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Abstract

Let (M", g), n > 3, be a smooth closed Riemannian manifold with positive scalar curvature Rg. There
exists a positive constant C = C(M, g) defined by mean curvature of Euclidean isometric immersions,
which is a geometric invariant, such that Rg < n(n — 1)C. In this paper we prove that Rg =n(n — 1)C if
and only if (M", g) is isometric to the Euclidean sphere S” (C) with constant sectional curvature C. Also,
there exists a Riemannian metric g on M" such that the scalar curvature satisfies the pinched condition

n2(n —2)

p— C<Rg<nin—1C

if and only if M" is diffeomorphic to the standard sphere S”.
© 2010 Elsevier Masson SAS. All rights reserved.

Résumé

Soit (M™, g), n > 3, une variété riemannienne compacte C° avec courbure scalaire Ry positive. Il existe
une constante positive C = C(M, g) définie par la courbure moyenne de immersions isométriques eucli-
diennes, qui est un invariant géométrique, telle que Ry < n(n — 1)C. Dans cet article, on démontre que
Rg =n(n — 1)C si et seulement si (M", g) est isométrique a la sphere euclidienne S"(C) a courbure sec-
tionnelle C constante. De plus, il existe une metrique riemannienne g sur M" telle que 1’inégalité suivante
soit vérifiée

nz(n -2)

p— C<Rg<nin—1C

si et seulement si M" est difféomorphe a la sphere S”.
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1. Introduction

In 1951, H.E. Rauch [14] began the study on the relationship between geometrical and topo-
logical properties of a manifold considering pinched conditions on its metric. The basic question
is the following: is a compact, simply connected manifold M", whose sectional curvatures belong
to the interval (1, 4], necessarily homeomorphic to the sphere S"? This question was answered
positively by M. Berger [1] and W. Klingenberg [10] in the early seventies. These results are
known as Sphere theorems. A more general result, known as Differentiable Sphere theorem,
where a diffeomorphism is obtained instead of a homeomorphism, was obtained recently by
Brendle and Schoen [2]. They proved the following:

Theorem 1.1. Let (M™, g) be a compact Riemannian manifold with 1/4-pinched curvature (that
is (M", g) has positive sectional curvature and the ratio of the minimum and the maximum of
the sectional curvatures is always strictly bigger than a quarter). Then M" admits a Riemannian
metric of constant positive sectional curvature, therefore is diffeomorphic to a spherical space
form.

On the other hand, pinched conditions on the curvature operators as the Ricci tensor Ricg,
Riemann tensor Rm, and the Weyl tensor W, have used in order to find Sphere like theorems. In
1986, C. Margerin [12] proved the following Sphere like theorem in the case of 4-dimensional
manifolds.

Theorem 1.2. Let (M*, g) be a closed 4-dimensional Riemannian manifold with positive scalar
curvature. If the pinching condition

1

WP, < —
76

is satisfied, then M* is diffeomorphic to a spherical space form, i.e. M* admits a metric with

constant positive sectional curvature. Moreover, M* is diffeomorphic to S* or RP*, where

|We 242/ Eg|2
Wsz-——ﬁg———

with respect to the metric g.

, Eg is the trace-free Ricci tensor and | - |g is the usual norm of a tensor

Recently, G. Catino and Z. Djadli [3] proved an integral pinching theorem in 3 dimensions.
More precisely they showed the following result.

Theorem 1.3. Let (M3, g) be a closed 3-dimensional Riemannian manifold with positive scalar
curvature. If

3

. 2 2
/|Rlcg|gdvg<§/Rgdvg,
M3 M3

then M? is diffeomorphic to a spherical space form.
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Now, let us define oy (g_lAi,) the k-th elementary function of the eigenvalues of g_lAfg,
where

1 ¢
A =— (Ric,— ——R,g).
g n—2< e om0 gg)

Namely, if we denote by A1, ..., A, the eigenvalues of g’] A;,,
-1
O'k(g A;): Z )"il '”)‘ik‘
1A < <Ay <n

We denote A, € it if

oj(s7'4) > 0
forall j € {1, ..., k}. The next result was obtained recently by G. Catino, Z. Djadli and C.B. Ndi-
aye [4].

