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The n-Engel condition

1. Introduction

A Lie ring L is a Z-module equipped with a multiplication, [, ] : L x L — L, (x,¥) — [x,y],
that is anticommutative and satisfies the Jacobi identity. Lie rings appear naturally in several areas
of group theory. Examples are the theory of nilpotent groups (Huppert and Blackburn, 1982), the
classification of p-groups (Newman et al., 2004; O’Brien and Vaughan-Lee, 2005), and the restricted
Burnside problem (see for example Kostrikin (1990) and Vaughan-Lee (1998)). Also Vaughan-Lee
(2003) contains an account of some striking Lie ring techniques in group theory. On many occasions
these Lie rings are given by a presentation by means of generators and relations (for a precise definition
of this concept we refer to Section 3). Therefore it would be of great interest to have an algorithm for
constructing a basis and multiplication table for a Lie ring given in this way. It is the objective of this
paper to describe such an algorithm.

We say that a Lie ring is finite-dimensional if it is finitely generated as an Abelian group. Of course
itis only possible to construct a basis and multiplication table for Lie rings that are finite-dimensional.
Our algorithm will terminate whenever the input defines a finite-dimensional Lie ring. Otherwise it
will run forever.
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Recently Grébner bases in general non-associative algebras have been studied (see e.g., Gerritzen
(2006), de Graaf and Wisliceny (1999) and Rajaee (2006)). In this paper we use these to deal with
finitely-presented Lie rings. However, because we are working over Z rather than over a field, some
modifications are necessary. In Section 2 we describe a reduction algorithm analogous to the one
presented in Adams and Loustaunau (1994), Chapter 4. In Section 3 we describe how to apply this to
finitely-presented Lie rings.

There are a few algorithms known for constructing finitely-presented Lie algebras (e.g., de Graaf
and Wisliceny (1999), Havas et al. (1990), Leeuwen and Roelofs (1997) and Gerdt and Kornyak (1996)).
These bear some similarity to the algorithms described here. The main difference lies in the fact that
we work over Z and not over a field, which causes a lot of additional problems. In Schneider (1997)
an algorithm is described to compute so-called nilpotent quotients of finitely-presented Lie rings.
However, the approach via Grébner bases leads to a more general algorithm, that will work whenever
the finitely-presented Lie ring is finite-dimensional.

In the second half of the paper we study Lie rings that satisfy the n-Engel identity, i.e., Lie rings L
such that

[x, [x,...,[x,¥]...]]1=0

for all x, y € L (n factors x). The study of these Lie rings goes back at least to Higgins (1954). It follows
from a result of Zel'manov (see for example Vaughan-Lee (1998)) that a finitely-generated Lie ring that
satisfies an n-Engel identity is nilpotent. By E(t, n) we denote the “freest” t-generator Lie ring that
satisfies the n-Engel identity. Now a natural question is what the structure of E(t, n) is. For example,
in Higgins (1954) and Traustason (1993, 1995) for various t, n upper bounds for the nilpotency class of
E(t, n) are given (with the difference that in these references the E(t, n) are defined over fields). One
problem when dealing with the n-Engel condition is that it is not a multilinear relation. In Section 4 we
describe several sets of relations with the following property: a Lie ring satisfies the n-Engel condition
ifand only ifits basis elements satisfy the relations of the given set. In combination with the algorithms
in the first half of the paper, this yields an algorithm to construct a basis and a multiplication table
for E(t, n). Using an implementation of the algorithms in the computer algebra systems GAP4 (GAP,
2004), and MAGMA (Bosma et al., 1997) we have constructed E(2, 3), E(3, 3), E(4, 3) and E(2, 4). At
the end of the paper we list the terms of the lower central series of these Lie rings.

The GAP4 implementations of the algorithms will be released as a GAP package in the near future.
The MacMma implementations are part of the current release of the system (V2.14).

This paper is a sequel to Cicalo and de Graaf (2007) which appeared in the proceedings of ISSAC'07.
We have tried to keep the intersection of both papers as small as possible. In particular, the description
of the algorithm for constructing a finitely-presented Lie ring now makes use of general Grébner bases
in Az(X), which in our opinion makes its description much more elegant. Also we have investigated
the n-Engel condition in far greater depth. In Section 4 we take a theorem from Cicalo and de Graaf
(2007) that gives a set of relations equivalent to the n-Engel condition, as the starting point and
obtain several sets of equivalent relations. The objective of this is to eliminate redundancy as much as
possible. Finally, in the last section we have added one more 3-Engel Lie ring (E (4, 3)). We were able
to construct it with the MAGMA implementation of the algorithms, which was not available to us at
the time of writing Cicalo and de Graaf (2007).

