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Abstract

A constructive proof of the equation DH ∩ ECom = (J ∩ ECom) ∨ H is presented where H
denotes any arborescent pseudovariety of groups. In addition, a new class of pseudovarieties of
groups is found for which that equation holds. c© 2002 Elsevier Science B.V. All rights reserved.

MSC: 20M07; 20M35; 68Q70

1. Introduction

The purpose of this paper is to present a constructive proof of the equation

DH ∩ ECom = (J ∩ ECom) ∨ H; (1)

where H is a “su9ciently nice” pseudovariety of groups. As usual, for a group pseu-
dovariety H, DH denotes the pseudovariety of all (<nite) semigroups all of whose
regular D-classes are groups in H, while ECom is the class of all (<nite) semi-
groups with commuting idempotents and J stands for the pseudovariety of all J-trivial
semigroups. (In this paper, in Sections 1, 3 and 4, all semigroups except free semi-
groups A+, free monoids A∗ and pro<nite semigroups are assumed to be <nite.) A
syntactic proof of Eq. (1) has been found by Almeida and Weil [2] in the case H
being arborescent which essentially means that H is closed under extension of abelian
members. That is, H is arborescent if and only if (H ∩Ab) ∗H = H (where Ab is the
pseudovariety of all abelian groups and ∗ denotes the Mal’cev product, or, equivalently,
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the semidirect product of the involved pseudovarieties). Moreover, also in [2] one can
<nd (in terms of a “unique factorisation property”) a condition characterizing the set
of all pseudovarieties H satisfying Eq. (1). From that condition it follows that this set
is closed under taking joins (within the lattice of all pseudovarieties). The arguments
in [2] are based on a careful study of the free pro-H groups and some knowledge of
the free pro-DS semigroups. (Here DS denotes the pseudovariety of all semigroups
all of whose regular D-classes are subsemigroups.) The proof thereby obtained is not
constructive in the sense that for a given S ∈DH∩ECom it would eJectively construct
a semigroup C ∈ J ∩ ECom and a group H ∈H such that S divides the direct product
C × H . From the proof we only know that suitable C and H do exist.

In contrast, our approach will prove Eq. (1) for a more general class of pseudova-
rieties H which can be characterized by a certain condition (P) (see De<nition 2.2)
and the proof will be constructive. It is based on a discovery by Ash et al. [5] which
provides a convenient set of generators of the pseudovariety DH ∩ ECom. In [5] it
is shown that each S ∈DH ∩ ECom divides a precisely described <nite direct product
of transition semigroups of automata of a very special kind (these automata will be
introduced in Section 3); conversely, all such transition semigroups are in DH∩ECom.
The main idea of our proof then will be, given an automaton A of that kind, to con-
sider a certain quotient automaton A=∼ (∼ essentially eliminates the non-trivial group
sub-automata of A) and whose transition semigroup is aperiodic (that is, it is a mem-
ber of J∩ECom). Then we construct a suitable <nite group H such that the transition
semigroup M (A) of A divides the direct product of the transition semigroup M (A=∼)
of A=∼ and H . The group H is especially designed to outweigh the “loss in accu-
racy” which comes from going from A to A=∼. The prerequisites to construct such
a group are developed in Section 2. In Section 4 we shall discuss a new condition
(PSI) weaker than (P) which still is su9cient for a pseudovariety of groups to satisfy
Eq. (1).

For unde<ned notions in the theories of semigroups, pseudovarieties, automata, etc.,
the reader is referred to the books of Almeida [1] and Pin [9]; for background infor-
mation about varieties of groups the book of Neumann [8] is a standard reference.

Throughout, for a word w∈A∗ (on a <nite alphabet A), c(w) stands for the content
of w, that is, the set of all letters occurring in w while |w| denotes the length of the
word w. For any <nite set S, |S| stands for the number of elements of S. For any
A-generated (semi)group S = 〈A〉 and any word w∈A+ we will write, if emphasis is
necessary, w(S) to denote the evaluation of the word w in S.

2. Groups

Here we present an auxiliary result which will be essentially used in the next section
in the proof of the main theorem. The result is about semigroup identities (not) being
satis<ed by certain group varieties. (However, the result holds—mutatis mutandis—for
group identities as well.) The notation throughout this section will be as follows. For
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a <nite alphabet A let (xi)i¿1 be a sequence of letters of A and (ui)i¿0, (vi)i¿0 two
sequences of words in A∗ (some of them may be empty) such that

xi 
∈ c(ui−1) ∪ c(vi−1) ∪ c(ui) ∪ (vi):

We will mainly be interested in identities of the form

u0x1u1 : : : xnun � v0x1v1 : : : xnvn:

Let U;V be varieties of groups and let U ∗V be the usual (Mal’cev) product of U

and V, that is,

U ∗V= {G | ∃N E G: N ∈U; G=N ∈V}:

