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Abstract

The popularity of state-space models comes from their flexibilities and the large variety of applica-
tions they have been applied to. For multivariate cases, the assumption of normality is very prevalent
in the research on Kalman filters. To increase the applicability of the Kalman filter to a wider range
of distributions, we propose a new way to introduce skewness to state-space models without losing
the computational advantages of the Kalman filter operations. The skewness comes from the exten-
sion of the multivariate normal distribution to the closed skew-normal distribution. To illustrate the
applicability of such an extension, we present two specific state-space models for which the Kalman
filtering operations are carefully described.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The overwhelming assumption of normality in the Kalman filter literature can be un-
derstood for many reasons. A major one is that the multivariate distribution is completely
characterized by its first two moments. In addition, the stability of the multivariate normal
distribution under summation and conditioning offers tractability and simplicity. There-
fore, the Kalman filter operations can be performed rapidly and efficiently whenever the
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normality assumption holds. However, this assumption is not satisfied for a large number of
applications. For example, some distributions used in a state-space model can be skewed.
In this work, we propose a novel extension of the Kalman filter by working with a larger
class of distributions than the normal distribution. This class is caleskd skew-normal
distributions Besides introducing skewness to the normal distribution, it has the advantages
of being closed under marginalization and conditioning. This class has been introduced by
Gonzalez-Farias et dP] and is an extension of the multivariate skew-normal distribution
first proposed by Azzalini and his coworkers P4}. These distributions are particular types

of generalized skew-elliptical distributions recently introduced by Genton and Loperfido
[8], i.e. they are defined as the product of a multivariate elliptical density with a skewing
function.

This paper is organized as follows. In Section 2, we recall the definition of the closed
skew-normal distribution and the basic framework of state-space and Kalman filtering.
Section 3 presents the conditions under which the observation and state vectors of the state-
space model follow closed skew-normal distributions. In Section 4, a sequential procedure
based on the Kalman filter is proposed to estimate the parameters of such distributions. A
simulated example illustrates the differences between the classical Kalman filter and our
non-linear skewed Kalman filter. We discuss our strategy relative to other Kalman filters
and conclude in Section 5.

2. Definitions and notations
2.1. The closed skew-normal distribution

The closed skew-normal distribution is a family of distributions including the normal
one, but with extra parameters to regulate skewness. It allows for a continuous variation
from normality to non-normality, which is useful in many situations, see e.g. Azzalini and
Capitanio [4] who emphasized statistical applications for the skew-normal distribution.

An n-dimensional random vectof is said to have a multivariate closed skew-normal
distribution [9,10], denoted b¢ SN, (i, 2, D, v, 4), if it has a density function of the
form

1
®,,(0;v, 4+ DXDT)

¢, (x5 1, 2)Ppy (D(x — w); v, 4), x € R", D

whereu € R",v € R™, 2 € R"*" and4 € R™*"™ are both covariance matricd3,e R™*",

¢, (x; 1, 2) and @, (x; u, 2) are then-dimensional normal pdf and cdf with mearand
covariance matrixx. WhenD = 0, the density 1) reduces to the multivariate normal one,
whereas it reduces to Azzalini and Capitanio’s [4] density wireg 1 andv = Du. The
matrix parameteb is referred to as a “shape parameter”. The moment generating function
M, (¢) for aCSNdistribution is given by

®,,(DXt;v, A+ DXDT)

My (1) =
mm(®) ®,,(0;v, A+ DXDT)

eXp{,llT[+ ;(tTZt)} 2)
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for anyr € R". This expression of the moment generating function is important to under-
stand the closure properties of t8&Ndistribution for summation. It is straightforward to
see that the sum of tw@SNof dimension(n, m) is not anothelCSNof dimension(n, m).
Despite this limitation, it is possible to show that the sum of @&Nof dimension(n, m)
is aCSNof dimension(n, 2m) [10]. Hence, theCSNis closed under summation whenever
the dimensiomm s allowed to vary. Although important for specific applications (adding a
relative small number of variables), this closure property is not appropriate when dealing
with state space models. These models are based on sequential transformations from time
t — 1 to timet. Implementing a sum at each time step rapidly increases the dimension
m and the sizes of the matri andD quickly become unmanageable. For this reason,
we will propose two new and different ways of introducing skewness without paying this
dimensionality cost.

The three basic tools when implementing the Kalman filter are the closure under linear
transformation, under summation and conditioning. In Section 3, we will present how the
general skew-normal distribution behaves under such constraints.

2.2. The state-space model and the Kalman filter

The state-space modélas been widely studied (e.g. [12,13,17,18,20]). This model has
become a powerful tool for modeling and forecasting dynamical systems and it has been used
inawide range of disciplines such as biology, economics, engineerings and statistics [11,14].
The basic idea of the state-space model is thadtienensional vector of observatidh at
timetis generated by two equations, thieservationablind thesystenequations. The first
equation describes how the observations vary in function of the unobserved stateXyector
of lengthh

Y =F X, +¢, 3

whereg, represent an added noise ands ad x h matrix of scalars. The essential difference
between the state-space model and the conventional linear model is that the stat& yvector

is not assumed to be constant but may change in time. The temporal dynamical structure is
incorporated via the system equation

X =G Xi—1+1,, 4)

wherey, represents an added noise aidis ank x h matrix of scalars. There exists a
long literature about the estimation of the parameters for such models. In particular, the
Kalman filter provides an optimal way to estimate the model parameters if the assumption
of gaussianity holds. Following the definition by Meinhold and Singpurw&bd, the term
“Kalman filter” used in this work refers to a recursive procedure for inference about the state
vector. To simplify the exposition, we assume that the observation efrars independent

of the state errorg, and that the sampling is equally spaceds 1, ..., n. The results
shown in this paper could be easily extended without such constraints. But, the loss of
clarity in the notations would make this work more difficult to read without bringing any
new important concepts.
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3. Kalman filtering and closed skew-normal distributions

In order to obtain the closure under summation needed for the Kalman filtering, two
options will be investigated in this work. The first one, that will be exposed in Se8tign
is to determine under which conditions the observations and state vector follow closed skew-
normal distributions. This question can be rewritten as: what kind of noise in Egs. (3) and (4)
should be added to a closed skew-normal distribution in order that the sum remains a closed
skew-normal distribution? The second strategy is to extend the linear state-space model to
a wider state-space model for which the stability under summation is better preserved. This
approach will be described in Section 3.2.

