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1. Introduction

Recall that a closed, bounded and convex subset C of Banach space is said to have the point of continuity property
(PCP) (resp. the convex point of continuity property (CPCP)), provided every non-empty closed and bounded subset of C
(resp. every non-empty closed, bounded and convex subset) admits a point of continuity of the identity map from the
weak to norm topologies. A Banach space X satisfies PCP (resp. CPCP) if its closed unit ball has PCP (resp. CPCP). It is
known that Banach spaces with Radon-Nikodym property (RNP), including separable dual spaces, satisfy PCP, which clearly
implies CPCP, but the converses are false (see [1] and [4]). A well-known and long standing open problem is if PCP and
CPCP are basically determined, that is, determined by the subspaces with a Schauder basis. In this sense, it is known that
PCP and CPCP are separably determined [3], that is, determined by the separable subspaces. In fact, CPCP was introduced
in [3] in order to prove that RNP is separably determined. PCP is basically determined for dual spaces [2] and for Banach
spaces not containing subspaces isomorphic to ¢; [5]. However, up to now, we don’t know positive results on the basically
determination for the CPCP case. The main goal of this note is to prove in Corollary 2.7 that CPCP is basically determined
for Banach spaces not containing subspaces isomorphic to ¢1. For this, we obtain in Theorem 2.6 a local characterization of
CPCP for closed, bounded and convex subsets in Banach spaces without £1-copies, and deduce from here our main goal. The
above characterization is an extension of some results in [1], where CPCP is characterized for closed, bounded and convex
subsets of cp, by using some subsets in cg called Pp-simplex in [1]. Roughly speaking, it is proved in [1] that a closed,
bounded and convex subset C in cg fails CPCP if, and only if, C contains isomorphically and affinely some Pp-simplex. A Py-
simplex in cg is the co-part of some weak-star compact and convex subset in £, which is affinely weak-star homeomorphic
to the universal Poulsen simplex [14]. The Py-simplex in cp was made to give an example of set failing CPCP and satisfying
the strong regularity, a weaker property than CPCP.

The concept of Pg-simplex was generalized in [11], called there Py,,)-set, for general Banach spaces, and, as a conse-
quence, it was shown in [11] that CPCP is basically determined for Asplund spaces. Then we improve the arguments in [1]
and [11] to get that CPCP is in fact basically determined for Banach spaces without £1-copies. Furthermore, in the setting of
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Banach spaces X without £1-copies, the Py,,}-sets which we use to characterize CPCP are still the X-part of some weak-star
compact and convex set in X** which is weak-star affinely homeomorphic to the universal Poulsen simplex. So, the family
of P(y,)-sets which characterize the CPCP in Banach spaces without £1-copies depends on Banach spaces considered, but its
weak-star closures in the biduals agree with the universal Poulsen simplex in the affine and weak-star sense.

We begin with some notation and preliminaries (see [10]). Let X be a Banach space and let By, respectively Sx, be
the closed unit ball, respectively sphere, of X. Given {e,} a basic sequence in X, {e;} is said to be semi-normalized if
0 < infy |len|| < supy |len]l < 400, the closed linear span of {e,} is denoted by [e;] and the (non-closed) linear span of {ey}
is denoted by lin{e,}. {en} is called shrinking if [e;]* = [e;], where {e,} denotes the sequence of biorthogonal functionals
associated to {ey}, and, in this case, [e;] has a separable dual. {e,} is said to be monotone if for every n € N and for
every real numbers {ti}'l."‘;rll one has that || Z'f:] tieill < || Z?;l tiei|l. Also, for every x € [e;] and for every interval of integers
numbers I, we do x; =, en(x)en, whenever this sum exists, where {e;;} denotes the sequence of biorthogonal functionals
associated to {e}.

