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Abstract

In this paper, a new displacement based high-order shear deformation theory is introduced for the static response of function-
ally graded sandwich plate. Unlike any other theory, the number of unknown functions involved is only four, as against five in 
case of other shear deformation theories. The theory presented is variationally consistent, has strong similarity with classical
plate theory in many aspects, does not require shear correction factor, and gives rise to transverse shear stress variation such that 
the transverse shear stresses vary parabolically across the thickness satisfying shear stress free surface conditions. Two common
types of functionally graded sandwich plates, namely, the sandwich with functionally graded facesheet and homogeneous core 
and the sandwich with homogeneous facesheet and functionally graded core, are considered. Governing equations are derived 
from the principle of virtual displacements. The closed-form solution of a simply supported rectangular plate subjected to sinu-
soidal loading has been obtained by using the Navier method. The validity of the present theory is investigated by comparing 
some of the present results with those of the classical, the first-order and the other higher-order theories. It can be concluded that 
the proposed theory is accurate and simple in solving the static bending behavior of functionally graded sandwich plates. 
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1. Introduction1

Functionally graded materials (FGMs) are new in-
homogeneous materials which have been widely used 
in many engineering applicants such as nuclear reac-
tors and high-speed spacecraft industries . The me-[1]

chanical properties of FGMs vary smoothly and con-
tinuously from one surface to the other. Typically these 
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materials are made from a mixture of ceramic and 
metal or from a combination of different materials. The 
ceramic constituent of the material provides the high- 
temperature resistance due to its low thermal conduc-
tivity. The ductile metal constituent on the other hand, 
prevents fracture caused by stresses due to the high 
temperature gradient in a very short period of time. 
Furthermore a mixture of ceramic and metal with a 
continuously varying volume fraction can be easily 
manufactured [2-3]. With the developments in manufac-
turing methods [2,4-7] FGMs seem to have great poten-
tial in sandwich structures. The analysis of these mate-
rials has been considered by many researchers.  Open access under CC BY-NC-ND license.
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A considerable amount of literature exists on sand-
wich plates as they are used in large number of appli-
cations varying from high-performance composites in 
aerospace structures to low-cost materials for building 
constructions. The limitations of classical plate theory 
in describing complex problems (e.g., contact/impact 
problems, behavior of thick laminate plates) necessi-
tated the development of higher-order theories. The 
term “higher-order” refers to the level of truncation of 
terms in a power series expansion of displacements 
about the thickness coordinate. Reissner [8] and     
Midlin [9] were the first to propose a plate theory that 
included the effect of shear deformation and that as-
sumed linear longitudinal displacements and constant 
transverse displacements. Midlin [9] introduced the 
correction factor into the shear stress to account for the 
fact that the model predicts a uniform shear stress 
through the thickness of the plate. Yang, et al. [10]

extended Midlin’s theory for homogeneous plates to 
laminates consisting of arbitrary number of bonded 
layers. Based on the same model (Midlin’s theory), 
Whitney and Pagano [11] developed a theory for ani-
sotropic laminated plates consisting of an arbitrary 
number of bonded anisotropic layers that includes 
shear deformation and rotary inertia. Displacement 
field is assumed to be linear in thickness coordinate. 
Since then, the plate theory was improved by including 
higher-order terms in displacement assumptions. Es-
senburg [12] assumed second-order transverse dis-
placements and linear longitudinal displacements; Re-
issner [13] included third-order terms in the in-plane 
displacements’ z-expansion; Lo, et al. [14-15] included 
third-order in-plane and second-order out-of-plane 
terms. Reddy [16] developed a third-order shear defor-
mation plate theory (TSDPT) for composite laminates, 
based on assumed displacement fields (third-order 
in-plane and constant out-of-plane displacements). 

The FGM sandwich plate can alleviate the large  
interfacial shear stress concentration because of the 
gradual variation of material properties at the face-
sheet-core interface. The effects of FGM core were 
studied by Venkataraman and Sankar [17], and Ander-
son [18] on the shear stresses at the facesheet-core of 
FGM sandwich beam. Pan and Han [19] analyzed the 
static response of the multilayered rectangular plate 
made of functionally graded, anisotropic and linear 
magneto-electro-elastic materials. Das, et al. [20] stud-
ied a sandwich composed of a single FGM soft core 
with relatively orthotropic stiff facesheets by using a 
triangular plate element. Shen [21] considered two types 
of FGM hybrid laminated plates, one is with FGM 
core and piezoelectric ceramic facesheet and the other 
is with FGM facesheet and piezoelectric ceramic core. 

The FGM sandwich construction commonly exists 
in two types: FGM facesheet-homogeneous core and 
homogeneous facesheet-FGM core. For the case of 
homogeneous core, the softcore is commonly em-
ployed because of the light weight and high bending 
stiffness in the structural design. The homogeneous 

hardcore is also employed in other fields such as con-
trol or in the thermal environments. The actuators and 
sensors which are commonly piezoelectric ceramics 
are always in the mid layers of the sandwich construc-
tion as in the paper of Shen [21]. Moreover, in the ther-
mal environments, the metal-rich facesheet can reduce 
the large tensile stress on the surface at the early stage 
of cooling [22].

