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0. Introduction

Let X be a smooth complex projective variety of dimension n and let £ be an ample line bundle
on X. In order to study polarized manifolds (X, £) Fujita introduced the A-genus of (X, £), which is
a nonnegative integer defined by the formula

AKX, L):=n+L"—h%X, ).

The theory developed around this invariant has been a powerful tool in characterizing polarized vari-
eties with A small enough [11]. As noticed in [11, p. 176] t here is not a good vector bundle version
of the theory of A-genus. This sentence motivated our interest in the subject.

Let £ be an ample vector bundle of rank r > 2 on X. There are two obvious polarized varieties
naturally associated with (X, £), namely (X, det&) and the scroll (P, H), where P =Px(£) and H is
the tautological line bundle. One could be tempted to use their A-genera to study (X, £). The natural
expectation, however, is to have a new invariant capturing the vector bundle aspects in a better way,
e.g. involving the rank r and all Chern classes of £.
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In principle there could be many ways to define a A-genus for (X, &), which could be conceived
either as a single integer or as an r-tuple of integers (e.g. see [1]). Looking for one integer, a natural
definition would be

AX,E)=nr+ f(c1,...,cr) —h°(X, &),

where f is a suitable polynomial in the Chern classes of €.

In this paper we define A(X, &) in this way, choosing f to be the polynomial computing the
degree of the tautological line bundle of the scroll (P, H). This has the effect of producing the relation
A(X,E)=(n—1)r — 1)+ A(P, H), which makes A(P, H) playing a prominent role in our study. As
a consequence we immediately get the nonnegative lower bound (n — 1)(r — 1) for A(X, £).

Our aim is to investigate pairs (X, &) with low A. We can do that relying on the classification
results available for polarized manifolds of low A-genus to be applied to (P, H). Combining them
with the special structure of (P, H) leads to remarkable simplifications which enable us to obtain
classification results much cleaner than those holding for line bundles. For instance, for A(X, &) <
(n—1)(r — 1) + 1, our result is complete, unlike that holding for polarized manifolds with A-genus
<1 (e.g. see [11, Problem 6.24]). Actually a still unsolved case in the setting of ample line bundles
does not fit our context (Lemma 1.4).

As we said, another obvious polarized manifold associated with (X, &) is (X, det&). However, the
inequality A(X, det&) < A(X, &) holding for n =1 (Remark 3.5) seems to suggest that our A(X, ) is
a more relevant character than A(X, det&). More generally, for any dimension n, even if we assume
that £ is spanned and det& is very ample in order to have more geometric evidence, the character
A(X, det&) alone seems unable to reflect the possible degeneracy of the image of X via the morphism
to an appropriate Grassmannian defined by £. On the contrary, at the end, A(P, H) reveals more
meaningful than expected.

The precise formulation of our classification results of pairs (X, £) with small A is given in Theo-
rems 3.6 and 3.7 for £ ample, 4.3 for £ ample and spanned by global sections, 5.6 and 6.3 for £ very
ample.

Actually, the better are the properties enjoyed by &, the larger are the values of A we can in-
clude in our investigation. For instance, Theorem 6.3 deals with pairs (X,€&) with n > 2 and A =
(n —1)(r — 1) 4+ 4. More generally, when £ is very ample we also provide the list of pairs (X, £) with
n > 2 such that either A< (n—1)(r—1)+ %, where d =d(P, H) (Theorem 5.1), or A <nr —1 (The-
orem 5.4). As a consequence of the results above, we obtain the list of pairs with A =2 for £ ample
and spanned (Proposition 4.5) and, when £ is very ample, of those: (a) with A =3 (Proposition 6.1),
(b) with A =4 or 5 (Propositions 6.2 and 6.5) under the assumption n > 2.

In all proofs the fact that our definition of A(X, &) relies on the A-genus of the polarized manifold
(P, H) turns out to be a concrete advantage. Actually, A(X, £) small implies A(P, H) small; accord-
ing to the theory (see [11] for H ample, and [15,17,18] for H very ample), polarized manifolds with
low A-genus are rather special and include several special varieties arising from adjunction theory.
Since we already know that (P, H) is a scroll, the investigation of scrolls admitting another relevant
structure for adjunction theory (e.g. non-trivial reductions, quadric fibrations, del Pezzo and Mukai
manifolds, etc.) plays a key role in our analysis. This investigation takes Section 2. Some results we
prove to this end are of interest in themselves, e.g. see Propositions 2.8 and 2.12. Another point
deserves to be stressed. The map associating (P, H) to (X, £) is not injective. Hence, in the recon-
struction process of (X, &) from (P, H), one can meet admissible pairs (P, H) carrying distinct scroll
structures. This happens in several instances, some of which are nontrivial, e.g. see Remarks 2.5, 2.10,
5.5 and 5.7. Finally, while the value of the A-genus increases, new possible varieties arise as candi-
dates for (P, H) (e.g. see the proof of Theorem 6.3); of course this makes it harder to analyze the
compatibility of different structures on (P, H).

The paper is organized as follows: in Section 1 we collect some background material; scrolls car-
rying a further structure are analysed in Section 2; the A-genus of (X, &) is discussed in Section 3
for ample vector bundles; in Section 4 we consider ample vector bundles spanned by global sections,
while Sections 5 and 6 are devoted to very ample vector bundles.
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1. Background material

We work over the field of complex numbers and we use the standard notation from algebraic
geometry. By a little abuse we make no distinction between a line bundle and the corresponding
invertible sheaf. Moreover, the tensor products of line bundles are denoted additively. The pullback
i*€ of a vector bundle £ on X by an embedding of projective varieties i:Y < X is denoted by E&y.
We denote by Kx the canonical bundle of a smooth variety X. The blow-up of a variety X along a
smooth subvariety Y is denoted by Bly (X).

A smooth projective variety X is called a Fano manifold if its anticanonical bundle —Kyx is ample.
For a Fano manifold X, the largest integer, rx, which divides —Kx in the Picard group Pic(X) is
called the index of X while the integer ix := min{—Ky - C: C is a rational curve on X} is called the
pseudoindex of X.

Let S be a smooth projective surface. By saying that S is ruled we mean that S is birationally
equivalent to B x P!, where B is a smooth projective curve. We say that S is geometrically ruled to
mean that it is a P'-bundle over B.

We set Fo = Pp1 (Op1 @ Opi1(—e)) to denote the Segre-Hirzebruch surface of invariant e (e > 0).
Then, as in [14, p. 372], Cp stands for a section of minimal self-intersection and f for a fiber.

A polarized manifold is a pair (X, L) consisting of a smooth projective variety X and an am-
ple line bundle £ on X. The degree, the sectional genus and the A-genus of a polarized manifold
(X, L) of dimension n are defined as d(X,£) =L", g(X,L)=1+ %(KX +m—-1L) - L and
AX, L) =n+d(X, L) —h°(X, L), respectively. A polarized manifold (X, £) is said to be a scroll
over a smooth variety W if there exists a surjective morphism f : X — W such that (F, Lf) =
(P™, Opm (1)) with m =dim X — dimW for any fiber F of f. This condition is equivalent to saying
that (X, £) = (Pw (F), H(F)) for some ample vector bundle F on W, where H(F) is the tautological
line bundle on the projective space bundle Py (F) associated to F. A polarized manifold (X, £) is
said to be a quadric fibration over a smooth curve W if there exists a surjective morphism f : X — W
and any general fiber F of f is a smooth quadric hypersurface Q" ! in P" with n =dim X such that
LF = OQn—l (1). A polarized manifold (X, £) is said to be a Veronese bundle over a smooth curve W
if there exists a P>-bundle p : X —> W such that Lr = Op2(2) for any fiber F of p. A polarized
manifold (X, £) is said to be a del Pezzo manifold (resp. a Mukai manifold) if Kx + (dimX — 1)L = Ox
(resp. if Kx + (dim X —2)L = Ox).

Let (X, L) be a polarized manifold. An effective divisor E C X is called a (—1)-hyperplane if
Ex=P1, OpE) = Opn-1(—=1) and Lg = Opn-1(1). Sometimes we write Eg instead of Og(E) for
shortness. Note that the set of (—1)-hyperplanes contained in X is finite and, in case dim X > 3, any
two (—1)-hyperplanes are disjoint. Let dim X > 3. We will call a pair (Y, L) the (adjunction theoretic)
reduction of (X, L) if there exists a birational morphism o : X — Y which is the contraction of all
(—1)-hyperplanes E1, ..., Es contained in X and L is the (unique) ample line bundle on Y such that
L=0*L—E{—---— Es. We use the expression simple reduction to mean that s =1.

Let X be a smooth projective variety of dimension n and let £ be an ample vector bundle of rank r
on X. Consider the projective bundle P :=Px(£) and denote by H = H(E) the tautological line bundle
on P. Then (P, H) is a polarized manifold of dimension n+r — 1 and degree d(P, H) = H™"~1, Let
7 : P — X be the bundle projection and, with a little abuse, let us use the symbol c; to denote c;(£)
as well as w*c;(£), according to the context. The Chern-Wu relation allows us to write

H' =f(H,cr,....cH=H ey —H 2ca -+ (=) c. (11)
By (1.1) we can express d(P, H) in the following way
HY V=K' f(H,c1,...,c) =H" - (H- f(H,c1,....¢p),

and proceed inductively. Then we can use (1.1) again to replace each power >r of H in terms of
smaller powers. This reduces the expression above to a polynomial of degree r — 1. On the other
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hand, coefficients of H' for i <r —1 are cup products of Chern classes, which are obviously zero since
dimX =n <n+r—1—i. This leads to a final expression of the form

dP,H)=H"'-P(,...,cp),

where P is a polynomial in the Chern classes expressing a 0-cycle on X, or a finite number of fibers F
of 7, according to the convention about the meaning of c;. Recall that H™~!. F = (HF)"~! =1, hence
d(P, H) is the degree of the 0-cycle on X expressed by P. In order to provide an explicit expression
of this degree, set

pj=0 forj<0, wo=1, and ¢ =c,
and inductively define
Pk =C19—1 — C2Pk—2 + C3@k—3 — -+ (=1 'y fork=2,....n.

For instance, for any r > 2 we have ¢, = C% —C2, Y3 =C1¢3 — C2€1 +C3 = c? —2c162 + €3, and @4 =
C193 — Ca@a + €3€1 — €4 = €} — 3c3¢a + 2¢1¢3 + €3 — c4. Then the iterated procedure described above
leads to a recursive expression for P(cq,...,cr). The result is the following

Lemma 1.1. The degree of (P, H) is given by d(P, H) = ¢p.
Here are some examples:

Examples 1.2. (i) Let r = 2. Here we list the expressions of ¢ for 3 <k < 8: ¢3 =y (c% — 207),
@a=ct—3c2c + 3, g5 =c1(c] — 4c2cr +3c3), g6 =8 — 5cfcr + 6c2c2 — 3, @7 = c1(c® — 6cter +
10c2¢2 — 4c3), gs = 8 — 7c8c, + 15¢ic2 — 10c2c3 + 5.

(i) Let r = 3. The expressions of ¢ for 4 <k < 6 are the following: ¢4 = ¢f — 3c3c, + 2c1¢3 +¢3,
@5 =3 —4c3ca + 3cde3 4+ 3c1653 — 2203, @6 = ¢ — 5cjcy +4cies + 6¢3¢3 — 6ercacs — 3 + c3.

