting in C* ® §. Then we see that Ol,l9 = —1905, and /319 19/3 which imply 19DM(P)1§l 1=
—D_p(P) on C* ® Fan. Since we have already seen that C* @ Fhin is a core of Dy (P) in
Section 2.1, this equality holds as an operator equality. Hence, by the functional calculus, one
has 5f(DM(P))1§_1 = f(—D_p(P)), where f is real-valued. In the case where f(s) = x/_
we have f(—D_p(P)) = f(Dpy(P)) because D_ M(P)2 DM(P)2 by the anticommutativity
between M and Dy;—o(P). Now one can conclude that 3Dy (P)|19 1 = |Dpr(P)| holds as an
operator equality. O

4.3. Comments on related models

The arguments in this section are applicable to other models, e.g.,

Hyryv = —iV, +eA()))’ + V(x) + H,

m("'(

Hxr(P) = P— Pf—i-eA(O)) +-45. B(0) + Hy,

2M ( 2M

Hy = \/(—iVx +eA()) +eo - B(x) + M2+ V(x) + Hy

with V(x) = V(—x). As regards to HNr(P), most of the arguments of Section 4.2 are valid.
However, for Hnr,v and Hy, we have to change the definition of j. Hy is acting in the Hilbert
space L%(R3; C?) ® §. Each vector ¢ in L2(R3; C?) ® § has the form

=91 D¢,
@ .
(plzz (pl‘(n)(x;kla)"ls"'aknv)"n)a l=172'
n>0

In this case, we define j as

o =3 @ (—xi ki Ay k), = 1,2,
n3>0
Then one can check that
J(=iVy) = (=iVy)J,
JAKX) =Ax)],
J(iB(x)) = (iB(x))J,
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JV@)=V)j,
JHi = Hij,
namely, all these operators preserve the reality with the respect to this new j. Hence defining
the time reversal operator as ©* = 02 J, one can see that Hy commutes with ¢. Thus using the
abstract Kramers’ degeneracy theorem, one concludes that each eigenvalue of Hy is at least
doubly degenerate. A similar modification applies to ANR,v -

5. Energy inequalities

To make sure that there is no further eigenvalues close to E(P) we will find self-adjoint
operators L4 (P) and L_(P) such that

L_(P)<H(P)<Ly(P). (39)

L_(P), L, (P) are given below. They can be easily diagonalized. The min-max principle allows
us to obtain bounds as, e.g.,

X(P)—E(P)> X(L_(P)) — E(L+(P))

and more precise information, since the spectrum of L (P) is available, see Section 6 for details.
(Here, for a self-adjoint operator 7', ¥ (T) = infess.spec(T) and E(T) = infspec(T).)

Proposition 5.1 (Lower bound). For any 0 <y < 1,0 <mpp and P € R3, one has
H(|Plu) > L_(P)
with
L (P)=yVP2+ M2+ (1—y —eC) H — eC, (40)
for suitable constants C1, C>» > 0 which are independent of e and P, where u = (1,0, 0).
Proof.

Step 1. Let Hg (P) be the spinless Hamiltonian. In this step, we will show the following operator
inequality by extending the method in [13]:

Hsp(|Plu) = yV P2+ M?>+ (1 —y —eC)H; — eC 41)
with a strictly positive constant C independent of e and P. Clearly
2 2
(IPlu— Pr+eA(0))” = (IP| — Pr1i +eA(0)1)".

Thus by the operator monotonicity of the square root (Lemma E.1), one has

Hsy(|Plu) > y\/(|P| — Py +eA(O)1)2 + M2 + H;.
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Let f(s) = +/s2+ M2, s € R. By Taylor’s theorem, one has

1

F(IPI+5) =f(|P|)+f’(|P|)s+/dt(1 — 1) f"(IP| +ts)s?

0

with f/(s) = s/+/s2 + M2 and f"(s) = M?/(s*> + M?)>/?. Applying the functional calculus, we
have the following operator equality

JOPI= P +eA©)) + M2

=V P24+ M2+ ¢(—Pf1 +eA(0))
N
1
+/dr<1 COF(IP] 4 1(= P + eAO))) (= Pry + eA0)1) 42)
0

Since the last term in (42) is a positive operator, one obtains

JOPI= Pr+eA©)) + M2

| P
VP2 + M?