It is well known that ∗ is an associative operation on the lattice of group varieties,
and that U ∗V is generated, as a variety, by all possible semidirect products U ∗ V
with U ∈U and V ∈V (see [8]). Moreover, there is a well-known representation of
the A-generated free object in U ∗ V as a subgroup of a semidirect product of an
appropriate member of U by an appropriate member of V. We use here the version
presented in Theorem 10.2.1 in [1]. More precisely, let F =FAV be the A-generated
free object in V and let A′ =F × A. Then F acts on A′ by

g(h; a) = (gh; a) ∀g; h∈F; ∀a∈A:

Consequently, if G=FA′U is the A′-generated free object in U then F acts on G by
automorphisms on the left via

g[(h1; a1)±1 : : : (hn; an)±1] = (gh1; a1)±1 : : : (ghn; an)±1:

So we may form the semidirect product G ∗ F subject to this action. Then the free
object on A in U ∗ V is isomorphic to the subgroup of G ∗ F freely generated by
the elements of the form ((1; a); a) where a∈A. For semigroup identities u � v
with u; v∈A∗ this means that if u= a1 : : : an and v= b1 : : : bm then U ∗ V |= u � v
if and only if (i) V |= u � v and (ii) U |= (1; a1)(a1; a2) : : : (a1 : : : an−1; an) �
(1; b1)(b1; b2) : : : (b1 : : : bm−1; bm). In the latter identity the variables are of the form
(u; a) with u∈A∗ and a∈A, and two such variables, say (u; a) and (v; b) are the same
if and only if a and b are the same letters from A and V |= u � v.

We are going to formulate and prove the main result of this section. For each positive
integer n let Hn be a group variety which does not satisfy any non-trivial semigroup
identity u � v with |u|; |v|6 n. For each n¿ 0 let

Vn := Hn+1 ∗Hn ∗ · · · ∗H2 ∗H1

and for convenience put V−1:=T, the trivial variety. Under the assumption on the
words ui; vi and the letters xi stated at the beginning of this section we have the main
result in this section.
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Theorem 2.1. For each n¿ 0 the following hold.
1. Vn does not satisfy any identity of the form u0x1u1 : : : xn+1un+1 � v0x1v1 : : : xtvt

where 06 t6 n;
2. if Vn satis3es u0x1u1 : : : xnun � v0x1v1 : : : xnvn then Vn−1 satis3es ui � vi for all i.

Proof. We argue by induction on n. If n= 0 then the assertion is obvious because
V0 =H1 is non–trivial and therefore cannot satisfy any identity u0x1u1 � v0 as x1 
∈
c(u0)∪c(u1)∪c(v0). Item (2) is immediate since V−1 =T satis<es every identity. Now
let n¿ 0 and suppose that the claim be true for the varieties V0; : : : ;Vn−1. Suppose
<rst that Vn satis<es an identity of the form

u0x1u1 : : : xn+1un+1 � v0x1v1 : : : xtvt (2)

for some t6 n. We apply the description of the free objects in product varieties ex-
plained above and represent the A-generated free object in Vn =Hn+1 ∗ Vn−1 as a
subgroup of the semidirect product G ∗ F where F is the A-generated free object in
Vn−1 and G is the F × A-generated free object in Hn+1. We read the two words of
the Eq. (2) into G ∗F (according to the rule a �→ ((1; a); a)). In the G-component, we
get the two following words:

û0(u0; x1)û1(u0x1u1; x2) : : : (u0x1 : : : xnun; xn+1)ûn+1;

for the word u0x1u1 : : : xn+1un+1 and

v̂0(v0; x1)v̂1(v0x1v1; x2) : : : (v0x1 : : : xt−1vt−1; xt)v̂t

for the word v0x1v1 : : : xtvt . Here ûi stands for the appropriate product of the elements
of the form (u0x1u1 : : : xiu′i ; u

′′
i ) where u′iu

′′
i is a pre<x of ui, u′i may be empty and u′′i

is a letter (and the analogous convention is assumed for v̂i). If (2) holds in Vn then

û0(u0; x1)û1(u0x1u1; x2) : : : ûn+1 = v̂0(v0; x1)v̂1(v0x1v1; x2) : : : v̂t (3)

holds in the group G. Notice that (3) is a relation holding among free generators in
a relatively free group. We therefore may delete (all occurrencies of) some such gen-
erators and thereby get new relations which still hold in G. Furthermore, observe that
none of the elements (u0x1 : : : ui; xi+1) (where 16 i6 n) and (v0x1 : : : vi; xi+1) (where
16 i¡ t) occurs among the factors of v̂0; : : : ; v̂t ; û0; : : : ; ûn. For, suppose, for example,
that

(u0x1u1 : : : xiui; xi+1) = (v0x1v1 : : : xjv′j ; v
′′
j )∈{factors of v̂j}:

Then, on the one hand,

Vn−1 |= u0x1u1 : : : xiui � v0x1v1 : : : xjv′j

which, by the induction hypothesis, since i6 n and j6 t6 n, is only possible if i= j.
(Notice that, if i 
= j and max{i − 1; j − 1}= : k6 n − 1 then Vk ⊆ Vn−1 and an
identity not being satis<ed by Vk cannot be satis<ed by Vn−1 either.) Now if i= j then
xi+1 
= v′′j = v′′i because v′′i ∈ c(vi), yet xi+1 
∈ c(vi). So for 16 i6 n, (u0x1 : : : ui; xi+1)
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cannot be among the factors of v̂j for 16 j6 t. The other cases are checked in an
analogous way. Consequently, in (3) we may delete all factors from v̂0; : : : v̂t ; û0; : : : ûn
and get

