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1. Introduction

The ring of invariants of an algebraic group action on an affine variety is the subalgebra formed by those regular functions
which are constant on the orbits. A central question in Invariant Theory, thought to be the inspiration for Hilbert’s fourteenth
problem, is to ask if the ring of invariants is always finitely generated, that is, if it is always equal to the ring of regular
functions on some affine variety. Nagata [13] gave a negative answer in 1958: a 32-dimensional linear representation of a
non-reductive group. In 1990, Roberts gave a new, significantly simpler counterexample: an action of the additive group on
a 7-dimensional affine space ([15], see Example 4.2). It led to similar smaller examples by Freudenburg in dimension 6 ([6],
see Example 4.4), and Daigle and Freudenburg in dimension 5 ([ 1], see Example 4.1), the smallest known counterexample
to Hilbert’s fourteenth problem.

Invariant rings are not far from finitely generated. Not only did Nagata prove that they are at least rings of regular
functions on some quasi-affine variety (see [14, Chapter V.5]), but also Derksen and Kemper showed that there always
exists a finite separating set, that is, there always is a finite collection of invariants which can distinguish between any two
points which are distinguished by some invariant (see [2, Proposition 2.3.12]). The first result was made constructive by
Derksen and Kemper in the case of an action of a connected unipotent group on a factorial variety (see [3, Algorithm 3.8]),
but the algorithm is not very practical. The second result is highly non-constructive. Until now, only one example appeared
in the literature: Winkelmann [19] found a quasi-affine variety on which the regular functions are the invariants from the
Daigle-Freudenburg example (see Example 4.1), and jointly with Kohls [4], we constructed a finite separating set for the
same invariant ring.

In this paper, we give a new method for finding a quasi-affine variety on which the ring of regular functions is equal to a
given invariant ring. In addition, we give a criterion to recognize separating algebras. The method and criterion are used on
known examples in Section 4, and to construct a new example in Section 5.

2. Main result

Let k be an algebraically closed field, and let G be an algebraic group over k. Suppose G acts on V, an irreducible, normal
affine algebraic k-variety (so that k[V], the ring of regular functions on V, is a normal, finitely generated k-domain). Such
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an action induces a representation of G on k[V] viao - f = f o (—o). The elements of k[V] which are fixed by G form a
subalgebra k[V]¢, called the ring of invariants.

By definition, invariants are constant on orbits. Thus, for two points u, v € V and f € k[V]C, if f(u) # f(v), then u and v
belong to distinct orbits, and we say f separates u and v. Accordingly, a subset E € k[V]° is called a separating set if any two
points u, v € V which are separated by some invariant are separated by an element of E [2, Definition 2.3.8]. A subalgebra
A C k[V]¢ which is a separating set is called a separating algebra. More generally, if U is a subset of V, we say E is a separating
set on U if the elements of E separate any 2 points of U which are separated by some invariant in k[V]° (cf. [9, Definition
1.1]).

We recall the notation introduced in [3, Section 2.1], which fills the gap between colon operations on ideals and Nagata’s
ideal transform (see [14, Chapter V.5]). If A and B are subsets of a commutative ring S, we define the following colon
operations [3, Definition 2.1]:

(A:B)ys:={f eS|fBCA}, and
o0
(A:B®)s:=JA:B)s={f €S| 3r > 1, suchthat fB" C A}.

r=1
When A and B are ideals, these are the usual colon ideals. If R is a domain with field of fractions Q (R) and 0 # f € R, then
R:(N*ew = Ry
If R = k[X] is the ring of regular functions on an irreducible affine variety and Y is the zero set in X of the ideal I, then
(R : I®)q(x) is the ring of regular functions on the quasi-affine variety X \ Y [3, Lemma 2.3]. Thus, (R : I°°)q, corresponds
exactly to the ideal transform of Nagata. For hq, ..., h, € k[X], we write Vx(hq, ..., h;) to denote the common zero set in
X of the regular functions hy, ..., h;.

Theorem 2.1. Let A C k[V]° be a finitely generated subalgebra and let fi, . .., f. € A be such that Ay, = k[V]}f foreach .

