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A conformal factor in the Bohr model embeds Bohr space in six dimensions, revealing the O (6) symmetry
and its contraction to the E(5) at infinity. Phenomenological consequences are discussed after the re-
formulation of the Bohr Hamiltonian in six dimensions on a five sphere.
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1. Introduction

At subatomic scales matter is structured into particles, but the
interpretation of phenomena related to nuclear collective motions
in atomic nuclei, refers to a continuum of nuclear matter with
Riemannian geometry. Methods developed in cosmology for the
description of the spacetime continuum at large scales, may also
be used for the understanding of such nuclear phenomena as well
as the structural evolution of atomic nuclei.

The comparison of the collective modes of motion of an atomic
nucleus with the oscillations of an irrotational fluid [1], defines
the reference to the continuum. The fluid consists of nuclear mat-
ter [2], which is achieved by the extension of the mass number
A at infinity. Bohr space [3] is a five dimensional Riemannian ge-
ometry for the continuum. Shapes of finite atomic nuclei, axially
symmetric, triaxial, and close to spherical (γ -unstable), can be rep-
resented by specific constraints of Bohr space coordinates. But the
initial reference to infinity, which defines the continuum and thus
the shape variables, is absent in the Bohr geometry. A mass param-
eter obtained by irrotational flow for the nuclear matter and the
quantization of the kinetic energy produce the Bohr Hamiltonian
[3], in which the comparison with the nuclear collective modes of
motion is implicit.

Nuclear collective modes of motion can also be analyzed in
terms of Interacting Bosons, paired valence nucleons of angular
momentum zero (s boson) and two (d boson) [4], which build
the U (6) symmetry group. Three different chains of U (6) sub-
groups define the dynamical symmetries of the Interacting Boson
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Model the U (5), SU(3), and O (6). In its geometrical limit, obtained
through the coherent states of U (6) [5], the number of bosons ex-
tends to infinity which also defines a continuum. Dynamical sym-
metries are thus translated into phases of nuclear structure which
accommodate spherical, axially symmetric, and γ -unstable shapes,
through energy surfaces expressed in Bohr coordinates.

The relation between the continuum of Bohr geometry and that
of the geometrical limit of the IBM has been for many years a mat-
ter of investigation. This is also the case in the study of Quantum
Phase Transitions [6], where the reference to infinity in the context
of the IBM is of primary importance for the manifestation of these
phenomena in the evolution of structure of atomic nuclei. Their
connection with shape transitions in Bohr geometry and the pos-
sible symmetries which characterize the transition, critical point
symmetries, challenge again the relationship between the geomet-
rical limit of the IBM and Bohr geometry.

Bohr geometry is five dimensional, while the geometrical limit
of the IBM [5] is achieved from a geometrical constraint on 5 + 1
coordinates which correspond to the coherent states of the U (6)

group. The geometrical limit of the IBM succeeds to offer an ex-
plicit relation between the nuclear collective modes and the shape
variables. An extra dimension in the Bohr geometry can introduce
the reference to infinity, as well as the emergence of symmetries
principally absent from the Bohr model. Possible relations of the
emergent symmetries with those of the IBM should serve for the
explicit comparison of the nuclear collective motions with the os-
cillations of the nuclear fluid.

In the Bohr Hamiltonian, the absence of such an explicit com-
parison could generate the well known phenomenological devia-
tions of the mass parameter. Apart form recent studies [7], they
unded by SCOAP3.
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are also reflected in the discrepancy with the experiment [8] of
the relation between the moments of inertia J and the intrin-
sic quadrupole moment Q 0, J ∝ Q 2

0 , as is predicted in the Bohr
model through their dependence with respect to the axial defor-
mation β . The hydrodynamic expression for the β2-dependence of
the moments of inertia is certainly inconsistent with the experi-
ment. They exhibit a rather moderate increase with respect to β

and are considerably larger than the irrotational prediction [9].
It is the purpose of the present Letter to propose a geometry

able to host the definition of the Bohr space at infinity. Success re-
lies on the embedding of Bohr space in six dimensions as a five
sphere. A conformal factor compares the five sphere with the ini-
tial Bohr space, which is revealed as the boundary at infinity. The
symmetry group of the five sphere is the O (6), its relation with
the correspondent limit of the IBM is discussed, and contracts to
the E(5) symmetry [10] at infinity.