(u0; x1) : : : (u0x1 : : : un; xn+1)ûn+1 = (v0; x1) : : : (v0x1 : : : vt−1; xt) (4)

which equation still holds in G. Next observe that none of the elements

(u0x1u1; x2); : : : ; (u0x1 : : : xnun; xn+1)

occurs among the factors of ûn+1. For, suppose that

(u0x1u1 : : : ui; xi+1) = (u0x1 : : : xn+1u′n+1; u
′′
n+1)

for some i¿ 1. Then

Vn−1 |= u0x1 : : : ui � u0x1 : : : xn+1u′n+1

which by cancellation of the pre<x u0x1 : : : ui yields

Vn−1 |= 1 � xi+1ui+1 : : : xn+1u′n+1:

The latter is a contradiction to the induction hypothesis since i¿ 1. Therefore, in (4)
we may delete all factors from ûn+1 and thereby obtain one of the following equalities
(depending on whether or not the factor (u0; x1) occurs in ûn+1):
(i) (u0; x1) : : : (u0x1 : : : xnun; xn+1) = a certain product of length 6 t6 n of elements of

the form (v0x1 : : : vi−1; xi), or
(ii) (u0x1u1; x2) : : : (u0x1 : : : xnun; xn+1) = a certain product of length 6 t6 n of elements

of the form (v0x1 : : : vi−1; xi).
Again, these equalities are relations among free generators in the relatively free group
G. Since G is free in Hn+1 and Hn+1 does not satisfy any non-trivial identity u � v
with |u|; |v|6 n + 1 we immediately get that (i) above cannot hold (that is, (u0; x1)
must be contained among the factors of ûn+1) and (ii) can only hold if t= n and none
of the factors on the right-hand side of (4) occurs among the factors of ûn+1. So (ii)
would actually be the equality

(u0x1u1; x2) : : : (u0x1 : : : xnun; xn+1) = (v0; x1) : : : (v0x1 : : : xn−1vn−1; xn):

If this equation would hold in G then, by the same argument as above (G is free
in Hn+1), we would have equality factor by factor, that is, (u0x1u1; x2) = (v0; x1);
(u0x1u1x2u2; x3) = (v0x1v1; x2), and so on. However, here already the <rst of these equal-
ities leads to Vn−1 |= u0x1u1 � v0 which cannot be true by the induction hypothesis.
Summing up, we have shown so far that for all n the variety Vn cannot satisfy an
identity of the form (2) for some t6 n.

Now consider an identity of the form

u0x1u1 : : : xnun � v0x1v1 : : : xnvn: (5)

Suppose that (5) holds in Vn. Again we represent the A-generated Vn-free group as
the appropriate subgroup of G ∗ F , as above. Again we read the two words of (5) in
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G ∗ F and look at the G-component. Similarly as above, and with the same notation
we get that

û0(u0; x1)û1(u0x1u1; x2) : : : ûn = v̂0(v0; x1)v̂1(v0x1v1; x2) : : : v̂n (6)

holds in G. Similarly as above, and by use of item 1. of the theorem, none of the
elements (u0x1 : : : ui; xi+1); (v0x1 : : : vi; xi+1) for 06 i¡n occurs among the factors of
û0; : : : ; ûn; v̂0; : : : ; v̂n. So, in (6) we delete all these latter factors and obtain

(u0; x1) : : : (u0x1 : : : xn−1un−1; xn) = (v0; x1) : : : (v0x1 : : : xn−1vn−1; xn): (7)

Again as above, if G satis<es (7) then the equality must be trivial, that is, that equality
holds factor by factor: (u0; x1) = (v0; x1); : : : ; (u0x1 : : : un−1; xn) = (v0x1 : : : vn−1; xn). So
we get

Vn−1 |= u0 � v0; u0x1u1 � v0x1v1; : : : ; u0x1u1 : : : un−1 � v0x1v1 : : : vn−1

and by hypothesis we also have

Vn−1 |= u0x1u1 : : : xnun � v0x1v1 : : : xnvn:

By successive cancellation we get

Vn−1 |= u0 � v0; u1 � v1; : : : ; un � vn;

as requested.

The following property (P) of a pseudovariety H of groups will turn out to be
crucial for our purpose.

De�nition 2.2. A pseudovariety H of groups has the property (P) if, for each <nite
alphabet A, for each A-generated group G= 〈A〉 ∈H and for each positive integer n
there is a group F ∈H such that
1. F does not satisfy any non-trivial semigroup identity u � v for |u|; |v|6 n,
2. each A-generated member of 〈F〉 ∗ 〈G〉 is in H.