As far as we know, there has been no investigation 
on bending response of FGM sandwich plates using 
two variable refined plate theory (RPT). This theory 
was developed by Shimpi [23] for isotropic plates, and 
was extended by Shimpi and Patel [24-25] for orthotropic 
plates. The most interesting feature of this theory is 
that it does not require shear correction factor, and has 
strong similarities with the classical plate theory (CPT) 
in some aspects such as governing equation, boundary 
conditions and moment expressions. 

The purpose of this paper is to extend the RPT de-
veloped by Shimpi and Patel [24-25] to the static re-
sponse of FGM sandwich plates. The present theory 
satisfies equilibrium conditions at the top and bottom 
faces of the sandwich plate without using shear correc-
tion factors. Navier solution is used to obtain the 
closed-form solutions for simply supported FGM 
sandwich plates. Numerical examples are presented to 
illustrate the accuracy and efficiency of the present 
theory in predicting the stresses and displacements of 
FGM sandwich plates by comparing the predictions 
with those computed using various theories. 

2. RPT for FGM Sandwich Plates 

2.1. Geometrical configuration 

Consider the case of a uniform thickness, rectangu-
lar FGM sandwich plate composed of three micro-
scopically heterogeneous layers referring to rectangu-
lar coordinates (x, y, z) as shown in Fig. 1. The top and 
bottom faces of the plate are at z= h/2, and the edges 
of the plate are parallel to axes x and y. The two side 
lengthes are a and b.

Fig. 1  Geometry of rectangular FGM sandwich plate   
with uniform thickness in rectangular Cartesian 
coordinates.

The sandwich plate is composed of three elastic 
layers, namely, Layer 1, Layer 2, and Layer 3 from 
bottom to top of the plate. The vertical ordinates of the 
bottom, the two interfaces, and the top are denoted by 
h1= h/2, h2, h3, h4=h/2, respectively. For the brevity, 
the ratio of the thickness of each layer from bottom to 
top is denoted by the combination of three numbers, 
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i.e. 1-0-1, 2-1-2 and so on. As shown in Fig. 2, two 
types, Type A and Type B are considered in the present 
study: 

Type A—FGM facesheet and homogeneous core. 
Type B—Homogeneous facesheet and FGM core. 

Fig.2  Material variation along the thickness of FGM sand-
wich plate.

2.2. Material properties 

The properties of FGM vary continuously due to the 
gradual change in the volume fraction of the constitu-
ent materials, usually in the thickness direction only. 
Power-law function is commonly used to describe 
these variations of material properties. The sandwich 
structures made of two types of power-law FGMs 
mentioned before are discussed as follows. 

2.2.1. Type A—power-law FGM facesheet and ho-
mogeneous core 

The volume fraction of the FGMs is assumed to 
obey a power-law function along the thickness direc-
tion: 

(1) 1
1 2

2 1

(2)
2 3

(3) 4
3 4

3 4

[ , ]

1 [ , ]

[ , ]

k

k

z hV z h h
h h

V z h h

z hV z h h
h h

     (1) 

where V ( n) (n=1, 2, 3) denotes the volume fraction 
function of Layer n; k the volume fraction index 
(0 k  + ), which dictates the material variation pro-
file through the thickness. 

2.2.2. Type B—homogeneous facesheet and power- 
law FGM core 

The volume fraction of the FGMs is assumed to 

obey a power-law function along the thickness direc-
tion: 

(1)
1 2

(2) 2
2 3

3 2

(3)
3 4
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1 [ , ]

k

V z h h

z hV z h h
h h

V z h h

     (2) 

The effective material properties, like elastic 
modulus E and Poisson’s ratio , then can be ex-
pressed by the rule of mixture [26] as 

( ) ( )
2 1 2( ) ( )n nP z P P P V       (3) 

where P(n) is the effective material property of FGM of 
Layer n. For Type A, P1 and P2 are the properties of 
the top and bottom faces of Layer 1, respectively, and 
vice versa for Layer 3 depending on the volume frac-
tion V (n)(n=1, 2, 3). For Type B, P1 and P2 are the 
properties of Layer 3 and Layer 1, respectively.  

These two types of FGM sandwich plates will be 
discussed later in the following sections. For simplic-
ity, Poisson’s ratio of plate is assumed to be constant in 
this study for that the effect of Poisson’s ratio on the 
deformation is much less than that of elastic 
modulus [27].

2.3. Basic assumptions

Assumptions of the present refined plate theory are 
as follows: 

(1) The displacements are small in comparison with 
the plate thickness and, therefore, strains involved are 
infinitesimal. 

(2) The transverse displacement W includes two 
components of bending wb and shear ws. These com-
ponents are functions of coordinates x, y only. 

b s( , , ) ( , ) ( , )W x y z w x y w x y         (4) 

(3) The transverse normal stress z is negligible in 
comparison with in-plane stresses x and y.