(iii) We compute d(P, H) in case n =5 and any r > 2. We already know the expression of ¢ for
k < 4. Then d(P, H) = @5 = C1¢4 — C293 + (3902 — €4C1 + C5 = € — 4c3ca + 3¢3c3 + 30165 — 20104 —
2cyc3 4 Cs.

In this paper we will work in the following set-up:

1.3. X is a smooth projective variety of dimension n and £ is an ample vector bundle of rank r
on X. We will denote by (P, H) the polarized manifold consisting of P :=Px(£) and H := H(E), the
taulogical line bundle of £ on P. Moreover, we will denote by 7 : P — X the bundle projection and
by d :=d(P, H) the degree of (P, H).

The following result will be used in Section 3.

Lemma 14. Let X, £, (P, H) and d be as in 1.3. Assume that £ has rank r > 2. Then A(P, H) =1 =d cannot
happen.

Proof. Assume by contradiction that A(P, H) =1 =d. Using the description in [7, Theorem 13.6] we
know that the base locus Bs|H| of |H| is a single point x € P. Let Fg =P"~! be the fiber of 7 : P —
X containing x. As dim|H| =n +r — 2, by imposing to contain r — 1 linearly independent tangent
directions to Fg at x we obtain a linear subsystem S of |H| of dimensionn+r—-2—(r—1)=n—1,
all of whose elements D contain Fg, the general one being a scroll over X. Choose general elements
Do, ..., Dy_1 generating S. Then DgN---N Dy_1 = Fo+ T, where T cuts every fiber F of 7 along a
linear subspace of codimension < n. Note that if r —1 >n, then T contains a Pr—1-"_bundle over X
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as an irreducible component. On the other hand, if 2 <r < n, then one of the irreducible components
of T maps birationally via 7w to a subvariety of X of dimension r — 1. In fact, 7 (T) parameterizes
the fibers of P that Dy, ..., D,_1 meet at a same point, and a dimension count shows that 7 (T) has
codimension n —r+1 in X. In both cases we thus get

1=H"""1=H"1Dg...Dy_1=H 'Fo+ H ' T=14+H"'T.
Hence H'~!T =0, but this contradicts the ampleness of H. O
Now we prove a result on the cubic surface that we will use in Section 6.

Lemma 1.5. Let Y C P? be a smooth cubic surface and let L be an ample line bundle on Y with g(L) = 4. Then
L=—2Ky.

Proof. Let o : Y — P2 be the birational morphism exhibiting Y as the plane blown-up at general
points p1,..., ps; let £ =0*Op2(1) and e; = o ~!(p;). Recall that —Ky =3¢ — Z?:l e;. We can write
L=al — 2?21 bje; for suitable integers a, b1, ..., bs. Letting d = L? the condition g(L) =4 is equiv-
alent to L - Ky =6 — d. Thus the existence of a line bundle L such that g(L) =4 can be rephrased
by saying that in the 6-dimensional euclidean space (e1,...,eg) ®7z R =R’ the sphere ¥ and the
hyperplane IT defined by

6 6
Y b?=d*—d and Y bi=3a+6-d.

i=1 i=1

respectively, do intersect. To this end it is necessary that the distance of the origin of R® from I7 does
not exceed the radius of X. This gives

d(d -6+ 1) +3(a® +12a +12) <0. (1.5.1)
On the other hand, by the Hodge index theorem we have (6 —d)? = (L - Ky)? > L? - K2 =3d, i.e.
d>12. (15.2)
Combining this with (1.5.1) gives
3(@—6)%<0.

Therefore a = 6 and equality must hold in both (1.5.1) and (1.5.2). Hence Z?Zl bi=3a+6—-d=12
and Y0 b?=a®> —d=24.Thus Y0 (bi —2)2 =30 | b? —43"% | b; +24 =0 and we conclude that
b1 =---=bg =2. In other words, L =6¢ — 22?:1 ej=—2Ky. O

We conclude this section summarizing the properties of the A-genus for a “polarized curve” in
the following

Proposition 1.6. Let £ be an ample line bundle on a smooth projective curve C of genus g, and let A :=
A(C, L). Then:

(1) A < g, with equality if and only if £ is nonspecial (i.e. h'(£) = 0).

(2) If L is special, then deg £ < 2A and L imposes A linearly independent linear conditions on the canonical
series |K¢|.

(3) deg L =2A ifand only if g > 2 and either L = K¢, or C is hyperelliptic and |L| = Agé.
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Proof. By definition, A =1 + deg£ — h%(£). Combining this with the Riemann-Roch theorem
gives (1). If £ is special, Clifford’s theorem gives

1
1+degl — A=h"%L) < SdegL+1,

hence deg £ < 2A. On the other hand, by Serre duality and the Riemann-Roch theorem we get
0<h%Kc—L)=h'(£)=g— A=h"Kc) — A.

This proves (2). Finally, (3) follows from the characterization of the equality in the Clifford theo-
rem. O

Remarks 1.7. Here are some immediate implications of Proposition 1.6.

(i) A=0 if and only if g=0.

(ii) If A =1, then either g =1, or L is special and g > 2 by (1). Moreover, in the latter case
deg L < 2A = 2, equality implying that C is hyperelliptic and |£]| is the g;, by (2) and (3) (note
that, if £ = K¢, then g =2). On the other hand, if deg £ =1 then h%(£) =1 +deg L — A =1, hence
L = Oc¢(p) for some point p € C.

(iii) If A =2, then (1) and (2) imply that either g =2, or £ is special, g > 3, and deg L < 4.
In the latter case, equality deg L = 4 implies by (3) that either C is a non-hyperelliptic curve with
g=3and L =K, or C is hyperelliptic and || = 2g;. Let £ be special. If deg£ =1 then h%(L) =
1+degL—~A=0,50 L=Oc(p1+---+Ppm+Dp—¢1—---—qm) for some points p;,p,qi€C, m=>1,
and the points pq,..., pm, p impose (m + 1) linearly independent linear conditions on the linear
series |Kc 4+ q1 + «-- + qml, by (2). If deg£ = 2, then h°(£) =1, hence £ = Oc(p + p’) for some
points p, p’ € C, which impose two linearly independent linear conditions on |K¢| (in particular, if C
is hyperelliptic then p + p’ ¢ g% ). Finally, if deg £ = 3, then h%(£) = 2, so that C is trigonal and |£|
is a gijl.. We have £ =Oc(p + p’ + p”) for some p, p’, p” € C. Thus p + p’ + p” is the divisor cut out
on the canonical curve by a trisecant line (take into account that C cannot be hyperelliptic, being a
trigonal curve of genus g > 3, due to the Castelnuovo-Severi inequality).

2. Scrolls admitting further relevant structures

Let X, &, (P, H) and 7 be as in 1.3. In this section we study whether the scroll structure of (P, H)
given by 7 is compatible with (P, H) being another relevant variety for adjunction theory.
First we point out the following fact.

Lemma 2.1. Let (X, L) be a del Pezzo manifold. If X admits a P-bundle structure, then one of the following
holds:

(1) d(X, L) =6 and X is either P! x P! x P!, or P? x P2, or Ppa2 (Tp2);
(2) d(X, L) =7 and X is Bl, P3;
(3) d(X, L) =8 and X is either g, or Fy.

Proof. The assertion follows from [11, Theorem 8.11] and the classification of del Pezzo surfaces. O
We deduce the following

Corollary 2.2. Let X, £ and (P, H) be as in 1.3, where £ has rank r > 2. If (P, H) is a del Pezzo manifold, then
(X, €) is one of the following:

(1) (P2,E), where & is one of the following vector bundles: O]pz(l)@3, the tangent bundle Tpo,
OPZ (2) (&) O]P)Z(l):
(2) (P! x P!, Op1 . p1 (1, 1)®2),
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Proof. If n > 2, the assertion follows from Lemma 2.1, cases (1) and (2). If n =1, Lemma 2.1 again
(case (3)) says that P =T,, e =0, 1. However, on g we have H = —Kp = Opi1,p1(2, 2), while on Fy
itis H=—Kp =2Cp + 3f. It follows that H - f =2 in both cases, so we get a contradiction, since H
is the tautological line bundle on P. O

Lemma 2.3. Let X be a Fano manifold which is a P-bundle over a smooth curve C. Then X has pseudoindex
<2

Proof. We know that C = P! (e.g. by [35, Theorem 1.6]). Then X = Pp1 (F) where F =@, Op (@),
am >--->ay >a; =0. Let £ and f be the tautological line bundle and a fiber, respectively. Then
Kx = —mé& + (Z}":] a; —2)f. Let y C X be the section corresponding to the surjection of F onto the
trivial summand Opi(a1) = Op1. Then & - y =0, hence

—I<x~y=(m&—(Zai—2>f>-y=2—Zai.
i=1 i=1

By contradiction, suppose that X has pseudoindex > 3. Then from —Kx - y >3 we get Z}“:l a; < -1,
a contradiction. O

Proposition 2.4. Let X, £ and (P, H) be as in 1.3. Assume that X has dimension n > 2 and that £ has rank
r > 2.If (P, H) is a Mukai manifold, then (X, £) is one of the following:

(1) (P3, &), where £ is one of the following vector bundles: OP3(1)®4, Op(2) ® (9]1»3(1)@2, the tangent
bundle Tps, the twist N'(2) of a null-correlation bundle N on P3, Ops (2)®2, Op3 (3) ® Ops (1);

(2) (Q3, &), where £ is one of the following vector bundles: Ogs (1)®3, the twist S(2) of a spinor bundle S
on Q3 (see [31, Definition 1.3)), O3 (2) ® Ogs(1);

(3) (X, h) is a del Pezzo threefold and £ = h®?;

(4) (P? x P, €), where & is either Opa . p1(2,1) @ Opayp1 (1, 1), or 73 Tpz ® Opz 1 (0, 1), 711 denoting
the first projection.

Proof. As (P, H) is a Mukai manifold, we know that —Kp = (dim P — 2)H. On the other hand, by the
canonical bundle formula we have

Kp=—-rH+7m*(Kx + det&),

from which we derive that Kx +det£ = Ox and r =dim P — 2 =n +r — 3. Therefore n = 3. Clearly, X
is a Fano manifold; moreover, its pseudoindex is ix > ip by [2, Lemme 2.5]. Therefore, as P has index
dimP —-2=r,

d=n+12ix>ip=>r=>2, (24.1)

the first inequality coming from Mori theory, e.g. see [3, Theorem 1.8].
If r =3 or 4, we are in the assumptions of [10, Main Theorem], so we get the following possibilities
for (X, &):

(i) (P3,V), where V is either Ops (1)®4, or Ops (2) ® Ops (1)®2, or the tangent bundle Tps;
(i) (@3, Ogs (1)®3);
(iii) X is a P2-bundle over a smooth curve C and & = Op2(1)®* for any fiber F =P? of the bundle
projection.
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Taking into account that X is a Fano 3-fold of pseudoindex > 3 by (2.4.1), the last case cannot occur
in view of Lemma 2.3.

We can thus assume that r = 2. Then we are in the assumptions of [33, Theorem 0.4], which gives
all the remaining cases of our statement. O

Remark 2.5. Note that the pairs (P3, AV'(2)) and (Q3, S(2)) in cases (1) and (2) give rise to the same
polarized manifold (P, H), according to [35, Propositions 2.6 and 3.4]. Looking at P as the incidence
variety {(x, £) € P> x C | x € £}, where C C Grass(1, 3) is a general linear complex of lines of P3, and
reca131ing that C = Q3, the two distinct P'-bundle structures of P are induced by the projections
of P° x C.