A metrizable compact Choquet simplex K is a metrizable, convex and compact subset in some locally convex space
such that every point in K is the barycenter of a unique Borel and regular measure on K supported on Ext(K), where
Ext(K) denotes the set of extreme points in K. The Poulsen simplex, denoted by P, is the set in £, constructed in [14]. P
is a metrizable and compact Choquet simplex and, up to affine homeomorphism, P is the unique metrizable and compact
Choquet simplex satisfying that the set of extreme points is dense [9]. We refer to [8] and [13] for the relation between
simplexes, L1-preduals and representing matrices, which we use for the proof of Theorem 2.6.

Recall that a triangular matrix of real numbers A = (a; ;) defined for 1 <i<n and n €N is called a representing matrix if
2?21 lain| <1 for all n € N. When a; , > 0 for every 1 <i<n and Z?:] ajp =1 for all n, we call such matrix A a stochastic
representing matrix. In [8] a representing matrix is associated to every separable Li-predual and, conversely, a separable
Li-predual in £ is constructed from every given representing matrix. Following Theorem 5.2 and its corollary in [8] joint
to Lemma 1.1 in [13] we summarize in the following theorem the precise information which we use in the second part of
Theorem 2.6.

Theorem 1.1. Let A = (a; ») a stochastic representing matrix. Then there is a compact metrizable Choquet simplex §2, a monotone
basis {en} of A(82), the space of continuous and affine functions on §2, with e; =1 and a triangular matrix {e; }, 1 <i<n,neN, of
vectors in A($2) satisfying for every n:

(1) enn=en.
(2) {ein}i is isometrically equivalent to the standard basis of £3°.
(3) €in=e€int1 +ainen1 forevery 1 <i<<n.

Furthermore, it follows that 2 = |_J,, £2,, where for every n, 2, = cofej, ..., e;;} and {e;} is the sequence of biorthogonal functionals
of {en} in A(£2)*.

2. Main results

We begin with the definition of a Pyy,)-set. When {v,} is the standard basis of co, the family of Py,,;-sets agrees with
the family of Pgy-simplexes constructed in [1]. Essentially the following definition appears in [11]. We include it here by
sake of completeness.

Definition 2.1. Let X be a Banach space. Fix:

i) a null sequence {g,} of strictly positive numbers,
ii) sequences {g;}; and {a;}; from X with g; =ay,
iii) a strictly increasing sequence {l,} from N with [y =1 and let [y =0.
Define the (strictly increasing) sequence {my}, of integers by m; =1 and
M1 =My +1ly

for every n € N and let mp =0.

Also, we define a sequence {v;} in X by vi =a; and vj=aj — gj_m,_, if j > 1, where for every j > 1, ne N is the
unique natural number n such that my_1 < j <my (noting 1 < j —mp_1 <lp—1).

Let

Kn=co({aj: 1< j<my})
and

K= UKn.

neN
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Note that for each n e N:

a) K=co({a;}),
b) K; is a closed convex set,
c) K is a closed convex set, but not bounded in general.

We call such set K a Pyy,)-set whenever for each n € N the following holds:

d) gje Ky for l—1 < j<ly,
e) {&jh,_1<j<t, 1s an {en}-net for K.

Also we call a Pyy,)-set weakly null if, following the above definition, for every j € N one has that {vy,;}n is weakly null.
(Note that there is some ng € N such that the sequence {vp,j}n is defined for n > no, since {I,} is strictly increasing.)
Note that, following this definition, one has:

f) Ky Clin{vg: 1 <k<m,} foreachneN,
g) K ={gn}nn, for each ng e N,
h) if K is norm bounded, then sup,cn{llvnll} < oo.

Also we remark that the set {a;}m,<j<m, has one vector, namely:
a1 =vi=§gi.
The set {aj}m, <j<m, has one vector, namely:
az =g+ Vva.