Re-formulation of the Bohr Hamiltonian in six dimensions, on
the five sphere and on the projected plane, introduces the phe-
nomenological consequences of the proposed geometry. They be-
gin from the alteration of the dependence of the moments of
inertia with respect to the deformation, or the appearance of a
deformation-dependent mass parameter. Forms of the β-part of
the moments of inertia depend on the symmetry region, imply-
ing symmetry-dependent rules for their relation with the intrinsic
quadrupole moment. Last but not least, the emergent presence of
E(5) opens new possibilities for its manifestation in atomic nuclei.

2. Embedding in six dimensions

Bohr space can be defined by the element of length

ds2 = gij dqi dq j, (1)

with q1 = β , q2 = γ , q3 = Θ , q4 = Φ , q5 = Ψ . These coordinates
span a five dimensional space R5. It is defined [12] by the tensor
product of the radial line R+ , which represents the totality of the
β values, and the unit four sphere S4, which represents the totality
of the values of the angle γ and the three Euler angles Θ , Φ , ψ .
Namely R5 ∼ R+ × S4. In what follows, the notation (β,Ω4) for
the Bohr coordinates qi will be useful, with Ω4 representing the
four angles.

If dΩ4 is a line element on the unit four sphere S4, then a
consistent form of an R5 line element with the definition of R5 ∼
R+ × S4 is

ds2 = dβ2 + β2 dΩ2
4 . (2)

As in [11], a conformal transformation can take place in the Bohr
metric

gij → g̃i j = 1

(1 + aβ2)2
gij, (3)

dependent on the variable β and a parameter a. The line element
ds affected by the conformal factor gives a dl with

dl2 = 1

(1 + aβ2)2

(
dβ2 + β2 dΩ2

4

)
. (4)

Such forms of line elements exist in cosmological models, like the
Robertson–Walker, for the description of conformally flat spaces.
They are derived by the projection of a hypersphere to the plane,
as can be found in a typical textbook in general relativity [13]. As
a formal correspondence with the geometry of RW, pick a system
of coordinates of five angles (χ,Ω4), with χ = χ(β), and Ω4 to
be the same as in Bohr space. The totality of the values of the five
angles (χ,Ω4) at a common radius R , define the five sphere S5
with line element
dl2 = R2(dχ2 + sin2 χ dΩ2
4

)
. (5)

An appropriate transformation between the angle χ and the radial
variable β , so as to produce the line element of Eq. (4) is obtained
by standard calculations of the RW [13] geometries. Choosing

R = 1√
4a

, sinχ = β̃
√

4a, (6)

then

dl2 = dβ̃2

1 − 4aβ̃2
+ β̃2 dΩ2

4 . (7)

Definition of the radial coordinate β from

β̃ = β

1 + aβ2
, (8)

gives the line element (4). Examination of the β̃ values in Eq. (8)
for limit values of β , illustrates the geometry. For β = 0, β̃ is zero
and for β → ∞, β̃ goes to zero. The beginning and the end of
the β̃ for the totality of β values is the same point. Angle χ ge-
ometrizes this circle feature of the β̃ , with the interval of its values
to be 0 � χ � π .

The S5 lives in a 5 + 1-dimensional Euclidean space. In coordi-
nates qu (u = 0, . . . ,5), the S5 of radius 1√

4a
defines a boundary in

six dimensions, represented by the equation

(
q0)2 +

5∑
u=1

ququ = 1

4a
. (9)

Stereographic projection from the north pole of the S5 on to the
tangent plane is equivalent with the conformal transformation of
the Bohr line element. The tangent plane is the R5, spanned by the
quadrupole degree of freedom qm (m = 2,1,0,−1,−2). Standard
relationships of stereographic projection [14] give

qu = qm

1 + a(q̂ · q̂)
, q0 = 1 − a(q̂ · q̂)√

4a(1 + a(q̂ · q̂))
, (10)

with the tangent plane to be located at q0 = − 1√
4a

. Now, β̃ is re-

vealed as the projected radial variable from S5 to the tangent plane

β̃2 =
5∑

u=1

ququ = 1

(1 + a(q̂ · q̂))2

∑
m

q2
m. (11)

A part of the tangent plane is characterized by the β̃ variable. This
is the projected plane, defined by (7), which is compared with the
Bohr space through the conformal factor. For a = 0, the boundary
of S5 extends to infinity, where the Bohr line element ds is ob-
tained.

Any well defined boundary in six dimensions can be charac-
terized as a Bohr hypersurface. This reflects the possibility of the
existence of Bohr type Hamiltonians in these hypersurfaces. The
original Bohr Hamiltonian belongs to the boundary at infinity. On
the other hand, the symmetry group of the totality of transforma-
tions of the S5 into itself is the O (6).