Remark 2.6. Arguing similarly to the previous proof, it is possible to derive directly the classification
of Corollary 2.2.

We will use the following generalization of [24, Lemma 1.8]:

Lemma 2.7. Let X be a smooth projective variety of dimension n > 3 and let L be an ample line bundle on X
such that (X, L) is a scroll over a smooth variety Y of dimension 2 < dimY < n — 1. Suppose that X contains
a (—1)-hyperplane with respect to L. Then X = Ppn-1(Opn-1(2) & Opn-1(1)), L being the tautological line
bundle. Moreover, (X, L) has (P", Opn (2)) as its simple reduction.

Proof. Let 77 : X — Y be the scroll projection and let E =P"! be a (—1)-hyperplane contained in X.
Since every fiber f of 7 is a projective space of dimension n—dimY <n—2, 7 (E) cannot be a point.
Hence m|g: E — Y is surjective, which implies that dimY =n — 1. We continue by induction on n. For
n =3 the assertion is proved in [24, Lemma 1.8]. Therefore assume n > 4. Notice that Lr = Opg(—E) =
Og(1). Since Y is smooth, this implies that Y = P"~! by [27, Theorem 4.1]. Set W := m,.L and let
M :=7*Opn-1(1). Then L is the tautological line bundle of ¥V on X and Pic(X) = 72 is generated by
L, M. Since E is a divisor inside X, its class can be written as E =al — bM for some integers a, b.
Taking into account that M" =0 and that |f is surjective, we have

a=al-M"'=aL-M" ' —bM"=E-M"'=E-f>0
and
D" ' =(Ep" ' =E"=a(a" 'L" —na" LM+ ).

This implies a =1, so that E- f =1, i.e. E is a section of . In particular, Mg = Og(1), due to the
isomorphism 7| : E — P"~1. Moreover, L = E + bM. On the other hand, since

Op(1)=Lg=Eg +bMg=0p(—1+Db),
we conclude that b =2, ie. L =E + 2M. Set U := m,Ox(E). Then X = Ppn1(Uf), E being the tau-
tological section. Moreover, I = W(—2). For any hyperplane h = P"~2 ¢ P"~! consider the divisor

*h € IM| and for simplicity denote it by M again. Then we have that M = P, (4y,) is a P'-bundle on
h with a scroll structure given by Ly. Set e := E N M. Note that

ee=(M-E)e = (Mg - Ep)e = (Ep)e = (O (1)), = Oe(~1),

and

(Lm)e = (LE)e = (O (1)), = Oe(1).
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Thus e is a (—1)-hyperplane of (M, Ly), which is a scroll over h = P2 via 7 |y. It thus follows by
induction that M = P, (W),) where Wy = Opn—2(2) ® Opn—2(1) for every hyperplane h of P"1. This
implies that W = Opn-1(2) ® Opn-1(1) by [30, Chapter I, Theorem 2.3.2].

To prove the final assertion in the statement note that M + E is spanned. Clearly it is spanned
outside E, because M is spanned. The exact cohomology sequence of

0->M-—>M+E—> M+E)=0g— 0,

taking into account that h'(M) = h](Oan (1)) =0, shows that it is spanned also on E. Moreover,
hO(M + E) =h°(M) +1=n+1. So, |M + E| defines a morphism o : P — P". Since (M + E)g is trivial
and M" =0, we get

M+E)"=M+E)(M™'+E..))=M+EM"™ ' =Mp" ' =1.
Therefore o is birational and contracts E. Finally, note that L=2M + E=0*Op(2) —E. O
We will also use the following results on the compatibility of further scroll structures on (P, H):

Proposition 2.8. Let X, &, (P, H) and m be as in 1.3, where £ has rank r > 2. Suppose that (P, H) admits
another scroll structure p : P — C over a smooth curve C (i.e. p # 7). Then (X, £) = (P", Opn (1)92).

Proof. Let F =P"t"=2 be any fiber of p. First assume that n > 2. Then the restriction of 77 to F is
surjective. So r =2 and X =P" by a [27, Theorem 4.1]. Now, denote by G =P! any fiber of 7. Since
the restriction of p to G is surjective, it follows that C = P!, Then P has two P-bundle structures
over projective spaces. Therefore P =P x P! by [34, Theorem A]. It follows that & = Opn(a)®? for
some a > 1, hence H = Opnpi1(a, 1). On the other hand, H = Opn,p1(1,b) for some b > 1 due to the
scroll structure of (P, H) over P'. Hence a=b =1, so £ = Opa(1)®2. Now, let n =1 and let x € X
be any point. Since 7 ~1(x) = P"~! is not a fiber of p, it follows that p( ~!(x)) = C, hence r =2 and
C=P'. So dimP =2 and F =P'. Then the restriction of 7 to F is surjective, so X = P'. Moreover,
P =P! x P!, hence £ has the form £ = Op:1 (1)®2. O

Proposition 2.9. Let X, £, (P, H) and 7t be as in 1.3. Assume that X has dimensionn > 2 and that € has rank
r > 2. Suppose that (P, H) admits another scroll structure p : P — S over a smooth surface S (i.e. p # 7).
Then (X, £) is one of the following:

(1) (", Op (1)®3);
(2) (P2, Tp2), where Tpa is the tangent bundle;
(3) n=r =2 and both X and S are P!-bundles over the same smooth curve.

Moreover, if £ is very ample, then the only pairs (X, £) as in case (3) are the following:

(3a) (P! x P!, Op1,p1 (1, 1)%2);
(3b) X is a P'-bundle over a smooth curve B and Er=0p (1)®2 for every fiber of the projection ¢ : X — B
and ¢ o w makes (P, H) a quadric fibration over B.

Proof. Since 7 # p there exists a fiber F =P™" 3 of p such that the restriction of 7 to F is not
constant.

Assume that dim P > 4. In this case, the restriction of m to F is surjective, so r=3 and X =P"
by [27, Theorem 4.1]. Moreover, the restriction of p to a fiber of 7, which is a P?, is surjective, hence
S =P? for the same reason. Then P has two P-bundle structures over projective spaces. Therefore
P =P" xP? by [34, Theorem A]. It follows that £ = Opn (a)®* for some a > 1, hence H = Opn, p2(a, 1).
On the other hand, H = Opn,p2(1,b) for some b > 1 due to the scroll structure of (P, H) over P2,
Hence a=b =1, so & = Op:(1)®3. This gives case (1) in the statement.
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Assume now that dim P = 3. Then we are in the assumption of [29, Theorem 2], so we get cases
(2) and (3) of our statement. For the last part of the statement we refer to the discussion of Case (C)
in the proof of [24, Theorem 2.1]. O

Remark 2.10. In case (3a) the three obvious structures of (P, H) = (P! x P! x P!, Opt p1yp1 (1,1, 1))
as a scroll over P! x P! are given by the morphisms p; x pj, i < j, where p; is the projection of P
onto the i-th factor.

A typical example as in (3b) is given by the two pairs (P! x P!, Op1,p1(2,1) ® Opi,pi1(1,1)) and
(F1, [Co + 2£192), which give rise to the same (P, H).

Scrolls having an additional structure of a quadric fibration over a smooth curve occur very often.
First of all we specialize a result of [21] as follows.

Proposition 2.11. Let X, &, (P, H) and m be as in 1.3. Assume that X has dimension n = 2 and that £ has
rank r > 2. Suppose that (P, H) admits a quadric fibration ¢ : P — C over a smooth curve C. Then

I. dim P = 3 and either

@) (X,&) =P x P!, Op1,p1(1,1)%2), or
(b) X =Pc(V), where V is a vector bundle of rank 2 on C, ¢ = p o t, where p : X — C is the projection and
E =& Q®p*G, with & = H(V) the tautological line bundle of V on X and G a vector bundle of rank 2 on C.

In particular, ¢ has no singular fibers.

1. Moreover, if C = P!, then (X, £) = (Fe, [Co + af 1 ® [Co + bf1), for some integers a, b > e.

Proof. Part | follows from [21, Theorem] recalling that, in our assumption, we have the same po-
larization for the structures given by 7 and ¢. Now let C =P'. Then G = Opi(a) ® Op: (b) for some
integers a and b. It follows that £ is decomposable. Then the ampleness of £ implies that a,b >e. O

Note the analogy between the situation described by Proposition 2.11 with that arising in case (3)
of Proposition 2.9. In the result above note that P has dimension 3. In higher dimension the situation
is easier.

Proposition 2.12. Let X, £ and (P, H) be as in 1.3. Assume that X has dimension n > 2 and that £ has rank
r > 2. Suppose that (P, H) admits a quadric fibration ¢ : P — C over a smooth curve C. If dim P > 4, then
(X, &) =(@", Ogn(1)®?).

Proof. Denote by F =P'~! any fiber of 7, and by G = Q™" ~2 a general fiber of ¢. Note that G Z F
because dimG=n+r—2>r>r—1=dimF; so the restriction of 7 to G is not constant.

Since dimG =n+r —2 > 3, then 7 (G) must have dimension dimG; hence n <n+r—2=dimG =
dimm (G) < dim X =n. It follows that r =2, hence n > 3 and 7 (G) = X, so 7 (G) is smooth. Then X
is either P" or Q" by [32, Proposition 8]. Due to the quadric fibration structure of (P, H) we have
Kp +nH = ¢*L, for some line bundle £ on C.

Let £ C X be any line and set P, := 7w ~1(¢). Since Py = P¢(&;) we have that Py, = F,, a Segre-
Hirzebruch surface of invariant e, for some integer e > 0, the ruling being given by 7|p, : P, — £. We
want to show that e =0. A fiber F = ﬂl;@l (x), for x € £ is obviously a fiber of the scroll (P, H), hence

F=P! and H- F = 1. In particular Kp - F = —2. Hence, recalling the expression of Kp via ¢, we get
—2=Kp-F=-nH-F+¢*L-F.

Suppose that ¢|f is constant. Then the above equality gives n = 2, a contradiction. It follows that
@(F) = C, which implies that C = P!. Moreover, ¢|p, : P, — P! is a morphism on P!, distinct from
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7|p,. But the only Segre-Hirzebruch surface admitting a second morphism onto a curve, distinct
from the ruling projection is Fo = P! x P!. This means that & = Op: (a)®? for some positive integer
a. Since 2a = deg &y, this happens for any line £ C X and then we conclude that £ is a uniform vector
bundle of splitting type (a, a), where detE = Ox(2a). Now, if X =P" we conclude that & = Opn (a)®?
by [30, Theorem 3.2.3, p. 55]. Suppose that X = Q"; then £(—a) restricts trivially to any line of Q"
and so it is the trivial vector bundle of rank 2, by [37, Lemma 3.6.1]. This means that £ = Ogpr (@)®2.
Therefore, £ = Ox(a)®? in both cases, where degcq(€) = 2a. In particular we see that P = X x P!,
with H = Oy, p1(a, 1), 7w being the first projection. If X = Q", then ¢ is the second projection and the
fact that ¢ is a quadric fibration implies that Ogr (a) = (OQnXPI (a,1)g =Hg =0Ogr(1). So (X,&) =
@, Ogn (1H®?).