2. Grobner bases in free algebras

Throughout X will be a finite set of symbols, also called letters. The free magma M(X) on X is
defined as follows. Firstly, X C M(X), and secondly if m, n € M(X) then (m, n) € M(X). So M(X) is
the set of all bracketed words in the letters in X. The free magma is equipped with a binary operation:
m - n = (m, n). The degree of elements of M(X) is defined in the obvious way: deg(x) = 1forx € X
and deg((m, n)) = deg(m) + deg(n).

We use a total order < on M(X) that is defined as follows. Firstly, the elements of X are ordered
arbitrarily. Secondly, deg(m) < deg(n) implies that m < n. Finally, if m = (m’,m”),n = (n’, n")
and deg(m) = deg(n) then m < nifand only if m" < n’ orm’ = n’ and m” < n”. We note that this
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ordering is multiplicative, i.e., m < n implies (p, m) < (p,n) and (m,p) < (n,p) forallp € M(X).
Furthermore, every subset of M (X) has a minimal element.

The free algebra on X over Z is the Z-span of M (X). We denote it by Az (X). The binary operation
of M(X) is bilinearly extended to Az (X). The elements of M (X) that occur in an f € Az (X) are called
the monomials of f. The leading monomial of f, denoted by LM(f), is the biggest monomial of f. Its
coefficient in f is denoted by LC(f). We say that f is monic if LC(f) = 1. The degree of f will be the
degree of LM(f).

Now let 0 = (my, ..., my) be a sequence of elements of M(X) and § = (dq, ..., di) a sequence
of letters d; € {l, r} (for “left” and “right”). Then we call the pair « = (o, §) a product prescription.
Corresponding to « there is a map P, : M(X) — M(X) defined inductively. If k = 0 then P,(m) = m
forallm.If k > O thenset 8 = ((my, ..., my), (dz, ..., dy)), and P, (m) = Pg((m;, m)) ifd; =1, and
if d; = r then P, (m) = Pg((m, m;)). We extend P, linearly to Az (X).

Anm € M(X) is said to be a factor of n € M(X) if there is a product prescription « such that
P,(m) = n.Let G C Az(X) be a finite set, and f € Az(X).Letgq,...,8s € G be all elements of G
such that LM(g;) is a factor of LM(f). Suppose that LC(f) is divisible by d = gcd(cy, ..., ¢;), where
¢; = LC(g;). Let e; be such that ejc; + --- + esc; = d. Let «; be a product prescription such that
Py (LM(g;)) = LM(f). Then we say that f reduces in one step modulo G to f" = f — c(e1Py, (g1) +
-+ 4 esPy (g5)), where c is such that LC(f) = cd. More generally we say that f reduces to f’ modulo G
ifthere aref = fi, ..., fy = f’ such that f; reduces in one step modulo G to f;, 1. From the properties of
< it follows that any sequence of reduction steps modulo G terminates with an element that cannot
be reduced further.

Here all ideals of Az (X) that we consider will be two sided.

Let] C Az(X) be anideal. We calla G C J a Grobner basis of ] if every f € J reduces to zero modulo
G.

Aset G C Az(X) is said to be self-reduced if no reductions between elements of G are possible. It
is known that a self-reduced set whose elements are monic automatically is a Grébner basis (cf. de
Graaf (2000), Proposition 7.3.8).

3. Finitely generated Lie rings

Let L be a Lie ring over Z given by a finite set of generators that satisfy a set R of relations. We
assume that L is finite-dimensional, and we want to find a basis and multiplication table of L.

Let X be a set of symbols, in bijection with the generators of L. Then we consider the ideal J of Az(X)
generated by:

(1) (m, m) and (m, n) + (n, m) form, n € M(X),
(2) Jac(m, n, p) = (m, (n, p)) + (p, (M, n)) + (n, (p, m)) for m, n, p € M(X),
(3) the elements of R.

Then L = Az(X)/]. If R is finite then L is said to be finitely-presented. However, we will also consider
infinite sets of relations R.

The main idea for constructing a basis and multiplication table of L, is to construct a Grébner basis
of J. However, in general it is not clear how to do this. Here we show that, if L is finite-dimensional,
then we can compute a Grébner basis of J.

For a set G C Az(X) we let G™" be the set of all monic g € G. An m in M(X) is called a normal
monomial modulo G if there is no g € G™°" such that LM(g) is a factor of m. Let f € Az(X); then we
can compute f' € Az(X) such that f reduces to f’ modulo G™", and such that no LM(g) forg € G™"
is a factor of any monomial occurring in f’. We call f’ the normal form of f modulo G™" and write
f" = f mod G™",