In general, if n > 2 then the set {a;}m, ,<j<m, has l,_1 vector, namely:

amn,ﬁ-] =81 + an,1+1 )

am,_1+2 = &2 + Vim,_142,

am, = am11—1+ln—1 = gln—l + vmn—1 +Hp1 = gln—] + V-

Whenever we speak of a P(y,)-set, we will use the notation just set forth in the above definition. Observe that a Py,,;-set
is constructed from fixed sequences {¢;}, {a;}, {g;} and {l;} where {e,} is a null sequence of positive real numbers, {a;}
and {g;} are sequences in X, with a; = g1, and {l,} is a strictly increasing sequence of natural numbers with Iy = 1. Then,
following the above definition, we build the sequences {m,} in N and {v,} in X which are determined, in a unique way, by
the initially fixed sequences.

In general, if K is a Pyy,)-set, the sequence {v,} is not necessarily a basic sequence. One of the key points in Theorem 2.6
will be constructing, under appropriate assumptions, a bounded Pyy,;-set, where {v,} is a seminormalized basic sequence.

For convenience we show now that a Py,,;-set can be seen in other way.

Lemma 2.2. Let X be a Banach space and let {v,} be a basic sequence in X such that K is a P(y,-set in X. Then there exists X = {X;} C
[vn] satisfying

X1 =V1, Xn4+1 € CO{X1,X1 + V2, ..., Xy + Vny1} VneN,
such that K = Ly, where Ly = @ and

Li={xi}, Lnjyi=co{lpU{xy+vnp1}} VneN.

Proof. Assume that K is a Pyy,)-set in X. For n > 1 and my, < j < Mpy1 put Xj = gj41-m,. We show that K, = Ly, for every

n and then K = ULy, = Ls.
Indeed, it is clear that K1 = Ly, since mq =1 and g1 = vq = x1. Assume inductively that n > 1 and K, = Lp,. Now we
prove inductively on i, 1 <i <y, that

Linyti = Co{Kn U{gj + Vi, +j: 1< j<i}}. (1)
This is clear for i =1 since Xy, = g1. Assuming that (1) is true for i <I,. Then, from the definition, we have that

Loy +i+1 = €0{Limyti U {Xmy+i + Vingtit1}} = c0{Kn U{gj + Viny+j: 1 <J <Y U{git1 + Vimytit1}},
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since Xm, 1 = gi+1. This proves (1). The case i =1, is just to say that Ly, ; = Kpy1. O
The next lemma shows that a Py,,;-set with additional properties fails the CPCP.

Lemma 2.3. If K is a weakly null, bounded Py,,;-set with
inf{llvall} >0
neN{ lIvall}

then K fails the CPCP.

Proof. Pick j € N, then there exists ng € N such that m, 4+ j <mp4 for every n > ng, since mpq1 =m, +1, and {l,,} is strictly
increasing. Furthermore, from the definition, we can choose ng satisfying also that g; + vy, 4 j = am,+j € K for every n > no.
Hence g; is not a point of continuity of K, since K is weakly null and infyen{l[vall} > 0. Now, from the definition, {g;} is
weakly dense in K, and so K fails CPCP. O

As we mention in the introduction CPCP is separably determined. Much more was essentially proved in [2], where it is
showed the PCP case. This is also consequence of a stronger result in [7]. However, we need the separable determination of
CPCP in a local way. The following lemma shows that CPCP is separably determined for closed, bounded and convex subsets.

Lemma 2.4. Let X be a Banach space and C a closed, bounded and convex subset of X failing CPCP. Then there exits a closed, bounded,
convex and separable subset of C failing CPCP.

Proof. Assume that C fails CPCP. Then there is A a convex subset of C and a § > 0 such that every relatively weak open
subset of A has diameter at least §. Then a € A\ B(a, §/2)" for every a € A. From Lemma 5.5 in [2], we have that for every
a € A there is C; a countable subset of A\ B(a, §/2) such that a € C;".