The assertion is proved once we show that X cannot be P". Were it so, then it would be
(P, H) = (P" x P!, Opn p1(a, 1)). Note that P has to contain a smooth divisor G such that (G, Hg) =
(Q", Ogn (1)), which is a fiber of ¢. Then

—nHg = K¢ = (Kp + G)¢ = (Kp)g. (2.12.1)

Set M = w*Opn(1). Since Pic(G) = Z generated by Hg, we can write M¢ = AH¢ for some integer A,
and A >0 as M is nef. Recalling the canonical bundle formula and the fact that degc,(€) = 2a, we
thus get (Kp)g =(—2H + 2a—n—1)M)g =(—2+ A(2a —n — 1))Hg. Hence (2.12.1) gives

2—n=rQa—n-1). (212.2)

Since n > 3, we see that A # 0, hence A > 1. It follows that 2a =n+1+ 2)\;" <n+1+4+2—n=3, which
implies a = 1. But putting this value in (2.12.2), we get A = % < 1, a contradiction. 0O

2.13. In the sequel we will need to face the same situation as in Proposition 2.12 also with dim P = 3.
In this case, set V = ¢, H. Then V is a vector bundle of rank dimP + 1 =4 on C. Consider the pro-
jective bundle ¢ : Pc (V) — C and let & = H(V) be tautological line bundle. Then P embeds fiberwise
into Pc(V) as a divisor P € |26 — ¢ *B|, for some B € Pic(C), and H = &p.

Lemma 2.14. Let X, £, (P, H) and d be as in 1.3. Assume that X has dimension n > 2 and that £ has rank
r > 2. Suppose that (P, H) admits a quadric fibration ¢ : P — C over a smooth curve C and let V = ¢, H. If
dim P = 3, then (P, H) has degree d = 3 deg V.
Proof. The number § of singular fibers of ¢ is given by § =2deg) — 4b, where b = degB [8, (3.3)].
Then v*B is numerically equivalent to bD, where D = P3 is a fiber of . So, taking into account the
Chern-Wu relation, we get

d=H>= (&)} =£32¢ —bD) =26* —be3D =2degV — b.
Therefore,

§ =—6degV +4d.

Now note that dim P = 3 implies n = 2. So, taking into account also the scroll structure of (P, H) over
a surface, it turns out from part I of Proposition 2.11 that § =0 and this proves the assertion. O

3. Ample vector bundles of very small A-genus

In order to extend the notion of A-genus to the vector bundle setting, we give the following
definition.
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Definition 3.1. Let £ be an ample vector bundle of rank r on a smooth projective variety X of dimen-
sion n. We define the A-genus of the pair (X, £) as the integer

AX, &) :=nr+d—h%X, &), (3.11)
d:=d(P, H) being given by Lemma 1.1.

Remark 3.2. Let £ be a rank-r ample vector bundle on a smooth curve C and assume that & is
decomposable as £ = ®|_, L;, where all the £;’s are ample. Then

AC, &) = A(C, EB&-) =r+» degli— Y h%(C.L)=) A(C, L. (3.21)
i=1 i=1 i=1 i=1

Notice that for the A-genus of a decomposable ample vector bundle on a smooth variety of di-
mension > 2 we have only superadditivity; for instance, consider the following

Example 3.3. Let X be a smooth projective variety of dimension n =3 and let £ = L1 ® L3, where L4
and £, are two ample line bundles on X. According to Example 1.2(i), d = cl(c% — 2¢3). Hence

AKX, €) =6+ (L1+ L2) - (L7 + £5) — (°(L1) +h°(L2))
2

2
>3 B +L7 —h0L)) =D AKX, L.
i=1

i=1

Note that for a decomposable ample vector bundle £ on a smooth curve C, we have A(C,&) >0
as a consequence of Remark 3.2. Moreover, the same holds for the pair (X, £) in the example. On the
other hand, looking at Definition 3.1, it is not immediate to see that the A-genus of any ample vector
bundle is a nonnegative integer, as it is for line bundles. However, this is the case, as the following
proposition shows.

Proposition 3.4. Let X, £ and (P, H) be as in 1.3. Then
AX,E)=m—1(r—1)+ A(P, H).
In particular, A(X,E) > (n—1)(r —1).

Proof. Let F be any fiber of the scroll projection = : P — X. Since H is ample, due to the ampleness
of £, we can compute the A-genus of the pair (P, H). We have

AKX, E)=nr+H™ 1 —h%&) =m—-1)(r—1)+ AP, H).
Now, the final assertion follows from the non-negativity of A-genus for ample line bundles. O

Remark 3.5. According to Proposition 3.4, one could observe that our definition of A(X, &) for am-
ple vector bundles of rank r > 2 still relies on the A-genus of a polarized manifold. However, in
studying pairs with low A(X, &), this will be an advantage, since the scroll structure of (P, H) pre-
vents this pair from entering in a range for which Fujita’s classification is not complete. On the
other hand, one could consider another obvious polarized manifold associated with (X, &), instead
of (P, H), namely (X, det&). For instance, let n =1, so that A(X, £) = A(P, H), and let g be the genus
of X.If g=0, then A(X,&) =0= A(X,det&), according to Proposition 1.6. If g =1, then A(X,E) =
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r+deg& —h%(&) =r, while A(X, det€) =1 by Proposition 1.6. Now, let g > 2 and suppose that & is
very ample. Then h(det &) > h%(E) +r — 2, by [19, Theorem|. This says that

A(X,E) > A(X,det€) +2r —3 > A(X, deté).

This seems to suggest that A(X, &) is a more relevant character than A(X, det&): actually the list
of pairs (X, &) satisfying A(X,E) < (n—1)(r — 1) + 3§ is expected to include that of pairs such that
A(X,det&) < 4. Apart from case n =1 discussed before, if n > 2 this is certainly true for § =0, as one
can see comparing [11, Theorem 5.10] with Theorem 3.6 below, taking into account that deg&c >r
for any rational curve C C X. Moreover, this is true also for § =1 at least for pairs (X, £) such that
c1(£)? >3 (compare [11, Chapters 8 and 9] with Theorems 3.6 and 3.7).

Now we want to classify pairs (X, £) whose A-genus is small. We start with pairs whose A-genus
is minimum, i.e. equal to (n — 1)(r — 1). Since the case of line bundles on manifolds of dimension > 2
has already been settled by Fujita (see [11, Theorem 5.10]), and in view of Proposition 1.6, we confine
to ample vector bundles of rank at least two.

Theorem 3.6. Let X and £ be as in 1.3. Assume that £ has rank r > 2. Then A(X,E) = — 1)(r — 1) if
and only if (X, £) = (P", Opn (1)82), or (X, ) = (P, Pi_; Opn (@), with ay > --- > a1 > 1. In particular,
A(X,E)=0ifand only if (X, £) is as in the latter case.

Proof. Let (P, H) be as in 1.3. By Proposition 3.4, the assertion on the A-genus is equivalent to
A(P, H) = 0. Therefore the polarized manifold (P, H) satisfies the assumption of [11, Theorem 5.10].
Note that, since rk(Pic(P)) > 2, the only possibility is case (3) of [11, Theorem 5.10], namely (P, H) is
the scroll of an ample vector bundle V on P! via a morphism p:P — Pl If 7 =p, then £=V is a
direct sum of line bundles of positive degrees and we are done. If = # p, then the assertion follows
by Proposition 2.8. Viceversa, for the pairs (X, &) = (P", Opn(1)®%) and (P!, @i Opn(ay)), a direct
check shows that A(P, H) =0. In the former case, it is useful to note that P = Py (Op1 (1)®+D),
with H being the tautological line bundle. The final assertion in the statement is obvious, recalling
Proposition 3.4. O

Theorem 3.7. Let X and & be as in 1.3. Assume that £ has rankr > 2. Then A(X,E) = — 1) —1) +1if
and only if (X, £) is one of the following:

(1) (P2, ), where & is one of the following vector bundles: Opa (1)®3, the tangent bundle Tpz2, Op2(2) ®
Op2 (1);
(2) (P! x P1, Op1 1 (1, 1)92).

Moreover, A(X, £) =1 ifand only if (X, £) = (P?, Op2(1)%?).

Proof. Let (P, H) be as in 1.3. By Proposition 3.4, the assertion on the A-genus is equivalent to
A(P, H) = 1. Therefore the polarized manifold (P, H) satisfies the assumptions of [11, Chapters 8
and 9], which gives the following possibilities: (a) H™"~1 =1, (b) H™"~1 =2 and there is a finite
morphism p : P — P71 of degree 2 such that H = p*Opnsr—1 (1), or (¢) H""~1 >3 and (P, H) is a
del Pezzo manifold.

Case (a) is ruled out by Lemma 1.4. In case (b) we get a contradiction with the Picard number
if dimP > 3 by a result of Lazarsfeld (see [26, Proposition 3.1]). If dimP = 2, let B € |Op2(2b)| be
the branch locus of the double cover p : P — P2. Comparing the expression of Kp = —2H + m*(Kx +
det&) with that given by the ramification formula Kp = p*Op2(b — 3) we conclude that b=1 and
Kx + det€ = Ox. But this gives (P, H) = (P! x P!, Opi,p1(1, 1)), which contradicts the condition
A(P, H)=1. Hence we are left with case (c), and the assertion follows from Corollary 2.2.

Conversely, for all pairs as in (1) and (2) it is clear that A(P, H) =1.
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As to the final assertion, recall Proposition 3.4 and note that (n — 1)(r — 1) = 0 cannot occur.
This would imply A(P, H) =1 and the previous part of the proof shows that this is not compatible
with n = 1. Therefore, n=r =2 and A(X,E) = — 1)(r — 1), so (X, &) = (P?, Op2(1)®2) by Theo-
rem 3.6. O

4. Ample and spanned vector bundles

When the ample vector bundle £ is spanned, we can do a further step in the analysis of the low
values of A(X, £). We need some preliminary lemmata.

Lemma 4.1. Let X, £ and d be as in 1.3. Assume that £ is spanned and has rank r > 2. Then d > 3 unless
(X, &) = (P!, Op1 (1)®2),

Proof. Let (P, H) be as in 1.3 and assume that d < 2. Then (P, H) is one of the pairs listed in
[25, Lemma 0.6.1], namely:

(i) ™1, Opnir- (1));
(i) @1, Ogner—1(1));
(iii) p: P — P™ 1 is a double cover and H = p*Opns+r—1 (1).

Clearly case (ii) for n+r —1 >3 and case (i) are ruled out, as in our assumptions P has Picard
number at least two. Similarly, in view of [26, Proposition 3.1], we rule out case (iii) forn+r—1> 3.
Therefore n+r —1=2, and (P, H) is a surface scroll over a smooth curve.

Let B € |Op2(2b)|, for a positive integer b, be the branch locus of the double cover p in (iii).
We have p,Op = Opz @ Op2(—b), hence h'(Op) = h!(p,Op) = 0. Then, in both cases (ii) and
(iii), we are left with (P, H) a rational scroll. It follows that A(P, H) = 0, which is equivalent to
A(X,E) = (n —1)(r — 1) by Proposition 3.4. Therefore, noting that deg& =d = 2, we deduce that
(X, &) = (P!, Op1 (1)®?) by Theorem 3.6. O

Lemma 4.2. Let X, £ and (P, H) be as in 1.3. Assume that & is spanned and has rank r > 2. Then A(X,E) =
(n —1)(r — 1) + 2 if and only if one of the following holds:

(1) X is a smooth curve of genus 1 and r = 2;
(2) g(P,H)>2.

Proof. By Proposition 3.4 the assumption on the A-genus of (X, &) is equivalent to A(P,H) = 2.
Therefore by [11, Theorem 10.2] one of the following holds:

(i) P = Pc(F), with F an ample vector bundle over an elliptic curve C and H = H(F) (which
implies that we can assume F spanned);
(i) g(P,H) > 2.