Theorem 1.4. Let (M™, g) be a closed, locally conformally flat, n-dimensional Riemannian man-
ifold, n > 8 even, with positive scalar curvature and with positive Euler—Poincaré characteristic.
There exists a constant

to = to(n, diam(M", g),

V2Rmg|,) <1
such that if
t +
Ag € F% ,
for some t € [ty, 1], then M" is diffeomorphic to either S" or RP".

It is natural to look for pinched conditions involving only the positive scalar curvature R,
to obtain new Sphere theorems. Conditions such as 1/4-pinched on the scalar curvature is not
sufficient because, as we know the Yamabe problem, we can find a conformal deformation of
the metric such that 1/4-pinched condition on the scalar curvature is satisfied. So, our hopes of
finding pinched conditions involving only the scalar curvature should be based on conditions that
involve some kind of geometric invariant. The results cited above involving the scalar curvature
and also other measures are in that direction. In this paper we show a geometric invariant and a
pinched condition on the scalar curvature that is sufficient to obtain a Sphere like theorem.

2. Preliminaries and notations

In order to state our result, we need to recall some notions. We start by recalling the mean
curvature of the manifold (M", g). We will consider only closed connected manifolds with pos-
itive scalar curvature. Since M" is a compact Riemannian manifold, from Nash’s immersion
theorem, we have that M" can be isometrically immersed into a Euclidean space R™P_ where
p= w That is, there exists an isometric immersion ®@ : M" — R"**P. Thus, M" can
be seen as a compact submanifold isometrically immersed into R"*”. We choose a local field
of orthonormal frames {ey, ..., ey} adapted to the Riemannian metric of R"*7 and the dual
coframes {wi, ..., w,4p} in such a way that, restricted to the submanifold M", {ey, ..., e,} are
tangent to M". We have that {eq, ..., e,} is a local field of orthonormal frames adapted to the
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induced Riemannian metric on M" and {wy, ..., w,} is a local field of its dual coframes on M".
From Cartan’s lemma,

n
L — o . o __ o
Wgi = E hi;wj and  hi; = hj;.
i

The second fundamental form og and the mean curvature vector kg of the immersion ® are
defined by

n+p n
o
o= Y X Hjeroges
a=n+11i,j=1
and
1 n+p n
ho== Y| Y he e
n
a=n+1 \i=l1

We will denote 4 instead hg. The mean curvature Hg and the squared norm of the second
fundamental form S of the immersion @ are defined by

1 n+p n 2
a=n+1 \i=1
and
n+p n )
So= Y. Y 0).
a=n+1i,j=1

The connection form of @ is characterized by the structure equations

n
dwiz—Zw,-j/\wj, w,-j—i—wji:O,
j=1

n n
1
dwij =— E wik N\ wkj + 5 E Rijriwr N wy

k=1 k=1
and
n+p
Riju = Z (h?khj'lz - h?lhj'lk)7
a=n+1

where R;ji; are the components of the curvature tensor of M". Denote by R;; and R, the com-
ponents of the Ricci curvature and the scalar curvature of M", respectively. So, we have, from
the last identity,

n+p n n
_ oo oo
Rix= D | D_hiihSe— Y hihs;
a=n+1 \i=1 i=1

and
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Ry =n’Hg — So. (1)
A simple computation shows that

Se >nH3. 2
Hence, from (1) and (2),

Ry <n(n—1)H3. 3)

Since the scalar curvature R, is invariant of isometries, we have that the inequality (3) holds for
any isometric immersion from M" into a Euclidean space R"*”. We define

I = {@; ® is an isometric immersion from M" into a Euclidean space R*+P }

Thus, the positive constant

C(M,g) = inf max H} 4)

Ocl’ M"

is a geometric invariant and, from the inequality (3),

Ry <n(n—1)C(M,g). )
We call C(M, g) the mean curvature of the Riemannian manifold (M, g). Note that, for all n > 2,

n%(n —2)

—1

If S"(C) is a Euclidean sphere with constant sectional curvature C, then C(S*(C),§) = C
and Rs = n(n — 1)C, where § is the Euclidean metric on S§"(C). A question that arise here
is the following: are Euclidean spheres the only Riemannian manifolds that satisfies R, =
nn—1)C(M,g)?