>V P2+ M2 — Hy — |0~ Foi || (H; + 1)

>V P24+ M2+ (—Pr1 +eA(0)1)

by the standard bounds | Py | < Hy and eA(0); > —||w~ /2 Fo; || (Hf + 1). This proves (41).

Step 2. We will show that

3
+(HsL(|Plu) — H(|P|u)) < ﬁ” (1 + @™ 2) k|| Fol | (H + 1). (43)
To this end, we simply note that, by (14),

Hsi.(|1Plu) — H(|Plu)

:—%/dsx/s—Mz(s+(|P|u—Pf—l-eA(O))z)_lea~B(0)(s+ﬁ(|P|u)2)_1,
M2

where D(P) = D(P) — MB. Noting the facts [|eo - B(0)(H +1)~1/2| < 6]|(1 +w~/2)|k|| Fol |
and (D.2) in the proof of Lemma D.3, one can see that ||(HsL(P) — H(P))(H; + 1)~1/?| <
37| (1 + 0™ V/?) k|| Fol|l /M. Now (43) is obtained.
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Step 3 (Proof of Proposition 5.1). From (41) and (43) it follows that

H(|Plu) = HsL(|Plu) + (H(|P|u) — HsL(|P|u))
> Hsy (|Plu) — eC(Hy + 1)
>yVP2+ M2+ (1—y—eC))Hs—eCy.

This proves the desired assertion in the proposition. 0O

Before we proceed, we remark the following. Let SO(3) be the rotation group. Then there

exists a unitary representation 7 of SO(3) such that
meH(P)w; ' =H(g™'P)

forall g € SO(3) and P € R3, see, e.g., [24]. Thus E(P) is a radial function in P.
Since E(P) is rotationally symmetric in P, one has an immediate corollary.

Corollary 5.2. Choose y < 1 and e sufficiently small as e < e,. One has
E(P)2yVP2+ M? —eCy

for all P € R3, where C, is independent of e, P.

Proposition 5.3 (Upper bound). One obtains

H(|Plu) < Ly(P)

with
Li(P)=y[(I1Plu— Pf)2 +2|P|(He + |0~ 2| Fol|)
+a(H + 1) PP+ || (140 ) Fol|* + [ (1 + 0™ V) Fol | (Hr + 1)
+ Hy + [[1k1V2(Fol|* + M?]'"? + Hy
forall P.

Proof. Observe that
D(1Plu)’ = (IPlu— P)* +2(|Plu — Pr) - A0) + € A(0)? + eo - B(0) + M>.
Using the fundamental inequalities in Appendix A, one has

).

1
eA(0) - Py <2(Hp +1)P? + 5||(1 +o )| Fy

|PleA(0)1 < |P|(Hr+ |0~ "2 | Fol

K

A0 < |[(1 4o ) Fol | (H + 1),

(44)

(45)
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2
eo - B(0) < Hi+ || k1'% Fol |~
Applying the operator monotonicity of the square root (Lemma E.1), one concludes (45). O

By the above operator inequality, we immediately obtain

(m @2, H(IPlu)n © 2)

<y 1P +21P1 o121 Foll + 2] (1-+ 0= 2) ol + [k ol | + M2

where 14 = (1, 0). Thus taking the rotational invariance of E(P) in P into consideration, one
has a following corollary.

Corollary 5.4. One has

E(P) gy\/(|P|+ecg)2+M2+ezc4 (46)
for all P, where C3 and C4 are independent of P and e.
6. Proof of Theorem 1.4
6.1. Proof of Theorem 1.4(i)

For a € R¢, llal|ge means the standard norm in R?. Then one has, for example, w (k) =
|k, mpn) lgs = II(Ik], mpn) |g2. Applying the triangle inequality and Corollary 5.2, one gets

E(P —k)+w(k)
2y | (1P = kI, M) g2 + || (151, mpn) [ 2 = €C
>y | (1P = k1. M) [ g2 + v | (1K1 mpn) [ g2 + (1 = ) [ (1k]. mpn) [ 2 — eC
=y [[(P =k M) | g + v [ k. mpn) [ s + (1 =) | (k. 1mpn) [y — €C
>y ||(P. M + mpn) | gs + (1 = y)mpn — eC.