A property similar to (P) has already been pointed out to be of some interest in [6].
Here 〈: : :〉 denotes the pseudovariety generated by the group “: : :” and ∗ is the Mal’cev
(that is, semidirect) product of the involved pseudovarieties. The following corollary
is a consequence of Theorem 2.1 in a form we shall use in the next section.

Corollary 2.3. Let H be a pseudovariety of groups satisfying the property (P) and
let G= 〈A〉 be an A-generated group in H; then for each positive integer n there is
an A-generated group Gn = 〈A〉 in H such that
1. for all u; v∈A+; if u(Gn) = v(Gn) then also u(G) = v(G);
2. whenever (u0x1u1 : : : xnun)(Gn) = (v0x1v1 : : : xnvn)(Gn) then ui(G) = vi(G) for all i

(with the convention on the words ui; vi and the letters xi imposed at the beginning
of this section).



K. Auinger / Journal of Pure and Applied Algebra 170 (2002) 115–129 121

Proof. Let G0 =G ∈H and n∈N; choose a group F1 ∈H not satisfying any identity
u � v with |u|; |v|6 2 such that 〈F1〉∗〈G0〉 ⊆ H. Notice that 〈F1〉∗〈G0〉 is locally <nite,
that is, it is the <nite trace of a locally <nite variety. In particular, in 〈F1〉 ∗ 〈G0〉 all
<nitely generated free objects exist. Let G1 be the A-generated free object in 〈F1〉∗〈G0〉.
Suppose that Fn−1 and Gn−1 have already been constructed. Let Fn be in H such that Fn
does not satisfy any non-trivial identity u � v with |u|; |v|6 n+ 1 and 〈Fn〉 ∗ 〈Gn−1〉 ⊆
H. Now let Gn be the A-generated free object in 〈Fn〉 ∗ 〈Gn−1〉. By induction one can
see that for all i6 n, Gi and 〈Fi〉 ∗ · · · ∗ 〈F1〉 ∗ 〈G0〉 satisfy the same identities in |A|
variables. Consequently, Gn is the A-generated free object in 〈Fn〉 ∗ · · · ∗ 〈F1〉 ∗ 〈G0〉 and
so by Theorem 2.1 has the requested property.

From Results 21.12 and 21.62 in [8] it follows that a pseudovariety H satis<es
(P) if and only if for each <nite A and each A-generated group G ∈H there exists a
prime p such that each A-generated member of Abp ∗ 〈G〉 is in H where Abp is the
pseudovariety of all abelian groups of exponent p. The latter is equivalent to: for each
G in H there is a prime p such that Z=pZwr G is in H where wr denotes the wreath
product (see [7]). Note that the property (P) is not a closure property in the sense that
for each pseudovariety H there would exist a least pseudovariety V such that H ⊆ V
and V has (P).

3. The main result

As in the introduction, we call a pseudovariety H of groups is arborescent if (H ∩
Ab) ∗ H = H. It has been shown by Almeida and Weil [2] that free pro-H groups
enjoy certain “unique factorisation conditions” (similarly as the free group). These
factorisation conditions were, in turn, one essential ingredient of the proof that such
pseudovarieties satisfy Eq. (1); the other ingredient was a su9ciently precise description
of the implicit operations on DS.

This section gives a constructive proof for the join decomposition (1) which applies
to a wider class of pseudovarieties, namely those which satisfy condition (P) (De<nition
2.2). As a preparation for this new proof we <rst shall recall a result of Ash et al. [5]
presenting a set of “nice” generators of the pseudovariety DH ∩ ECom. We require
some de<nitions. Throughout, let A be a <nite set of letters. A permutation automaton
(or group automaton) A= (Q; A; ·) on A consists of a <nite non-empty set of states
Q together with a labelling of some permutations of Q by the letters of A, denoted
by a : q �→ q · a. Here two diJerent letters may label the same mapping and the case
|Q|= 1 is also included; in the latter case, each letter labels the identity mapping on Q.
Let r ∈N; for each i6 r let Ai ⊆ A and Ai = (Qi; Ai; ·) be a permutation automaton
such that Qi ∩ Qj = ∅ if j 
= i. Moreover, let u0; ur ∈A∗ and u1; : : : ; ur−1 ∈A+ be such
that the <rst letter of ui is not in Ai (16 i6 r) and the last letter of ui is not in Ai+1

(06 i6 r − 1). For each i choose pi; qi ∈Qi; as in [2, p. 393], let

A=A(u0; p1;A1; q1; u1; : : : ; ur−1; pr;Ar ; qr ; ur)
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Fig. 1. The automaton A.

be the automaton depicted in Fig. 1 (with appropriately chosen states inside each
path ui).