Now we are ready to state our result on classification of pinched positive scalar curvature
manifolds.

CM,g)<nin—1)C(M, g).

Theorem 2.1. Let (M", g), n > 3, be a smooth closed Riemannian manifold with positive scalar
curvature Ry and mean curvature C = C(M, g). Then, Ry =n(n — 1)C if and only if (M", g) is
isometric to the Euclidean sphere S" (C) with constant sectional curvature C. Also, there exists
a Riemannian metric g on M" such that the scalar curvature satisfies the pinched condition

2
-2
=2 R, <n(n—1)C
n—1
if and only if M" is diffeomorphic to the standard sphere S™.
As a direct consequence of Theorem 2.1 we have the following corollary.

Corollary 2.1. Let (M", g), n > 3, be a smooth closed Riemannian manifold with positive scalar
curvature R,. There exists a positive constant

such that if
n2(5n —9)

T, (X, X) > mC(M»g)y
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for all unit vectors X, then M" is diffeomorphic to the standard sphere S, where

Ty = Ricy + R,g.

The proof of the above results is based on techniques of isometric immersions. First we find an
isometric immersion of codimension p of the manifold M" in a Euclidean space. So, the pinched
conditions allow us to make a reduction of codimension and also to get the sectional curvature
is nonnegative. Then, using a classification result obtained by Cheng and Yau in [7] and the
mean curvature flow theory, we classify the manifold. I want to clarify here that all the ideas of
reduction of codimension is inspired by the work of Q.M. Cheng, especially the work [6].

3. Proof of Theorem 2.1

Assuming that
n2(n —2)
n—1
we find an isometric immersion @ : M" — R"*?_ such that
n2(n —2)

n—1

In the sequel, we will use the notations H and S instead Hg and Sg, respectively. Independently,
we have

C(M,g) <Ry <n(n—1CM,g),

H} <Ry <n(n—1)C(M,g). (6)

n+p
dweg = wa ANwyg+ = Z Rypijowi Nwj
y=I1 l] 1

and

n

Rupij =y _(hhl, — h%hL).
=1

Using the exterior differentiation and defining A? ik by

n n n n+p
o _ o . o ) B
Do =dhy =y hion; =Y W — Y hjopa,
k=1 k=1 k=1 B=n+1
we obtain the Codazzi’s equation,
o
h jk — htk/ h]lk

Again using the exterior differentiation and defining h% ikl by

n n+p

o _ o
Zhijkzwl =dh;j; Zhl/kwll thlkwlj th,lwlk - Z hz]kwﬁa’
I=1 B=n+1

we obtain Ricci’s formula for the second fundamental form o,

n+p

?jkl ljlk - Z hm]lekl + Z hszkal + Z hl] Rﬂakl
m=1 m=1 B=n+1
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The Laplacian Ahj ; of i3 ;s defined by

n
AR =) i
k=1

From the Codazzi’s equation and the Ricci’s formula, we obtain, forany o, n + 1 <a <n + p,

n
Ahfy =D i
k=1

n n n n n+p

=Y it Y e Ruijet Y WS Ruke+ Y Y hfiRpajk
k=1 k,m=1 k,m=1 k=1 B=n+1
n n n n n+p

= Zhgkij + Z g Rmijic + Z Popi Rmkejic + Z Z h/fiRﬁajk-
k=1 k,m=1 k,m=1 k=1 B=n+1

