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Abstract

Compared with the spline wavelet decomposition for the discrete power growth space F given
by Pevnyi and Zheludev, this paper deals with spline wavelet decompositions for the Hilbert
space ZZ(Z). We characterize RTB splines and RTB wavelets, because the space EZ(Z) can be repre-
sented by them. It turns out that the representation is stable and the convergence is much stronger than
the pointwise convergence in F. Finally, a family of symmetric RTB wavelets with finite supports
are constructed.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction and preliminary

The spline wavelet theory in L?(R?) is important in wavelet analysis, because it has
many effective applications. In [1], the authors discuss the so-called discrete splines in
£2(Z) through sampling the continuous splines. On the other hand, Pevnyi and Zheludev
defined the discrete splines, which is independent of continuous splines in 2000 [8]. Us-
ing those discrete splines, they establish the wavelet decomposition for the space of power
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growth F [9]. Since F has no norm structure, the convergence there holds only in point-
wise sense. However, many practical signals have finite energy and can be considered as
elements of £2(Z). Moreover, the norm convergence is much stronger than the pointwise
one in £%(Z). Based on this consideration, we shall study the spline wavelet decomposition
of £2(Z), by using the knowledge from [8,9]. Wavelet analysis in this Hilbert space can be
found in [4,7,10,11], etc.

In [8], the discrete splines on Z are defined as follows: Let n be a natural number.

A discrete B-spline of the first order is the function B; ,, on Z, given by
L, 0<j<n—1
0, otherwise.

B],n(j)={

The higher order B-spline is B, , =: Bp_1 5 * By, for p > 2. Here and after, * stands for
the discrete convolution. The discrete convolution a x b of a = {a, } and b = {b, } is defined
by a * b(n) =: Zn a(n —k)b(k). It is well known that a * b € 0%2(Z), when a € £(Z) and
bet*(Z). As usual, £(Z) =: {a(n), Y onez la(n)] < +oo}.

Definition 1.1. The upsampling operator U : £2(Z) — ¢*(Z) is defined by
{ z(k/n), kis divisible by n;

U"z) (k) =:
( ) , otherwise.

This definition can be found in [2,5]. Since B, ;, has finite support, B, , € £(Z) and
U'c* Byn() =3, c()By (- —In) € £3(Z) for each c € £>(Z). Then

Vo = {Zc(l)B,,,n(- —In),ce 32(2)} (1.1)

l

is a subspace of ¢2(Z). This space is totally different from that in [9], because we assume
c € £2(Z) here and they take ¢ as a power growth sequence therein. It is easy to see that
By,i1=d6and V, = 02(Z). We call an element of Vp.n a discrete spline of order p.

Note that B), 2,(j) = Zfzo C;prn(j —rn), j € Z[9, Theorem 5, p. 68]. Then V), 2,
is a subspace of V), ,. Furthermore, it can be shown that V), 5, is a closed subspace of V), ,
by Lemma 2.2. Then there exists the unique closed subspace W, 2, €V, , such that

Vp,n - Vp,2n ©® Wp,2n-

Recall that {x,} is a Riesz basis of a Hilbert space H, if for each x € H, there exists
the unique ¢ € £2(Z) such that x = 3", cux, and AY, |ea]? < ||x]1> < BY., ley|? with
0 < A < B. We introduce the following definition to study the decomposition of £2(Z).

Definition 1.2. A discrete spline ¢ € V), , is called an RTB spline, if {¢(- — In)}iez
forms a Riesz basis for V), ,; a discrete spline y» € W), 2, is called an RTB wavelet, if
{¥ (- — 2In)},ez forms a Riesz basis for W), 2.

The corresponding discrete spline is said to be TB spline or TB wavelet in [9]. We call
it RTB spline or RTB wavelet, because its translations forms a Riesz basis. To characterize
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RTB splines and RTB wavelets, we need some other notations, which are introduced in
[8,9]: firstly

Epn(x.j)=:> e B, ,(j—In) (1.2)
1

is well defined and

Epn(x,j—kn)=e*E, ,(x, j). (1.3)
The set {n € Z, a(n) # 0} is called the support of a, denoted by suppa in this paper.
It is easy to show that supp B, , ={0,1,2,..., p(n — 1)} and By x,[p(n — 1) — jl =

Bpa(j) 20, j€Z. Lethy (k) =: By (v +kn) with v =22 Asin [9], we assume
that v is an integer in this paper. Then b, ,, has finite support, because B, , does. Moreover,

w
Tpn(x) =Y bpa(k)e™ >0

—

for each real number x € R [8]. Take a(x) = ¥ (1 — e™*)P Ty, , (x + 7) and define

. X x x+27 x+2m
wp,Zn(xa]):a E Ep,n 5’] +a T Ep,n Te.} .