(4) The displacements U in x-direction and V in 
y-direction consist of extension, bending and shear 
components. 

b s

b s

U u u u
V v v v

              (5) 

The bending components ub and vb are assumed to 
be similar to the displacements given by the classical 
plate theory. Therefore, the expressions for ub and vb
can be given as 

b
b

b
b

w
u z

x
w

v z
y

             (6a) 

The shear components us and vs, in conjunction with 
ws, give rise to the parabolic variations of shear strains 

xz, yz, and hence to shear stresses xz, yz through the 
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thickness of the plate, in such a way that shear stresses 
xz, yz are zero at the top and bottom faces of the plate. 

Consequently, the expressions for us and vs can be 
given as 

2
s

s

2
s

s

1 5
4 3

1 5
4 3

wzu z z
h x

wzv z z
h y

      (6b) 

2.4. Kinematics and constitutive equations 

Based on the assumptions made in the preceding 
section, the displacement field can be obtained using 
Eqs. (4)-(6) as 

2
b s

2
b s

b s

1 5( , , ) ( , )
4 3

1 5( , , ) ( , )
4 3

( , , ) ( , ) ( , )

w wzU x y z u x y z z
x h x
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y h y
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(7)

The strains associated with the displacements in 
Eq. (7) are 
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      (8) 

where
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For elastic and isotropic FGMs, the constitutive re-
lations can be written as 
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      (10) 

where x, y xy, yz zx, and x, y, xy, yz, zx are the 
stress and strain components, respectively. Using the 
material properties defined in Eq. (3), stiffness coeffi-
cient Qij can be expressed as 

11 22 2

12 2

44 55 66

( )
1

( )
1

( )
2 1

E zQ Q

E zQ

E zQ Q Q

      (11) 

2.5. Governing equations 

The governing equations of equilibrium can be de-
rived by using the principle of virtual displacements. 
The principle of virtual work in the present case yields 

/2

/2
(

h
x x y y xy xy yz yzh

)d d d 0xz xz z q W      (12) 

where  is the top surface, and q the external load. 
Substituting Eqs. (7)-(8) and Eq. (10) into Eq. (12) 

and integrating through the thickness of the plate, 
Eq. (12) can be rewritten as 

0 0 0 b b b b

b b s s s s s s s s

( x x y y xy xy x x y y

xy xy x x y y xy xy yz yz

N N N M k M k

M k M k M k M k S
s s

b b)d ( ) d 0xz xzS q w w   (13) 

where the stress resultants N, M b , M s and S are de-
fined by 

/ 2

/ 2

/ 2b b b
/ 2

/ 2s s s
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/ 2s s
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  (14) 

Substituting Eq. (10) into Eq. (14) and integrating 
through the thickness of the plate, the stress resultants 
are given as 

s

b s b

s s s s s

ss s
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s ss
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0

0
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N A B B

M B D D k
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where
T
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where Aij, Bij, etc., are the plate stiffness, defined by 
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The governing equations of equilibrium can be de-
rived from Eq. (13) by integrating the displacement 
gradients by parts and setting the coefficients u, v,
wb, and ws to zero separately. Thus, one can obtain 

the equilibrium equations associated with the present 
RPT for the FGM sandwich plate 

2 b 2 b2
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Substituting Eq. (15) into Eq. (18), we obtain the 
following operator equation:  

L f                 (19) 

where u v wb ws ; f =[0 0 q  q]T is a 
generalized force vector, and L is the symmetric matrix 
of differential operators, 
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in which dij, dijl, and dijlm are the following differential 
operators:

2 3

4

,

( , , , 1, 2)

ij ijl
i j i j l
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d d
x x x x x
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x x x x
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2.6. Analytical solutions for FGM sandwich plates 

Rectangular FGM sandwich plates are generally 
classified in accordance with the type support used. 
We are here concerned with the analytical solutions of 
Eq. (19) for simply supported FGM sandwich plate. 
The following boundary conditions are imposed at the 
side edges.  

b s

b s

b s

b s

b s

b s
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To solve this problem, Navier presented the external 
force for the case of sinusoidally distributed load as 

0( , ) sin( )sin( )q x y q x y ,         (23) 

where a and = b, and q0 represents the inten-
sity of the load at the plate center. 

Following the Navier solution procedure, we as-
sume the following solution form for [u v  wb ws]
that satisfies the boundary conditions, 

b b

s s

cos( )sin( )
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U x yu
v V x y
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        (24) 

where ,U ,V bW  and sW  are arbitrary parameters to 
be determined subject to the condition that the solution 
in Eq. (24) satisfies the basic Eq. (19). One obtains the 
following operator equation  

K F                   (25) 
where  and F denote the columns 
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3. Numerical Results and Discussion 

In this study, static analysis of simply supported 
FGM plates by the present RPT is suggested for inves-
tigation. Navier solutions for bending analysis of FGM 
plates are presented by solving Eq. (25). 