If (i) holds, then h'(Op) =h'(O¢) =1, as C is an elliptic curve; hence h!(Ox) =1, too. Combining
with Proposition 2.8, we derive that the bundle structures of P on X and on C have to coincide;
in particular X is an elliptic curve. On the other hand, for such a curve and for any ample (and
spanned) vector bundle &, we know that A(P, H) =r, since h®(H) = h%(£) = deg& + r(1 — g(C)) by
the Riemann-Roch theorem, as h!'(€) = h'(€ ® K¢) = 0. Therefore r =2 and we get case (1) in the
statement. Case (ii) corresponds to (2). O

As we have seen, case (1) in Lemma 4.2 is effective. So we continue assuming in the following
that g(P, H) > 2.

Theorem4.3.Let X, £, (P, H) and d be asin 1.3. Assume thatd > 4, £ is spanned of rankr > 2 and g(P, H) >
2.Then A(X,E) =M —1)(r — 1) + 2 ifand only if (X, £) is one of the following:
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(1) (@3, Ogs (1)®2);

(2) (P! x P!, Opt,p1 (1, 1) @ Opi1 o p1 (2, 1));

(3) (Fy.[Co+2f1%%);

(4) X is a smooth hyperelliptic curve and £ = L2, where £ e Pic(X) is the line bundle giving the g; of X.

Proof. By Proposition 3.4, the assumption on the A-genus of (X, £) is equivalent to A(P, H) =2.
Assume first that d > 5. As shown in [11, (10.7)], the adjoint bundle Kp 4+ (n +r — 2)H defines a
morphism q : P — P! giving to (P, H) the structure of a quadric fibration over P'.
We claim that dim P > 3. If this is not the case, then dim P = 2, hence n =1 and r = 2. Then by
[11, (10.7.2)], (P, H) is one of the following:

(al) P is the blow-up of P! x P! at (12 —d) points and H = 0*(Op1,p1 (2, 3)) — 3 E;, where o : P —
P! x P! is the blow-up and E; are the exceptional divisors;

(a2) P =T or a blow-up of F; at a point on the (—1)-curve;

(a3) P =F,.

In case (al) d =12, as P is a P-bundle, and, of course, P = in case (a2). Therefore in all cases
P =T, for some e < 2. Since these surfaces are rational, (P, H) can only be a scroll over P!, but then
A(P, H) =0, a contradiction. This proves the claim.

Next we claim that n > 2. Indeed, if this is not the case, then the general fiber of 7, which is a
P! with r — 1 =dimP — 1 > 2, cannot map surjectively onto P! via q; hence it has to be a fiber
of g, which is impossible.

First let dim P = 3. Taking into account Lemma 2.14, a closed check of the list in [11, (10.7.3)]
shows that the only possibility is P = P! x F; with d = 9; thus we immediately see that H corre-
sponds to the Segre embedding. According to Remark 2.10, this (P, H) leads to the pairs (2) and (3)
in the statement. Conversely, for these two pairs it is immediate to check that A(P, H) = 2, hence
A(X, &) =3.

Next let dim P > 4. Then (X, £) = (Q", Ogn (1)®2) by Proposition 2.12. By computing the A-genus
we find that

2m-2=AQ", 0p(M®)=n-D(r—1)+2=n+1

if and only if n = 3. This gives case (1) in the statement.

Now let d = 4. There are two possibilities according to whether the morphism @y associated to |H|
is birational or not [11, 10.8]. When @y is birational, [11, Theorem 10.8.1], recalling that g(P, H) > 2,
gives the following possibilities:

(b1) P is isomorphic to a smooth quartic hypersurface of PdimP+1.

(b2) P is P! x P! blown-up at 8 points;

(b3) dimP =3, (P, H) is a quadric fibration over P!, and P embeds fiberwise as a divisor in Pp1 (V)
as in 213 with V = Opi (1) ® OF.

Under our assumptions all these possibilities cannot happen. Indeed, the fact that our P has a P-
bundle structure rules out both case (b2) and case (b1) when dim P > 3. On the other hand, for
dimP =2, P is a P'-bundle over a smooth curve, hence it cannot be a K3 surface as in (b1). Finally,
case (b3) gives a contradiction with Lemma 2.14.

Now assume that @y is not birational. Then according to [11, (10.8.2)], &y : P — W is a double
cover where either

(c1) W =Q""1 is a smooth quadric, or
(c2) n+r—1=2 and W is a quadric cone.
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Case (c2) cannot occur. Otherwise the vertex v of W would be in the branch locus of @y, P being
smooth. By taking the desingularization v :F, — W and blowing-up @ : P — P of P at the point
q),;](v), we would get a commutative diagram:

m
—_—

=N

(g7}

T

<
S <

where ¢ is the double cover induced by @y. Note that K%, is even, since P is a P!-bundle over
a smooth curve, and then K% = KIZ, — 1 is odd. On the other hand, by the ramification formula,
Ky = ¢*(Ky, + B), where 21| is the linear system containing the branch divisor of ¢. Then KIZ) =
2(Kp, + B)? is even, a contradiction.

Now, consider case (c1). f n+r—1> 3, then P has Picard number one by [4], but this is impos-
sible since (P, H) is a scroll. Thus W = P! x P! and the branch divisor of @ is a smooth element
B €12B|, where B = Op1,p1(a, b) for some integers a,b > 0 and we can suppose a > b in view of the
symmetry. First assume that b = 0; thus B is a union of fibers of the first projection p; of P! x P,
Then @y is induced by a double cover of smooth curves p : I" — P! branched at the points corre-
sponding to the connected components of B and we have a commutative diagram:

pP——>T

P! x P! T>IP’1.

This shows that P = I" x P!, so X = I" is a smooth curve admitting a g%, hence a hyperelliptic curve,
since g(X) = g(P, H) > 2, and £ = £®? for some ample line bundle £ € Pic(X). Writing the numerical
class of H as & + (deg £) f, where & is the tautological line bundle on P of the trivial vector bundle
O$2 and f is a fiber, we get 4=d = H? =£% + (2deg £)¢ - f = 2deg L. Then deg £ =2 and £ has to
be spanned, £ being so. Therefore, |£]| is the g% of X. This gives case (4) in the statement.

Now suppose that b > 0. Then B is ample and

h](Op) = h1 (DPyOp) = hl (OlPlx]P’] o) O]P’l P (—a, _b)) =0

by the Kodaira vanishing theorem. This says that the base curve of the P!-bundle P is P!, hence
P =T, for some e. Ramification formula gives

Kp = ®@};(Kp1 yp1 + B) = @} (Opi1  p1 (@ —2,b —2)),

and 8 = I(D%e = 1(123 implies (a,b) = (4, 3). But then Kp would be ample, according to the above for-
mula, which is clearly impossible. 0O

We finally consider d = 3. In this case, since H is ample and spanned, ¢y : P — P:=P""~1 is a
triple cover.
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Proposition4.4. Let X, &, (P, H) and d be as in 1.3. Assume that d = 3, £ is spanned of rankr > 2, g(P, H) >
2 and A(P, H) = 2. Then the triple cover ¢y : P — IP defined by |H| is not of triple section type (in the sense
of [9]). Moreover,n =1 = 2.

Proof. Recall that P has Picard number p(P) > 2. It thus follows from [26, Proposition 3.1] that
3 =deg¢y > dimP =n+r — 1. Therefore we know that

n+r—1<3. (44.1)

By contradiction, suppose ¢y is of triple section type. Then [26, Proposition 3.2] (see also [9, Theo-
rem 2.1]) says that the relative dualizing sheaf of ¢y is isomorphic to ¢};Op(X) for some A € Z. We
know that Kp = —rH +71*(Kx +det&) where m : P — X is the bundle projection; on the other hand,
¢1;0p(1) = H. Hence we get

A =Kp —¢f;Kp=(—r+n+rH+n*Kx +detf).

Therefore . =n and Kx + det€ = Oy, due to the injectivity of the homomorphism 7* : Pic(X) —
Pic(P), whence Kp = —rH. Then the genus formula gives

2g(P,H)—2=(Kp+(+r—2)H)H"" 2 =n—-2)H"" 1 =3(n - 2).

This shows that n has to be even. Moreover, n > 4 since g(P, H) > 2. But this contradicts (4.4.1).
Furthermore, since r > 2, according to (4.4.1) we have two possibilities: either

(Q) n=1withr=2, 3, or
(b)) n=r=2.

So the proof is complete when we show that case (a) cannot occur.

Assume by contradiction that case (a) holds. Let S denote a smooth element of |H| when r =3
and P itself when r = 2. In both cases we know that |Hs| induces a triple cover ¢ : S — P2. Then
we can write ¢.Os = Op2 @ 7, where 7 is a rank-2 vector bundle on P2, and the branch locus
of ¢ is an element of |2det7*|. Set b; :=¢;(7). By applying the Riemann-Hurwitz formula to the
curve ¢*¢ € |Hs|, where ¢ c P2 is a general line, we thus get 2g(Hs) — 2 = 3(=2) + (—2b1). Since
g(Hs) = g(P, H) this gives

—b1=g(P,H)+2. (4.4.2)

But (P, H) is a scroll over the smooth curve X, hence g(P, H) = q, the genus of X, so that (4.4.2)
reads as —b; = g+ 2. Moreover, (S, Hs) itself is a surface scroll over X. So we have K2 = 8(1 —q) and
the topological Euler-Poincaré characteristic is e(S) = 4(1 — q). Thus, eliminating b, from Miranda’s
formulas [28, Proposition 10.3]

K2 =27412b; +2b> —3b, and e(S) =9+ 6by +4b? — 9b,,
we get q(q — 1) = 0. But this is a contradiction in view of our assumption g(P,H) >2. O

To conclude the discussion for d = 3, according to Proposition 4.4 it remains to analyze the very
restricted case n =r = 2. However, this requires more work than expected and will be done in a
separate paper.

We conclude this section classifying pairs (X, £) where £ is an ample and spanned vector bundle
of rank r > 2 such that A(X, &) =2.



688 A. Lanteri, C. Novelli / Journal of Algebra 323 (2010) 671-697

Proposition 4.5. Let X and £ be as in 1.3. Assume that £ is spanned of rank r > 2. Then A(X, £) =2 if and
only if (X, €) is one of the following:

(1) (P, Ops (1)®?);

(2) (P2, E), where £ is either the tangent bundle Tp2, or Op2(2) @ Op2(1);

(3) (P! x P!, Opr o p1 (1, 1)®?);

(4) X isasmooth curve ofgenus 1 andr =2;

(5) X is a smooth hyperelliptic curve and £ = £92, where £ € Pic(X) is the line bundle giving the g% of X.

Proof. Let (P,H) be as in 1.3. In view of our assumptions and of Proposition 3.4, we have
0 < A(P,H) < 2. We can therefore split the proof according to this value. If A(P, H) =0, then
2=A(X,E)=m—1)(r —1); hence we get case (1) of the statement by Theorem 3.6. If A(P, H) =1,
then 2 = A(X,&)=(Mm—1)(r—1)+1; hence we get cases (2) and (3) of the statement by Theorem 3.7.
If ACP,H)=2,then 2=A(X,£)=m—1)(r — 1) + 2; hence n =1, and we get cases (4) and (5) of
the statement by combining Lemmata 4.1 and 4.2, Theorem 4.3 and Proposition 4.4. O

5. Very ample vector bundles

As we have seen in Section 4, the analysis of low values of A(X, £) can be pushed further as long
as the vector bundle £ enjoys better properties than the bare ampleness. In this section we consider
very ample vector bundles £ and we obtain, among other results, a complete descriptions of pairs
(X,€) up to A(X,E)=(n—1)(r — 1) + 3. First we prove some results relying on the classification of
projective manifolds of low degree due to Ionescu.