On the other hand, since ||~ /2| Fy|||> = O(e?) etc., one has, by Corollary 5.4, that

EP) <y | (1P| +eC3, | M2+ O(e?)) | g2

<y |(IP1+eCa M) g + v [ (0, M2+ O(e?) = M) | o

<y|[(P. M) s + eC3 + O(e?).

Thus the desired assertion in the lemma follows. 0O
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6.2. Proof of Theorem 1.4(ii) and (iii)

We denote the infimum of spec(L_(P)) and ess.spec(L_(P)) by E_(P) and X'_(P), respec-
tively. Clearly one has

E (P)=yVP2+M?—cC,
X (P)=yVP 4+M2+(1—y— eCy)mpp — eCs.

Let £ (P) be the function of P which is appearing on the right-hand side of (46). Then using
similar arguments as in the proof of Theorem 1.4(i), one sees that

0<E(P)—EL(P) < Cle+0O(?) A7)

with e < e,. (Here it should be noted that e, is independent of P.) Thus taking the fact £_(P) <
E(P) < £4(P) into consideration, one has

0< E(P)—E_(P)<Cle+0(?) (48)
for e < e,, which means E(P) is close to £_(P) uniformly in P. Also we note that
Y_(P)—=&-(P)=2(1—eC—y)mp. 49)

Let E1(P) be the first excited eigenvalue of H(P) (or possibly be ¥ (P) if there is no such
excited state). Then by the operator inequality (40) and the min-max principle [21], one has

Ei(|Plu) = Z_(P).

(Note that, by Proposition 4.2, E(P) is always degenerate.) With the help of (44), one sees that
E{(P) is radial and

Ey(P) > X_(P) (50)
for all P € R3. Thus, combining this with (48), we arrive at

E|(P)—E(P)>2X_(P)—&.(P)

=
> Z_(P)— E(P) + (E~(P) — £+(P))

WV

(1—eCy —y)mpn —C'e — (’)(ez)

for e < e,. This proves (ii) in the theorem.

For a self-adjoint operator A, let Ex (A) be its spectral measure for the interval (—oo, K)
and let Ppp(A) be the projection onto the linear space spanned by all eigenstates. Since, by
Proposition 5.1, one has the operator inequality L_ (P) < H (| P|u), the following property holds,

trPop (H (1P1u)) Ex_(p)(H (IPIu)) < trPpp(L—(P)) Es_p) (L~ (P)) =2



T. Miyao, H. Spohn / Journal of Functional Analysis 256 (2009) 2123-2156 2145

by the min-max principle. Applying (44), one has that
trPpp(H(P))Es_(py(H(P)) = trPop(H (IPlu))Ex_py(H (I Plu)) < 2.

Thus H (P) has at most two eigenstates with corresponding eigenvalue less than ¥_(P). On the
other hand, one already knows that E(P) < ¥_(P) < E{(P) for e < e, by (48), (49) and (50).
Therefore E(P) is at most doubly degenerate.
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Appendix A. Second quantization and basic inequalities

Let h be a complex Hilbert space. The Fock space over b is defined by

HOED BT

n=0

where h®" means the n-fold symmetric tensor product of i with the convention h® = C. The
vector 2 =160 06 --- € F(h) is called the Fock vacuum.

We denote by a(f) the annihilation operator on §(h) with a test vector f € b, its adjoint
a(f)*, called the creation operator, is defined by

a(f)o=3""Vnt1f @™

n=0

for a suitable ¢ = Z;%o go(”) € §(h). By definition, a(f) is densely defined, closed, and antilin-

ear in f. We frequently write a(f)* to denote either a(f) or a(f)*. Creation and annihilation
operators satisfy the canonical commutation relations

[a(f),a(@)*] = (f &)L
[a(f).a(®)] =0 = [a(f)*.a(s)"]

on a suitable subspace of §(h), where 1 denotes the identity operator. We introduce a particular
subspace of §(h) which will be used frequently. Let s be a subspace of ). We define

Sn(s) =Lin{a(f)*...a(f)*R2, 2| fi,.... fu€s, neN},

where Lin{. ..} means the linear span of the set {...}. If s is dense in b, so is Fgn(s) in F(H).
For a densely defined closable operator ¢ on b, dI"(c) : §(h) — F() is defined by

n
dr(c) [dom(@©®" =) 1® - ® c ® - ®1 (A
= jth
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and
dr'(c)$2 =0

where dom(c) means the domain of the linear operator c¢. Here in the jth summand c is at the
jth entry. Clearly dI"(c) is closable and we denote its closure by the same symbol. As a typical
example, the number operator Nt is given by Ny =dI"(1).