3. O (6) and the IBM

Let us construct the generators of O (6) in terms of qu and
their conjugate momentum generators ∂u . They are obtained as
the special case of n = 5 for the O (n + 1) [15]. With u,k �= 0, O (6)

generators are

Q uk = qu∂k − qk∂u, Q u0 = qu∂0 − q0∂u. (12)
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In [16] the IBM is considered as a six dimensional harmonic os-
cillator, with the s and d bosons to be expressed in terms of
six variables, and their canonical conjugates, which we write as
(q0,qm). The O (6) limit reveals a structure like (12) in a geometry
of one radial variable b, and five angles (δ,Ω4), with

q0 = b cos δ, β = b sin δ. (13)

The embedding of Bohr space in six dimensions is characterized by
the variables

q0 = 1√
4a

cosχ, β̃ = 1√
4a

sinχ. (14)

For b = 1√
4a

, and β̃ instead of β , δ = χ . Therefore, the S5 is that

of the O (6) limit of the IBM, if in [16] β̃ replaces β which induces
its stereographic projection to the tangent plane. The number op-
erator [16] is

N̂ = 1

2

(
− 1

b5

∂

∂b
b5 ∂

∂b
+ 1

b2
L2 + b2

)
− 3, (15)

with L2 the second order Casimir of O (6). Replacing β with β̃ in
[16]

L2 = −
(

1

sin4 χ

∂

∂χ
sin4 χ

∂

∂χ
− 1

sin2 χ
Λ2

)
. (16)

The choice of b = 1√
4a

is a constraint in the number operator (15),

its radial part is canceled. For a = 0, N goes to infinity.

4. Re-formulation of the Bohr Hamiltonian

The re-formulation of the Bohr Hamiltonian on the S5 can be
obtained by the laplacian of the line element (5), assuming a mass
parameter B as in the initial Bohr Hamiltonian [3]. The result is

H = − h̄2

2B

(
4a

sin4 χ

∂

∂χ
sin4 χ

∂

∂χ
− 4a

sin2 χ
Λ2

)
. (17)

Λ2 is the second order Casimir operator of the SO(5). The projec-
tion from S5 generates a distinct Hamiltonian, with the presence
of the conformal factor. It is obtained by the laplacian of the line
element (4), which gives

H = − h̄2

2B

[
(1 + aβ2)5

β4

∂

∂β

β4

(1 + aβ2)3

∂

∂β

− (1 + aβ2)2

β2
Λ2

]
. (18)

Apart from B , the former Hamiltonian is the second term of the
Number operator (15), which contains the second order Casimir of
the O (6) of the IBM. Again, the two expressions coincide if in [16]
β̃ replaces β .

The latter Hamiltonian (18), lives on the projected plane from
the S5. The conformal factor affects, apart from the whole radial
part, only the coefficient of Λ2. Now the dependence of the mo-

ments of inertia with respect to β is β2

(1+aβ2)2 . The same result is

obtained in Bohr’s calculation [3]

Jk = B
∑
uu′

ququ′
(
M2

k

)
uu′ = 4B

β2

(1 + aβ2)2
sin2

(
γ − k

2π

3

)
, (19)

using the coordinates qu (u �= 0), of Eq. (10). M is the angular mo-
mentum. The angles Ω4 were not affected from the embedding
and the Wigner matrices are not influenced by the projection, as
of the invariance of the O (5) ⊃ O (3).

The effects of the projection from the S5, or of the O (6) sym-
metry, can appear in a deformation-dependent mass parameter
in the initial Bohr space without the extra dimension. This is
indicated by the last expression (19) where a mass parameter
B(β) = B

(1+aβ2)2 and the Bohr coordinates qm , produce the same

result. A Bohr Hamiltonian with this deformation-dependent mass
parameter has been proposed in [11].

The reduction of the moments of inertia in the present ap-
proach implies that their relation with the intrinsic quadrupole
moment Q 0 is symmetry-dependent. The original Bohr Hamilto-
nian in R5 gives moments of inertia Jk ∼ β2, while that of (18)
gives Jk ∼ β2/(1 + aβ2)2. Projection from S5 is an O (6) finger-
print, and signifies a new symmetry region than that of the origi-
nal Bohr Hamiltonian in R5. With the usual quadrupole operator
of the Bohr model [17] Q 0 ∼ β . The new rule for the relation
of the moments of inertia with the intrinsic quadrupole moment
is Jk ∼ Q 2

0 /(1 + aQ 2
0 )2. However the exact rule needs the con-

sideration of the β-part of the quadrupole operator in the new
symmetry region. This is beyond the purposes of the present work,
it should be done in agreement with the geometrical limit of the
IBM.