Then it is shown that [9]
wp,Zn(x’ J —2kn) :eikxwp,Zn(x, J)- (1.4)

In Section 2, we prove that ¢ is an RTB spline if and only if
! 2
()= f EX)Epn(x, j)dx
4
0

for & € L?[0, 2] and a < |£(x)| < b almost everywhere on the whole real line R for some
O<a<b<+oo.

We use £(x) ~ 1 to denote a < |£(x)| < b almost everywhere for some 0 <a < b <
+o00. Similar to RTB splines, a characterization for RTB wavelets is given in Section 3:
The discrete spline ¥ is an RTB wavelet if and only if

2

v = % [ T ()wpan(r ) dx

0

fort e L2[O, 2] and 7(x) ~ 1. In the end of the third section, we shall discuss the duals
of RTB splines and RTB wavelets.

Finally, we exhibit a family of symmetric RTB wavelets with finite supports in terms
of 7(x), which include Pevnyi and Zheludev’s example. It will be proved that the Pevnyi
and Zheludev’s example has the shortest length among that family. All these will be done
in the last section.
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For the proofs, we need the discrete Fourier transform F : ZZ(Z ) — LZ[O, 27], defined
by

2(0) =: (F2)(0) =: Zz(k)eike e L?[0,27]
k

for each z € £2(Z). The inner product in L2[0,27] is given by
1 2
(u,v) = —/u(x)mdx.
2
0

Then the Plancherel formula says (Z,®) = >, z(k)w(k). On the other hand, it can be
checked that (U"z)"(9) = 2(nb) for each z € £2(Z) and that (z * w)"(0) = 2(9)&(0) for
z€03(Z) and w € £(Z). These can be found in [2,5].

2. Characterization for RTB splines

We shall firstly show that each ¢ € V), , can be represented by
| 2
b0) =5 [ COIEp(x. dx
b4
0

with C(x) € L2[0,27] in this part and then prove that ¢ is an RTB spline if and only if
C(x) € L?[0,27] and C(x) ~ 1.
Lemma 2.1. The discrete spline S € V), ,, if and only if
| 2w
S =557 [ COOEpnt iy
T
0

for some C(x) € L2[0, 27]. Moreover; S’(x) = C(nx)]g’p,n(x).

Proof. Let S(j) = 5 02” C(x)E,n(x, j)dx with C(x) € L?[0,27]. Then C(x) =
> ce’™ with {c(l)} € £2(Z). Note that (1.2) says Ep, ,(x, j) =Y, Bpn(j — In)e™*.
Then, by the Plancherel formula, one has

S’—lzﬂCE Ndx = DBy,(j—1 2.1
(])—E/ () Epn(x,j) X—Xl:c() pn(j —1n). 2.1)
0

Hence S € V), ,, according to the definition for V), , in (1.1).
Conversely, assume S € V), ,. Then there exists ¢ € ¢2(Z) such that

S(j)=Y_c)Bpal(j —In). 2.2)

1
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Note that C(x) =: Y, c()e’* € L*[0,2x] and E ,(x, j) =: Y ; Bp.n(j —In)e "*. Then
it follows that S(j) = % foh C(x)E) n(x, j)dx from (2.2) and the Plancherel formula.

