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0. Introduction and the main result

The following famous fractal set is from [1]. Begin with a unit square E, (with the inside) of side 1. Subdivide it into 9
smaller squares of side length % by trisecting the sides. For the next approximation E, the trema to be removed is the center
square. That means 8 small squares remain. (The boundaries of these 8 squares must also remain, so that the set will be
compact.) Inductively, for n > 1 continue in this way, at the nth stage replacing each square of E,,_; by its 8 smaller squares
of side length (%)n to get E,. We obtain Eg D E; D --+ D E, D - -. The non-empty set S = (), E, is called the Sierpinski
carpet. For each n > 0, E, consists of 8" squares with side length 37". Any one of such squares is called a 37"-basic square.
The Hausdorff dimension of S is s = dimy (S) = log; 8.

The Sierpinski carpet can be obtained as an iterated function system construction. It is made up of 8 parts, each similar
to the whole with contraction ratio % Suppose that 8 similar contraction maps are f;, i = 1,2, ..., 8). (see Fig. 0.1). Let
Sh={fyofi,o-0f,(S):1=<iy,ip,...,0n <8}

Let u denote the unique self-similar probability measure on S. It is easy to know that for any Borel set U C R?,
w(U) = Hs,ﬁg)u). For any subset U C R?, we define the density d(U) = l’lLlSLlls)

In [2], it was showed that the maximum density sup{d(J) : J C [0, 1]} for a linear Cantor set is attained in the field of
sets generated by some stage basic intervals. However, it is not true in higher dimensional Euclidean spaces. In this paper,
we prove that

Theorem 0.1. For the Sierpinski carpet, there exists a closed convex set V. C Ep, with |V| > 0, such that sup{d(U) : U C
Eo, is closed} = d(V).

1. Some lemmas

Let D C R" be a non-empty set. E C R" is a self-similar set defined by m similar contracting maps f; : D — D, with
contracting ratios, 0 < ¢; < 1, (i = 1,2, ..., m) and satisfying open set condition, that is, there exists a non-empty open
set U for which we have fi[U] N f;[U] = ¢ fori # jand U D f;[U] for all i. Then

diHm(E) =s, 0<H(E) < +oo,
where s satisfies Z:”:l C’ = 1, dimy (E) and H*(E) denote the Hausdorff dimension and measure of E, respectively.
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Fig. 0.1. The construction of the Sierpinski carpet.

Lemma 1.1 (/3]). Suppose that E is a self-similar set satisfying the open set condition and s = dimy (E), then for any measurable
set U, we have

H(E NU) < |UJ.
Using the definition of the Hausdorff measure and the self-similarity of the Sierpinski carpet, we can obtain the following

Lemma 1.2.

H*(S) = Hy(S)

1

inf Z |U;i|* = {U;} is a 8-closed cover of S}

= inf Z |U;|* : {U;}is a closed cover of S}
i

=inf > |UF | Ui =, Usis closed} )
i i

Lemma 1.3. sup !“(U) :UCSis closed] =

1
up H3 ()"

Proof. Set L = sup { M UcCSis closed}.

1) _ H(SNU) 1 1
By Lemma 1.1, we have 75 = i5&pr < @) SO L < 5

For each closed cover {U;} of K with Ui U; = S, by the definition of L, we have C/) <L, so

U
H'(S) = H* (U(s n uo) <) H(E NU) <LHS) ) [Uf.

By Lemma 1.2, 1 < LH*(S). Therefore L >

1
THOR O

Lemma 1.4. Let W C S be a non-empty closed set with |W| < % Then there exists a non-empty closed set W' C S with
|W’'| > & such that

nw) _ pW)
W Wl

Proof. Since |W| < % W at most intersects with three elements of {f;(S), i=1, 2, ..., 8)}.

Case (1). W intersects three elements, A}, A), A} of {f(S), (i=1,2,...,8)}

When [A] U AU A}| > 1, |W| > 1. This contradicts W] < 5.

So |A]U AJU A}] < 1,(See Fig. 1.1)

If W at least intersects four elements of {f; o f;(S), (i,j = 1, 2, ..., 8)}, then [W| > %. This contradicts |W| < % Sow
at most intersects three elements A}, A},, A}, of {fi 0 fi(S), (i,j = 1,2,...,8)}and |A}, U A}, U AL| < 1 (SeeFig. 1.1).