5. E(5)

To which region of the IBM shall the Hamiltonian (18) be lo-
cated? It should not be the exact O (6) limit, as it does not live
on the five sphere but on the projected plane. On the other hand,
the symmetries revealed by the projection of S5 to R5, which in-
volves a dimensional reduction from six to five dimensions, can be
studied with the use of the group contractions.

At the boundary of S5 at infinity, O (6) contracts [15] to the
Euclidean group in five dimensions E(5).

Contraction process [15] examines the Q u0 (12) at the north
pole of S5, where q0 = 1√

4a
and the rest qu = 0,

Q uo = − 1√
4a

∂u . (20)

This expression is singular for a = 0. Define the operator

Q̃ u0 = √
4a

(
qu∂0 − q0∂u

)
. (21)

Now at the north pole and for a = 0, Q̃ u0 = −∂m . The set of gen-
erators {Q uk, Q̃ u0} contracts to the set {Q mn, ∂m} for a = 0. The
latter set generates the E(5) symmetry group [17], which was pro-
posed in [10] to characterize the critical point for a second order
shape-phase transition from spherical to γ -unstable nuclei. It cor-
responds to the infinite square well potential for the β variable, in
the initial Bohr Hamiltonian. The Hamiltonian (18) for a = 0 co-
incides with that of E(5) [10]. Now, the geometrical limit of IBM
[4] in its U (5)–O (6) transitional region hosts a point for a second
order phase transition. The presence of E(5) for a = 0, the O (5)

invariance during the projection, as well as the argument that the
Hamiltonian (18) should not correspond to an exact O (6) limit,
imply its adaptation to the U (5)–O (6) transitional region of the
IBM.

Predictions of E(5) manifestations in atomic nuclei which lean
on the spectrum of the initial Bohr Hamiltonian, are rather in-
complete. The absence of the conformal factor in the initial Bohr
Hamiltonian reflects the absence of O (6) fingerprints. Parameter
a controls the presence of the conformal factor. In [11], a-values
are obtained by their rms fitting to the experimental data for the
energy spectrum of a plethora of γ -unstable nuclei. A close ex-
amination of its available values draws attention to the nuclei for
which a = 0. Fig. 1 displays the a-values for the Xe and Ba iso-
topes. Parameter a is not zero for a single nucleus in the series
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Fig. 1. Values of a for Xe and Ba isotopes, data taken from [11].

of Xe, or in that of the Ba isotopes. a = 0 corresponds to the se-
ries of 128Xe, 130Xe, 132Xe, 134Xe as well as in those of 134Ba and
136Ba. This remark should not be received as a proposal for E(5)

candidates. In [11] for a = 0 the Hamiltonian of E(5) [10] is not
obtained, Davidson term β2 survives which nevertheless has been
proposed to characterize the transitional region [12]. The present
approach implies that the manifestation of E(5) in atomic nuclei,
needs additional experimental measures than those obtained by
the initial Bohr Hamiltonian. A geometrical limit of the IBM con-
taining the parameter a should illustrate its appearance in nuclear
structure.

6. Conclusions

Beginning from a formal correspondence of Bohr space with
the conformal factor and the cosmological Robertson–Walker ge-
ometry, Bohr model is embedded in six dimensions. The orig-
inal Bohr space is located at the limit of infinite radius of a
five sphere. Bohr Hamiltonian is re-formulated on the five sphere,
which has the O (6) symmetry group. Its relation with the O (6)

limit of the IBM indicates that the infinity of the five sphere
corresponds to the limit of infinite number of bosons in the
IBM.

The five sphere with finite radius corresponds to a constraint
on the Number operator of the IBM. Bohr space with the confor-
mal factor coincides with the stereographic projection of the five
sphere on to the tangent plane. The re-formulation of the Bohr
Hamiltonian on the projected plane is adapted to the U (5)–O (6)

region of the IBM. Its consequences are:
(i) The appearance of a deformation-dependent mass parameter

in the original Bohr model.
(ii) Equivalently, in the projected plane the moments of inertia

exhibit a different dependence with respect to the deformation,
than in the original Bohr model. This implies the existence of
symmetry-dependent rules for the relation of the moments of in-
ertia with the intrinsic quadrupole moment.

(iii) In the limit of infinite radius of the five sphere, E(5) Hamil-
tonian emerges. The new way of E(5) generation challenges a dis-
cussion about its possible manifestations in atomic nuclei.
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