By (2.1), one knows S(j) = U"c % B, ,(j) with ¢ = C(x). Then S’(X) =
C(nx)Bya(x). O

Lemma 2.2. The discrete spline B), ,, satisfies
B n 2rl
x4+ =
p.n "

Proof. Using the definition of B}, , = Bj,_1., * B1 », one has B, ,(x) = By, (x)]”. Note

n—1

2

=0

2
~ 1.

that élgn(x) = Z;(l) e~ *r and ém (x) = 1. Then Lemma 2.2 is true automatically for
n = 1. Next, one shows the lemma for n > 1. Clearly,
. n?, x=0,2m;
B = —inx
B @) _111_” Pl 0<x<2m
It is easy to see Iép,n (x) #0on [0, 27”) and hence
n—1 2 2
~ 2wl I A 2w (n—1
Z By.n ()C + 7)' = ‘Bp,n(x)‘z + Bpn (x + %) >0

=0

on [0, 2,—1”]. Since Z?:_ol |Bpn(x + %)I2 is a 27” periodic and continuous function, the
desired conclusion follows. O

Now we are in the position to show the main result in this section:

Theorem 2.1. Let ¢ € V), . Then ¢ is an RTB spline if and only if
! 2
$0) =5 [ €O Epatx ydn
T
0

for & € L?[0,27] and &(x) ~ 1.

Proof. Firstly ¢ € V), , implies that

2
1
¢(j) = Z—/S(X)Ep,n(x,j)dx (2.3)
T
0

with &(x) € L2[0, 27] due to Lemma 2.1.
For the necessary part, assume that ¢ is an RTB spline. Since {¢ (- — kn)} is a Riesz
basis for V), ,,, foreach S € V), ;,,

S() =Y ck)p(-—kn) € V)

k
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and ||S|| ~ ||c||. Furthermore, S = (U"c)*qS and S(x) = c(nx)qb(x) Combining Lemma 2.1
with (2.3), one has ¢(x) = é(nx)Bp 1 (x). Therefore,

2
~ ~ 1 ~
18112 = ||émx)E(x) By n ()| = = / |60 [* &) [P Bpon ()| dx
0
2
()
n—1 2
ép’n (.x + 27Tl>
0 n

2w
Ll
= E/|c(x)|2|s<x>|zlz
J m

27n

T
=2n—n/|c(y)|2|s(y)|2
0

dx. 2.4)

Since [|S]| ~ licll, IS|I2 ~ [I&]1?. Note that foz” |6(x)|2T" (x) dx > 0 for each ¢ € £2(Z) im-
plies I'(x) > 0 almost everywhere, because I"(x) <0 on some non-zero measurable set
Eo would lead to a desired contradiction:

/!xEo(x>| r'(x)dx = / I'(x)dx <0,

Ey

where ¢(x) = xg,(x). Then

1 2n
E|§(X)| g

~ 1.

iy (x+27'[l) 2
By
— n

Using Lemma 2.2, one receives |£(x)| ~ 1.
For the sufficient part, one shows {¢ (- — In)};ez spans the whole V), , firstly: let S €

Vp.n- Then Lemma 2.1 says S(j) = % 02” Cx)Ep n(x, j)dx with C(x) € L?[0,27].
Since £(x) ~ 1, £ ¢ 1.2[0, 2] and

*E®
1 271C( )
. X .
S(])=2— S(X)E(X)Ep,n(x,])dx-
Let c(l) = 2[5 $&ei™* dx. Note that (1.3) and (2.3) imply
| 2
B — k)= 5 / M () E (v, ) dox,
0

Then it follows that

S()=)_ck)p(- — kn) 2.5

k
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from the Plancherel formula. Now it remains to show || S|| ~ |c||. Similar to the argument

of (2.4), one can prove
T il + 2l
A A X JT
SIP=— [lem[le@ )Y |8
NI n/|c(x>| [163] ; ]
; —

by using (2.5), (2.3) and Lemma 2.1. Combining Lemma 2.2 with the given condition
£(x) ~ 1, one receives || S||2 ~ ||¢||2. Furthermore, the desired result ||S|| ~ |c|| fol-
lows. O

2
dx

3. Characterization for RTB wavelets

The purpose of this section is to characterize all RTB wavelets. The results are sim-
ilar to that for RTB splines. By those characterizations, we can give spline wavelet de-
compositions for £2(Z). This will be explained in the end of this section (Remarks 3.1
and 3.2).

As mentioned in the introduction,

; X x X +2n x+2r
a)p,Zn(xa])ZCl E Ep,n 5’] +a ) Ep,n B s J

with a(x) = (1 — e™*)P Ty, ,(x + 7). The following lemma comes essentially from
Pevnyi and Zheludev’s work.