Since Rg > 0, we have from (5) that the mean curvature vector 4 # 0 on M". Hence, we have
that e,1 = H~'h is a normal vector field defined globally on M”". We define ¢ and ¥ by

n

o= (51— 1)’

i,j=1
and
n+p n
2
o
v=2_ 2. ()"
a=n+2i,j=1

respectively. Then ¢ and i are functions defined on M" globally, which do not depend on the
choice of the orthonormal frame {ey, ..., ¢,}. From the definition of the mean curvature vector
h, we obtain that nH = ) _/_, h;‘i“ and ) ' h% =0forn+2<a<n+ pon M". Setting
H, = (h?;) and defining N (A) = tr(* AA) for n x n-matrix A, where tr(B) denotes the trace of
the matrix B, by making use of a direct computation we have

n+p n n+p n+p

Z Z hiihi Riijre = Z tr(Hyq1 Ho)* — Z (tr(Hn+1Hoz))2
a=n+2 1,i,j.k=1 a=n+2 a=n+2
n+p n+p
+ Y r(HeHp?— > (ir(HaHp))’,
o, f=n+2 o, f=n+2
n+p n n+p n+p
Z Z h$hgy Rije =nH Z tr(Hys1HZ) — Z tr(H7  HY)
a=n+2i,j.k,I=1 a=n+2 a=n+2
n+p
— Y tr(HyHgHgHy)
o,B=n+2
and
n+p n n+p n+p

S S WEhlRpaj= Y tr(HeHp)*— Y tr(HyHpHpHo).

o,f=n+1i,j,k=1 o,f=n+1 o,f=n+1
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Hence,
n+p n n+p n
—Alﬁ Z Z ljk Z Z ha Aha
a=n+2 i,j,k=1 a=n+21i,j=I
n+p n n+p n+p 5
=3 Y () +nH Y tr(HystHY) — Y (tr(Hus1Ha))
a=n+2 i,j,k=1 a=n+2 a=n+2
n+p n+p 5
— Y N(HyHg— HgHy)— Y (tr(HyHp))
o,f=n+2 o,f=n+2
n+p n+p
+ Y tr(HyHo)* — Y tr(Hyy HY). (7)
a=n+2 a=n+2

According to Lemma A.1 (see Appendix A), and the definition of i, we obtain
n+p n+p

3
— Y N(HyHg— HgHy)— > (tr(HaH,g))2>——1ﬁ2. (8)

2
a,f=n+2 a,f=n+2

Since e,+1 = % we have tr(Hy) =0 fora =n+2,...,n+ p and tr(H,+1) = n H. Note that

n+p 5 n+p n+p
— 3 (r(HusiHo))* + Y tr(Hus 1 H)* = Y tr(H2, HY)

a=n+2 a=n+2 a=n+2
n+p 5

= Y A~ (rHus1 Ho))” + 1r(Hyg1 Ha)® = ir(H  H))
a=n+2
n+p 5 )

= (s — HDHG) (s — HDHY = (s — HDPH)),
a=n+2

where I denotes the unit matrix. For a fixed o, n +2 < o < n + p, we can take a local orthonor-
mal frame field {ey, ..., e,} such that h‘}‘i = A'8;j. Thus, we have

n
> oa=0
i=1

and
n

2 2
r(Hg) =) ()"
i=1
Let B=Hyy1 — HI = (b;j). We have b;; =bj; foralli,j=1,...,n

n
Zb,’,’ =0
i=l1

and

n
>t =0

i,j=1
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Hence, we find
—(tr((Hps1 — HI Hg)) + tr((Hpp1 — HD Hy)* — tr((Hy1 — HI? H?)
— —(tr(BH,))” + tr(BH,)* — 1r(B*H?)

n
(Somar) S - S0
i=1
Since A?‘ and b;; for i, j =1, ..., n satisfy the conditions in Lemma A.2 (see Appendix A), we
obtain
2 2
—(tr((Hy1 = HD Hy )™+ tr((Hy1 = HD o)™ — tr((Hy — HD Hy)
—@ tr(H(f).