(1) If Vw(fi,...,f.) € V has codimension at least 2 (if (f1, ..., f,)k[V] has height at least 2 in k[V]), then k[V]° is equal to
the ring of regular functions on the quasi-affine variety W \ Vy (fi, . .., f;), where W = Spec(A), that is, k[V]® = (A :
(fr, .. f)aw)-

(2) IfAis a separating algebra on Vy (f1, ..., f;) €V, then Ais a separating algebra on all of V.

Proof. (1): Our assumptions imply that Q (A) = Q (k[V]°). Since k[V] is normal and since (f;, . .., f,)k[V] has height at least

2,itfollows that (A : (f1, ..., f;)*)q) is a subset of

V]2 (frs - )y N QA) = kIVINQKIVI®) =Kk[V]®.

Take f € k[V]C. Since f € k[V]ff = Ay, thereis s; > O such that f'f € A.Ifs = s; + --- + s, then f((f1, . . ., f)A)* C A.
Therefore, f € (A: (f1, ..., f)™)aw-

(2): Suppose u, v € V are separated by f € k[V]C. If both u and v are in Vy(fi, ..., f.), our assumptions imply that
u and v are separated by an element of A. If only one of u, v is in Vy(fi, ..., f;), then u and v are separated by an f;. If
neither u nor v is in Vy(f1, ..., f-), and if no f; separates u and v, then there is a j such that fj(u) = fi(v) # 0. Since
KV = (A: (fi,-- - [)®)ow < Ay, there exists m > 0 such that if € A. As (f"f)(u) = fiw)"f (W) = fi(v)"f(u) #
[@)™f () = ("f)(u), an element of A separatesu and v. O

If B is a k-algebra, then
fg := {0} U {f € B | By is a finitely generated k-algebra}

is a radical ideal of B, called the finite generation locus ideal [3, Proposition 2.10]. It is equal to B exactly when B is finitely
generated. Using Theorem 2.1 relies on finding enough elements in the finite generation ideal.

Corollary 2.2. Suppose A and fi, ..., f satisfy the conditions of Theorem 2.1(1). Ifk[V]® € k + (fi,...,f)k[V], thenAis a
separating algebra.

Proof. If k[V]® < k + (fi,...,f)k[V], then all invariants are constant on Vy(fi,...,f,) and so the condition of
Theorem 2.1(2) is automatically satisfied. O

Remark 2.3. Theorem 2.1 implies that if we have A C k[V]¢ and an ideal I of A such that k[V]° is equal to the ring of
regular functions on Spec(A) \ V(I), then under some additional assumptions, A is a separating algebra. On the other hand,
if A € k[V]° is a normal finitely generated separating algebra with Q (A) = Q (k[V]%), then there is an ideal I of A such that
k[V]C is equal to the ring of regular functions on Spec(A) \ V(). This can be deduced from [19, Theorem 2 and Lemma 7] as
follows.

Each E C k[V] induces an equivalence relation ~¢ on V. For u, v € V, we write u ~¢ v if and only if f (u) = f (v) for all
f € E.In[19, Lemma 7], Winkelmann shows that there exists a normal, finitely generated subalgebra A C k[V]° such that
~a="yv|c- In the proof of [19, Theorem 2], he shows that we can assume A is normal and Q (A) = Q(k[V]°). Then, there is
an ideal I of A such that

k[V]I® = (A: 1®)qu.-

The key observation is that ~4=~|c exactly when A is a separating algebra. In particular, [19, Lemma 7] implies the
existence of a finitely generated separating algebra.
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3. Additive group actions

For the examples discussed in Sections 4 and 5, we concentrate on algebraic actions of the additive group G, = (k, +),
and assume that k has characteristic 0. Such an action corresponds to a locally nilpotent derivation (LND), that is, a k-linear
map D : k[V] — k[V] such that

(1) foralla, b € k[V], we have D(ab) = aD(b) + bD(a), and
(2) for all b € k[V], there exists m > 0 such that D™(b) = 0.