Lemma 3.1. The discrete spline R € W), 5, if and only if
! 2
R(j)=-= / Dx)wpon(x, j)dx
2
0
for some D(x) € L?[0, 27r]. Moreover, Ié(x) = D(an)tﬁp,zn (x), where
2

1
Ipp,Zn(j) = E/wpin(xs Jjdx. 3.1

0

Proof. Note that D, (x) € L?[0, 2] in [9, Theorem 7, p. 72], when C, (x) € L?[0, 27].
Then for each R € W), 5, there exists some D(x) € L2[0, 27] such that

2
1
R(j)= E/D(X)wp,zn(x,j)dﬂ
0

Conversely,

. X x x+2n x+27
CUp,Zn(x’]):a 5 Ep,n 5’] +a 3 Ep,n ) s J
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implies

2
1
S(j)=: E/D(X)wp,zn(x,j)dx
0

b4 2
1 1
= ;/D(2y)a(y)Ep,n(y,j)dy+;/D(Zy)a(y)Ep,n(y,j)dy
0 b4

2

= %fD(Zx)a(x)Ep,n(X, ])dx
0

for each D(x) € L?[0,27]. Note that a(x) = (1 — e_ix)pTz,,,,,(x + ) is bounded
and D(x) € L?[0,2n]. Then D(2x)a(x) € L?[0, 2] and, therefore, S € Vp.n, due to
Lemma 2.1. Moreover, Pevnyi and Zheludev’s work [9, Proposition 2, p. 72] shows
S L Vpon.Hence S € W, 2.

Now it remains to show R(x) = D(2nx)yp2,(x): By (1.4), wpon(x, j — 2kn) =

e”‘xa)p‘zn (x, j). Combining this with (3.1), one has

2
1 .
1//[7,211(] —2kn) = E/wpln(xa j)elkx dx. 3.2)
0
Letd; = % 02” D(x)e''™ dx. Then
2w
R() == [ D@wpanr, dx = 3 dipon(G = 2n) = U dx 41y 20 ()
J) = b p.2n X, J)AX = 1Vp,2n(J = p.2n\J).
0 l

Moreover, ﬁ(x) = D(an)l/}p,zn (x). This completes the proof. O

Recall that a(x) = e (1 — e~i%)? T2p,n(x +m). Let G(I) denote the Fourier coefficients
of a(x), i.e.,

2
G() =: %fa(x)e_ilx dx. (3.3)

0

Then the discrete spline ¥ 2, (j) = % fO2” wp2n(x, j)dx can be represented as linear
combinations of B, ,(j — In), in which the coefficients are G(I).

Lemma 3.2. [9] The discrete spline v, 2, has the following properties:

@) ¥p2n() =2, GDBpn(j—In);
(i) GO =(=DPG(=p+2-1);
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@) suppG S [—pn—p+1l,u+1]and G(—pu—p+1)#0, G(u+ 1) #0. Here, u =
[@] stands for the integer part of @.

Now we are ready to give the next lemma, which is important for Theorem 3.1.

Lemma 3.3. The discrete spline Y 2, (-) satisfies

n Tk
1;[’p,Zn (x + _>
n

Proof. One proves firstly

2n—1

2

k=0

2
~ 1.

Fpon(x)#£0 forx e <0, ﬂ (3.4)

(Here, the authors thank the referee pointing out a mistake in the original proof.) By
Lemma 3.2(1), ¥p2.(j) = Zl GWU)Bpn(j —In) =U"G * B, ,, where U is the upsam-
pling operator defined in Definition 1.1. Moreover, Izp’zn x)= é(nx)é p.n(x). Since G(1)
is the Fourier coefﬁc@ent of a(gc), one knows G(x) =a(x) and 1},,,2,1 x)= a(nx)f)’p,n(x).
Recall that a(x) =:€'"* (1 — e™"*)P T} n(x + 7). Then

Vp.an(x) =™ (1= ") Top  (nx + 70) By o ().
To conclude (3.4), one finds that
. R n—1 N p 1— e—inx p
-t~ (£) ()
j=0

on x € (0, %]. On the other hand, T), ,(x) is positive on the real line R (see [8] or [9]).
Hence (3.4) is true. Based on (3.4), one can show

o wk
Vpon|l x +—
n

In fact, for x € [0, Z],

2n—1

>

k=0

2
~ 1. (3.5)