A formal de<nition of this automaton has been given in [5, p. 38]. For convenience,
let us call such an automaton good. Note that in [5] good automata have been charac-
terized as those admitting a linear quasiorder on the set of states which is compatible
with the action of the letters. Let n= |u0u1 : : : ur| be the length of that automaton. If all
transition groups of the automata Ai belong to the pseudovariety H of groups then the
automaton A will be called H-good. The transition semigroup M (A) of an H-good
automaton A is in DH∩ECom (see [5, Corollary 2.3] or [2, Lemma 3:9]). Moreover,
the class of all transition semigroups of H-good automata generates the pseudovari-
ety DH ∩ ECom. On the one hand, this follows from the proof of Theorem 3:8 in
[2]: there it is shown that the class of all such transition semigroups does not sat-
isfy more pseudoidentities than DH∩ECom itself; therefore, by Reiterman’s Theorem
the result follows. On the other hand, a constructive proof of this assertion has been
presented in [5]. That is, given any S ∈DH ∩ ECom, a precisely described <nite set
of H-good automata has been constructed such that S divides the direct product of
the transformation semigroups of these automata [5, Proposition 3:5]. We shall discuss
that construction in more detail. Crucial for it is an important lemma by Ash which
holds, if appropriately reformulated, in the more general context of semigroups with
commuting idempotents and which lemma has been an important step in Ash’s famous
proof that each semigroup with commuting idempotents divides an inverse semigroup
(see [3,4]). The version we shall need is the following (see [5, Propositions 3:3 and
3:4]):

Proposition 3.1. Let S = 〈A〉 ∈DG∩ECom; then there is a positive integer K =K(S)
(depending on S only) such that each word w∈A+ admits; for some n¿ 0; a factor-
ization w= g0u1g1 : : : ungn such that
1. all gi(S) are group elements (g0; gn may be empty);
2. for each i; the 3rst letter of ui is not in c(gi−1) and the last letter of ui is not in
c(gi);

3. |u1u2 : : : un−1un|6K .

This statement and its more general version is usually proved by the use of Ramsey’s
Theorem. For the case we are interested in, semigroups in DG∩ECom, we shall give
an elementary proof, thereby getting a better bound for the number K . Recall that
each S ∈DG∩ECom is a semilattice of unipotent semigroups, that is, if % is the least
semilattice congruence on S then S=% ∼= E(S) and each %-class Se is an ideal extension
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of the group He (the group H-class containing e) by a certain nilpotent semigroup
Ne ∪{0}. Then Se =He ∪Ne and the product of any |Ne|+ 1 elements of Se lies in He.
Notice also that for any u; v∈A+ with c(u) = c(v) we have u(S) % v(S), that is, u(S)
and v(S) are in the same subsemigroup Se.

Corollary 3.2. Let S = 〈A〉 ∈DG∩ECom and let N =N (S) = maxe∈E(S) |Ne|+1. Then
the number K(S) of Proposition 3:1 can be chosen to be less than N |A|. More
precisely; each w∈A+ admits a factorisation as in Proposition 3:1 such that |u1 : : : un|
6N |c(w)| − 1.

Proof. We only have to prove the existence of a factorisation satisfying conditions
(1) and (3). Namely, if g(S) is a group element and if x∈ c(g) then Jx(S)¿ Jg(S) and
therefore (xg)(S) and (gx)(S) are group elements, as well. Likewise, if g(S) and h(S)
are group elements then so is (gh)(S). Therefore, each factorisation satisfying (1) and
(3) can be reduced to a factorisation satisfying (1),(2) and (3). The proof now is by
induction on the size |c(w)| of the content of w. If |c(w)|= 1 then the claim follows
immediately from the de<nition of N . So let w∈A+ and suppose that the claim is true
for all words v with |c(v)|¡ |c(w)|. We factorize w as

w= u1x1u2x2 : : : ukxkuk+1

such that for all i6 k, |c(ui)|= |c(w)| − 1 and xi is a letter not being contained in
c(ui), that is, c(uixi) = c(w); moreover, |c(uk+1)|¡ |c(w)| and uk+1 may be empty. If
k¿N then we are done because in this case,

(u1x1)(S) : : : (ukxk)(S)

is a product of N or more elements within the same semilattice congruence class Se so
that this product lies in He. Since c(uk+1) ⊆ c(u1x1 : : : ukxk) the element w(S) itself is
a group element. So we may assume that k6N − 1. By induction hypothesis, each ui
admits a factorization in group and non-group parts such that the accumulated length
of the non-group parts is—by induction hypothesis—at most N |c(w)|−1 −1. Thereby we
have already found a factorisation of w in group and non-group elements: each uixi
admits such a factorisation with the accumulated length of the non-group elements being
at most N |c(w)|−1 − 1 + 1 =N |c(w)|−1. Hence the accumulated length of the non-group
elements in w is at most

N |c(w)|−1(N − 1) + N |c(w)|−1 − 1 =N |c(w)| − 1

as required.

Remark 3.3. For the semigroup S = 〈A〉 ∈DG ∩ ECom and for any ) ⊆ A; ) 
= ∅ put
N) = {w(S) |w(S) is non-regular and c(w) = )} and let N ′(S) = max∅�=)⊆A|N)|+1. Then
Corollary 3:2 still holds if N (S) is replaced with N ′(S).

The proof of Proposition 3:5 in [5] (combined with Corollary 3:2) now shows the
following.
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Fig. 2. The automaton A=∼.