The static analysis is conducted for two combina-
tions of metal and ceramic. The first set of materials 
chosen is aluminum and alumina. The second combi-
nation of materials consists of aluminum and zirconia.       
The material properties are as follow:  

2

c

2 3

c

m

Ceramic (zirconia, ZrO ):  
151 GPa, 0.3

Ceramic (alumina, Al O ):
380 GPa, 0.3

Metal (Aluminium, Al): 
70 GPa, 0.3

E

E

E

Numerical results are presented in terms of 
non-dimensional stresses and deflection. The various 
nondimensional parameters used are 

0
2

0
2

2
0

0

10
Central deflection: ,

2 2

10Axial stress: , ,
2 2 2

Shear stress: 0, , 0
2

x x

xz xz

hE a bW W
q a

h a b h
q a

h b
q a

where E0=1 GPa. It is assumed (unless otherwise 
stated) that the plate is made from aluminium-zirconia 
FGM. We also take the shear correction factor K=5/6
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in the first shear deformation plate theory (FSDPT).  
In order to prove the validity of the present theory, 

results are obtained for fully FGM plates and com-
pared with the existing ones in the literature [28-29]. For 
other verification, the results obtained for FGM sand-
wich plates using the present RPT are compared with 
other theories existing in the literature such as CPT, 
FSDPT, and higher-order shear deformation plate 
theories (HSDPT) such as: TSDPT and sinusoidal 
shear deformation plate theory (SSDPT) as shown in 
Table 1, in which x and y are the rotations of the 
normal of the midplane about y and x, respectively. 

Table 2 presents the dimensionless deflections and 
stresses of the square FGM plate (a/h=10) for different 
values of the power-law k. It can be seen that the re-
sults obtained using the present RPT are identical to 
those of Zenkour [28].

Table 3 presents the central deflections and the 
transverse shear stresses of simply supported square 
FGM plate. The results are compared with those of 2D 
higher-order theory of Matsunaga [29]. It can be seen 
that the results agree well with that reported by Ma-
tsunaga [29].

Table 1  Kinematical assumptions of different plate 
theories 

Theory Assumption of three-dimensional displacements 

CPT 

( , , ) ( , )

( , , ) ( , )

( , , ) ( , )

wU x y z u x y z
x
wV x y z v x y z
y

W x y z w x y

FSDPT 

( , , ) ( , ) ( , )
( , , ) ( , ) ( , )

( , , ) ( , )

x

y

U x y z u x y z x y
V x y z v x y z x y

W x y z w x y

TSDPT 

3

2

3

2

4( , , ) ( , ) ( , )
3
4( , , ) ( , ) ( , )
3

( , , ) ( , )

x x

y y

z wU x y z u x y z x y
xh

z wV x y z v x y z x y
yh

W x y z w x y

SSDPT 

( , , ) ( , ) sin ( , )

( , , ) ( , ) sin ( , )

( , , ) ( , )

x

y

w h zU x y z u x y z x y
x h
w h zV x y z v x y z x y
x h

W x y z w x y

Table 2  Comparison of dimensionless deflections and stresses in square FGM plates (Al/Al2O3) subject to sinusoidal 
distributed load 

3
c

4
0

10 ,
2 2

h E a bW W
a q 0

, ,
2 2 2x x

h a b h
aq 0

0, , 0
2xz xz

h b
aqk

Ref. [28] Present RPT Ref. [28] Present RPT Ref. [28] Present RPT 

Ceramic 0.296 0 0.296 1 1.995 5 1.994 3 0.246 2 0.238 6 
1 0.588 9 0.589 0 3.087 0 3.085 0 0.246 2 0.238 6 
2 0.757 3 0.757 3 3.609 4 3.606 7 0.226 5 0.218 6 
3 0.837 7 0.837 5 3.874 2 3.870 9 0.210 7 0.202 4 
4 0.881 9 0.881 6 4.069 3 4.065 5 0.202 9 0.194 4 
5 0.911 8 0.911 2 4.248 8 4.244 7 0.201 7 0.193 0 
6 0.935 6 0.935 2 4.424 4 4.420 1 0.204 1 0.195 4 
7 0.956 2 0.955 7 4.597 1 4.592 8 0.208 1 0.199 4 
8 0.975 0 0.974 3 4.766 1 4.761 9 0.212 4 0.203 7 
9 0.992 5 0.992 2 4.930 3 4.926 1 0.216 4 0.207 8 

10 1.008 9 1.008 5 5.089 0 5.084 9 0.219 8 0.211 4 
Metal 1.607 0 1.607 4 1.995 5 1.994 3 0.246 2 0.238 6 

Table 3  Comparison of dimensionless deflections and transverse shear stresses in square FGM plates (Al/Al2O3) subject 
to sinusoidal distributed load. 

c 0/( )W WE q h 0(0, / 2) /xz xz b q
a/h k

Ref. [29] Present RPT Ref. [29] Present RPT 

 0    0.209 8 0.214 6 0.118 6 0.119 0 
0.5 0.317 9 0.323 5 0.120 9 0.121 7 
1.0 0.413 9 0.418 0 0.118 4 0.119 0 
4.0 0.651 1 0.650 6 0.107 6 0.096 9 

5

 10.0 0.762 4 0.767 2 0.107 8 0.105 3 

0   0.294 3 0.296 1 0.238 3 0.238 5 
0.5 0.450 4 0.453 7 0.243 1 0.243 9 
1.0 0.587 5 0.589 0 0.238 3 0.238 5 
4.0 0.882 3 0.881 6 0.217 5 0.194 3 