In the case where h = L2(R3 x {1, 2}), the annihilation and creation operator can be expressed
as the operator-valued distributions a(k, A), a(k, A)* by

a(f)= Z/dkf(k nak,r),  a(f)* = Z/dkf(k Malk, V).

A12 A12

Let F be a measurable function on R3 and let the multiplication operator associated with F be
denoted by the same symbol: (Ff)(k,\) = F (k) f(k,)) for f € L2(IR3 x {1,2}). Then one can
formally express dI"(F) as

dI'(r) = Z /dk F(k)a(k, M) a(k, L).

r=12p
For F (k) = w(k), one has the expression (3) of Hy =dI" ().

Lemma A.1. One has the following.

Q) la(Hell < llo™ 2 F1HI1Hol.
(i) lla(f)*ell < ||(1+w-1/2>f||||<Hf+ 1120
(i) a(f) +a(f)* < He+ o~ V2|12
(V) l@(f) +a(H)Hell <2010+~ 2) fII(He + 1) 2g].
™) He,a(Ha@®e) <11+ o V) £ + o 2)gl{e, (He + 1)g).

Appendix B. Invariant domains
Lemma B.1. Letr A be self-adjoint and H be positive and self-adjoint. Assume the following.

(i) (H +1)"'dom(A) C dom(A).

(i) [(Hu, Au) — (Au, Hu)| < C||(H + L)u||? for all u € dom(A) N dom(H).
(iii) [H, Al(H 4+ 1)~! can be extended to a bounded operator.
Then one has ¢'Adom(H) = dom(H) for all t € R.
Proof. See [5, Lemma2]. O
Appendix C. Localization estimate

In this appendix, we will establish Lemma 3.1 which is essential for the proof of Theorem 1.3.

Unfortunately the proof is technically complicated because of the square root structure. We repeat
the statement which we want to prove.
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Lemma 3.1. Choose e as e < ey. For all ¢ € C? @ Ffn ® Fiin, one obtains

@, (H(P) = (7Y HE(P)T'(_7))g)| <or (D[ (H(P) + 1)o |,

where or (1) is a function of R vanishing as R — o0.
Proof. Let us define a Dirac operator by
D¥(P)=a-(P-P®1—-1® Pi+eA0)®1) + MB.
Then this is essentially self-adjoint on C* ® Fin ® Fin by Nelson’s commutator theorem with a
test operator Hy ® 1 + 1 ® Hy. We denote its closure by the same symbol. Remark that H® (P)
is defined by the similar way in Section 2.
We also introduce

D(P)= D(P) — MB, D®(P)=D®(P) — MB.

Using the formula (14), one has

=) °°dt DY + M2
R i Vi— M2(t + D(P)?)’
M
1T D®(P)? + M?
D®P)|=— [ d . )
[D%P)| ) YR+ DoY)
Hence
|D(P)| = I'(_7)*|D®(P)|IT"(#)
=l/dt\/t—M2(r+ﬁ(P)2)*‘{15(P)G(P)+G(P)[)(P)—G(P)2}
7TM2
x (1 +D®(P)?) ",
where

G(P) = D(P) — D®(P)
with D®(P) = I"(_#)*D®(P)I"(_#). Remark the following fact
|G(PY(Nt + 1)1 < or(D),

see, e.g., [9,15]. (It should be noted that the positive photon mass is crucial here.) By Lemma C.1
below, we estimate as
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[N+ D7 (e + DPY?) T {D(PYG(P) + G(P)D(P) — G(P)?)
x (t+DE(PY?) ' Ne+1)7!
L2f(Ne+ 1) (e + b(P)z)‘l(Nf +D || Ne+ DTGP || (Ne+ 1T D(P) |
x [(Ne+1)(t + D2(P)?) " (Nr+ 1)~
+ | N+ D)7 (e + DPY) T Nk + D | (Ne + DTGP
x |(Ne+ 1)+ D2 Ne+1) 7|
SorM(1 24172 +171)?
which implies
|(Ne+D)7H(|DP)| = T2 [DEP) T () (Ne+ 1)~ < or(1). ((eR)
We also note the fact
|(Ne+ D) (H = T (Hi @1+ 1@ HI' () (Ne+ 1)~ <or(l)  (C2)

which is proven in [9]. Collecting (C.1) and (C.2), one sees that |{¢, (H(P) —
(2 HE(P)T(2))p)| < or(D)[[(Nf + D)g]* holds.