The Gg-action on V is given by the k-algebra homomorphism:

O: kIV] — klV]®yk[T]
f [ e(f)v

where k[T] = k[G,] is the ring of regular functions on the algebraic group G,. This G,-action induces an action on k[V] via
a-f =06(f)|r=—q The correspondence between D and the G,-action is given by

o0 k
0(f) = ZD 0 i

|
prd k!

The ring of invariants k[V]%® coincides with the kernel of D, which we write k[V]P. For convenience, we will describe G-
actions on V by giving the corresponding LND on k[V]. For more information on LND, we refer to the excellent book of
Freudenburg [7].

If s € k[V]is a slice, that is, if D(s) = 1,thens : V — G is Gg-equivariant, and there is a G,-equivariant isomorphism
Gq X 5*1(0)—1V, given by (g, v) — a - v, which identifies the invariants k[V]% with k[s~'(0)]. In general, if s € k[V],
f :=D(s) # 0,and D?*(s) = 0, then s/f is a slice on Vi = V\Vy(f).Such ansis called a local slice. We then obtain generators
for Jk[V]f? as follows (it is the first step of van den Essen’s algorithm):

Lemma 3.1 (See [18, Sections 3 and 4]). Take s € k[V] such that f = D(s) # 0 and D?(s) = 0. Ifk[V] = k[b, ..., b, then

k[V]}’? is generated by f, 1/f, and {f%0(b;)|r=—ss | i =1, ..., r}, where e; is minimal so that f%0 (b;)|r=—s/; € k[V].

As Gq is a connected unipotent group, when V is factorial, the finite generation ideal f,;,p generates an ideal of height at
least 2 in k[V] (see the proof of correctness of [ 3, Algorithm 2.22]). Therefore, there always exist {fi, . . ., fn} and A satisfying
the conditions of Theorem 2.1(1). Combining some existing algorithms, one can compute such {fi, ..., f;,} and A as follows.

First, use [8, Algorithm 3.20] to compute fy € f,yp,andgo 1, - - -, 8o.sy € k[V]¥, such that k[V]j% = klfo, 1/f0, 80,1, - - - » 80,50 -
Next, use [3, Algorithm 2.13] with S = k[V], Ry = k[fo, £o,1. - - - , 80,5, ], and a = foR to compute further elements {fi, ..., f;}
of o until the ideal (fo, f1, . . ., f)k[V] has height at least 2. The last step is to use van den Essen’s Algorithm to compute

gt 8is € Kk[V]? such that k[V]? = KkIf,, 1/fi, i1 .. .. 8is]- Taking {fo,....f;} and A = klfo,....fr.gj | i =
0,...,r,j=1,...,s.] will satisfy the conditions of Theorem 2.1(1).

4. First examples

Example 4.1 (Daigle and Freudenburg [1]). Let V := k>, and let R := k[x, s, t, u, v] be the ring of regular functions on V.
Define a LND on R via:

PR LI A
=X =4 Ss— +t— +X—.
as ot ou av

Daigle and Freudenburg proved in [1] that the ring of invariants R is not finitely generated. In [19, Section 4],
Winkelmann defined a subalgebra

A: =klfi, fo. f5. fa. S5, fo]!
= k[x, 2x3t — 5%, 3x%u — 3%t + 53, xv — 5, ¥%ts — s%v
+2x3tv — 3x%°u, —18x3tsu + 9x%u? + 8x°t3 + 65°u — 3t3s%],

and proved that R4 is equal to the ring of regular functions on Spec(A) \ V(x, 2x>t — s?). With Kohls [4], we proved that A
is a separating algebra. We will show how both results follow from Theorem 2.1.

1 In fact, we have A = k[f1, f2, fa, f5, f6], since fs = —fifs + fofa.
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We have x> = A(s) € R* and f, = 2x°t — s> = A(3x°u — st) € R®. Lemma 3.1 yields the following generators

for R =R% : and for R}, :

X, 1/xv fo 1/fa

0| _gpo =x=Fi  OX)|_cuseyy, =X =fi
0(S)| g3 =0 HOO)_au—styr, = —f3/2

OO 0 = /2 00| _@eustp, =X f6/2
XOW)| g3 = f3/3  FOW|_zeu_sp, =faf3/6
W) g3 =fa,  LOWI_gdustyy =F5-

Observe that A contains the above polynomials, and so A, = Rf and A, = RfAz. As Vs 3, 2x3t — §?) = V5 (x, s) has
codimension 2, Theorem 2.1(1) implies that R is the ring of regular functions on Spec(A) \ V(x, 2x3t — s%).