By self-similarity, there exist a positive integer t and A}, A2, A? € S, such that 3'A! = Al,3'A% = A2,3'A% = A3

and W C A} U A? U A}, W intersects four elements of S, or W intersects three elements Al |, A ;, A}, of S;q but
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|AL UAZ UA} | > 5. Set W = 3'W. Note that
n(W)  p3'w)
Wi 13w

We have [W'| > § > - and I\L\fvm\/s) = l\L\(A/VYIS)'

Case (2). W 1ntersects two elements, A}, Al of {fi(S), (i=1,2,...,8)}.

Since |W| < 27, A} and Al have a common intersection point orA1 and A} have a common side.

(a) A} and Al have a common intersection point (See Fig. 1.2)

Similar to Case (1), by self-similarity, there exist a positive integer t; and A}, A7, € S, such that 3"A] = A,
3‘1 Al = AjandW C Al U AZ, W at least intersects three elements of St1+1 or W intersects two elements Al

of Spq but [Al U A2 -l > 371 Set W' = 31W. Note that

t1+1
pW) _ p3w)

ZER

t1+1'

We have |[W'| > ¢ > = and "“fvm‘? = \WM’/I;)’
(b) A} and A} have a common side (See Fig. 1.3).
Since |W| < 27, W at most intersects with four elements of {f; o f;(S), (i,j = 1,2,...,8)}
. (bl;) V\l/ilr;tersects four elements A%, A3, A2, AZ of {fiofi(S),i,j=1,2,..., 8}.Smce |W| < 27, [Adualuadual <
ee Fig. 1.4).
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Similar to Case (1), by self-similarity, there exists a positive integer t,

/2t ’ 1 pW) _ pw’)
Set W' = 32W. We have [W'| > 5= and WE = W

(b2) W intersects three elements of {f;of;(S), (i,j = 1, 2, ..., 8)} (See Fig. 1.5), by self-similarity, this belongs to Case (1).
(b3) W intersects two elements of A%, A3

{fiofi§),G,j=1,2,...,8)}

When A%, A% have a common intersection point (See Fig. 1.6), by self-similarity, this belongs to Case (2)-(a).

When A%, A% have a common side, by self-similarity, this belongs to Case (2)-(b).

Case (3). If W only intersects a element of {f;(S), (i = 1,2,...,8)}, by self- similarity, there exist a positive inte-
gerland i9,4,...1 € {1,2,...,8} such that W C Ei?igm,.? = fi? Ofi‘Z’ 0. of,.?(S) and W intersects at least two of
Eigig,,,i;J], Ei?ig,,_ipz, ey E,‘?ig,,,i?g' Thereforefi?_l CREE Ofig_1 Ofi(l)_l(W) intersects at least two of f;(S), 2(S), ..., fs(S). Note that

u(fy tomof g lof g L (W)
Il 4

Wy _
W Ifg 'orof g tof g WIS
b h f
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By Case (1) and Case (2), there exists W/ C S with [W’| > % such that

nw) _ w(W’)
(Wi wls

From Lemmas 1.3 and 1.4, it follows that

Lemma 1.5. sw{‘ﬁ,ﬁ? 1 UCS, |U| = 5, Uisclosed } = 75

2. The proof of the main theorem

The following definitions are from [4].

IfE C R", the 6 — parallel body of E is the closed set of points within distance § of E that s, [E]s = {x € R" : infycg X — Y|
< d}.

The Hausdorff metric § is defined on the collection of all non-empty compact subsets of R" by h(E, F) = inf{§ : E C
[Flsand F C [E]s}.

Let B(R") be the sets of all non-empty compact sets in R". Then the set B(R") equipped with the above Hausdorff metric
h becomes a complete metric space.

The convex hull of U C R" is the intersection of all the convex sets which contain U, and it is denoted by conv U.