Finally one has to show ||(Nf + L)¢|| < C||(H(P) + 1)¢||. The positive photon mass implies
I(Nf + D)ol < C||(Hf + 1)g||. Applying Lemma D.2 yields the desired results ||(Nf + 1)¢|| <
CI(H(P)+Dgpll. O

Lemma C.1. For all t > 0, one has the following:

() INe+ D)+ DPY?)H TN+ DTN < C™t 1732 4172,
(i) |(Ns+1)(t+DEPY?) ' (Ne+ DT <K Ca™ + 17324172,

Proof. (i) The essential idea is taken from [14]. First we will show that e dom(Ny) =

dom(Ny). It suffices to check the conditions (i), (i) and (iii) in Lemma B.1. Noting [ Ny, b(P)] =

—a - (a(Fy) — a(Fy)*) on C* @ Fsin, we can check all conditions in Lemma B.1 by Lemma A.1.
Using the formula

(b(P)Z_I_t)_l Zfdsgt(s)e—iSD(P)

R
with g;(s) = /7 /2t e_*ms‘, we have
e D(BEP +1) o] < [ ds 61|+ DB (©3)
R

for each normalized ¢ € dom(Nr). (We already know that eiSﬁ P )<p € dom(Ny).) Set I1(s) =
[(Ng + 1)e PPy and 1) /2(s) = ||(N¢ + 1)/2e75PP)g||. Then one has
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d oD A —isD
S 16? = (PP [DP), (Ni + 1) ]e Py
= (efisf)(P)w, (eot -E(Nt+1)+ (Nt + Dea - E)eis[)(P)(p>,

where E = ia(Fy) — ia(Fp)*. Accordingly using the standard estimate |||E|¢| < C|(Nf +
1)!/2¢||, one has

d
0 ()2 < Clip(s) 1 (5). (C.4)

Next we will estimate /1,2 (s). Observe that

%II/Z(S)Z — (e—isb(P)w’ I[D(P), Nf]e—isﬁ(P)(p>
< e” |E|e—isﬁ(P)(p||

< C|| (N; + 1)]/267isﬁ(P)¢“
=Cly20s).

Solving this inequality, we get I1,2(s) < Cls| + I1,2(0). Inserting this result into (C.4), one has
11(s) < 11(0) + Cs? 4 Cls|112(0).
Combining this with (C.3), we finally obtain the assertion (i) in the lemma.
Noting the fact I'(_# )N¢I'(_7)* = Ny ® 1 + 1 ® Nr, one can apply the similar arguments in
the proof of (i) to show (ii). O
Appendix D. Auxiliary estimates
In this appendix, we always choose e as e < ey.
Lemma D.1. For all P € R3 and e > 0, one has

[[DP)|(He + D)7 <1PI+3+3¢|0™ /.

Proof. Noting Lemma A.1 and the fundamental fact ||| P ; |(Hr + 7Y <1fori=1,2,3, one
observes that

[[DeP)|CHe+ D7 = [Py e+ D)7

<IPI+ Y [1PlH+ D7 +e Y |A©@iH+ D)7
i=1,2,3 i=1,2,3

<Pl +3+3e|w 2Ry

This proves the assertion. 0O
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Lemma D.2. For each n € N, one obtains
| H*(H(P) +1) "] < const,
1D (H(P) +1) %] < const,
where const is independent of P.
Proof. In the similar way in the proof of [7, Lemma 8], one can show that both

HPH )™, DI H 1) (D.1)

are bounded. Thus we conclude the assertion by the fact that || (H (P) + 1)"/2¢|| is continuous in
P foro e C*® Ffn. O

Lemma D.3. For each n € N, we obtain
|(He+1)" (t + D(PY2) " (H(Q) +1)"|| < comst(r ™ + 172 ... 41771
for every P, Q € R3, where const is independent of P and Q.
Sketch of proof. By Lemma A.1, one can see that e’ b(p )dom(Hf") = dom(H{'). Let us write
Knpa(s) = || (H + 1) 2750 |

for a normalized ¢ € dom(Hll“) with m < 2n. In the case where m = 1, one has

S K167 = (PP A[D(P), Hile P Pg)