We also need to compute a basis of a space spanned by by, ..., by € Az(X). We do this as follows.
First,let mq, ..., m, be the totality of monomials that occur in the b;, withm; > m; > --- > m,.Then
we let an element b; correspond to a vector of length r; the kth coefficient being the coefficient of my
in b;. We let the vectors that we get be the rows of a matrix, and compute its Hermite normal form (cf.
Sims (1994)). Then we transform the rows of this matrix back to elements of A;(X) and obtain a basis
of the space spanned by the b;. We call a basis computed in this way a normal basis.
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The main idea of the algorithm is to compute sets G; C J (for d > 1) that will grow into a
Grobner basis of J. The set G4 takes care of the generators of | of degrees < d. The non-monic elements
require special care: we put them into a set By C Gg; and we require that this set be closed under
multiplication by monomials, as explained below. This will then imply that at the end the span of By
is an ideal. More precisely, for d > 1 we compute sets G4, By C J, with the following properties:

P1 the generators of ] of degree <d reduce to 0 modulo Gg,

P2 GJ°" is self-reduced, i.e., no reductions are possible between the elements of G3'°",

P3 B, is a normal basis of a subspace of the space spanned by the normal monomials of degree < d
modulo Gy,

P4 all non-monic elements of G, are contained in the span of By,

P5 the elements of B; reduce to zero modulo Gy,

P6 if b € By and m € M(X) is a normal monomial modulo G4 with deg(b) 4+ deg(m) < d, then
m - b mod G°*" and b - m mod Gj*°" are contained in the span of By.

Remark 1. The pair (G, By) is similar to the reduction pairs considered in Cicalo and de Graaf (2007).
But it is not quite the same, as here By C Gg.

Now let My be the set of normal monomials modulo G4 of degree d. Let I; C Az(X) be the ideal
generated by Gy. Then ] = Ug=1l4. So since Az(X) /] is finite-dimensional, there is a dy with Mg, = @.
Now leNt So be such that sy > 2dy + 1 and all elements of R reduce to zero modulo ;. Set G = G, _

Let ] be the ideal of Az (X) generated by G™". Since G™" is self-reduced, it is a Grébner basis of |
((de Graaf, 2000), Proposition 7.3.8). Set A = Az(X)/J. Then A is a finite-dimensional Z-algebra. Let
U C Abe the image of the span of By,. Then U is an ideal of A by P6.

Lemma 2. We have I, = J and G is a Grébner basis of J.

Proof. Since G = G;, C J,also I, C J. For the reverse inclusion we first show that all Jac(m, n, p)
for m, n, p € M(X) are contained in I5;. By a well-known fact (cf. de Graaf (2000), Lemma 7.4.3), it is
enough to show this when m = x € X. Now Jac(x, n, p) reduces modulo G™" to a linear combination
of elements of the form Jac(x, n’, p’), where deg(n’), deg(p’) < do. But they are all contained in I,. In
the same way we see that (m, m) and (m, n) + (n, m) lie in I;;. By the choice of sy we also getR C Ig,.

Soly, =]J.

We claim that ford > 1 every element in the span of B; reduces to zero modulo G4. Let by, ..., b, €
Bjandf = wib1+- - -+, by, where u; € Z,and LM(b;) > LM(b;yq) for 1 < i < r—1.Since b; reduces
to zero modulo G, we have that b; reduces in one step to b} = by — AP, (h1) — - - - — AsPg, (hs), where

h; € G. Since by is in normal form modulo G'°" the h;’s are non-monic. So the h;s lie in the span of By,
and by P6, Pg, (h;) mod G7°" as well. In particular, b mod G7°" lies in the span of By. But f reduces to
"= pab} + p2by + - - - 4+ by mod G3°", which again lies in the space spanned by By. Therefore we
can reduce again, and eventually reach zero.

Now for1 <i < sletg € G, ¢ € Z, and let o; be a product prescription. Then since G™" is a
Grobner basis we get that c1Py, (g1) + - - - + CsPq,(gs) mod G™" is equal to

1Py, (g1 mod G™") + - - - + ¢sPy (g mod G™") mod G™".

If gi € G™" then g; mod G™" = 0. On the other hand, if g; ¢ G™" then g; lies in the span of Bj,,
and hence g; mod G™" = g;. We conclude that c;P,, (g1) + - - - + ¢;Py, (g5) mod G™" € U. In other
words, ¢1Py, (81) + - - - + 5Py, (gs) mod G™°" lies in the span of B, . So by the claim above it reduces
to zero modulo G. So every element of I, reduces to zero modulo G; therefore G is a Grébner basis of
L, =J. O

Lemma 3. We have L = A/U.