Therefore, we have

n+p
S A (r((Has1t — HDHy))? + tr((Hpst — HDHo) — tr((Hyy — HD?HZ) )
a=n+2
n+p
>—¢ Y w(H])=—py. ©)
a=n+2
Also,
n+p n+p n+p
nH Y tr(Hy HY) =nH Y tr((Hyyy — HDHZ) +nH* Y tr(HJ)
a=n+2 a=n+2 a=n+2
n+p
=nH Y tr((Hyp1 — HI)Hy) +nH*y. (10)
a=n+2

Using the same assertion as above, we have, for fixed o, n +2 <a <n+ p,
n
2
ir((Hp1 — HDHg) =Y bii (Af)

From Lemmas A.3 and A.4 (see Appendix A), we obtain

n—2
tr((Hys1 — HDH?) > ———— Jotr(H?).
(( n+l ) O() \/m\/@ ( Ol)
Thus, from (10), we conclude
n+p n
nH Z tr(Hyr1 H) > nH*y — l(n—z)Hﬁw. (11)
a=n+2

From (7), (8), (9) and (11), we find the following inequality:

n+p n
1 3
SAY> 30 3 ()’ (nHz—,/nf1(n—2)Hﬂ—¢—5w)w. (12)

a=n+2 i,j=1
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Since
n(n—2) 2
< ﬁ""“”‘z)‘”)
we obtain
n n—2 2 (}'l—2)
1<n—2>Hﬂ>—5<n_l)H— . (13)

Therefore, from (12) and (13), we have the inequality

n+p n _9 _9 3
D M e L 10 |

a=n+2 i,j=1

Observe that
(n—2) n?

o—o="mr_ gy (15)
2 2 2° "2

r n n’H? n—73
> 3 Yo+ GG -s) () )
a=n+2i,j=1
n+p
> 2 Yo+ ()
t]k 2 ’
a=n+2i,j=1
since (14) and (15) hold and

n (n*H?
- —-S)=0.
2\n—1

This last inequality is true because from (6) we have
n2(n—2)

n—1

Hence,

H? < R, =n’H?>—§
and consequently

n?H?
n—1

= S.

Again from (6) we obtain that
Ry, > (n—2)8.

So, it follows from this last inequality and Theorem 4.1 in [5] that the sectional curvature of M"
is nonnegative. Consequently, the Ricci curvature of M”" has a lower bound. By applying the
generalized maximum principle due to Omori [13] and Yau [15] to the function i, we have that
there exists a sequence (py) in M" such that
lim ¥ (px) =supyy and limsup Ay (px) <O.
k— 00 M

k— 00
Since (6) holds and H is bounded, we have that (h;.’j (pk)), for any i, j = 1,2,...,n and any

a=n+1,...,n+ p,is abounded sequence. Hence we can assume that limy_, » hf‘/ (px) = E;"/,
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if necessary, we can take a subsequence. So, we have that v = 0 for n > 4. Now suppose that
n =3. So, if supy # 0, we find

n?H?
i (555 om0 e [0 =

Let
lim H(pk)zﬁ, lim S(pk)=3' and lim ¢(pr) =0
k—+o00 k——+o00 k—+o0
We have
B2 al? } L, PR
S= T o= 7 and S=supy+o+nH" = l—i—suplﬁ.
n— n— —

Hence, sup i = 0. This is impossible. Then, we obtain

n+p n
v=0 and 37 3 (i) =
a=n+2i,j=1

We conclude from Erbacher’s theorem [8] (or Theorem 1 in [16]) that M" lies in a totally
geodesic submanifold R"*! of the Euclidean space R"*7.