2n—1

2

k=0

2
>0,

A 7k |? A 2 A b4
1ﬁp,2n X+ 7 P> |Wp,2n(x)| + 15017,211 X+ ;

due to (3.4). Note that gﬁp,gn (x) is continuous and Zii_ol |1&p,2,, (x+ ”Tk)|2 is % periodic.
Then (3.5) holds, which completes the proof. O

Similar to Theorem 2.1, we have a characterization for RTB wavelets.
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Theorem 3.1. Let Yy € W, 2,. Then v is an RTB wavelet if and only if

2

1
Vo) =5 / T ()wp 2 (x, ) dix

0

fort e L2[0,27) and t(x) ~ 1. In particular, ¥, 2, with T(x) = 1 is an RTB wavelet.

Proof. The proof is similar to that of Theorem 2.1. For the necessary part, assume that
v(j) = % foh T(x)wp 20 (x, j)dx and {3y (- — 2In)}; forms a Riesz basis for W), 2,. Then
for each S € W), 2y, S(j) = Zlc(l)w(j — 2In) and ||S]| ~ ||é]l. It is easy to see that
S =U%c %y and S(x) = c(2nx)¢(x) On the other hand, Lemma 3.1 says w(x)
r(2nx)1pp 21 (x). Therefore, S(x) = c(2nx)r(2nx)1/fp on(x) and

2 2
i/|S"(x)|2dx - i/|é(2nx)r(znx)1/} )| dx
2 T2 p:2n

0 0

- 1 4nnA R . 2d
—4]_[—’1/ C(X)T(x)lﬁp,Zn(E) X

2n—1 ) x + 27l
__/|c(x); e’ Z zpp2n< » ) dx.

Note that ||S|| ~ ||¢]| and ||| ~ ||é]|? for each ¢ € €2(Z). Then the desired conclusion
t(x) ~ 1 follows from Lemma 3.3.
Conversely, one knows

2

1
Vo) =5 / T () an (¥, ) dx (3.6)

0

with r(x) ~ 1. One shows firstly that {1/ (- — 2In)};cz spans W, ,: Let S € W, ,. Then
S(j) = 2n 2” D(x)wp 2, (x, j)dx for some D e L?[0,27x], due to Lemma 3.1. Since
T(x) ~ 1 D € L?[0,27] and 2% = S c(l)e!™ with ¢ € €2(Z). Combining (3.6)

> t(x) T(X)

with (1.4), one has ¥ (j — 2In) = 5~ f T(xX)wp 20 (x, j)e”" dx. Furthermore,

2 D(x)
S()_—/D(x)a)p m(x, j)dx = —/ T(X)wp 2 (x, j)dx
0

=Y ey (- — 2kn).
k
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Next one shows the existence of Riesz bounds: note that Lemma 3.1 says that U(x) =

T (2nx)1ﬁ p,2n(x). Then @(x) 1/Af p,2n(x), due to the given condition 7 (x) ~ 1. On the other

hand, Lemma 3.3 tells 12"01 W,, a(x+ ”l)|2 ~ 1. Hence

2n—1 7l 2 2n—1 7l 2
> w<x+7) ~> I/fp,n<x+7> ~1. (3.7)
=0 =0

Take S(-) = Y, c(k)¥ (- — 2kn). Then S(x) = é(2nx) - 1 (x). Furthermore, it is easy to see
that

1317 = [ @]’ = o / |é@na ) d

2n 1
27l
/|c(x)| <x +n” )' dx ~ ||¢|%

by (3.7). Hence || S|| ~ ||c||. Now the proof of Theorem 3.1 is finished. O

We give two more concluding remarks, before closing this section:

Remark 3.1. Let v/, > be an RTB wavelet in W, > and ¢, > be an RTB spline in V), 5.
Recall that

Von=Vpou ® Wy, and V,;=E(2).

Then {¢, 2(- — 2k), Wp 2(-— 2k)}keZ must be a Riesz basis for ZZ(Z): In fact, the desired
result follows from ¢2 (Z)=Vp2@® Wp2 and

> ey (-
k
>

k

2
~lell® + 11d]1%.