Pick ap € A and define inductively D1 = {ap} U co(Cq,) and Dpy1 = Dy U co(UaeDn Cq) for every n € N. Now we do
D= U,J{:"T Dy, so D is a separable, closed, bounded and convex subset of C because A is convex and A C C. Observe that D
is convex since, for every n € N, one has that D, C co(Ugep,Cq) and Dpi1 =Dy U co(UaeD" Cq).

We claim that every relatively open subset of D has diameter, at least, §/2. Indeed, if U is a relatively weak open subset
of D then there is x € U N D, for some n € N and x € C,". Hence there is y e CxNU and y e DN U. But |x— y|| > §/2, so
diam(U) > §/2 and the claim is proved.

Finally, we obtain that every relatively open subset of D has diameter, at least, §/2 since D is obviously weakly dense in
D and so D is a separable, closed, bounded and convex subset of C failing CPCP. O

Our main result, Theorem 2.6 is a local characterization of CPCP in terms of Pyy,)-sets. In particular, starting with a
closed, bounded, convex and nonempty subset C of a Banach space and assuming that C fails CPCP and does not contain
sequences equivalent to the standard unit basis of ¢1, it is showed that it is possible to construct a bounded and weakly
null Pyy,;-set in C, where {v,} is a seminormalized basic sequence. This is also proved in [11], by assuming that X is an
Asplund space, which is a stronger hypothesis than assuming that C does not contain sequences equivalent to the standard
unit basis of ¢1. Moreover the assumption in [11] is global, that is on X, and our new weaker assumption is local, that is
on C. To do this, Lemma 2.4 is necessary. The construction in the following theorem shares the same scheme that the one
done in [11], but there is one more important difference between [11] and the next theorem: the P(y,)-set constructed in
[11] is obtained, because one assumes an Asplund setting, with {v,} being a seminormalized shrinking basic sequence and
then {v,} is weakly null. This proof does not work if one even only assumes that the infinite-dimensional Banach space
does not contain ¢1-copies, since there are Banach spaces without ¢1-copies and not containing shrinking basic sequences.
Indeed, in [6] a Banach space G without ¢;-copies is constructed such that every infinite-dimensional separable subspace
has a non-separable dual and then there are not shrinking basic sequences in G. Recall that the subspace spanned by a
shrinking basic sequence has always a separable dual.

In the next theorem a Pyy,)-set is constructed, where {v,} is a basic sequence but we cannot expect that {v,} is weakly
null. We get a weaker condition which is the definition of weakly null Pyy,)-set and this is enough to attain our result. For
this, we use the following fact [12].

Lemma 2.5. Let X be a Banach space, A a subset in X. Assume that A does not contain sequences equivalent to the standard unit basis
of 1. Ifa € A, the weak closure of A, then there is a sequence in A weakly converging to a.

We show now the aforementioned local characterization of CPCP for subsets without £;-sequences in terms of Py,,)-sets,
where it is also proved that, roughly speaking, Banach spaces with a separable dual failing CPCP contain a special Poulsen
simplex in its biduals.
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Theorem 2.6. Let C be a nonempty closed, bounded and convex subset of a Banach space X. Assume that C does not contain sequences
equivalent to the standard unit basis of £1. Then the following assertions are equivalent:

i) C fails CPCP.
ii) There exists a seminormalized basic sequence {v} in X such that C contains a weakly null Pyy,;-set.

Furthermore, if X* is separable, then P{Vn}""*, the weak-star closure of Py, in X**, is affinely weak-star homeomorphic to the Poulsen
simplex.