Corollary 3.4. Let S = 〈A〉 ∈DG∩ECom; then S divides a direct product of transition
semigroups of good automata on A such that
1. each of these automata has length at most |A|N (S)|A|;
2. the incorporated group automata are of the form Ae = (He; Ae; ·) where each He

is a maximal subgroup of S (which can be regarded to be generated by a subset
Ae of A); the action · is just the multiplication on the right. The transition group
of each such automaton is isomorphic to the group He.

Remark 3.5. 1. In (1) we could restrict ourselves to good automata on A of length
(precisely) |A|N (S)|A|; but then, as another factor in the direct product, we have to
mention the least group H-class of S which is A-generated and which may be needed
for the division but which need not be representable as (a divisor of) the transition
semigroup of any automaton described in item 2 of corollary 3.4 and having positive
length.

2. Observe that the number of distinct automata satisfying (1) and (2) above as well
as the size of each associated transition semigroup is bounded by a primitive recursive
function in the cardinality of S.

3. In the proof of Proposition 3:5 in [5] one can argue by induction on |c(w)∪c(w′)|
instead of |c(w)| + |c(w′)|. This is the reason why the factor 2 which occurs in the
sentence before Proposition 3:6 in [5] does not occur in the expression |A|N (S)|A|.

Now let A=A(u0; p1;A1; q1; : : : ; pr;Ar ; qr ; ur) be a good automaton with group
automata Ai = (Qi; Ai; ·). Let M (A) be the transition semigroup of A. We intend to
show that M (A) divides the direct product C ×H for some C ∈ J ∩ECom and some
group H . The aperiodic semigroup C is obtained by “factoring the groups out of A”:
more precisely, consider the equivalence relation ∼ on the set of states of A which
identi<es all states within each group automaton Ai. The resulting automaton, denoted
by A=∼ is depicted in Fig. 2 (as in [2, p. 394]): The associated transition semigroup
C =M (A=∼) is in J ∩ ECom (see [5, Corollary 2.3] or [2, Lemma 3:9]).

Now we construct the group H . Thereby we shall use the ideas developed in Section
2. Let H1 be the (non-trivial, locally <nite) variety of groups generated by the transi-
tion groups of the automata Ak (16 k6 r). Let n= |u0 : : : ur| be the length of A and
for each i∈{2; : : : ; n + 1} let Hi be a locally <nite variety of groups not satisfying
any non-trivial identity u � v with |u|; |v|6 i. Let Vn =Hn+1 ∗ · · · ∗H2 ∗H1 and let
H = 〈A〉 be the free group on A in Vn. Then we have, with the notation introduced
above, the main result of the paper:
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Theorem 3.6. The semigroup M (A) divides the direct product C × H .

Proof. We show that the map (a; a) �→ a, a∈A, extends to a morphism 〈(a; a) | a∈A〉 ⊆
C × H → M (A). Let u; v∈A+ be such that

u(C) = v(C) and u(H) = v(H):

We have to show that u(M (A)) = v(M (A)); therefore, it su9ces to show that for
each state q of A, q · u= q · v. From u(C) = v(C) and from the de<nition of A=∼ we
have the following: for each state Qp of A=∼, Qp ·u= Qp · v. Consequently, for each state
p of A, p · u is de<ned if and only if p · v is de<ned. Let Qq= q∼; assume that Qq is
somewhere on the path ui and Qq ·u= Qq · v is somewhere on uj. Then i6 j and we may
assume that i¡ j. Then there are factorisations of u and v, respectively, such that

u= u′igi+1ui+1 : : : uj−1gju′j

and

v= u′ihi+1ui+1 : : : uj−1hju′j:

where the words uk are the words occurring in A resp. A=∼, u′i is a (possibly empty)
su9x of ui, u′j is a (possibly empty) pre<x of uj, and for all possible l, the <rst
letter of ul [u′j] is not in c(gl) ∪ c(hl) [c(gj) ∪ c(hj)] while the last letter of ul [u′i] is
not in c(gl+1) ∪ c(hl+1) [c(gi+1) ∪ c(hi+1)] (some of the words gl; hl may be empty,
as well). By our assumption, u(H) = v(H), that is Vn |= u � v. By Theorem 2.1,
H1 |= gl � hl for all l (notice that in Theorem 2.1 some of the segments uk ; vk may
be empty). In particular, for each l∈{i+ 1; : : : ; j} and each group G= 〈Al〉 in H1 we
have that gl(G) = hl(G). Let Gl = 〈Al〉 be the transition group of the automaton Al.
By the above argument we have gl(Gl) = hl(Gl), that is, gl(Gl) and hl(Gl) are the
same element of the group Gl and consequently, gl and hl act in the same way on Ql.
This applies to each l∈{i+1; : : : ; j}. Therefore, q ·u′igi+1 = q ·u′ihi+1, and by induction
we get:

q · u′igi+1 = q · u′ihi+1 ⇒ q · u′igi+1ui+1 = q · u′ihi+1ui+1

⇒ q · u′igi+1ui+1gi+2 = q · u′ihi+1ui+1hi+2

⇒ · · · ⇒ q · u= q · v
and the theorem is proved.