= (efiSf)(P)go, i - (a(wF) — a(wF)*)efiSf)(P)gz))
< CKy(s)

by the Schwarz inequality. Thus K,2(s) < K1,2(0) + C|s| holds. In the case where m = 2, one
has, by the similar arguments in the above,

d
aKl(S)z < CKipp()Ki(s) < (K1/2(0) + Cls|) K1 ()

which implies K (s) < K1(0) + C(K1,2(0)|s| + s2). Repeating this procedure, one can arrive at
Kn2(s) < K2 (0) + C(Kim—1y2(0)Is| + - - + K120 ]s|" =" + Is|").

Therefore using the formula

|+ 121 + DPY) o) < / ds g1(5) K2 (s)
R
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with g (s) = ~/7/2te~Vl5!, one has, by putting m = 2n,
| (He+1)" (e + D(PY) " (He+ )| < C(e7 41732 7). (D.2)
Finally using Lemma D.2, one concludes the desired assertion in the lemma. 0O
Lemma D.4. One has

|[Hr. |D(P)[](H(Q) +1) 2| < const(1 + | P[)

forall P, Q € R3.

Proof. By Lemma D.3 and the following standard formula

[He, |D(P)|] = % f dsV's — M2(s + D(P)?) " '[Hr, D(P)?](s + D(P)?) ",
M2

one computes

I[H, |D(P)|](He + 1) 72|
1 K ~ _ R
< L [ as et o+ B 1 [ DY
MZ

< [[He + (s + DY) (HQ) +1)

o
< %fds\/s M2 (1P (s 5724 577
M2

= const(1 + | P|).
This completes the proof. O
Lemma D.5. For all P, Q € R3, one has
1Py (H @ +1) |
<(C+IP=QI)° +C(1+|P|+1Q|+PIIQI)(C +|P - QP).
Proof. First we will show that
|HPY(HQ@) +1)"'|<C+1P -0l

To this end, observe that
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|HP)(HQ) +1)7"|
<[lpP|(H@ +1) | + | Hi(H(©@) +1) |
<[D@HWQ@+1) |+ o (P = Q(HWQ +1) | + | H(H(Q) +1) '
<CH+|P - Q]
by Lemma D.2. Write
H(PP(HQ) +1)

—{HP)(HW©Q) +1) '+ HP)[HP), (HQ) +1) ' [(HQ) +1)~
—{H(P)(H(Q)+1)"'V + H(P)(H(Q) +1)'[H(Q), H(P)|(H(Q) +1) .

1

Hence
[P (1) +1) 7
<(CH+IP= Q) +(C+IP=Q)|[HWQ, HP](HQ) +1)7|.
Accordingly what we have to show next is to estimate the operator norm
I[H(Q), H(P)|(H(P)+1)°|.

Observe that

2

[H(Q), H(P)|(H(Q)+ 1)~

=[|D(P)|, |D(Q)|](1'7’(Q)-|—31)_2 (D.3)
+ [He, [ D(P)||(H(Q) +1) > (D.4)
+[|D(P)|, H](H(Q) +1) . (D.5)

Norm of (D.4) and (D.5) can be estimated by Lemma D.4. As to (D.3), note that

[[DP)[[D(@)¢]
<||DO|[D@)]e| +IPI|| D¢
<C(|H +1)| D] +1PI||[D@]e])
<C(|[D@)|Hi + Vg || + | [Hr. |D@)|]e] + (1 +1Q1)IPI| (H; + Do ])
<C((1+101)|Hr+ 1% + | (H(Q) +1) 0| + (1+ Q1) PI| (Hs + Dy )
<C(1+IPI+101+PIQ)|(H(Q) +1)¢].