10

10.0 0.100 7 1.008 5 0.216 7 0.211 3 
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The numerical results of simply supported square 
FGM plates of Type A are presented in Tables 4-6. 
These tables consider the case of homogeneous hard-
core in which the elastic modulus of Layer 1 are 
Ec=151 Gpa (P1, zirconia) at the top face and Em=
70 Gpa (P2, aluminium) at the bottom face. The results 
are considered for k = 0, 1, 2, 5, 10 and different types 
of sandwich plates. It can be seen that the results ob-
tained by TSDPT and the present RPT are identical. 
Table 4 shows that the effect of shear deformation is to 
increase the deflection. The difference between the 
shear deformation theories is insignificant for fully 

ceramic plates (k = 0). It is to be noted that the CPT 
yields identical axial stresses with the FSDPT and so 
Table 5 lacks the results of CPT. The difference be-
tween several kinds of sandwich plates is insignificant 
for fully ceramic plates (k = 0). The axial stress is very 
sensitive to the variation of k. Table 6 shows that the 
transverse shear stresses as per the FSDPT may be 
indistinguishable. The difference between several 
kinds of sandwich plates is insignificant for fully ce-
ramic plates (k = 0). The values of the transverse shear 
stresses decrease as k decreases for the FGM plates 
with homogeneous hardcore.  

Table 4  Comparisons of dimensionless deflection of simply supported square power-law FGM plates with other theories 
(a/h=10)

W
k Theory 

1-0-1 2-1-2 1-1-1 2-2-1 1-2-1 
Present RPT 0.196 06 0.196 06 0.196 06 0.196 06 0.196 06 

SSDPT 0.196 05 0.196 05 0.196 05 0.196 05 0.196 05
TSDPT 0.196 06 0.196 06 0.196 06 0.196 06 0.196 06 
FSDPT 0.196 07 0.196 07 0.196 07 0.196 07 0.196 07 

0

CPT 0.185 60 0.185 60 0.185 60 0.185 60 0.185 60 
Present RPT 0.323 58 0.306 31 0.291 99 0.280 85 0.270 94 

SSDPT 0.323 49 0.306 24 0.291 94 0.280 82 0.270 93
TSDPT 0.323 58 0.306 32 0.291 99 0.280 85 0.270 94 
FSDPT 0.324 84 0.307 50 0.293 01 0.281 68 0.271 67 

1

CPT 0.310 54 0.294 17 0.280 26 0.269 20 0.259 58 
Present RPT 0.373 34 0.352 31 0.332 88 0.316 16 0.302 63 

SSDPT 0.373 19 0.352 18 0.332 80 0.316 11 0.302 60 
TSDPT 0.373 35 0.352 31 0.332 89 0.316 17 0.302 63 
FSDPT 0.375 14 0.354 08 0.334 41 0.317 38 0.303 70 

2

CPT 0.358 85 0.339 42 0.320 67 0.304 05 0.290 95 
Present RPT 0.409 27 0.391 82 0.371 44 0.349 60 0.334 80 

SSDPT 0.409 05 0.391 60 0.371 28 0.349 50 0.334 74 
TSDPT 0.409 27 0.391 83 0.371 45 0.349 60 0.334 80 
FSDPT 0.411 20 0.394 18 0.373 56 0.351 23 0.336 31 

5

CPT 0.392 27 0.377 89 0.358 65 0.336 93 0.322 83 
Present RPT 0.417 72 0.404 07 0.385 51 0.362 12 0.348 23 

SSDPT 0.417 50 0.403 76 0.384 90 0.349 16 0.341 19 
TSDPT 0.417 72 0.404 07 0.385 51 0.362 15 0.348 24 
FSDPT 0.419 19 0.406 57 0.387 87 0.363 95 0.349 96 

10

CPT 0.398 76 0.389 41 0.372 36 0.349 15 0.336 12 

Table 5  Comparisons of dimensionless axial stress  of simply supported square power-law FGM plates with other theo-
ries (a/h=5)

x
k Theory 

1-0-1 2-1-2 1-1-1 2-2-1 1-2-1 
Present RPT 2.049 85 2.049 85 2.049 85 2.049 85 2.049 85 

SSDPT 2.054 52 2.054 52 2.054 52 2.054 52 2.054 52 
TSDPT 2.049 85 2.049 85 2.049 85 2.049 85 2.049 85 0

FSDPT 1.975 76 1.975 76 1.975 76 1.975 76 1.975 76 
Present RPT 1.579 23 1.495 87 1.426 17 1.320 62 1.323 09 

SSDPT 1.582 04 1.498 59 1.428 92 1.323 42 1.325 90 
TSDPT 1.579 23 1.495 87 1.426 17 1.320 62 1.323 09 1

FSDPT 1.532 45 1.451 67 1.383 03 1.277 49 1.280 96 
Present RPT 1.821 67 1.721 44 1.627 48 1.470 95 1.479 88 

SSDPT 1.824 50 1.724 12 1.630 25 1.473 87 1.482 83 
TSDPT 1.821 67 1.721 44 1.627 48 1.470 95 1.479 88 2

FSDPT 1.770 85 1.674 96 1.582 42 1.425 28 1.435 80 
Present RPT 1.992 72 1.913 02 1.815 80 1.611 81 1.638 14 