If R, =n(n — 1)C, it follows from the classification result obtained by Cheng and Yau [7]
that (M", g) is isometric to the Euclidean sphere S"(C) with constant sectional curvature C,
since in this case Ry is constant and the sectional curvature is nonnegative. In the general case, it
follows from the theory of mean curvature flow (see [9], for example) that M" is diffeomorphic
to the standard sphere S”, since M" is a closed hypersurface immersed in R”*! and the sectional
curvature is nonnegative.

Finally, if f: M" — S" is a diffeomorphism, then the metric g = f*§, where § is the standard
metric on S, is a metric on M" such that

n2(n —2)
n

1 CM,g) <R;<n(n—1)C(M, g).

4. Proof of Corollary 2.1

Consider an isometric immersion ® : M" — R”tP. Choose a local field of orthonormal

frames {ey, ..., e,4,} adapted to the Riemannian metric of R"*7 in such a way that, restricted
to the submanifold M", {ey, ..., e,} are tangent to M". We have that {ey, ..., e,} is a local field
of orthonormal frames adapted to the induced Riemannian metric on M". We have that

R, = n*H?> - 5.
Hence,

n+p
=R+ Y ( +(hS+ -+ hS) +2) (S >

a=n+1 i<j
n+p

“2 ). ). Mg

a=n+1 2<i<j<n
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n+p
=R+ 5 Z ((h, +h%‘2+-~-+hgn)2+(h‘{‘1 —h5, —"'—hgn)z)
a=n+1
n+p n+p

=D OUCHYED M M

a=n+1 “i<j a=n+1 2<i<j<n

n2H2 n+p )
=Rg+——-2 ) K,;,~+2Z<' (h‘fj)>.

Thus,

2
n 2 .
ZH = Ricg (e, e1).

Since e is an arbitrary unit vector, we find

2
n 2 .
ZH ZRlcg(X, X),

for all unit vectors X. Consequently,

2
nZC(M’ g) > Ricg(X, X), (16)

for all unit vectors X. Now, if

n%(5n —9)
To(X, X) > mC(M, ),

for all unit vectors X, where
Ty = Ricg + Rgg,
we have from (16) that

n2(n—2)
—1
Then, from Theorem 2.1, M" is diffeomorphic to the standard sphere S".

CM,g) <Ry <n(n—1)C(M, g).
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Appendix A
For the convenience of the reader, we include here the lemmas used in the proof of Theo-

rem 2.1. Lemma A.1 can be found in [11] while the other lemmas can be found in [6]. With the
exception of Lemma A.1, we rewrite the proof of them here.
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Lemma A.1. For symmetric matrices Hy, ..., Hp, p > 2, put Sqp = tr(Hy Hg), S = Z(I;:l Soa
and N (Hy) = tr(' Hy Hy,). Then,
p p ) 3,
> N(HyHp— HgHy)+ Y Sip < 552
o,f=1 o,f=1

and equality holds if and only if one of the following conditions hold:

(1) Hy=Hy = =H, =0,
(2) Only two of the matrices Hy, Ha, ..., Hy, are different from zero. Moreover, assuming Hy #
0, Hp=0and H; = Hy = --- = H, =0 then S11 = Sx and there exists an orthogonal
matrix T such that
1 0 0 --- 0
S 0 -1 0 0
'"TH\T = 2110 0 0 0
2 S
0O 0 O 0
and
010 0
S 1 0 0
"THT =210 0 0 0
2 . . . . .
o000 --- 0

Lemma A.2. Let ay, ...,a, and b;j for i, j =1, ..., n be real numbers satisfying Z?:l a; =0,
S bi =0, Z;’,j:lbl?j =band b;j =bj; fori, j=i,...,n. Then

n 2 n n n
(zb) £ Baa - Y Bt s b
i=1 i=1

i,j=1 i,j=1
Proof. We consider the function
n 2 1 n
2 2
ﬂmﬁr(xmm>—5§jww—w)
i=1 i,j=1
subjecting to the constraint conditions
n n
Zx” =0 and Z xl-zj =b.
i=1 i,j=1

By making use of the method of Lagrange multiplier, we shall calculate the minimum of the
function f(x;;) with these constraint conditions. Let

ng(Xij)+kau+M< > xizj_b)s

i=1 i,j=1
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where A and p are the Lagrange multipliers. We have

_<Zx,-,-a,> - = le/(al a]) +)”ZX”+M( qu
i=1

ljl i,j=1

If f attains its minimum fj at some point (x;;), we have

n
—ZZaixiiaj +A+2uxj;=0 forj=1,...,n
i=1

and
—Xxij(a; _ai)2 +2ux;j =0 fori#j.