Proof. We define a surjective homomorphism ¢ : Az(X) — A/U by ¢(f) = (f mod T) mod U. Then
¢(f) = 0ifand only if f mod J € U. But this happens if and only if f mod G™" lies in the span of By,.
The latter immediately implies that f € J. On the other hand, if f € J, then f reduces to zero modulo G
by Lemma 2. In particular we can write f = ¢1Pq, (g1) + - - - +sPq, (g5), where g; € G, ¢; € Z and the ;
are product prescriptions. But in the proof of Lemma 2 we have seen that this means that f mod G™"
lies in the span of B,,. We conclude that ker(¢) = J, and hence Az(X)/] = A/U. O
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Now the main algorithm works as follows. Ford = 1, 2, ... we compute the sets G4, By with the
properties P1-P6. We also compute the normal monomials modulo G, of degree < d. At some point
we find dy such that My 1 = @. Then we let sy > 2dy + 1 be such that I, contains all elements of
R and compute G = Gs, and B = By,. The set of normal monomials modulo G forms a basis of the
algebra A = Az(X)/]. Also, using reductions modulo G™" we can compute products in the algebra A.
Now using the technique of Smith normal form (cf. Sims (1994)) we can compute a surjective Z-linear
map

0 A>7Z® - - BLZLOZ/MZB--- DZ/nZ

with kernel U (which is the image of the span of B in A). Every direct summand on the right-hand
side leads to a basis element v; of the algebra L. Furthermore, the product [v;, v;] is computed by

[vi, vl =0 (6 (v) - o~ (V).

Remark 4. If R is finite then it is straightforward to choose sq (Sg > 2dg + 1 and such that s is at least
the maximal degree of the elements of R). If R is infinite, then some care may be needed. For example,
we can have R containing all monomials of degree > ¢ + 1 (where c is some given constant). This
amounts to computing a nilpotent quotient of class c. Then it is enough to choose s; > 2¢ + 1.

4. The n-Engel condition

Throughout we let L be a Lie ring generated as an Abelian group by B = {xq, ..., xn}. We will
use the right normed convention for iterated commutators. For example, [xxxxy] will be the element
[x[x[x[xy]11] of L.

Definition 5. The Lie ring L satisfies the n-Engel condition, or L is n-Engel, if

[x...xy]=0

n

forall x, y € L. With E(t, n) we denote the freest Lie ring with t generators which satisfies the n-Engel
condition.

The n-Engel condition [x...xy] = 0 is only linear in y. Hence in order to establish whether L is
n-Engel it is not sufficient to check this condition for x € 9 only. In this section we describe several
sets of conditions on the elements of B; only that are necessary and sufficient for L to be n-Engel.

Let1 <ji,...,js < m.Letk; > 1be such that k; + --- + ks = n. Let (iy, ..., i,) be the n-tuple
withiy = -+ = iy, = j1, k41 = -+ = lk;+k, = Jj2, and so on. Then we consider the sum of all

elements [X,, - - - X5, y] where (X4, ..., X5,) is a permutation of (x;,, ..., X;,). We denote this sum by
[(x}lkl) o x;!“))*y]. A more formal description goes as follows. Let S, (the symmetric group on n points)
act on the n-tuples by (iy, ..., in)T = (izq), - - -, ir(n)). Let H C S, be the stabiliser of (i, .. ., i), and
let X C S, be a set of right coset representatives of H in S,,. Then

(k1) (ks)y s
[(xh] o 'X].S ) Y] = Z[Xir(l) .. -Xi,(,,)J/]-

TeX

For a proof of the following theorem we refer to Cicalo and de Graaf (2007).

Theorem 6. The Lie ring L satisfies the n-Engel condition if and only if forally € L, 1 < s < n,
1 <ji <.+ <js < m, and choices of signs p;, = £1 (1 < r < s) the following relations are
satisfied

2: k k. (k1) k.

pjll .. .pjss[(xh] .. .X](sS))*y] = O. (1)
ki,....ks>1
k1+---+ks=n
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Example 7. For n = 4 we get the following relations
[,y =0
LG5,y Y]+ L0 % ) v] + [ %) "y] =
[ “) X, Y] = [(x(” )1+ [ “) X))yl =
[( (2) (1) (1)) y]+[( (1) (2) (1)) y]+ [( (1) (1) (2)) y] =
[( (2) (1) (1)) y]+[( (1) (2) (1)) y] — [( (l) (1) (2)) y] =
[( (2) (1) (1)) y] — [( (1) (2) (1)) vl + [( (1) (1) (2)) y] =
[( (2) (1) (1)) y] — [( (1) (2) (1)) y] — ( (1) (1) (2)) y] =
[( (1) (1) (1) (1)) y] =0,

0
0
0
0

forj; < jz < j3 < js. In fact, we get more relations; but they are all =1 times the ones shown here.

We now derive an equivalent set of conditions that do not involve a choice of signs. For this we
need to introduce some notation.
Since the summation in (1) is uniquely determined by s and n we put

Z[( (kl) . xj(sks))*y] = Z [(xj(j‘l) . xj(sks))*y]

In what follows, we will often distinguish between cases where certain k; are odd respectively
even. For example ), [ [(x; ah]) x k2 (2h3=D) (Zh“)) y] is the sum

Jz 3
(2hy) (kp), (2h3—1) (2’14)
Z [(Xh XJz xj3 )y]
hq,kp,h3,hg>1
2hy+ky+(2h3—1)+2hg=n
Remark 8.
k ks k ks
Z[( X7y =) IR X))
n
for all permutations (oy, ..., gs) of (jq, ..., Jjs).