Proof. i) = ii) Assume that C fails CPCP. From Lemma 2.4, we can assume that C is a closed, bounded, convex and separable
subset in X failing CPCP and not containing sequences equivalent to the standard unit basis of £1. Now, as the closed linear
span of C is a separable subspace of X, we can assume that X itself is separable. So X embeds isometrically in a Banach
space Z with a monotone a normalized basis {e,} with biorthogonal functionals {f;}. Take, for example, Z = C[0, 1] the
space of continuous functions on [0, 1] with the sup norm. Since C fails CPCP, we can find a convex subset A of C and § > 0
such that every relative weak open subset of A has diameter grater than 2§ and so a € A\ B(a, §)" for every a € A, where
B(a, §) denotes the open ball with center a and radius §. Now, from Lemma 2.5, for every a € A we fix a sequence {y?} in
A\ B(a, §) weakly converging to a. Fix also a sequence {4;} of strictly positive numbers such that

+00
2y 85 <1
j=1

and let {e;} be a decreasing null sequence of positive numbers.
Fixed the sequence {&,}, our goal is constructing a weakly null Py,,;-set contained in C, for some seminormalized basic
sequence {v,}. For this, we shall construct inductively:

i) a sequence {l,} of positive integers numbers with [y =1 and put lp =0,
ii) sets {rj}m,_,<j<m, such that {r;} is a strictly increasing sequence of integers and put ro =0,
iii) sets {gj}m,_,<j<m, such that {g;} is a sequence in A,
iv) sets {uj}m,_,<j<m, such that {u;} is a sequence in Z,
V) sets {aj}m,_,<j<m, such that {a;} is a sequence in A with a; = gy,

such that, if, following Definition 2.1, we define from i), iii) and v) the corresponding

vi) strictly increasing sequence of integers {my},
vii) subsets {V}m,_;<j<m, in X,
viii) sequence {K;} of subsets in X,

then one has that:

ix) ujefe;: rjiq <i<rjl,
X) lluj —vjll < éj,
xi) vyl > 5,
Xii) gj € K, whenever I < j <ly,
Xiii) {gj}h,_,<j<i, is an e-net for Ky,
xiv) for every j there exist some g€ A and pj € N such that a; = yﬁj and {p;} is strictly increasing.

Let us start the induction with n =1 and note that Iy =0 =mg and [; =1 =m;. It is clear that diam(A) > 24, then there

is ap € A such that |lag|| > 8. Now, since ag € A \ B(ap, §), we can choose p; € N such that ||y;',ﬂ | > % Put vi=a1=g1 =

¥y, and K1 = {a1}.
Pick r1 > ro such that || V1| ,+o00)ll <81 and do u1 = v1|[1,r]. This finishes the first step of the inductive construction.
Let n > 1 and assume that we have constructed
{lihigign, {ri}i<i<m. {pih<ismtaihi<i<m, {ujh<j<m, {gihi<i<h-
In fact, mpy1 =1+ 2221 [;. Now we have to construct
ritme<j<mps APidmp<j<muers U ma<j<impay -
Take j e {ms+1,...,mpy1}, 0 1 < j—my <Iy. Then rj_; and p;_1 have been already constructed. Define

rji—1

8.

p=1 21”]',1
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It is clear that V;T’ is a relatively weak open subset of A containing gj_m, and so diam(V;’) > 24. But we have fixed a

sequence yﬁf ™ in A\ B(gj—m,,d) weakly convergent to g;_n,. Then there exists p; > p;_; such that yf,i.”"" € V? C A. Put
yﬁ” " and vj=a; — gj_m,. Then
Tj,] Tj,]
Vil il = | D fovpep| <DL, (vp| <8j/2.
p=1 p=1

Pick rj > rj_q such that ||v; lrj,+o0) I <8/2 and put uj =v; lrjoqorj)- This completes the construction of sets

riYmp<j<mass  APjibma<js<mprs {Ujbma<j<mpg -

Define Kyi1 = co{ay: 1<k < myqq1}. Then there exist 11 > I, and {g;j},<j<l,,; I Kpt1 such that {gj}, <j<,., 1S an
&n+1-net in Ky41. This completes the inductive construction.