Thus, we have

n 2 n
i=1 j=1
and

1 n n
-3 Z xizj(ai —aj)2+u Z

i,j=1 i,j=1, i#j

From (17) and >}, a; =0, we have 2 = 0 and
n n
<M - Zd?) iniai =0,
j=1 /=1
n n
szjzj — <inia,~) =0.
j=1 i=1

If 37 xija; #0, we have w = 3"}, a7. Hence,
n
— _ 2
fo= —,ub_—Zajb.
j=1

Ile 1x,,a,—O wehaveuzj | X H

).

a7

(18)

= 0. Note that u = 0 yields fo=0. If u # 0, we have

" _ x2.=0.Hence, b =0 or there exists i # j such that x;; # 0. From (18), we obtain
J=17jj J

n
2u = (a; — aj)2 < ZZaf.
j=1
Therefore,
n
—2Y ajb.
j=1

Since )7_ya; =0, Y1y bii =0, 37} ;_; by, =b and b;j =bj; fori, j =i, .

., n hold, we find
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n 2 n n
—(Zbiiai> + Z bizjaiaj_ Z blzj {
i=1

i,j=1 i,j=1

n n
—(Zbi,’al) - — Z b (a, ,')2 > —QZa?b.
i=1 =1

111

Thus, we complete the proof of the lemma. O

Lemma A.3. Let b;,i = 1,...,n, be real numbers such that ) ;_ bi =0 and Y ;_, bi2 =B
where B = const. > 0. Then

—2)2
Z pro B emD
n(n )
Proof. We consider the function
n 2
B
F= v ——
i=1

with constraint congitions Y yi=0and Y, y? = B. Thus, at least one y? > g for some i.
Assume that y,% > +. From > vi =0, we have

n—1
:(Zyl') (n—l)Zy, (n—l) B yn)
i=1

B
Mm 3= 2
1<i<j<n—1
and
— 1B
n
Hence,
n—1 B2 n—1 2
=tent-2(50) 2 ¥ gt
i=1 i=1 1<i<j<n—1
4 2 BZ
<(B-y)Y-—* .. 4_ B~
(8=) (n—l)(n—2)< 2 y’y’) R
1<i<j<g<n—1
2 -3 -1 1
= 2D gy (- B,
n—1n-2) n n—1)mn-=-2)

Since the maximum of the function 2 — Bt in the interval [%B , "T*IB] is —"n;lez, we obtain

(n —2)* 2
nn—1)

Thus, we complete the proof of the lemma. O

F» <



692 E.R. Barbosa / Bull. Sci. math. 134 (2010) 677-692

Lemma A4. Let a; and b; for i = 1,...,n be real numbers such that Y ;_a; = 0 and

Yo al.z =a, where a = const. > 0. Then

n n nop2)2
Zaibzz) Zb;‘_@l—%\/g.

i=1 i=1

Proof. By making use of the method of Lagrange multiplier, we calculate the minimum of the
function g(x) = Y I, x;b? with constraint conditions 7, x; =0 and Y_/_, x? = a. If the
function g attains its minimum g¢ in some point x, then we have, at point x,

b} + A+ 2ux; =0 fori=1,...,n,

where A and u are the Lagrange multipliers. Hence, we have

nop2
g0 = —2pua, A:—Q,
n

n noop2N2

(2_iz15)
§ b?—&%ﬁ-lugo:().
i=1

Thus, we complete the proof of the lemma. O
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