Let (o4, ..., 0s) be a permutation of (jy, . .., js). Then

k k
> 206 -2

AC{o1,....0r}
lAl=q

will denote the sum of all ) [ (x(kl) .xf,’is))*y] such that k; = 2h; whenever o; € A, where + runs
over the subsets of {07, ..., o} of size q.

Example 9. We have
Z Z[(X(M)X(kz)x(’<3)x(k4)) y] = Z[(nglhl)sz’mxg?)xgi“))*}’]
n

Cloy.09,03} n

[A]=2
+ Z (x(2h1)X(lfz)x(2h3)x(’<4)) v
n

+ Z (x(kl)X(th)x(2h3)x(k4)) yl.
n
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Similarly
Z Z[(x("” - XE)]
AC{o1,..s
I:Alzq

will denote the sum ofall )", [0 .x{¥))*y] such that k; = 2h; whenever o; € + and k; = 2h; — 1
whenever o; € {01, ..., 0} \ .

Lemma 10. Forallr With 1 <r < swehave

O
Z Z[(xf,"l‘)...ng))*y]: Y 2" 12[(x(k1)...xg’§5))*y].
AC{o1,..., or} AC{o1,.., or}
[A|=21+1 |Al=q
1<2l+-1=<r 1<q<r
Proof. First we show that
m]
h NCUSDNCERY X k k
me Vg, xSy = Y (DT I X)), @)
AC{071,...,0p} n
|Al=q
0=<g=<p

For this we use induction on p. The case p = 0 is trivial. Now we suppose it is true for p — 1. We
have

(Zh D (kpt1)
ZW’” DXy xe L x0)]

k1), (2hy—1 (2h 1) _(kpy1) k
— Z[(Xg’ll)xffz 2= xXo?” xdpprl ) X( s)) ]
n

2hy),,(2hy—1 (2hp—1) _(kp+1) K
_Z[(X((71 1)xgzz ) x pp Xapp_:] ) X(<s)) y1.

n

Hence by the induction hypothesis

2h1—1 (2]’1 1) (kp+1) k
Z[(x( D eyt X XS Y]

= 0
ky) (K k hy) (K k
= Z (— 1)[’2[()6 Vx| xdoyry) — Z (— 1)”2[(;62 Vx| xeyry)
AC{02,...,0p} AC(07,...,0p)
A= |AI=q
0=g=<p—1 0=q=<p-—1
O
= > DUy Iakoxl) )y,
AC{01,...,0p} n
|Al=q
0=q=p

We note that if some of the k; for i > p 4+ 1 on the left-hand side are required to be even (odd) (so
equal to 2h; or 2h,- — 1) then they are likewise on the right-hand side.
Lett € {0 ., r} be fixed. Then we claim that

O
k ks)* vtV k ks)*
2: 2 [ x8)yl= Y (=) (t)g [0 . x09)*yl.
BZ{oq,...,01} AC{o1,...,01} n
|B|=t |A|=v
t<v<r

In order to show this, let 8 C {07, ..., o;} with |8B| = t be given. Let (4, ..., T5) be a permutation
of (01,...,05) suchthat 8 = {1541,...,7;} (sop = r —t)and ; = o; fori > r. Then the term
corresponding to B on the left-hand side is

2h1—1 (2h —1)_(2hp41) 2hr) , kr+1) k.
DLGEN D g YO L
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But by (2) this is equal to

O

(kp) (2hp41) (kraq1)
D G R (G AP P AR PR L WY I (3)
n

So we get terms where some of the exponents are required to be even. More precisely, the exponents
ofx; fort € CU {141, ..., v} = C U B are even, where C runs through the subsets of {zy, ..., 7,}.
Now let A C {11, ..., t} with |A| = v > t. Then (3) contains a (unique) term with C U 8 = A
if and only if |8 N | = t. The coefficient of this term is (—1)/°! = (—1)"~". Since there are (}) such
B’s, the claim follows.
So we get

Z D I Xy

1<2l+1<r

Z Z (-1)" 1(21 N 1) Z[(x(lﬁ) B (ks) v,

1<2l+1<r AZ{oq,..., or}

|Al=q
21+1=<q<r
which is equal to
O
_1)s-1 () Xk
MZ Dty (ZH])Z[( )yl
C{01,..,07} 1<2l+1<r
|Al=q
1<qsr

because for all 1 < q < 2[+ 1 we have that (7 ) = 0. Now

2141

-1 -1 —\ /q—1
> G- 2 G ()5 () -
1<2l+1<r 2l + 1 1<2l+1<r 2l + 1 2l l l

which concludes the proof. O
Remark 11. We claim that

Q

Il
[S)

ijk1] ij [(x; (k]) .. .x}!‘“)*y] =0forallp;, = +1,where1 <r <s (4)
if and only if

ijz . pjs [(x; <k‘) .. .x;skf))*y] =0forallp;, = &1, where2 <r <s. (5)
It is obvious that (4) implies (5). Also (5) implies (4) if p;, = 1. So suppose that p;, = —1. Let

ki, ..., ks > Twithk; +- -+ ks = n.Then (—=1)"(—p,)*2 - - - (—p;)ks = (— 1)"113’{2 : pjk;. Hence (5)
implies that