Lemma 2.1. Let {A,} be a sequence of non-empty compact subsets of R". If {A,} converges to A C R" with the Hausdorff metric,
then
(i) limn—>oo |An| = |A|7
(i) limy oo SUP (An) < u(A).
Proof. (i) Because {A,} converges to A with the Hausdorff metric, for Ve > 0, 3N > 0, whenn > N,h(A,, A) < ¢,i.e.A; C A,
and A C (Ap).. Thus for n > N, we have |A,| < |A] 4+ 2¢ and |A| < |A;| + 2¢, So (i) holds.

(i) From (i), An C Ag, S0 (An) < p(Ae).

Therefore

lim sup /¢(Ay) < lim pw(A,) = u(A). O

n—o0o e—0
Proof of Theorem 0.1. By Lemma 1.5, there exists a closed set sequence {U;} in S, such that |U;| > % and ’I‘L(]f"';) — H%(S)
i — oo0. Since S is compact, it follows that U; is uniformly bounded. By the Blaschke selection theorem (see Theorem 3.16
of [4]), there exists a subsequence {U;, }of {U;}such that {U; } converges to a non-empty compact set W C S with the
Hausdorff metric. Without loss of generality, we suppose U; converges to W in the Hausdorff metric. By (i) of Lemma 2.1,

|W| > . By (ii) of Lemma 2.1,

lim sup u(Up) < u(W).

By the definition of upper limit, there exists a subsequence {Uij}of {Ui}such that lim;_, o sup u(U;) = limj_.o w(U). Thus
by Lemma 1.5, we have

li Ui
1 pwy _ fmsee s
H©) © WE T lim (U
1—>00

CfmeU) uwy

= — = lim = .
lim U5 oo Ul H5(S)
Jj—00

Set V = conv (W) which is the convex hull of W.V C Ej is a closed convex set and |V| = [W|, u(W) < u(V). So,

1 _wW) _w)
HSS) (W = |V~

By Lemma 1.1,
H(V NS VI®
e < YV 0S) Vi
w(Vv) u(v)
So,
1 )
H:(S) \4

That is sup “ws) : U CSisclosed} = == = “(Vs),where V C Egyis aclosed convex set, |V| = W| > L.
U] H3(S) 14 27
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Fig. 3.1.

By Lemma 1.1,

1 > sup : n(U)
Hs(S) lufs

: U C Eyis closed }

U
> SUD{ITL(IP) . UcCSis closed} ,

1 _ k™
H(S) Vi

3. A description of the shape of V

Forn> 1,letS, ={fi, of,0---0f;,(S) : 1 < iy, iy, ..., 0 < 8}.
The following proposition is from [5].

Proposition 3.1. Forn > 1,1 < k < 8", let A1A,, ..., Ay € S, and pu be the common self-similar probability measure on S,
n
w(fi, ofi 00 fi, (K)) = (é) .
k S
Let by = mingy, .. aes, lulijlf" , Where the minimum is taken for all possible union of k elements of S, and a, =
miny <i<gn{bx}. Then for n > 1, a, decreases and lim,,_, -, a, = H*(S).
Suppose that
k
iJai
. . = |U, I*
a, = min min = ,
1<k<8" Aq,...,A€Sn k8—"n k,8—"

where the Uy, is the union of some kj elements of Sy.
Since

n(v) 1 1
VIS~ HS(GS)  lim a,’
n—oo

lim a, = H*(S),
n—oo

Our basic idea is that by computing the values of a,, we get the components of Uy, and the shapes of conv (Uy,). It is easy to
know that conv (Uy,) — V with the Hausdorff metric. So by means of the shape of conv (Uy,), we can know the shape of V.

It is easy to get that a; = /2, a = 195 (See Fig. 3.1). Note that Uy, consists of 52 squares with side length 3. In [6],
. J(3) '+ C. . . .
two conjectures that a3 = ~——z— and a; = ~——— are given (see Figs. 3.2 and 3.3). Note that Uy, consists of 444 light black
512 512

N
squares with side length % and Uy, consists of 40 squares with side length % in the small circle with diameter (%) in Fig. 3.3.
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Therefore conv (Uy, ) is a square. conv (Uy, ) is an octagon (see Fig. 3.1). We conjecture that conv (Uy,) is a polygon with 12 sides
and conv (Uy,) is an octagon (see Fig. 3.3). Note that conv (Uy,) is not symmetric. We conjecture that for n > 4, conv (Uy,) is
always in the small circle of Fig. 3.3.
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