Theorem 5.1. Let X, &, (P, H) and d be as in 1.3. Assume that X has dimension n > 2 and that & is very ample
ofrankr >2.Then A(X,E) > (n—1)(r—1) + % unless (X, £) is one of the following:

(P", Opn (1)®?);
@, Ogn (1)#2);
(P, Opn(1)®), n < 6;
(P3, &), where £ is one of the following vector bundles: Ops (1)®4, Op3(2) ® Ops(1)®2, the tan-
gent bundle Tps, the twist N'(2) of a null-correlation bundle N on P3, Op3 (2)®2, Ops (3) ® Ops (1),
Op3 (2) @ Op3 (1);
(5) (Q3, &), where £ is one of the following vector bundles: Ogs (1)®3, the twist S(2) of a spinor bundle S
on Q3, 03 (2) ® Ogs (1);
(6) (X, h) is a del Pezzo threefold and £ = h®?;
(7) (P%, ), where & is either the tangent bundle Tp2, or Op2(2) ® Op2(1);
(8) (P? x P1, &), where & is either Opz p1(2,1) & Opap1 (1, 1), or T} Tpz ® Opaz 1 (0, 1), Tz and 7
denoting the tangent bundle on P? and the first projection respectively;
(9) n=r=2, X =Pc(V), where V is a vector bundle of rank 2 on a smooth curve C, and £ = & ® p*g,
where & = H(V) is the tautological line bundle of V on X, G is a vector bundle of rank2 on C,p : X — C
is the projection and 2h°(V ® G) > 3(degV + degG + 2);
(10) n=2, X is ruled and (P, H) has a unique scroll structure over a surface.

NN NN

(1
(2
(3
(4

Proof. Assume that A(X, &) <(n—1)(@r—-1)+ %l. We note first that, H being very ample, there is an
embedding of P in PN with N =h%(&) — 1; moreover, the assumption on the A-genus is equivalent
to the condition d < 2 codimpn P + 2.

This allows us to apply [16, Theorem I] to (P, H), obtaining the following possibilities:

(i) (P, H) is a scroll over a smooth curve C;

(ii) (P, H) is a scroll over a (birationally) ruled surface S;
(iii) (P, H) is a quadric fibration over a smooth curve C;
(iv) (P, H) is a del Pezzo manifold;
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(v) (P, H) is a Mukai manifold;
(vi) (P, H) admits a reduction (Y, L) which is one of the following pairs:
(vi-a) (P2, Ops (3));
(vi-b) (Q3, Ogs ());
(vi-c) (P4, Opa(2));
(vi-d) a Veronese bundle over a smooth curve.

We proceed with a case-by-case analysis.

Case (i). We can apply Proposition 2.8, hence we have (X, &) = (P", Opr(1)®2). Notice that this pair
satisfies A(X,E) = (n —1)(r — 1) in view of Theorem 3.6, so we get case (1) in the statement.

Case (ii). If (P, H) has a unique scroll structure over a surface, then we get case (10) in the statement
(see Remark 5.2). Otherwise we can apply Proposition 2.9, which gives three possibilities. If (X, &) =
(P, Opn (1)®3), then the condition A(X,E) < (n—1)(r—1)+ % gives n < 6, and we get case (3) in
the statement. Pair (X, &) = (P2, Tp2) fits into case (7). In this case A(X,E)=2<m—-1)r—-1) + %.
The last possibility gives (9), as shown in the discussion of Case (iii) below.

Case (iii). In this case P is endowed with two morphisms 7 : P — X and ¢ : P — C. Denote by
F =P any fiber of 7, and by G = Q"2 a general fiber of . Note that G Z F because dimG =
n+r—2>r>r—1=dimF; so the restriction of 7w to G is not constant.

If dimG=n+r—2 >3, then we get case (2) of the statement with n > 3 by Proposition 2.12.
Note that this case is effective, since d =2(n+ 1), hence A(X,&)=2n—-2<2n=n-1)r—-1) + g.

If dimG=n+r—2=2, then n=r=2. So, (P, H) is both a scroll over a smooth surface and a
quadric fibration over a smooth curve (with respect to the same polarization). Hence we are in the
assumptions of part I of Proposition 2.11, which gives two possibilities, namely (a) and (b). Of course,
(a) corresponds to case (2) of the statement for n = 2. In case (b) we have c{(€) = 26 + p*c1(G)
and c3(§) = &2 +& - p*c1(G). Moreover, £2 =deg) by the Chern-Wu relation, and d = H> = ¢1(£)? —
c2(£). Finally, h%(E) = h%(p.& ® G) =h%(V ® G), by projection formula. It thus follows that condition
A(X,E) < (m—1)(r—1)+ ¢ is equivalent to

3(degV +deg@q)

Yo >3+ 5

Then we get case (9) in the statement. Note that also the pair in (a) satisfies this condition.

Case (iv). We are in the assumptions of Corollary 2.2. As already observed, the first case of this corol-
lary fits into case (9) of the statement. Therefore we get cases (7), (3) with n =2 and (9) of the
statement. Indeed, in these cases, A(X,E)=n—1)r—-1D+1<(n—-1D({T—-1)+ %, in view of Theo-
rem 3.7 and Lemma 1.4.

Case (v). We are in the assumptions of Proposition 2.4, hence we get cases (4), except for the

last vector bundle, (5), (6) and (8) of the statement. In fact, a direct computation shows that
AX,E)<in—-1D(Tr -1+ % in all these cases. The very ampleness of the indecomposable £ in
case (8) follows taking into account the Euler sequence on P? pulled-back to X via 771 and twisted by
Op2,p1(0, 1). This also shows that h%(&) = 3h%(Op2  p1 (1, 1)) — h®(Opa . p1 (0, 1)) = 16. On the other
hand, a straightforward computation gives d = 24. Therefore A(X,E)=14=n—-1)r—1)+ %.

As to pairs (P3, A/(2)) and (Q3, S(2)), we already pointed out in Remark (2.5) that they give rise
to the same (P, H). So, to prove their effectiveness, it is enough to deal with (Q3, S(2)), in view of
Proposition 3.4. Thus consider the exact sequence (e.g. see [31, Theorem 2.8])

0—>$—>(98;‘—>3(1)—>0

and twist it by Ogs(1). This shows the very ampleness of S(2). Since h'(S(1)) =0 and h%(S(1)) =4
by [31, Theorem 2.3], we derive h%(S(2)) = 4h%(Ogz(1)) — h%(S(1)) = 16. Moreover, ¢1(S(2)) =
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Og:(3), while €2(S(2)) = €2(S ® O3 (2)) = O3 (2)% + ¢1(S) - O3 (2) + €2(S) = 3Oga(1)2. It thus
follows that d = c1(c? — 2c2) =24, hence A(Q*, SQ2)=14=@n—-1)(r—1)+ g.

Case (vi). By dimensional reasons the pair (P, H) is a scroll over either a smooth surface, or a smooth
threefold (only in case (vi-c)), so n =2 or 3 (only in case (vi-c)). It follows by Lemma 2.7 that (X, &) =
(P", Opn (2) ® Opn (1)), n =2 or 3. Moreover, the only pair occurring as a nontrivial reduction (in fact
simple reduction) of (P, H) is that in (vi-c). Thus, either (X, &) is the last pair in (4), or the reduction
morphism has to be an isomorphism, i.e. (P, H) = (Y, L). But since p(P) = 2, this can happen only
in case (vi-d). However, since (P, H) is also a scroll over a smooth surface, this situation gives a
contradiction with [5, Theorem 2].
Note that for the last pair in (4) AX,E)=7<n—-1)Tr—-1)+ %. O

Remark 5.2. Of course not all pairs as in case (9) are true exceptions for the inequality in the state-
ment. For instance, let X =P? and consider £ = Op(a) ® Op2 (b), with a,b > 1. Then (X, £) is a true
exception if and only if a and b satisfy the inequality ab < 3(a + b) — 2. E.g. this condition holds for
E =0Op2(a) ® Op2(1), for any a > 1; but it does not hold for £ = Op2 (@)®?2, as soon as a > 6.

Remark 5.3. Suppose that the pair (X, £), with £ a very ample vector bundle, satisfies the condition
AX,E)>m—-1T—-1)+ %. If d >2dimP — 2, then clearly A(X,&) > (n—1)(r — 1) +dimP — 1=
nr — 1. So, all pairs (X, £) making exception to the inequality

AX,E) >nr—1 (5.3.1)

and satisfying d > 2dim P — 2 also appear in the list of exceptions provided by Theorem 5.1. On
the other hand, if a pair (X, £) appearing in the list of exceptions in Theorem 5.1 is such that d <
2dim P — 3 then certainly it cannot satisfy the inequality (5.3.1). On the other hand, it is easy to
check that there are pairs (X, £) in the list of exceptions in Theorem 5.1 not satisfying the condition
d <2dimP — 3, eg. (Q", (’)Qn(l)@z). So, it deserves to study inequality (5.3.1) by its own in order to
find pairs making exception. The result is the following.

Theorem 5.4. Let X and £ be as in 1.3. Assume that X has dimension n > 2 and that £ is very ample of rank
r > 2.Then A(X, &) > nr — 1 unless (X, £) is one of the following:

(1) (P", Opn (1)®?);

(2) @, Ogn(1)®?);

(3) (B, Ops(1)®3);

(4) (P2, &), where £ is one of the following vector bundles: Op2 (1)®" withr =3 or 4, Tpa ® Op2 (1)®7 2
where Tp2 is the tangent bundle and r = 2 or 3, Op2(2) @ Op2(1)®V withr =2 or 3;

(5) (P! x P, Op1,p1 (1,1) @ Opi1 o p1 (1, 2));

(6) (F1,[Co+2f1%2).

Proof. Assume that A(X,E&) <nr—1. Let (P,H), w and d be as in 1.3. We note first that, H being
very ample, there is an embedding of P in PN with N =h%(£) — 1; moreover, the assumption on the
A-genus is equivalent to the condition d < N.

This allows us to apply the main Theorem of [18] to (P, H), and we obtain the following possibil-
ities recalling that p(P) > 2:

(i) (P, H) is a del Pezzo manifold with 3 <dimP <4 and d =6, 7;
(ii) P is the Segre embedding of P! x IF;, where Fy is embedded in P* as a rational scroll of degree 3;
(iii) (P, H) is a scrolls over P?; more precisely, P = Pp2(F) where F is either Tp2 @ Op2(1), or
Op2(2) ® Op2(1)#2, or Op2(1)®4, and H stands for the tautological line bundle;
(iv) (P, H) is a scroll over P! with d > dim P;
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(v) there is a vector bundle G over P! of rank dim P+1 > 4 and of splitting type n = (1o, - .., Nnitr—1)
such that, if L is the tautological line bundle on Ppi(G) and G denotes a fiber of the projection
Pp1(G) — P!, P embeds fiberwise in Pp1(G) as a divisor P € |2L 4+ G| with Lp = H and one of
the following holds:

(v-a) N=d=2dimP-1,n=(1,...,1,0,0), 8 =1;

(v-b) N=d=2dimP,n=(1,...,1,0), =0;

(v-c) N=d=2dimP+1,n=(1,...,1), B=-1;

(v-d) dimP >4, N=d+1=2dimP+1,n=(1,...,1), B = —2 or, equivalently, P = P! x Q"2

Segre embedded;
(v-e) N=d=2dimP+2,n=(2,1,...,1), B=-2.