0= (=" Y (=pp) - (=p) 105" ...
n
= Z(_])klp]’; . p]k:[( ]gfl). (ks)) yl.
n

Proposition 12. Relations (1) are equivalent to

Z[( Xy =0 (6)
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m]
Yoo 2T )y =0 (7)
A={02,...,0r} n
forallr,2 < r < sand for all permutations (o, ..., os) of (j1, ..., js) such that o1 = j;.

Proof. By Remark 11 we can putp;, = +1in(1); moreover we can divide these relations by p;, - - - p;,.
Then (1) is equivalent to

ky— ks 1 < Ks)\*
k: l [((1) X( ))y _0 (8)

for all choices of signs p;, = £1,2 <r <s.

Let (o1, ..., 05) be a permutation of (j, ..., js) where oy = j; is fixed. We suppose that p,, =
- =Poy = —land ps,,, = --- = ps, = +1.Then the left-hand side of (8) becomes
DD (DR LX)y 9)

n

In this expression if a summand has an even number of odd k; — 1 then it has a positive coefficient,
otherwise it has a negative coefficient. Hence if we subtract (9) from )", [(x(k” . X“‘S))*y], the

summands of the first type vanish while those of second type are doubled Soy . [(x(kl) . .xg’?))*y]
minus (9) is

2 Z Z[(x”‘l”...xf,’?))*y]. (10)

1<24+-1=<r—-1

By Lemma 10 this is equal to

2 Z ( 2)1- 12 (x(k1) x(ks) v, (11)

which is equal to

> = Z AN (GNP

1=q=r—1 A={0t1,....01q}
2§t1<-~-<tq§r

Summarizing, we have showed that

DS Xyl = Z( D G A (C e S

n

O

D RCTEND SED SR
1<q=<r—-1 A:{Utl ,,,,, th} n

2<ty<--<tg<r

From this we immediately get that, if (6) and (7) are true then

Z(_l)kz—1 ... (_1)’<r—1[(XL(7k11) . _Xg;s))*y] -0
n

implying (1).
Vice versa, if (1) is true, we get (6) by putting p;, = 1 for all L. In order to show (7) we use induction
onr.
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If r = 2 the left-hand side of (7) becomes

[m]
D 2l Ay
A={oy} n

and this is zero because as we have seen (1) implies that (11) is zero. For the induction step we note
that (1) implies

O
0= Y =D YT 20y I LX)y
1=<q<r-1 A={0t;,...,01q} n
2=ty < <tg=<r
O
= Y =t Y 23 L xyy)
1<q<r-2 A={0t; 01} n

2<ty<--<tg=<r
O
H (=D DT 2 YRR )y,
A={0,...,01} n

Now, by the induction hypothesis the first sum on the right-hand side is zero. So we get (7). O
Example 13. For n = 4 the relations of Proposition 12 become

[(x)*y1 =0

L0 x3,y1 + 1067%.7) Y1 + 106"yl =

2004%.)"y] =

[( (2) (1) (1)) y]+[( (1) (2) (1)) vl + [( (l) (1) (2)) y] =

2[( (1) (2) (1)) y] =0

2[(X<1>X<1>x<2)) y1=0

[( (1) (1) (1) (1)) y] =
for1<j; sz §j3 <Ja

Now we show that we can dispense with relations (7). For that we first need a technical lemma.

Lemma 14.
n . .
n! 2, ifniseven;
(_l)m [ — { ] : - ’
mZ:Z . Z "" oo kil kpy! 0, ifnisodd.
ki+---+km=n

Proof. By induction the following can be shown:

| m—1
> ko - Pl Z_;<—1)f<'f)(m -, (12)

ki, skm>1
ky+--+km=n

”2"5 <k+i> B (n+ 1) (13)
~\ i) \k+1)

Z( D@+ k)" ( > = (—1)"n!fora € Z. (14)

k=
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Using these we get

n! . mm_l r m n
Z( DY 7,{1!_“,%!:;(—1) ;(—1) (r)(m‘”

—1+Z( 1)'”2( 1)( )(m—r)“
()

=1 m=k

_ _1\kpn m
e (")
k
_1+Z( k" <1+1>
kpn _1\k n
_1+Z( 1)k<> Z( )k<l+1>
:1+Z(—1)’<1<"(Z) Z( Dk (= 1+/<)()+( n"
k=0