Now doing K = co{a,: n e N} it is clear that K is a P(y,)-set contained in C, where {v,} is a seminormalized basic
sequence in X equivalent to the basic block {u,} of the basis {e,} from ix), x) and xi).

Let us see that K is a weakly null Pyy,-set failing CPCP. Pick j € N, then there exists ng € N such that m, + j < my41
for every n > ng, since my+1 =my + I, and {l,} is strictly increasing. Furthermore, from the definition, we can choose g
satisfying also that gj + Vimy+j = am,+j € K for every n > ng. From the construction of the sequence {a,} lt is now clear

that a4+ = ypm,.+, whenever n > ng, being {p;} strictly increasing. Thus, for n > ng, we have that vy, 4j = ypm,.+, gj and

{ ypm,1 ;) converges weakly to g;, so we have proved that K is a weakly null P(y,-set contained in C.

ii) = i) If K is a weakly null Py,,)-set contained in C, being {v,} seminormalized, then, by Lemma 2.3 we get that K
fails CPCP and so C fails also CPCP. This finishes the proof of ii) = i).

Assume now that X* is separable. In order to prove that K"" is affinely weak-star homeomorphic to the Poulsen simplex,
we introduce some notation. From Lemma 2.2, since K is a Pyy,}-set, there exists a sequence {x,} C [vy] C X satisfying

X1 =Vi,  Xn+1 €CO{X1,X1 + V2, ..., Xn+ Vpt1} VneN,
such that K = Lg, where L; = U Ln and
Li={xi}, Lnpi=co{lpU{xy+vnp1}} VneNl.

We define a norm |.|[. in [va]* given by |[x*|| = sup;, [x*(1)| for every x* € [v,]*. ||.||L is a norm on [v,4]* because, from
Lemma 2.2, [Lz] = [Vyln>1. Furthermore, from the proof of i) = ii), {vs} is equivalent to a basic block of the basis in Z.
Since X* is separable, Z can be chosen a Banach space with a shrinking basis by [15], then we can assume that {v,} is
shrinking and so [v,]* = [v;;], where {v,} is the sequence of biorthogonal functionals of {v,}. We put Y = (lin{v,}, |I.Il1)
and i: lin{v;;} — Y the canonical injection. Also we do z; = vy and zy41 = X, + Vn41 for every n € N. Thus we have that
Ly, =cof{z;: 1<i<n} for every n and so L, is a simplex for every n. Thus, since x, € L, for every n, we have that for every
n € N there exists a unique finite positive scalars sequence {a n, ..., ann} satisfying 2?21 aip=1and x, = 2?21 a; nzi. Now
from Theorem 1.1 there are a unique compact metrizable Choquet simplex A and a monotone basis {e;} of A(A), the space
of affine and continuous functions on A, with e; =1, the affine function constant equal 1, and a triangular matrix {e; 5} in
A(A) satisfying for all n € N:

I) enn=ep.
II) {ein}1<ign is isometrically equivalent to the standard basis of £7°.
Il) ejn=e€jnt1+0ainent1 Y1 <i<n

Consider T:Y — lin{e,} the unique linear map satisfying that T(v}) =e;, for every n e N.

First, we show that T is an isometry. Given n € N we define a finite sequence {u; n}1<i<n CY by T(ujn) =ei, and for
x e linfe; ,: 1< i< n} given define y €Y by T(y) =x. Now there are unique scalars {c1,...,cp} such that x = 2?21 Ci€in
and so |lx|| = max{|c;|l: 1< i< n}, from II). Furthermore it is easy to see that u;,(zj) =6;; 1 <i,j <n. Hence |yl >
maxXer, |y()| = maxigj<n 1¥(Zj)| = maxigjgn I¢jl, since y = Zl 1 Cilli n. Thus we have proved that || y||; > ||x]|.