We proceed with a case-by-case analysis.

Case (i). We are in the assumptions of Corollary 2.2, hence we get cases (2) with n =2 and (4) with
E= (’)]Pz(l)@3, the tangent bundle Tp2, Op2(2) @ Op2 (1) of the statement. Indeed, in all these cases
AX,E)=m—-1)(r—1)+1 <nr —1, by Theorem 3.7.

Case (ii). In this case P = Pp, (£%?), where £ = [Co + 2f] € Pic(F1) because H = 7*[Co + 2] +
q*Op1 (1), where q and 7 denote the projections. A direct computation shows that A(Fq, £9?) =3 =
nr — 1, and this gives case (6) in the statement.

Case (iii). Denote by p : Pp2(F) — P? the projection. If n >3, then p # . Since dimP =4 or 5, it
follows from Proposition 2.9 that the only possibility is (X, &) = (P3, Ops(1)®3). Notice that in this
case A(X,E)=7 <8=nr —1, so we get case (3) in the statement. Assume now that n = 2. Arguing
as in case (d) of the proof of [23, Lemma 2.5], we show that p = . We reproduce the argument
for the convenience of the reader. Assume by contradiction that p # 7. Then there is a fiber F of p
such that 7|f : F — X is not constant. Hence F =P?, otherwise |r would give a fibration of P3
either onto X or onto a curve of X, which is a contradiction. Moreover 7 |r : F — X is a surjective
morphism onto a smooth projective surface, hence X =P? by [27, Theorem 4.1]. By [34, Theorem A],
we obtain P =P? x P2, which is not one of our cases. We have thus proved that p = 7. Therefore
we obtain case (4) of the statement with £ = Op2(1)®4, Op2(2) ® Op2(1)®2, Tp2 & Op2(1). Indeed a
direct computation shows that in all these cases A(X, £) < nr — 1, equality occurring for the last two
pairs.

Case (iv). As (P, H) is a scroll over P!, we can apply Proposition 2.8; hence (X, &) = (P", Opn(1)®2).
Then, by Theorem 3.6, A(X,E)=(n —1)(r —1) <nr —1; so we get case (1) in the statement.

Case (v). We can argue as in Case (iii) of Theorem 5.1, so we get the following possibilities:

(@) @, Ogn(1)®2);

(B) n=r=2, X =Pp(V), where V is a vector bundle of rank 2 on P!, and £ = £ ® p* M, where
£ = H(V) is the tautological line bundle of V on X, M is a vector bundle of rank 2 on P!,
p: X — P! is the projection.

Recall that A(Q", OQn(l)@z) =2n—2 <nr—1. So (@) leads to case (2) in the statement. As to case
(B), since the base curve is P!, we can write: V = Op1(a) ® Op1 for a nonnegative integer a and
M = Opi(21) @ Op1 (ar2) for some integers o1, @z, with 1 > 2. Then E=[§ + o1 f1D[E + 2 f], f
being a fiber of p, hence a1 > oy > 0 due to the ampleness. We can compute d = c1(E)? — c3(€) =
26 + (a1 +2) f)? — (£ + o1 f)(E + a2 f) =3(a+ a1 +a3) and, by projection formula, h°(£) =h%(V ®
M) = hO(O]p] @+ oa1) ®Opi(a+ az) @ Opi (1) @ Opi1(az)) =2(a + ay + az + 2). It follows that
AX,E)=a+ a1 +ay. Then A(X,E) <nr—1 if and only if a + a1 + ay < 3. Therefore we have the
following possibilities

(@) V=0p% and £ =[5 + f1%? or E=[5 +2f1® [§ + f];
(b) ¥ =0Opi (1) ® Op1 and € = [£ + f192.
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So (a) leads to the cases (2) with n =2 and (5) of the statement, while, noting that & = Cy + f, (b)
leads to case (6) of the statement. O

Remark 5.5. Note that cases (5) and (6) of Theorem 5.4 give rise to the same pair (P, H), according
to Remark 2.10.

Here is the result announced at the beginning of this section.

Theorem 5.6. Let X and £ be as in 1.3. Assume that £ is very ample of rank r > 2. Then A(X, &) =
n—1)(r — 1)+ 3ifand only if (X, &) is one of the following:

(1) (@*, Ogs(D®?);

(2) (B3, Op (1)®3);

(3) (P2, £), where & is one of the following vector bundles: Op2 (1)®4, Tp2 @ Op2 (1) where Tpo is the tangent
bundle, Op2(2) & Op2(1)%?;

(4) (P%, £), where £ is a very ample vector bundle of rank 2 with c1 () = 4 and 3 < c3(E) < 10;

(5) (P! x P!, &), where & is either Op1, p1(1,3) @ Opi1 1 (1, 1), or Opi . p1 (1,2)%?;

(6) (F1,[Co+3f1®[Co+2fD;

(7) (F2.[Co+3f1%2);

(8) X is asmooth curve of genus 1 and £ is any very ample vector bundle of rank 3.

Proof. If n+r > 5, then A(X,E)=m—1)(r — 1) +3 <nr —1; hence, n > 2, the list of pairs we are
looking for is a subset of the list in Theorem 5.4. Checking that list, an easy computation as we did
in the course of the proof of Theorem 5.4 leads to the pairs (1)-(3). So we can confine to study the
following possibilities: either

n=r=2, or n=1, r>2. (5.6.1)

Let (P, H) be as in 1.3. First of all, according to Ionescu’s classification results in [15, Section 4], as
rephrased in [23, Theorem 3.7 and Remark 3.9], taking also into account that P has Picard number at
least two and negative Kodaira dimension, we see that (P, H) can only be one of the following pairs:

(a) a 3-dimensional scroll over a smooth curve of genus 1;

(b) a quadric fibration over P! with g(P, H) = 3;

(c) a scroll over P? with g(P, H) = 3; furthermore, if dimP > 4, then P = Pp2 (Tp2 @ Op2(1)) or
P =Pp(Op(2)® Opz(l)eﬂ), with H being the tautological line bundle in each case, or P is the
Segre embedding of P2 x P3;

(d) a Bordiga surface (i.e. (P, H) has (P2, Op2(4)) as adjunction theoretic reduction), with 6 < d < 16;

(e) either P is a del Pezzo surface with K,Z, =2 and Hp = —2Kp, or (P, H) admits such a pair as
simple adjunction theoretic reduction.

Pairs in (d) and (e) are not compatible with the scroll structure of (P, H).

In case (c) we have X =P2. To see this, first note that (P, H) cannot be a scroll over a curve by
Proposition 2.8. So n > 2, and then, having P2 as a base surface of a scroll structure, it follows from
Proposition 2.9 that X = P2, Therefore r = 2, according to (5.6.1). It follows that (X, &) is as in case
(4) in view of [15, Theorem 4.2 and Proposition 4.7] and [22, Lemma 4].

If (b) holds, then (P, H) cannot be a scroll over a smooth curve; otherwise 0 = h'(Op) =
g(P, H) = 3, a contradiction. Then necessarily n =r =2 in view of (5.6.1). Using Lemma 2.14 we
get d = %degv, where V = ¢,H, ¢ : P — P! being the quadric fibration morphism. Comparing the
degree d with the degree of the vector bundle appearing in the second column of Table 1 in [12]
(V, in our notation), we thus see that d =12 and V is one of the following: Op: M e Op1 3)92,
Op1 (1) @ Op1 ()% @ Op1(3), or Op1 (2)%4,
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On the other hand, we are in the assumption of part Il of Proposition 2.11, hence X = F,
and £ = [Co + af] @ [Co + bf], with a,b >e + 1. So we can compute 12 = c1(E)? — c2(E) =
(2Co + (@+b) f)%2 — (Co+af) - (Co+bf) =3(a+b —e), whence 4+e =a-+b > 2e + 2. It thus follows
that e < 2. We can suppose a > b. So, if e =0, then (a,b) = (3, 1), or (2,2), which leads to case (5)
in the statement. If e =1, then (a, b) = (3,2); so we get case (6) in the statement. Finally, for e =2,
(a, b) = (3, 3), which gives case (7) in the statement.

It only remains to consider case (a). Note that any scroll over a smooth curve of genus 1 has
A(P,H) =dim P, so our condition together with Proposition 2.8 implies that P has only one scroll
structure and that r = 3. Therefore we are in case (8).

On the other hand, a direct computation shows that A(P, H) =3 in all cases of the statement. O

Remark 5.7. Note that case (5) with & = Opi,p1(1,3) ® Opi1,p1(1,1) and case (7) in Theorem 5.6
lead to the same pair (P, H). To see this, let (P, H) be the scroll defined by the pair in (7). Then
P =T, x P!, Let 7; be the i-th projection of P, i=1,2, and let p be the ruling projection of F,. Then
(p omy,m2) : P — P! x P! =Fy exhibits a new scroll structure of (P, H) over Fy. As A(P, H) =3,
this other scroll structure must correspond to one of the two pairs (Fp, £) in (5). On the other hand,
if £=0Op1,p1(1,2)®2, then P =Fy x P!, but by [6, Theorem 6] this would imply that Fo =5, a
contradiction.

6. Very ample vector bundles of small A-genus

In this section we characterize pairs (X, &), with £ a very ample vector bundle of rank at least
two, whose A-genus is small. The situation is completely settled when A < 1 under the weaker
assumption that £ is merely ample by Theorems 3.6 and 3.7, and when A =2 for ample and spanned
vector bundles by Proposition 4.5. So here we start our analysis with pairs with A(X, &) =3.

Proposition 6.1. Let X and £ be as in 1.3. Assume that £ is very ample of rank r > 2. Then A(X, £) =3 ifand
only if (X, &) is one of the following:

(1) (P4, Opa(1)®?);

(2) (P?, Op2(1)®);

(3) ' x P, Op1,p1(1,1) ® Opip1 (1, 2));

(4) (F1,[Co+2f1%2);

(5) X is a smooth curve of genus 1 and & is any very ample vector bundle of rank 3.

Proof. Let (P,H) and d be as in 1.3. In view of our assumptions and of Proposition 3.4, we
have 0 < A(P, H) < 3. We proceed according to this value. If A(P,H) =0, then 3 = A(X,¢&) =
(n — 1)(r — 1); hence we get case (1) of the statement by Theorem 3.6. If A(P,H) =1, then
3=AMX,E)=m—1)(r — 1)+ 1; hence we get case (2) of the statement by Theorem 3.7. If
A(P,H) =2, then 3=A(X,E)= M — 1)(r — 1) + 2. Noting that £ very ample implies d > 4, we
get cases (3) and (4) of the statement by combining Lemma 4.2 and Theorem 4.3. If A(P, H) = 3,
then 3=A(X,E)=m—1)(r — 1) + 3; hence we get cases (5) of the statement by Theorem 5.6. O

Proposition 6.2. Let X and £ be as in 1.3. Assume that X has dimension n > 2 and that & is very ample of
rank r > 2. Then A(X, E) =4 if and only if (X, £) is one of the following:

) (B, Ops (1)%2);

) (@3 Ogs (H®?);

) (P2, &), where £ is a very ample vector bundle of rank 2 with c1 () = 4 and 3 < c2(€) < 10;
) (P! x P, £), where & is either Op1 p1 (1, 3) ® Opt y p1 (1, 1), or Opt 1 (1, 2)2;

g (F1,[Co+3f1® [Co+2fD);

(1
2
(3
(4
(5
(6) (F2,[Co+3f1%%).
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Proof. Let (P,H) and d be as in 1.3. In view of our assumptions and of Proposition 3.4, we
have 0 < A(P, H) < 3. We proceed according to this value. If A(P,H) =0, then 4 = A(X,€&) =
(n — 1)(r — 1); hence we get case (1) of the statement by Theorem 3.6. If A(P,H) =1, then
4=A(X,E)=(Mn—1)(r—1)+ 1; hence we get a contradiction by Theorem 3.7. If A(P, H) =2, then
4=A(X,E)=(n—1)(r—1)+2. Noting that £ very ample implies d > 4, we get case (2) of the state-
ment by combining Lemma 4.2 and Theorem 4.3. If A(P, H) =3,then4=A(X,)=n—-1)r—1)+3;
hence we get cases (3)-(6) of the statement by Theorem 5.6. O

In order to classify pairs (X, £) as above with A(X, £) =5 we first need to study pairs (X, £) such
that A(X,E)=m—-1)r—1) +4.