1
=1+ (D"
and this expression is equal to 2 if nis even and O if nis odd. O

Let h > 0. We recall that an ordered partition of h is a t-tuple 7 = (ny, ..., n;) where the n; are
positive integers with ny + - - - + n, = h. We denote with [(7) the length of 7, that is I(;t) = t. Also
we denote as 7! the product

! i=nq!--onl.
Now letn > 0,and ky, ..., ks > 1withky + - + ks = n.Wew_ritel_< = (kq, ..., ks). For fixed
0=mg <my < --- < my = s wedefine the sequence h;(k), ..., hq(k) as

mr
= > k. (15)
i=my_q1+1

It is obvious that hy(k) + - -- + hy(k) = n. Moreover, we set 7,(k) = (km,_,+1, - - -, km,). For the
following lemma we recall that ) ", is short for

ST ks>1
kq+---+ks=n
Lemma 15. Fix m; with0 = mg < my < --- < mgq = s. Then (6) implies that
Z hy(k)! ) h (k)‘ [(x (hy () _x(”q(’_‘»)* 1=0 (16)
mk)! e K, ing V1=

foralljm, < -+ < jig-
Proof. We recall that a term [(x; (k])

xj(s’“))*y] from (6) involves a summation over all permutations
of

(i15"'9.].]7"'?]'35"'7.].3)»
" — ——
kq ks
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where ky + - - - + ks = n. Now we put
Ji=c = Shmr = =y S0 S = = g,
then we get

[( (kl) X(ks))* ] _ h] (k) B hq(f()‘ X{hl(k)) » .thq(l;))
g1 s T (k)‘ ﬂq(’_()' Jmq Jmg

)yl O

Remark 16. For an integer h > 1, the set of all ordered partitions of h of length t is denoted by P, (h).

Now in Lemma 15 we set t; = m; — m;_; for 1 < i < q. Then (16) can be written as
b hel oy
e e )y = (17)
hi,...hg=1 miePy (hy) 1 a
hi+--+hg=n 1<i<q

fori; < --- <i;. Now (17) depends only on n, g and on the ;.

Note that in (17) we can permute the iy, .. ., ig, cf. Remark 8 (we only lose the conditioni; < - --
< ig). So we may assume that thereisap witht; > 1ifi <pandt; = 1fori > p.Butift; = 1, then

Py, (h;) consists of one element, r; = (h;), only, and moreover, h’ = 1. Hence we can rewrite (17) as

hq! hy!
Y ] = (18)

]
hy..hg>1 7Py (hy) Tp-
hy4--+hg=n 1<i<p

Lemma 17. For all p,

hq! hy!
Z . Z(_l)t1+m+tp Z Z 71‘ . %[(Xl(fl) . (hll)) y] (19)
! P

S hi....hg=1 miePy (hy) 2
hi+-+hg=n 1<i<p

= > 2 3 ey (20)

A={i1,...,ip} hy,...hg=1
hq+--+hg=n

Proof. We can write (19) as

hq

h
hy! £ hy!
—-nh =1 —1)t 4 ) ey
PO DGO D G D NI RY)
hy,....hg=1 t1=2 71€P; (hy) tp=2 ﬂpeptp(hp) p
hy+-thg=n
But by Lemma 14 we have that
hj
l 4 h;! 2, ifh;iseven;
_ 1\ ro_ s i ’
Z( D Z n.;_{o, otherwise.
miePy (h)

So we obtain (20). O

This lemma implies that every instance of (7) can be obtained as a sum of elements of the form
(18). But these are all zero by (6). So we get the following result.

Theorem 18. The Lie ring L satisfies the n-Engel condition if and only if relation (6) is satisfied forally € L,
1<jj<---<js<mand1<s<n
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Remark 19 (M. Vaughan-Lee). We claim that it is only necessary to check the relation [(x(l) . (1)) vy

= 0 for y a generator of L. We ease notation a little by omitting the exponents, as they are (1) every-
where. Suppose that we have [(x;, - - - x;,)*y] = Oforallj; < --- <j,andacertainy € L. Letz € L,
andadz : u +— [z, u]. Then

0 =adz([(xj, - - - X3,)"Y])
= [z, %1 %)V + - + [, - - - [z, %, D*Y] + [, - - - %;,)*[2, ¥]].

Now [z, x;,] = ZL a;x; for certain «; € Z. So

[([z, xj;1 - - %5,)"V] Z“t (i - - - X,) "Y1

But by hypothesis all summands on the right-hand side are zero. So [([z, x;,] - - - X;,)*y] = 0. Similarly
we get [(x;,[z, x;,] - - - x;,)*y] = - - - = [(x, - - - [z, X, 1)*y] = 0. Therefore [(x;, - - - x;,)*[z, y]] = 0. We
conclude that [(x;, - - - x;,)*y] = 0 for all generators y of L implies it forall y € L.