Using Corollary 2.3 we get the next result precisely in the same way.

Corollary 3.7. Let H be a pseudovariety of groups satisfying condition (P) of Def-
inition 2:2. Let M be the transition semigroup of an H-good automaton. Then M
divides the direct product C × H for some C ∈ J ∩ ECom and some H ∈H.

We have already remarked that, given an arbitrary semigroup S = 〈A〉 in DG∩ECom
then we can <nd transition semigroups M1; : : : ; Mk of good automata Ai such that
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S divides
∏k
i=1 Mi and such that k as well as all |Mi| are bounded by a primitive

recursive function in |S|. Moreover, the length of the involved automata is bounded
by |A|N (S)|A|. Similarly as in [6], Corollary 3:1, it can be shown that the cardinality
of the group H in Theorem 3.6 can be bounded by a primitive recursive function in
the length of the involved automata and the cardinalities of the involved subgroups.
Summing up, we get the next result (answering problem 25 in [1] for that particular
join decomposition):

Corollary 3.8. The decomposition DG ∩ ECom = (J ∩ ECom) ∨ G is e:ective in the
following sense: each S ∈DG ∩ ECom divides a direct product C × H for some
C ∈ J ∩ ECom and H ∈G such that the cardinalities of C and H are bounded by
primitive recursive functions in the cardinality of S.

We remark that the latter result more generally holds for each arborescent pseudova-
riety H. What we actually need is that in property (P) (De<nition 2.2) the cardinality
of F is bounded by a primitive recursive function in n and the cardinality of G.

4. Some further remarks

For a pseudovariety H of groups let us consider the following “unique factorisation
condition” (UF) (as usual, by +AG we denote the A-generated free pro<nite group):

De�nition 4.1. A pseudovariety H is said to satisfy the condition (UF) if: For each
<nite alphabet A, for each positive integer n, for each x1; : : : ; xn ∈A, for each A0; : : : ; An ⊆
A such that xi 
∈ Ai−1 ∪ Ai (for all i), for all ,i; %i ∈+AiG (06 i6 n): if
H |= ,0x1,1 : : : xn,n � %0x1%1 : : : xn%n then H |= ,i � %i for all i.

Almeida and Weil have shown the following characterisation (by combination of the
proof of Theorem 4:1 and Proposition 4:2 in [2]).

Theorem 4.2. A non-trivial pseudovariety H of groups satis3es Eq. (1) if and only
if it has the unique factorisation condition (UF).

Notice that Almeida and Weil [2] have shown, by use of geometric methods, that
each arborescent pseudovariety of groups has (UF) (they have shown that stronger
conditions are satis<ed in arborescent pseudovarieties, as well). In contrast, Corollary
2.3 essentially shows that the condition (UF) is satis<ed by each pseudovariety having
property (P). Moreover, it is clear that the set of all pseudovarieties satisfying (UF) is
closed under taking joins (within the lattice of all pseudovarieties); this argument has
also been used in [2]. So we have the next statement.

Corollary 4.3. The set of all pseudovarieties H for which Eq. (1) holds is closed
under taking joins.
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A large class of pseudovarieties not satisfying (1) is given by the next statement.

Corollary 4.4. A non-trivial pseudovariety H which satis3es (1) cannot satisfy any
non-trivial semigroup identity u � v.

Proof. Suppose that H satis<es (1) and the semigroup identity u � v. By induction
on the number of variables occurring in u � v, we show that this identity is trivial.
If this number is one then we can assume that the identity is of the form xn � 1.
If H |= xn � 1 then H |= (zx)n � (yx)n. Condition (UF) now would imply that
H |= z � y which cannot be true since H is non-trivial. Suppose that H satis<es the
identity u � v and assume that H does not satisfy any non-trivial identity having a
smaller content. Since H does not satisfy any identity xn � 1 we may assume that
u � v is balanced, that is, on both sides occur the same variables, and each variable
the same number of times. Let x∈ c(u) = c(v). We factorize u and v as

u= u0xu1x : : : xun

and

v= v0xv1x : : : xvn

such that the words ui and vi do not contain the letter x. Since u � v is balanced
this is possible. Condition (UF) implies that H |= ui � vi for all i. By the induction
hypothesis, all identities ui � vi are trivial and consequently so is u � v.

The converse of Corollary 4.4 is not true. Let G3 be the pseudovariety of all 3-groups
and Ab2 the pseudovariety of all (abelian) groups of exponent 2. G3 is arborescent and
therefore does not satisfy any non-trivial semigroup identity; a fortiori, G3 ∨Ab2 does
not satisfy any non-trivial identity either. In +x;yG let x3! = lim x3n! ; then G3 ∨ Ab2 |=
y � x3!yx3! but clearly G3 ∨ Ab2 
|= 1 � x3! so G3 ∨ Ab2 does not have (UF) (nor
has it (WUF), de<ned below).