Using the fact that A is graded and commutes with % and % one can show that R® C k @ (x, )R (see
[4, Proposition 3.2]). Corollary 2.2 then implies that A is a separating algebra. O

Example 4.2 (Roberts [15]). Let B := k[x1, X2, X3, ¥1.Y2, ¥3, v], and let 2 < m € Z. Consider the LND defined on B via:

Gl
g
D:=xT

3 3 3
— X AT 4 (xyxpx3) " —.
A ov

2 9y, dys

Roberts [15] proved that B is not finitely generated.
For each i, D(y;) = x}“‘” € BP, and Lemma 3.1 yields the following invariants:

_ m+1 m+1 _ m+l m—+1 _ m+l m+1
¢l X1 _xz Y1, ¢2 X] _X3 Y1, ¢3 Xz Y2,

¢4 = (X1X2) V3 — X3, @5 = (X1X3)"Y2 — XU, ¢ = (X2X3) y1—><1v

Let A = Kk[x1, X2, X3, $1, P2, P3, Pa, @5, ¢s]. By construction, we have Bﬁ’i = Ay. As V7(x1, X2, x3) has codimension 3,
Theorem 2.1(1) implies that B is the ring of regular functions on Spec(A) \ V(x1, X, X3).
AsBP C k @ (x1, X5, x3)B (see [15, Lemma 2]), Corollary 2.2 implies A is a separating algebra. O

Remark 4.3. Part (1) of Theorem 2.1 does not imply part (2). Indeed, A’ := k[x1, X2, X3, @1, @2, P3, Ps, Ps] is not a separating
algebra, as A’ does not separate (0, 0, 1, 0, 0, 0, 1) from the origin, although ¢4(0, 0, 1, 0, 0, 0, 1) = 1. On the other hand,
by Lemma 3.1, A;n = B,‘?1 and A;z = sz. Since V,7 (x1, X2) has codimension 2, Theorem 2.1(1) implies that B is the ring of
regular functions on Spec(A’) \ V(x1, x2).

Example 4.4 (Freudenburg [6]). Let B := k[X, y, s, t, u, v], and define a LND on B via:

D'—x3i—|— 8+ ta—}—x
S TR A S

Freudenburg [6] showed that B is not finitely generated.
Let A be the k-algebra generated by:

Xy, =y’ +xv, —3y°s? + x%t,
—x2y3st + 3x°u + y*s?v — 2x3ytv,
—2y5526% + 4x3y3t3 + 3yPs3u — 9x%y3stu + 2x0u?

We have D(s) = x> e BP and D(3x*u — y3st) = 2x3y3t — y®s?> € BP. Comparing with the generators given by Lemma 3.1,

— RpD
we see that Ay3,3,_ 62 = B2x3 3t_yB52) and A, = B,. As

Vis (%, 2yt — ¥°5%) = Vis (X, 5) = Vis (X, ) U Vs (%, 5)

has codimension 2, Theorem 2.1(1) implies that B is the ring of regular functions on Spec(A) \ V(x, 2x%y3t — y5s2).

We have B C k @ (x,y)B (see [6, Lemma 1]). A careful study of the list of generators given by Tanimoto for B”
[16, Theorem 1.6] reveals that B? C k[y] & (x, s)B. As A contains y, A is a separating algebra on both V,6(x, y) and Vs (x, s).
Hence, it is a separating algebra on Vs (x, 2x>y°t — y®s?). By Theorem 2.1(2), A is a separating algebra on all of k°.
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5. A new 7-dimensional example