In general, we have
C(2) =V @ Wy ®W, 001 BB Wy

and {¢p 20 (- — 2"k), Ypon (- = 27k), Y qu-1 (- — 27 1K), . Yp 2 (- — 2k)}kez forms a
Riesz basis for £2(Z).

There are many references for this kind of basis in 0%(2), see [3-6], etc. In particular,
it is called p stage wavelet basis in [5]. In this case, each element of 0%(Z) can be repre-
sented by this kind of stable basis. The convergence holds in ¢>(Z) sense, which can be
compared with the pointwise convergence in [9]. On the other hand, since a Riesz basis is
not necessarily orthogonal, we need to find the dual to give the expansion.
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Remark 3.2. A detailed observation on [9, Theorems 4 and 9] shows that the similar dual
results hold for RTB splines and RTB wavelets in ¢2(Z). We mention the conclusions
without repeating the proofs:

Let
1 2 ) 27
¢(x)=5/c<x>Ep,n<x,j>dx and ¢3<x>=5/0<x>Ep,n<x,j>dx
0 0

be RTB splines. Then ¢ and & are dual each other, i.e., Zj d(j— kn)¢~>(j —qgn)=46k—q)
if and only if

CX)DX)Tapn(x) = 1.

Similarly, assume

2 2
1 . 1
Y(x) = E/C(x)wp,zn(x,j)dx and ¥ (x)= E/‘D(x)wpﬂn(x»j)dx
0 0

be RTB wavelets. Then v and ¢ are dual each other, i.e., Zj v(j— 2kn)1/~/(j —2In) =
S8(k —1), if and only if

C(x)D(x)2(x) =1,
where -Q(x) = 4T2p,n(%)T2p,n(% + 7T)T2p,2n ()C)

4. A class of symmetric RTB wavelets

It is easy to see that ¥, 2, is symmetric (or antisymmetric) and has finite support from
Lemma 3.2. In this part, we shall give a family of symmetric RTB wavelets with finite
supports, which include ¥, 2, as an example. It turns out that v, 2, has the shortest support
among that class.

Theorem 4.1. Let the function t(x) = an\le cme " *nX with ¢ # 0 and cy # 0 satisfies
that

(i) t(x) # 0 on the whole real line R,
(i) ¢ =cn—i41foreachl e{l1,2,..., N} and
(iii) k; + ky—i+1 is a fixed constant for each l € {1,2, ..., N}.

Then
| 2
Vo) =5 / T ()pan (¥, ) dx
0

is a symmetric (or antisymmetric) RTB wavelet with finite support.
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If N=cy=1and k; =0, then 7(x) =1 and the corresponding v = v, 2,. We have
much more choices, according to this theorem.

Proof. Since 7(x) is a trigonometric polynomial, the condition (i) implies that t(x) ~ 1
and 7(x) € L?[0, 27r]. Moreover, it follows that the corresponding 1 is an RTB wavelet
from Theorem 3.1.

Recall that

. X x . x+27 x+2T
wp,Zn(xa])=a<§)Ep,n<§,]>+a< ) >Ep,n< B ’J)‘

Then
1 o 2 2
. X . X+ 2 xX+2r
o= oo () o2 o2
0
T ! 2w
[/ /f(2y)a(y)Epn(y J)dy] /r(2x)a(x)Epn(x jdx.
0

Substituting E, ,(x, j) = Y Bpa(j — In)e™™ and t(x) = N_, ¢,pe ¥ into this
above identity, it reduces to

N

Yv(j)=— chlfa(x)ZBpn(] _ln)eft(l+2km)xdx.

m=1

By the definition of G (/) given in (3.3), one has

W(J)—ZBpn(J — In) ZcmG(z+2km> @.1)

m=1

Furthermore, because both B, ,(-) and G(-) have finite supports, ¥ () does as well.
Now, one shows

v[2n —p =20k +ky)n = j]= (D" ()
to conclude the symmetric (or antisymmetric) property for ¥r: Note that