SSDPT 1.995 67 1.915 47 1.818 38 1.614 77 1.641 06 
TSDPT 1.992 72 1.913 02 1.815 80 1.611 81 1.638 14 5

FSDPT 1.935 76 1.864 79 1.769 88 1.564 01 1.593 09 
Present RPT 2.030 36 1.971 26 1.883 77 1.664 80 1.703 83 

SSDPT 2.033 60 1.973 13 1.881 47 1.619 79 1.648 51 
TSDPT 2.030 36 1.971 26 1.883 76 1.666 60 1.704 17 10

FSDPT 1.967 80 1.921 65 1.837  54 1.616 45 1.658 44 
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In general, the fully ceramic plates give the smallest 
deflections and shear stresses and the largest axial 
stresses. As the volume fraction exponent increases for 
FGM plates, the deflection, axial stress and shear 
stress will increase. These results will decrease as the 
core thickness, with respect to the total thickness of the 
plate, increases. In fact the non-symmetric 2-2-1 FGM 
plate yields the smallest axial stresses.  

The comparisons of the maximum deflections are 
given in Table 7 for FGM sandwich plate with homo-
geneous hardcore and with volume fraction indices 
k = 2. It can be observed that the results obtained by 
the present RPT are identical to those of TSDPT. In 
addition, the deflection will decrease as the aspect ratio 
a/b increases.

Table 6  Comparisons of dimensionless transverse shear stress of simply supported square power-law FGM plates with 
other theories (a/h=5)

xzk Theory 
1-0-1 2-1-2 1-1-1 2-2-1 1-2-1 

Present RPT 0.238 57 0.238 57 0.238 57 0.238 57 0.238 57 
SSDPT 0.246 18 0.246 18 0.246 18 0.246 18 0.246 18 
TSDPT 0.238 57 0.238 57 0.238 57 0.238 57 0.238 57 

0

FSDPT 0.190 99 0.190 99 0.190 99 0.190 99 0.190 99 
Present RPT 0.292 02 0.271 04 0.261 16 0.259 50 0.252 58 

SSDPT 0.299 07 0.277 74 0.268 09 0.266 80 0.260 04 
TSDPT 0.292 03 0.271 04 0.261 17 0.259 51 0.252 58 

1

FSDPT 0.260 99 0.243 16 0.232 57 0.227 62 0.220 57 
Present RPT 0.326 22 0.288 38 0.271 87 0.269 39 0.258 33 

SSDPT 0.332 85 0.294 22 0.278 07 0.276 27 0.265 43 
TSDPT 0.326 22 0.288 38 0.271 88 0.269 39 0.258 34 

2

FSDPT 0.297 31 0.267 52 0.250 77 0.243 16 0.232 57 
Present RPT 0.386 34 0.314 54 0.286 42 0.282 65 0.265 12 

SSDPT 0.393 70 0.319 30 0.291 50 0.288 95 0.271 53 
TSDPT 0.386 34 0.314 54 0.286 43 0.282 65 0.265 12 

5

FSDPT 0.345 38 0.297 31 0.272 06 0.260 99 0.245 96 
Present RPT 0.432 06 0.332 42 0.295 66 0.290 83 0.268 94 

SSDPT 0.441 47 0.336 44 0.295 29 0.296 71 0.276 76 
TSDPT 0.432 06 0.332 42 0.295 66 0.290 80 0.268 95 

10

FSDPT 0.372 77 0.313 16 0.282 99 0.269 98 0.252 57 

Table 7  Effect of aspect ratio a/b on the dimensionless deflection of FGM sandwich plates (a/h=10 and k=2). 

W
Scheme Theory 

a/b=1/3 a/b=0.5 a/b=1 a/b=1.5 a/b=2 

Present RPT 1.188 77 0.941 85 0.373 35 0.144 81 0.063 21 
SSDPT 1.188 49 0.941 60 0.373 19 0.144 72 0.063 15 
TSDPT 1.188 77 0.941 86 0.373 35 0.144 81 0.063 21 
FSDPT 1.192 00 0.944 73 0.375 14 0.145 92 0.063 93 

1-0-1

CPT 1.162 67 0.918 65 0.358 85 0.135 90 0.057 42 
Present RPT 1.122 93 0.889 54 0.352 31 0.136 47 0.059 46 

SSDPT 1.122 69 0.889 33 0.352 18 0.136 39 0.059 41 
TSDPT 1.122 93 0.889 55 0.352 31 0.136 47 0.059 46 
FSDPT 1.126 11 0.892 37 0.354 08 0.137 56 0.060 17 

2-1-2

CPT 1.099 71 0.868 91 0.339 42 0.128 54 0.054 31 
Present RPT 1.060 96 0.840 46 0.332 88 0.128 95 0.056 19 

SSDPT 1.060 80 0.840 32 0.332 80 0.128 90 0.056 15 
TSDPT 1.060 96 0.840 46 0.332 89 0.128 95 0.056 19 
FSDPT 1.063 69 0.842 89 0.334 41 0.129 89 0.056 80 

1-1-1

CPT 1.038 95 0.820 90 0.320 67 0.121 44 0.051 31 
Present RPT 1.006 94 0.797 76 0.316 17 0.122 60 0.053 49 