For a pseudovariety H of groups denote by ZE(H) the pseudovariety of all semi-
groups with central idempotents and all of whose subgroups belong to H. If H is
arborescent then the decomposition ZE(H) = ACom ∨ H holds where ACom denotes
the class of all aperiodic commutative semigroups (see [2]). A constructive proof of
this decomposition result for pseudovarieties H which have property (P) has been given
in [6]. The following unique factorisation condition occurs in [2].

De�nition 4.5. The pseudovariety H of groups has (WUF) if: for all <nite disjoint sets
A; B, for all positive integers n, for all x1 : : : ; xn ∈B and for all ,0; : : : ,n; %0; : : : ; %n ∈+AG,
if H |= ,0x1,1 : : : xn,n � %0x1%1 : : : xn%n then H |= ,0 � %0; : : : ; ,n � %n.

Notice that, if H has (UF) then it also has (WUF). The combination of the proof of
Theorem 4:3 and Proposition 4:4 in [2] shows that (WUF) characterizes the pseudova-
rieties for which the decomposition ZE(H) = ACom∨H holds. We remark that in that
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decomposition ACom may be replaced with AZE (the pseudovariety of all aperiodic
semigroups with central idempotents).

Theorem 4.6. For a non-trivial pseudovariety H of groups the following are
equivalent:
1. H has (WUF);
2. ACom ∨ H = ZE(H);
3. AZE ∨ H = ZE(H).

The equivalence (1) ⇔ (2) is in [2], as mentioned above, (2) ⇒ (3) is trivial and
(3) ⇒ (1) follows entirely analogously to Proposition 4:2 in [2].

Let us now come back to condition (P) of De<nition 2.2. For a pseudovariety H of
groups this condition is su9cient to satisfy Eq. (1), or equivalently, to have the unique
factorization property (UF). The set of all pseudovarieties satisfying the latter is closed
under taking joins. On the other hand, the set of pseudovarieties having (P) is by no
means closed under joins. For example, the pseudovariety of all nilpotent groups does
not satisfy (P) but clearly satis<es (UF) (as a join of arborescent pseudovarieties). We
are going to rectify this situation by replacing condition (P) by a weaker condition
(PSI) such that (PSI) is still su9cient for (UF) but now has the property that a join
of pseudovarieties having (PSI) still has (PSI). The latter condition then seems to be
closer to a characterization of pseudovarieties satisfying Eq. (1).

Let G= 〈A〉 be a group and A= (G; A; ·) be the group automaton with set of
states G and action g · a= ga being multiplication on the right (for all g∈G and
a∈A). The transition group of A is G. Let N be a normal subgroup of G and let
AN = (G=N; A; ·) with action being right multiplication Ng · a=Nga on the cosets.
The transition group of AN is isomorphic to G=N . Moreover, if we have two nor-
mal subgroups, N and K , say, of G such that N ∩ K = {1} then for each g∈G
and v; w∈A∗ we have g · v= g · w in A if and only if Ng · v=Ng · w in AN and
Kg · v=Kg ·w in AK . It follows that the transition semigroup of each good automaton
A which occurs in Corollary 3.4 divides a direct product of transition semigroups
of good automata where the group automata of the latter have subdirectly irreducible
transition groups. In other words, in order to <nd a suitable division proving (1),
the construction we did in Theorem 3.6 needs to be applied only to those good au-
tomata the group automata of which have subdirectly irreducible transition groups. This
means essentially that condition (P) is required only for the “subdirectly irreducible
part” of H. What we actually need is to <nd, for each A-generated subdirectly irre-
ducible group G and for each positive integer n, an A-generated group Gn satisfying the
two conditions of Corollary 2.3. By Theorem 2.1 this is guaranteed by the following
condition.

De�nition 4.7. A pseudovariety H of groups has (PSI) if for each subdirectly irre-
ducible group G ∈H and for each <nite alphabet A there exists a sequence F2; F3; : : :
of groups such that for each i, Fi does not satisfy any identity u � v with |u|; |v|6 i
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and such that all A-generated members of
∞⋃
n=2

〈Fn〉 ∗ · · · ∗ 〈F2〉 ∗ 〈G〉

are contained in H.

By Corollary 2.3, (PSI) is weaker than (P) and the set of pseudovarieties having
(PSI) is closed under joins. Moreover, (PSI) is su9cient for a pseudovariety H to
satisfy Eq. (1).

Corollary 4.8. Each pseudovariety of groups H having (PSI) satis3es the Eq. (1).

Proof. By the remarks above, DH∩ECom is generated by all transition semigroups of
H-good automata the group automata of which have subdirectly irreducible transition
groups. So consider the automaton A in Fig. 1 but suppose that each transition group
Gi of Ai is subdirectly irreducible. For each i let Hi = 〈A〉 be the A-generated free
object in 〈Gi〉 and Ki = 〈A〉 be a group in H satisfying conditions 1 and 2 of Corollary
2.3 (with respect to Hi) and with n being the length of A. Condition (PSI) guarantees
that such a group Ki exists in H. Moreover, as in the proof of Theorem 3.6 let C be
the transition semigroup of the automaton A=∼. Similarly as in that proof one veri<es
that M (A) divides C × K for K =

∏r
i=1 Ki.
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