Theorem 6.3. Let X and £ be as in 1.3. Assume that X has dimension n > 2 and that £ is very ample of rank
r>2.Then A(X,E)=m —1)(r — 1) + 4 ifand only if (X, £) is one of the following:

(1) (@, Ogs (1)®?);

(2) (P! x P, &), where £ is one of the following vector bundles: Opi,p1(1,1)®3, Op1, p1(2,2) &
Opt p1 (1, 1), Op1 p1 (2, 1) @ Op1 p1 (1, 2);

3) (Fe,[Co+af]l®([Co+ Bf]), wheree<3,x,8>e+1anda+ B =e+5;

(4) X is a cubic surface in P? and & is a very ample vector bundle of rank 2 such that det £ = —2Kx.

Proof. Let (P, H), m and d be as in 1.3 and note that m :=dimP =n +r — 1 > 3. According to [17,
Theorem 3] (P, H) as a projective manifolds of dimension m > 3 with A-genus 4 is one the following:

(@) P cP™1 is a smooth hypersurface of degree 6 and H is the hyperplane bundle;

(b)y m=3,d=7, g(P,H) =6, and the adjunction mapping (defined by Kp + H) makes P a fibration
in cubic surfaces over P1;

(c) m =3, P is the projection of a smooth complete intersection of type (2,2,2) from a point of
itself and H is the hyperplane bundle;

(d) P c P™+3 is a smooth complete intersection of type (2,2,2) and H is the hyperplane bundle;

(e) m=3, (P, H) has sectional genus 4 and it is a scroll over a smooth surface X, where either
¥ =P! x P! or ¥ CP? is a cubic surface;

(f) P=P? x P! x P!, and H gives the Segre embedding;

(g) (P, H) has sectional genus 4 and is a hyperquadric fibration over P!;

(h) (P, H) is a scroll over a smooth curve of genus 2;

(i) m=4 and (P, H) is a scroll over a smooth curve of genus 1.

Clearly cases (a) and (d) are ruled out, since P has Picard number > 2. Cases (h) and (i) cannot occur
in view of Proposition 2.8.

To handle the cases in which (P, H) is a scroll over a smooth surface, say X, it is useful to recall
the following fact. Let p : P — X be the scroll projection and let S € |[H| be a smooth surface. Then
the morphism p|s:S — X is the reduction morphism of the pair (S, Hs). Let F := p,H. Then F is
a vector bundle of rank m — 1 on X, P =Px(F) and H is the tautological line bundle of F on P.
In particular, F is very ample, so being H, and then also detF is very ample. From the canonical
bundle formula for P, by adjunction, we see that Ks + Hs = p|5(Kx + det F). This says that the pair
(X, det F) is the reduction of (S, Hs). In particular,

g(X,detF)=g(S,Hs)=g(P, H). (6.3.1)

It follows that (X, det ) has to be found in the list of surfaces polarized by a very ample line bundle
of sectional genus g(P, H).
Now we can prove the following claims.

Claim 1. Case (b) does not occur.
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By contradiction, let ¢ : P — P! be the fibration and let G be the general fiber. Then Kg = —Hg
and Hé =3 since (G, H¢) is a smooth cubic surface in P3. Note that 7 (G) = X. Actually any fiber F
of 7 is a P!, hence 7 (G) cannot be a point; moreover it cannot be a curve, otherwise (G, Hg) would
be a scroll, which is not the case. Therefore a:=G - F > 0.

Suppose that some fiber Fg of 7 is contained in G. Then

0<a=G-F=G-Fop=Gg-Fp=0,

since Og(G) is trivial. This is a contradiction. It follows that m|¢ : G — X is a finite morphism of
degree a. Looking at G as a divisor inside P we can write G € |aH + 7 *D| for some D € Div(X). For
shortness set A := Kx + det&. From the equalities

—H¢ =Kc = (Kp +G)ec = (Kp)g = (—2H + T*A) .

we get
He =7 | (Kx + det&). (6.3.2)
Then
3=(He)? = (n|:A)’ = (7*A)* - (aH + 7*D) = aA?,

which shows that a=1 or 3.
Let a=1. Then 7|; : G — X is an isomorphism. It turns out that X itself is isomorphic to a smooth
cubic surface of P3. From (6.3.2) we also get

7| (Kx +det&) = Hg = —K¢ = 7| .(—Kx),

and taking into account the isomorphism induced by | on the Picard groups we obtain detf =
—2Kx. Since I()Z( =3, this implies that det& has genus 4. On the other hand, according to (6.3.1), it
must be g(X,det€) = g(P, H) = 6. This gives a contradiction.

Let a=3. Then G € |3H + m*D|. Recalling (6.3.2), we have

06 =0 (G) = (3H +7*D) =3Hg + (7*D) =7 |,(3A + D)

and the injectivity of the homomorphism induced by 7 |¢ on the Picard groups shows that D = —3A.
Hence G € |3(H — w*A)| and then

3=H¢ =3H?- (H—n*A)=3(H> - H> - *A).

Recalling that d = H® = 7 and the Chern-Wu relation, this gives (det&) - A = 6. By the genus formula
this is equivalent to saying that det& has genus 4. But this is a contradiction in view of (6.3.1),
because g(P, H) =6.

Claim 2. Case (c) does not occur.

We argue by contradiction. Let V c P® be a smooth complete intersection of type (2,2,2), let
o : P — V be the blowing-up at p € V and let E = ¢~ (p) = P? be the exceptional divisor. We have
H = (0*Ops(1))v — E. Recalling that Ky = (Ops(—1))y we get Kp =0*Ky +2E = —H + E. On the
other hand, Kp = —2H + n*(Kx + det£), so that combining the two expressions of Kp we get

H+E =n*(Kx +det&). (6.3.3)
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Now note that the projection 7 : P — X cannot map E to a point, hence 7| : E — X is a surjective
morphism. Hence E - F > O for every fiber F of 7. But then we would get from (6.3.3)

0<(H+E) - F=n*(Kx +detf) F =0,

a contradiction.

Then we deal with the remaining cases.

Let (P, H) be as in (e). If ¥ c IP? is a smooth cubic surface, then according to Proposition 2.9,
the only scroll structure of (P, H) derives from (X, £), where X = X and det& is a very ample line
bundle of genus 4. It thus follows from Lemma 1.5 that det€ = —2Kx. This gives case (4) in the
statement.

If ¥ =P! x P! = Fy, then we have to distinguish according to whether (P, H) admits one or more
scroll structures.

If (P, H) has a single scroll structure, it derives from (X, £), and in this case X = with det& =
[2Co + 51 or [3Cp + 3f], because det& is a very ample line bundle of genus 4, by (6.3.1). If det& =
[2Co +5f], then &f = Of(l)e’Z for every fiber of the first projection p : Fg — P!. Then £ ® [-Cp] =
p*G for some vector bundle G of rank 2 on P'. Hence we immediately see that £ = [Co+3f]1®[Co+
2f] or [Co+4f]®[Co+ f]. This situation fits into case (3) in the statement for e = 0.

On the other hand, if det& =[3Co +3f], then £f = Of(2) ® Of(1), and arguing as in the proof of
[13, Lemma 1.2] we get an exact sequence

0—>[2Co+Ssf]—>E—[Co+tf]— 0,

where t > 1 and s+t = 3. But then £¢, = Oc,(s) ® O¢,(t) and the ampleness of £ implies that also
s > 1. It thus follows that the above exact sequence splits and we get £ =[2Co +2f] @ [Co + f] or
[2Co + f]1® [Co + 2f]. This gives case (2) in the statement with r =2.

If the scroll structure of (P, H) is not unique, then (X, &) = (Fe, [Co + o f]1® [Co + Bf]), for some
integers o, 8 > e + 1, according to Propositions 2.9 and 2.11. In this case, recalling that det& has
genus 4 by (6.3.1), we see also that « + 8 =e+5 and then e < 3. This gives case (3) in the statement.

In case (g), if dim P =3 we get the same conclusion, hence case (3) again, due to Proposition 2.11.
On the other hand, if dim P > 4, then Proposition 2.12 tells us that (X, &) = (Q", O@n(l)@z). But then

2n-2=AQ", 0p(M®?)=n-1)(r—1)+4=n+3

shows that n = 5. This gives case (1) in the statement.

Finally if (P, H) is as in (f), then (X, £) is as in case (2) in the statement with r = 3.

On the other hand, a direct computation shows that A(X,£) = n—1)(r—1)+4 in all cases (1)-(3)
and in the only known pair as in (4) (see Remark 6.4). This concludes the proof. O

Remark 6.4. An obvious example of a vector bundle £ as in case (4) is [-Kx]®2. At present we do
not know if this is the only possibility [20, Remark 3.7]. We can add that if (P, H) is a Fano bundle,
then this is the only possibility according to [36].

Proposition 6.5. Let X and & be as in 1.3. Assume that X has dimension n > 2 and that £ is very ample of
rankr > 2. Then A(X, €) =5 if and only if (X, £) is one of the following:

(1) (PS, Ops ()?);

(2) (P2, &), where £ is either Tpz ® Op2 (1), with T2 the tangent bundle, or Opa2 (2) ® Op2 (1)92;
(3) (P! x P1, &), where & is either Op1, p1(2,2) ® Opi1 p1 (1, 1), 0r Opt 1 p1 (2, 1) & Op1,p1 (1, 2);
(4) (Fe,[Co+afl®([Co+ Bf]), wheree<3, a,8>e+1anda+ B =e+5;

(5) X is a cubic surface in P? and & is a very ample vector bundle of rank 2 such that det = —2Ky.
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Proof. Let (P, H) and d be as in 1.3. In view of our assumptions and of Proposition 3.4, we have 0 <
A(P, H) < 4. We proceed according to this value. If A(P,H) =0, then 5=AX,E)=n—-1)r —1);
hence we get case (1) of the statement by Theorem 3.6. If A(P,H) =1, then 5=A(X,&) =0 —
1)(r — 1) + 1; hence we get a contradiction by Theorem 3.7. If A(P,H) =2, then 5= A(X,¢) =
(n — 1)(r — 1) + 2. Noting that £ very ample implies d > 4, we get a contradiction by combining
Lemma 4.2 and Theorem 4.3. If A(P, H) =3, then 5=A(X,£) = (n—1)(r — 1) + 3; hence we get case
(2) of the statement by Theorem 5.6. If A(P, H) =4, then 5=A(X,£)=(n—1)(r — 1) +4; hence we
get cases (3)-(5) of the statement by Theorem 6.2. O
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