In the above we have used Lemma D.4 from the line four to the next, and from the line five to
the final line, we have used Lemma D.1. Collecting the results, one obtains the assertion in the
lemma. O
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Lemma D.6. Let
Ska(P)=|D(P —k)|atk, 1) —a(k, )| D(P)|.
Then one has

ISk A (PY*(H(P —k)+1) " | < C(1+ kI) | Fo(k, )

where C is independent of k and P.
Proof. We will show that ||(H (P — k) + 1) 7' Sk, || < C(1 + [k])| Fo(k, 1)|. Let
Sk = XA D] ak, 1) ]e ™.
Then one has
®
fok,)L]:; =/ Ska(P)dP
R3
for all (k, 1) € R x {1, 2}. Hence it suffices to show that
I(He + D)7 [ID — o - kl,atk, V]| < C(1+ k)| Folk, 1) (D.6)
where H, = |D — « - k| + Hy, because
® -1
f;“/ (HP —k)+1) Sga(P)dP Fy
R3
— eix‘P[(Hk + ]]-)—le—i)OP(Sk’)L

— elXPt(Hk + 1)7leflxptelkxelxPt[|D|,a(k’ )\‘)]efix'Pf

=e"(H+1)7'[ID — - k|, a(k, 1)]e* e
To this end, we remark that, with D=D-M B,

[ID - kl,ak, )]

=l/ds\/s—Mz(s+(b—a~k)2)_1[(b—a-k)2,a(k,k)]
7TM2
x(s+D—a-k?)"
:—%/ds\/s—Mz(s—l—(ﬁ—a-k)z)_l{(f)—a-k)eaoFx(k,)L)
M2

tea-Fr(k, ) (D—a-0)(s+D—a-k)?)". (D.7)
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Assume, for a while, that

|(H+ 1) (s + (D —a-k)?)  (Hy+ D7 <C(s ™ 4572 +572). (D.8)

We note the following two estimates:

|(He+ 17D — - b)a - Fe(k, 1|
=|(H+1) "' Da - Folk, 1)
< C|Folk, 1| (D.9)

and

lCHe+1) e Fy(k, (D — - K)||
=|(H+1D) - Fotk, )(D+e - k)|
|Fotk, || (H +1)7' D + k| Fotk, || (H + 17"

<
< C(1+ [k|)|Folk, 1), (D.10)

because ﬁ(H + 1)~ ! is bounded and e~ ** Hy = He ik ek (b —o-k)= De k¥ _Collect-
ing (D.7), (D.8), (D.9) and (D.10), one has

I[1D =« -kl atk, )] (Hi + 1)~

o0
<L fds Vs = M2 C(1+ [kl) |[Fotk, )| (s + 572 +572)
7TM2
= C(1+|k|)|Fo(k, 1)|.

This is what we want to show.
Finally we will prove (D.8). Basic strategy is similar to the proof of Lemma D.3. Let

Jnj2(s) = | (Hi + 11)"/2 —is(D—ak) ||y = 1,2 for ¢ € dom(Hy) with ||¢| = 1. Then, since
[D — o -k, H] = [D Hil = a - (a(wFy) — a(wFy)*), one can easily modify the proof of

Lemma D.3 to conclude that

J1(5) < J100) + C(J120)s| +5%),  Ji2(s) < J12(0) + Cls|.

Thus, using the formula

A2\—1 —isD
- t
(t+D) /dsg(s)e

R

with g;(s) = /7 /2t e~Vilsl and modifying the proof of Lemma D.3, one can arrive at (D.§). O
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Appendix E. Operator monotonicity of the square root

Lemma E.1 (Operator monotonicity of the square root: unbounded version). Let S and T be two
positive self-adjoint operators (not necessarily bounded) with dom(S'/2) > dom(T'/?). Assume
that S < T. Then one has dom(S'/*) D dom(T /%) and /S < V/T.

Proof. Set E, = Eg([0,n]) where Eg(-) is the spectral measure of S. Define S, = E,l,/zSE,l,/z.
Then one has S > §,, > 0 for all n € N. Thus §,, < T holds for all n € N. Now one has

ET+1D)71S,cT+ 1) ' < T+ 1T (T +1)7! (E.1)

for every ¢ > 0. Since both sides of (E.1) are positive and bounded, one can apply the operator
monotonicity of the square root for bounded positive operators [18] and obtain

VET +1)718, (T + 1)~ <V (T + 1)1 T(eT + 1)~

for all ¢ > 0. Taking ¢ | O first, we have /S, < T for each n € N. It follows that, for f €
dom(T1/4), one has

n

/ M| EsGy ) < (£VTF)

0

by the spectral theorem. Now taking n — oo, we conclude that f € dom(S'/#) and (f, v/S f) <
(f. ¥T f) by the monotone convergence theorem. [J
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