2n—p =2k +kyn—j—In=pn—-1)+QL—-—p—-Dn—2k+ky)n—j
and

Bpa[p(n—1) = j] = Bpa(j).
Then

Bp,n[2n —p—2k1+ky)n—j— ln] = Bp,,,[j +2ki+kny)n—2—p— l)n].
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This together with (4.1) leads to

v[2n = p =20k +kn)n — j]
N
=Y Bpali+2(ki +kn)n— Q2= p—Dn] > cnGl + 2kn).

l m=1

By taking a variable change s =2 — p — [ — 2(k; + ky), one has
v[2n = p =20k +ky)n — j]

N
=Y Bpali—sm) Y cwG[—s+2— p—2(ki +kn) + 2kn]-
s m=1

Note that condition (iii) says —2(kj + ky) + 2k, = —2kn—m+1. Then
G[—s+2—p—2(ki +kn) 4+ 2kn] =G(=s +2— p — 2ky_m11)
=(=DPG(s 4+ 2kn—m+1),
by Lemma 3.2(ii). Hence

N
Y[2n—p =20k +knn = j]=Y_ Bpali —sm) Y en(=1P G(s + 2kn_m11)

m=1

N
= (1P Bpa(j—sm) ) en-141G(s +2k).

=1
Using condition (ii), cy—;+1 = ¢; and (4.1), one reaches the desired conclusion

v[2n — p—2(ki +ky)n — j] = (=DPy ().
The proof is done. O

Given a sequence a = (a(n)) with finite support. The length of the support is defined as
max{n, a(n) # 0} — min{n, a(n) # 0}, denoted by [suppal|.

Theorem 4.2. Let 7(x) = YN _, cue™ % with ¢; #0, ey #0 and ky < ky < --- < ky.
Then the corresponding RTB wavelet

2

1
1//1v(])=g/f()€)wp,2n(x,j)dx

0
satisfies |[supp Y| 2 [supp ¥ p 2nl.

Note that the assumption k; < k2 < --- < ky is not essential, since we may make a
rearrangement for non-zero terms of the given 7 (x), if it is not in such a case.

Proof. By using (4.1), yn(j) =D, Bp.n(j —In) ZZ:I cmG (1 + 2ky), one shows firstly
supp¥n S [(—— p+1—2ky)n, p(n — 1)+ (u+1—2kn]. (42)



X. Dou et al. / J. Math. Anal. Appl. 321 (2006) 59-74 73

For each j € supp ¥y, since supp B, C [0, p(n — 1)], there exists some [ such that /n <
Jj < p(n—1)+In.On the other hand, suppG C [—u—p+1, u+1]implies —u—p+1 <
I +2ky, <+ 1forsomem e {1,2,...,N}. Hence —u— p+1—2ky <I < pu+1—"2k.
Altogether one receives (4.2). Note that ¥y = ¥ 2,, when N =1 and k; = ky = 0. Then

supp¥p.2n S [(—pt = p + Dn, p(n — 1)+ (u+ Dn]. 4.3)
Next one proves

yn[(=n—p+1—2ky)n]#0 and wN[p(n—1)+(M+1—2k1)n]¢o.(44)

Using the expression for ¥y (j) in the beginning of the proof, one has

YUn[(— — p+ 1 —2ky)n]
N
=Y Bpa[(—i—p+1=2kn)n —In] > " cnG(l + k).

l m=1

Since supp By, € [0, p(n — 1)], only < —u — p + 1 — 2ky contributes to this above
summation. Similarly suppG C [—u — p+ 1, u + 1] requires [ + 2ky > —u— p+ 1 or
l > —w—p+1—2ky. Therefore, | = — — p + 1 — 2ky and furthermore [ + 2k,, =
—u—p+1—-2ky+2ky, <—pu—p+1forl<m <N —1.Then

Yn[(—p — p+1—=2ky)n] = By n(0)CNG(—p — p+1) #0.
Similarly ¥y[p(n — 1) + (u + 1 — 2k1)n] # 0 and hence (4.4) is proved.
According to (4.2), (4.4) and (4.3), one has
supp¥n| = [p(n — 1) + (u+ 1 = 2k)n — (= — p + 1= 2kn)n|
= [2(t + p)n — p +2(kn —ki)n| =2+ p)n — p = |supp ¥p,2al-
This completes the proof. O
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