Remark 20. If L is defined over a field in which n! is invertible, then only the relation
[(x”---x")*y] = Owithj; <j, < -+ < j, is needed. Indeed, this implies that [(x|" - - - x/”)*y] =

(cf the proof of Lemma 15). Hence we get all relations (6). This can also be proved independently. It
is used in Havas et al. (1990) to compute several n-Engel Lie rings over finite fields.

Proposition 21. Relations (6) are satisfied forall 1 < s < nandj; < --- < jsif and only if (17) is
satisfied forallq =1, ...,n,forallt, > 1,r=1,...,q,t1 +---+tg <nandforalli; <--- <ig.

Proof. This is shown by the same reasoning as used for Lemma 15. This time we set
= = dm <= Zhmy < <mgp1 =0 =lmg. O

We remark that, in this way, we obtain a system of relations that can be reduced. Next we describe
a method for doing this. First we set

falmy = ) klizzo 1)(>(m—r)”,

ki,...km>1
ki+---+km=n

(cf. (12)). Obviously f,,(m) = 0 for all m > n and f,(1) = 1 for all n. So (17) can be written as

h
Yo ) @I )] = (21)
hy,....hg=1
hi+---+hg=n
We denote the left-hand side of (21) as g(t1, . .., ty).
We define an order “>" on the elements [(x(h‘) . <hq)) y1 (where the iy, ..., ij are fixed) as

follows
[ )y > [ )y

if and only if h;; > hio, where iy is the minimal index with h;, # }_1,-0.

For all ¢ we can consider a matrix M; where a row consists of the coefficients of g(ty, ..., t;)
ordered with >. So the rows of M, are indexed by g-tuples (t4, ..., t;) witht; +--- +t; < n.
Note that the columns of M, are indexed by (hy, . .., hy), which are ordered partitions of n of length

g. So we have (2:}) columns in My, one for every ordered partition of n of length g. We claim that the
rank of My is exactly (Z:}) Indeed, let (hY, ..., hg) be the index of a column, and set t; = h). Then in
the row indexed by (ty, ..., t;) we have a non-zero entry only in the column indexed by H, ..., hg).
Soif we calculate the Hermite normal form of My, we obtain a matrix with (Z:}) non-zero rows, which
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Table 1

Terms of the lower central series of the free n-Engel Lie rings
E(2,3), E(3,3), E(4,3), E(2,4). The last line indicates the
running time. Here L* denotes the kth term of the lower central

series of L.

E@2,3) EGB,3) E(4,3) E2,4)
I 2305 240103017 2466 126 404045 515108011
12 2303 240103014 4661026404041 51510802
3 2302 240103011 24661026 40435 51510808
L4 23 24010303 2466]026404015 51510806
5 22 233103 2442126404 51510803
6 218 23781010 5161070!
7 29 2289104 515105
I8 23 2173 514102
19 262 512
110 218 56
Al 24 53
112 51
Time 0.5(s) 23 (s) 12 (days) 88 (s)

correspond to the relations that remain. Summing, we obtain

(1)
= 4~ 1
relations.

Example 22. If we apply this to the case n = 4 we get the following result: L is 4-Engel if and only if
forall 1 <j; <j, <j3 <js4 < mwe have

[x)*y1 =0

[0 x5,y + 10675 Y1 + [0,y 'yl = 0
2[(x<2> )y =

6[(x,"x;, )"yl = 0

[(X(2)x](21)x(1)) vl + [(X(UX](ZZ)XU)) vl + [(X(l)x(l)X(Z)) y] =
2[( (1) (2) (1)) y] =

2[( (1) (1) (2)) y] =

[( (1) (1) (1) (1)) y] =

We Would like to emphasize the main difference with Example 13: here the indices j; satisfy strict
inequalities. This leads to a lot fewer relations that have to be checked.

5. Some n-Engel Lie rings

We have used our implementations of the algorithms described in this paper to obtain a
basis and multiplication table of the “freest” n-Engel Lie rings with t generators for (t,n) =
(2,3),(3,3),(4,3), (2,4). In Table 1 we list the terms of their lower central series. We give their
structure as an Abelian group (i.e., as a Z-module). Now a finitely generated Abelian group can
uniquely be written as (Z/d;2)Y" @ --- & (Z/d.Z)* & Z™, where d; divides d;;. We denote this
group by d\ - - - drom,

The table also lists the time needed for the constructions (which were done on a 2 GHz machine
with 2 GB of memory). The rather long time needed for the construction of E (4, 3) is explained by the
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huge number of relations (to enforce the 3-Engel identity) that are generated in this case. We used a
basic linear dependence test (based on the Hermite normal form algorithm for matrices over Z) to try
and discard relations that are linearly dependent on others. By this method many relations could be
discarded immediately, and the program was mainly busy doing that. We are not yet able to construct
E(3,4) and E(2, 5). When dealing with these cases the programs ran out of memory because of the
large number of relations and their greater density (i.e., they contain more monomials than in the
3-Engel case).
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