The new 7-dimensional example discussed in this section illustrates the difficulty involved in applying Theorem 2.1(2).
Let B := Kk[x1, X2, X3, Y1, Y2, ¥3, v], and define a LND on B via:

where 1 < a, b € Z. We do not know if B is finitely generated.
Noting that D(y;) = x{ € B, we apply Lemma 3.1 to define A C B so that A,, = BZ:
A= k[x1, X2, X3, X{y2 — X5y1, X{y3 — X§y1, X3y3 — X3y, hy, ha, hs],
where
h = x0W) oy, 1=1,2,3,
and @ : B — B[T] is the map giving the G,-action. As 'V, (x1, X2, X3) has codimension 3, by Theorem 2.1(1) B? is the ring of
regular functions on Spec(A) \ V(x1, X2, X3).
In Lemma 5.3 below, we will show that B> € k @ (x4, X2, X3)B. By Corollary 2.2, it then follows that A is a separating
algebra.
Our argument to prove Lemma 5.3 relies on the relationship between our new 7-dimensional example and a

generalization of an example first proposed by Maubach [11, Chapter 5]. Let R := k[x,y,z,u, w],and let 1 < a,b € Z.
Define a LND on R:

A-—x“a+ 8+z8+u”a
T Ve T T

In the case a = 1, b = 2, Maubach asked if R is finitely generated. The question remains open.

In [7, Section 7.2.3], Freudenburg explains how the Daigle-Freudenburg example (see Example 4.1) can be derived from
Roberts’ example (see Example 4.2) by “removing all symmetries”. We follow the same argument to derive Maubach’s
example from our new 7-dimensional example. Consider the faithful action on B by the 3-dimensional multiplicative group
G3, given by:

Oy 1, )+ (X1, X2, X3, Y1, Y2, V3, V) 1= (AX1, UXa, VX3, A%Y1, 12, v7y3, (Auv) o).
This action commutes with D. Additionally, D commutes with the action of the symmetric group S3 given by:
0+ (X1, X2, X3, Y1, ¥2, Y3, V) := (Xo(1), X6(2)5 X6 (3)> Yo (1) Yo (2)» Yo (3)» V)-

The group S3 acts on G;”n by conjugation, and so Gf‘n x S3 acts on B. Since the Gf‘n-action has no non-constant invariants, we
consider the subgroup H of an given by Auv = 1. This subgroup H is isomorphic to an, and the group G := H x S; acts on
B. The invariant ring of H is generated by monomials:

B = k[X1Xxx3, X{y2y3, X5Y1Y3, XY1¥2, X{X5y3, X{X§y2, X5x4y1, 1Yy, v].

Since H is normal in G, B¢ = (B")%3. Moreover, B® is a polynomial ring in 5 variables given as a subalgebra of B by:
K[X1X2X3, X1Y2Y3 + X5Y1¥3 + X§Y1¥2, X1X5Y3 + X9x5y + X5X5Y1, Y1yays, vl.

Setting

X 1= X1X2X3,

¥ = (xix3y3 + xix3y2 + x5x3y1) /3,
z := (X{y2y3 + X3y1y3 + X3y1y2) /6,
u = y1y2y3/6,

w = v/6°,

we have B® = R, and the LND induced by D coincides with A. As G is a reductive group and since R* = (B”)C, if BP is finitely
generated, so is R?.

Lemma 5.1. B” C k[y1, y2, y3] @ (x1, X2, X3)B.
Proof. If B’ := k[y1, 2, ¥3, v] = B/(X1, X2, X3), then D induces a locally nilpotent derivation on B':

VA b 0
D = (y1y2y3) —,
v

with kernel B = k[y1, V2, y3]. Thus, if f € k[V]®, we can write
fi=x1f1 + x2f2 + x3f3 + h,
where h can be viewed as an element of B'. As D(f) = 0, we have D'(h) = 0,and so f € k[y1, Y2, 3] ® (x1, X2, X3)B. O
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Lemma5.2. R Ck & (x,y,2)R
Proof. If R’ := k[y, z, u, w] = R/(x), then A induces a locally nilpotent derivation on R’:

A’ 0 +z 0 +u i
=y— — 4 u—.
y 0z au av
Since this is an elementary monomial derivation in four variables, the ring of invariants is generated by at most four elements
[10], which we compute with van den Essen’s Algorithm [ 18, Section 4]. First, we write down the algebramap 6’ : R — R'[T]
corresponding to A’:

0'(y) =
0'(z) =z +yT,
0'(u) = u+ 2T + JyT?,

2b+1 b

1 b 1
o’ — le ub—mz2m+l—l l—m—l.
W=wt) g n;)(b—m,Zm+l—I,l—m—l)Z’—m—l y

=1

Choosing the local slice z, the first step of the algorithm yields the following three generators:
Y,

h:=yu— 1z
2b+1 (_])[

b
b 1
h/ = b+1 ub—m22m+1 b—m'
A n;)(b—m,Zm—i—l—I,l—m—l)z’—m—l y

I=1
The second step of the algorithm yields the fourth generator:

h// — ln ( 2h2b+1 + 22b+1h/2>
y o

where

b )J-HJ—H b -
Z G+b+ 1)21( ) = CORYEE,

j=0

and n is maximal so that y" divides %hz + ih’”’“. It only remains to check that y, h, ', h” € (y, z)R'. This is clear for y, h,
and h'. Modulo z, we have

1 1
h// = ﬁ <§(u.)’)2b+1 4 22b+1 (wyb+1) )

Since the terms divisible by y?® in aithb“ and 221’2 do not cancel, n < 2b. It follows that h” € (y,z)R, and so
RY Ck@® (y,2)R, henceRA C k@ (x,y,z)R. O
Lemma 5.3. B C k @ (x1, X2, X3)B.

Proof. The linear G3 -action on B induces a Z3-grading (here, really a N3-grading) w on B via characters where B o) =
B® = Kk (see [12, Proposition 4.14]). The derivation D commutes with the G3 -action, implying that B? C B is a N3-graded
subalgebra. Therefore, it suffices to show that every non-constant w-homogeneous element of B” is in the ideal (x;, X», X3)B.

Suppose, for a contradiction, that f is a non-constant w-homogeneous element of B” not contained in the ideal
(x1, X2, x3)B.By Lemma 5.1, itis of the form f = f; —|—f2,wheref1 € k[y1,¥2,y3landf, € (xq1, X2, x3)B. As f is w-homogeneous,

so are f1 and f,. Hence, f is supported at the monomial yl y2 y3 Let F be the orbit product of f under the S3-action. We then

have F = F; + F,, where F, € (x1, X2, X3)Band F; € k[y1, y2, y3] is supported at the monomial y’ly’zy’3 As D commutes with

the S3-action, D(F) = 0. The linear action of H = an induces a Z?-grading on B via characters, where Bo.o) = BY (see again
[12, Proposition 4.14]). Let F’ be the component of F of degree (0, 0), then F’ is H-invariant and contains the term F;. As S3
acts on B and F is Ss-invariant, F’ is S3-invariant. It follows that F’ € (B)%3 = B® = R. As D commutes with the H-action, D
is graded with respect to the induced Z?-grading, and so D(F") = 0, that s, F’ is an element of R® supported at the monomial
u', a contradiction to Lemma 5.2.. O

Remark 5.4. Asin our joint work with Maurischat [5], one can define a characteristic-free analog to this new 7-dimensional
example. The map 6 has rational coefficients with denominators all dividing (3b 4+ 1)!. Thus, we can interpret 0 as a locally
finite iterative higher derivation over any field of characteristicp > 3b-+ 1. Use [17, Theorem 1.1] (the positive characteristic
analog of Lemma 3.1) to define A C B? so that Ay = Bfl_:

a a a a a a
A =Kk[x1, X2, X3, X1¥2 — X5¥1, X1Y3 — X3Y1, Xo¥3 — X3¥2, f1, fo, f3],
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where

=2, i=1,2,3.

()
a
A

Theorem 2.1(1) implies that B® is the ring of regular functions on Spec(A) \ V(x1, X, X3). We can show that B’ C k @
(x1, X2, x3)B, and so, by Corollary 2.2, A is a separating algebra. The only significant difference with the characteristic zero
case is that in Lemma 5.2, we must prove that the algorithm really ends after obtaining the fourth generator. This can be
done as in the original argument of Maubach [10, Case 3, theorem 3.1], using that modulo y, h” does not depend only on z.
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