SSDPT 1.006 83 0.797 67 0.316 11 0.122 56 0.053 47 
TSDPT 1.006 94 0.797 76 0.316 17 0.122 60 0.053 49 
FSDPT 1.009 11 0.799 69 0.317 38 0.123 34 0.053 98 

2-2-1

CPT 0.985 12 0.778 37 0.304 05 0.115 14 0.048 65 
Present RPT 0.963 71 0.763 53 0.302 63 0.117 37 0.051 22 

SSDPT 0.963 66 0.763 48 0.302 60 0.117 35 0.051 21 
TSDPT 0.963 71 0.763 53 0.302 63 0.117 37 0.051 22 
FSDPT 0.965 63 0.765 24 0.303 70 0.108 03 0.051 65 

1-2-1

CPT 0.942 69 0.744 84 0.290 95 0.110 18 0.046 55 
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The central deflections due to flexure bw  and shear  

sw  are calculated, and then are summed up to get the 
total deflections     These results are shown in Table 
8 for square power-law FGM plates of Type A with 
homogeneous softcore in which the elastic modulus of 
Layer 1 is Em=70 GPa (P1, aluminum) at the top face 

and Ec=151 GPa (P2, zirconia) at the bottom face. The 
error level increases with the decrease in the thickness 
ratio a/h. Hence, the shear effect is more pronounced 
for smaller thickness ratio a/h. The results emphasize 
also the great influence exerted by the volume fraction 
indices k on the analyzed deflections. 

Table 8  Dimensionless deflection of square FGM sandwich plates with shear effect 
2-1-2

a/h k
sw bw W Error/% 

0 0.022 20 0.016 01 0.038 21 58.10 
2 0.016 32 0.007 90 0.024 22 67.38 2
5 0.014 62 0.007 55 0.022 17 65.94 
0 0.022 51 0.100 09 0.122 61 18.36 
2 0.016 63 0.050 42 0.067 05 24.80 5
5 0.014 88 0.047 64 0.062 52 23.80 
0 0.022 56 0.400 37 0.422 93  5.33 
2 0.020 22 0.166 75 0.186 97 10.81 10
5 0.014 93 0.190 78 0.205 71  7.26 
0 0.022 58 40.037 33 40.059 91 0.056 4 
2 0.016 69 20.245 68 20.262 37 0.082 4 100
5 0.014 94 19.086 83 19.101 77 0.078 2 

Figs. 3-8 present some numerical results of simply 
supported square power-law FGM plates of Type A 
using the present RPT. Figs. 3-5 consider the case of 
homogeneous hardcore in which the elastic modulus of 
Layer 1 is Ec=151 GPa (P1, zirconia) at the top face 
and Em=70 GPa (P2, aluminum) at the bottom face. 
Figs. 6-8 consider the case of homogeneous softcore in 
which the elastic modulus of Layer 1 is Em=70 GPa 
(P1, aluminum) at the top face and Ec=151 GPa (P2,
zirconia) at the bottom face. 

Fig.3 shows the variation of the center deflection 

Fig. 3  Dimensionless center deflection W  as a function of 
side-to-thickness ratio a/h of FGM sandwich plate 
(Type A) with homogeneous hardcore for various 
values of k and different types of sandwich plates.  

with side-to-thickness ratio a/h for different types of 
FGM symmetric plates with a homogeneous hardcore. 
The deflection of the metallic plate is found to be the 
largest magnitude and that of the ceramic plate of the 
smallest magnitude. The deflections of the FGM 
sandwich plates increase when a/h 5. All the plates 

.W
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with intermediate properties undergo corresponding 
intermediate values of center deflection. This is ex-
pected because the metallic plate is the one with the 
lowest stiffness and the ceramic plate is the one with 
the highest stiffness.  

Fig. 4 contains the plots of the axial stress x

through the thickness of the plate with a homogeneous 
hardcore and for k = 0, 1, 2. Under the application of 
the sinusoidal loading, the stresses are tensile at the top 
surface and compressive at the bottom surface. The 
homogeneous ceramic plate (k = 0) yields the maxi-
mum compressive (tensile) stress at the bottom (top) 
surface. These are the metal-rich surfaces for the FGM 
plates (k = 1, 2). Note that for the different volume 
fraction exponents chosen, the plate corresponding to 
k = 2 yields the maximum compressive (tensile) stress 
at the bottom (top) surface of the core layer (see 
Figs. 4(a)-4(c). These are the ceramic-rich surfaces in  

Fig. 4  Variation of normal stress x  through plate thick-
ness of FGM sandwich plate (Type A) with homo-
geneous hardcore for various values of k and dif-
ferent types of sandwich plates (a/h=10).

which the ceramic plates experience the minimum 
compressive or tensile stresses. The stress profile for 
plate made of pure material (ceramic) changes linearly 
through the thickness. However, the axial stress varia-
tion is not linear for FGM plate. 