For the other inequality, consider {P,} the sequence of natural projections of the basis {v,} from [v,]. It is clear that
P;(y)=y.Now, if m>n and |l € Ly, Py(l) € L, and so |y(l)| = |y(Pn(]))|. From the equality ||y|l. = sup{ly(D|: [ € Uy ;Lm}
we deduce that ||y||; < ||x|| and so T is an isometry.

In order to show that K% is affinely weak-star homeomorphic to the Poulsen simplex, we prove that (iT)*|4: A — Lz*"
is an onto affinely weak-star homeomorphism.

First we show that (iT)*(A) = [z¥". Consider for every n € N, A, = cofej, ..., ey}, where {e;} is the sequence of
biorthogonal functionals of the basis {e,}. Following Theorem 1.1, A = U2, A,. Now we have that (iT)*(ej;) = vy for every
n e N, from it follows 1mmed1ately that (iT)*(A,) = L, for every n € N The definition and weak-star continuity of (iT)*
give that (iT)*(A) = U L, =Lz

To see that (iT)*|A lS one to one, pick A1 # A, € A. Then there is x € [ej]i<ign for some n € N such that x(11) # x(X2). Do
y =T~ 1(x). Hence (iT)*(A1)(¥) = x(*1) and (iT)*(A2)(¥) = x(A2), so (iT)*(rA1) # (iT)*(A2) and (iT)* |4 is an onto affinely
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weak-star homeomorphism. This proves that K"" is affinely weak-star homeomorphic to a compact metrizable Choquet
simplex.

Finally, following [9], it is enough to see that the set of extreme points of K¥" is weak-star dense in K"" to deduce that
K"" is affinely weak-star homeomorphic to the Poulsen simplex.

Indeed, following Definition 2.1, it is clear that {aj}1<j<m, C Ext(Ky) for every n € N. Now we see that K, is a face,
extremal subset, of K"". If «, B e K" and # € Ky then vi () = v{(B) =0 whenever m, < i. Taking into account that
vi(K) C Rg we deduce that o, 8 € K. Then {a;}1<j<m, C Ext(Kp) C Ext(I?W*) for every n € N. But K is a weakly null

Pyy,)-set and so {g;} C U2, Ext(Kp)"" C Ext(KW*)W". Since {gi} is dense in K, we deduce that the set of extreme points of
K"™" is weak-star dense in K" and we are done. 0O

Remark.

(1) In order to possible future applications of Theorem 2.6 we claim that every subsequence of {v;} has a further sub-
sequence {wp} which is pointwise convergent on mw*. Indeed, it have been proved that T is an isometry with
T(v;;) =ey for every n € N, being {e,} a natural basis of some Li-predual. Hence {e,} is weakly precompact by Lemma
14 in [1] and the claim follows.

(2) We don’t know if the above characterization is true for general Banach spaces without the weakly null condition. This
is the case for i) = ii).
The fact that P{Vn}w* is affinely weak-star homeomorphic to the Poulsen simplex can easily be verified for Asplund
spaces, since every separable subspace of an Asplund space has a separable dual and from Lemma 2.4 CPCP is locally
separably determined. That is, if C is a nonempty closed, bounded and convex subset failing CPCP in an Asplund space
then, by Lemma 2.4, we can assume that C is separable and so [C] is a Banach space with a separable dual. Now the
second part of the above theorem can be applied. However we don’t know if the same is true for Banach spaces without
£1-copies.

(3

—

As we announced in the introduction, we can deduce now that, for Banach spaces not containing ¢; isomorphically, CPCP
is determined on subspaces with a Schauder basis.

Corollary 2.7. Let X be a Banach space not containing €1 isomorphically. Then the following assertions are equivalent:

i) X has CPCP.
ii) Every subspace of X with a Schauder basis has CPCP.

Proof. The implication i) = ii) is clear. For ii) = i) it is enough to apply Theorem 2.6 being C the unit closed ball of X and
note that the Pyy,,}-set K is a subset of the subspace [v;], failing CPCP by Lemma 2.3.
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