In Fig. 5 we have plotted the transverse shear stress 
xz  through the thickness of the plate with a homoge-

neous hardcore and for k = 0, 1, 2. The maximum 
value occurs at a point on the mid-plane of the plate 
and its magnitude for FGM plate is larger than that for 
homogeneous ceramic plate (k = 0).  
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Fig. 5  Variation of transverse shear stress xz  through plate 
thickness of FGM sandwich plate (Type A) with 
homogeneous hardcore for various values of k and 
different types of sandwich plates (a/h=10).

Fig. 6 shows the variation of the center deflection 
with side-to-thickness ratio for different types of FGM 
symmetric plates with a homogeneous softcore in 
which the elastic modulus of Layer 1 is Em=70 GPa 
(P1, aluminum) at the top surface and Ec=151 GPa (P2,
zirconia) at the bottom surface. Contrary to the case of 
homogeneous hardcore, it can be observed that for 
FGM plates with a homogeneous softcore, transverse 
deflection decreases as power law exponent k is in-
creased. All the plates with intermediate properties 
undergo corresponding intermediate values of center 

Fig. 6  Dimensionless center deflection W  as a function 
of side-to-thickness ratio a/h of FGM sandwich 
plate (Type A) with homogeneous softcore for 
various values of k and different types of sandwich 
plates. 

deflection. This is expected because the metallic plate 
is the one with the lowest stiffness and the ceramic 
plate is the one with the highest stiffness.  

Fig. 7 depicts the through-the-thickness distribu-
tions of the axial stress x  in the FGM sandwich 
plate with a homogeneous softcore and for k = 0, 1, 2. 
The stresses are tensile at the top surface and compres-
sive at the bottom surface. The homogeneous metal 
plate (k = 0) yields the maximum compressive (tensile) 
stress at the bottom (top) surface. The stress profile for 
plate made of pure material (metal) changes linearly 
through the thickness. However, the axial stress varia-
tion is not linear for FGM plate. 
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Fig. 7  Variation of normal stress x  through plate thick-
ness of FGM sandwich plate (Type A) with homo-
geneous softcore for various values of k and differ-
ent types of sandwich plates (a/h=10).

The plot of shear stress xz  across the FGM sand-
wich plate with a homogeneous softcore is presented 
in Fig. 8. The maximum value occurs at a point on the 
mid-plane of the plate and its magnitude for homoge-
neous metal plate (k = 0) is larger than that for FGM 
plate.

Using the present RPT, we present in Figs. 9-11 the 
center deflection ,W  axial stress x  and transverse 
shear stress xz  for the 1-4-1 sandwich plate of Type B 
(FGM core) with k = 1, 2, 5. P1 is referred to the prop-
erties of aluminum and P2 the properties of zirconia. In 
this case, the FGM core is metal-rich at the top surface 
and ceramic-rich at the bottom surface.  

Fig. 9 shows the variation of the center deflection 
for various power law exponent k and with the side-to- 
thickness ratios. The FGM plate deflection is between 
those of plate made of ceramic and metal. 
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Fig. 8  Variation of transverse shear stress xz  through plate 
thickness of FGM sandwich plate (Type A) with 
homogeneous softcore for various values of k and 
different types of sandwich plates (a/h=10).

Fig. 9  Dimensionless center deflection W  of the 1-4-1 
sandwich square plate with FGM core. 

As exhibited in Fig. 10, the axial stress, x , is 
compressive throughout the plate up to almost z =
z/h= 0.06 and then they become tensile. The maxi-
mum compressive stresses occur at a point on the bot-
tom surface and the maximum tensile stresses occur, of 
course, at a point on the top surface of the FGM plate.  

Fig. 10  Dimensionless axial stresses x  of the 1-4-1 sand-
wich square plate with FGM core (a/h=10).

Fig. 11 depicts the through-the-thickness distribu-
tions of the shear stresses xz in the square FGM 

sandwich plate. Contrary to the plate of Type A, the 
distribution of the shear stress is not symmetric in the 
case of sandwich plate of Type B (FGM core). 

Fig. 11  Dimensionless transverse shear stresses xz  of the 
1-4-1 sandwich square plate with FGM core (a/h=
10).

4. Conclusions 

A two variable refined theory is extended to the 
bending response of rectangular FGM sandwich plates. 
The number of primary variables in this theory is even 
less than that of first- and higher-order shear deforma-
tion plate theories. Hence, unlike any other theory, the 
theory presented gives rise to only four governing 
equations resulting in considerably lower computa-
tional effort when compared with the other higher- 
order theories reported in the literature having more 
numbers of governing equations. The theory accounts 
for parabolic distribution of the transverse shear strains 
through the plate thickness, and satisfies the zero trac-
tion boundary conditions on the surfaces of the plate 
without using shear correction factors. The accuracy 
and efficiency of the present theory have been demon-
strated for bending behavior of simply supported FGM 
sandwich plates. The power-law FGM sandwich plates 
with FGM facesheet and homogeneous core, and the 
sandwich plates with homogeneous facesheet and 
FGM core are considered. The center deflection, axial 
stress and transverse shear stress predicted by the pre-
sent theory (with four unknowns) and TSDPT (five 
unknowns) are identical. 

In conclusion, it can be said that the proposed the-
ory is not only accurate but also efficient in predicting 
the deflection and stresses of FGM sandwich plates. 
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