In order to pursue our goals, we need the two following lemmas. The first one describes
the stability of the closed skew-normal distribution under scalar transformation. For com-
pleteness, the proof of this lemma originally derived by Gonzéalez-Farias et al. [9] can be
found in the appendix.

Lemma 1. Let Y be a random vector with a closed skew-normal distributigfv, ,,
(u, 2, D, v, A) and A arv x n matrix such thad” A is non-singular. If the random vector X
is defined as the linear transforAv , then it also follows a closed skew-normal distribution

X = AY ~ CSN,,,(Au, AXAT , DA< v, A),
whereA < is the left inverse of A and < = A~ when A is az x n non-singular matrix.
The second lemma states that adding a Gaussian noise to a closed multivariate skew-
normal vector of dimensioln, m) does not change the distribution class, i.e. the result

is still a closed skew-normal vector of dimensien m) . In this paper, the proofs of our
lemmas and propositions are presented in the appendix when needed.

Lemma 2. Let X be a random vector with a closed skew-normal distribufv,, ,,
Y, Q, D, v, A) and Z be an n-dimensional Gaussian random vector with meaovari-
ance matrix2, and independent of X. Thethe sumX + Z follows a closed skew-normal
distribution

CSNym(ixi7,2xv7, Dxyz.vx+7, Ax+72),
Whereux+z =y+pu Xxiz=0+4+2, Dxsz =DQ(Q+ 2)71,

Vx4+z =V and Axiz =4+ (D — Dx+z).QDT.
3.1. Distribution of the state-space model variables

A direct application of Lemmag and 1 allows us to derive the first proposition of this
work.

Proposition 3. Suppose that the initial state vect&ip of the system composed by Egs.
(3) and (4) follows a closed skew-normal distributiof’'SN, ,, (Yo, Lo, Do, vo, 40). If
the noiseg,, respectivelyy,, is an i.i.d. Gaussian vector with mean and covariance
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2, respectivelyu, and 2y, then both the state vectdf, and the observation vectdf;
follow a closed skew-normal distributipX; ~ CSNy . (Y,, Q:, Dy, v¢, A¢) and ¥y ~
CSNgm(y, I's, Et,7;, ©r). The parameters of these distributions satisfy the following
relationships for =1, 2, .. .,

U =G+, = F g, (5)

Q =G Q1G] +%,, I'i=FQF +%, (6)

D, =D, 1Q,1GTQt, E, =D,QFT ™, 7

Ve = Vi1, Y = Vi, (8)

Ay = A1+ (Dy—1 — D:G), D] 4, 9)
and

O, = A, + (D, — E,F)Q,D}, (10)

wheneveG! G, and F F, are non-singular matrices.

This proposition shows that the initial state and the Gaussian noises are the two key
elements to obtain state and observation vectors with closed skew-normal distributions.
Besides providing some fundamental relationships, this proposition is a good starting point
to discuss some of the difficulties associated with skewness in the classical linear state-space
model. In particular, the skewness in the observation vector would be better propagated in
time if it was implemented, not exclusively witkip, but at each time step. To develop a
model with such a capability, we choose to extend the linear state-space model framework.
In the next section, we will present the details of such an approach.

3.2. Extension of the linear state-space model

Our strategy to derive a model with a more flexible skewness is to directly incorporate a
term for skewness into the observation equation

Y[ZFIX[+8[
= QUi + PiS; + &, Wwith F;=(Q,. P) and X, =U/.5/)", (11)

where the random vectdy; of lengthk and thed x k matrix of scalarQ, represent the
linear part of the observation equation. In comparison, the random \&atbrengthl and

thed x [ matrix of scalarP; correspond to the additional skewness. The most difficult task
in this construction is to propose a simple dynamical structure of the skewnessSyentdr

the “linear” vectorU, while keeping the independence between these two vectors (the last
condition is not theoretically necessary but it is useful when interpreting the parameters).
To reach this goal, we suppose that the bi-variate random vegforv,’)7 is generated

from a linear system

{ U = KUi—1+ 1},

12
Vi=—-LVi-1+ ”l;+, (12)



P. Naveau et al. / Journal of Multivariate Analysis 94 (2005) 382—400 387

where the Gaussian noigg ~ Nk(u;;, Z;) is independent oﬁr ~ N; (u;, 2,7+) and where
K;, respectively,L; represents @ x k matrix of scalars, respectively,/ax [ matrix of
scalars.

To continue our construction of the system, a few notations and a lemma are needed. The
multivariate normal distribution of the vectot/, V') is denoted by

() mel(5)(5 2)

The parameters of such vectors can be sequentially derived from an initial sléétoVOT)T
with a normal distribution.

Lemma 4. LetD;" = @, LT (@NH ™1y = =L+, and®, () = &, 7, Q).
The skewness past of the state vectok, = (U, ST)T is defined as
S = ’7;+ — LW, (14)

where the vectoW,_; is defined as follows
If Dy <y, then

Vic1 if Vi_a< Dy,
lej—_l Vi1 if Vt—122‘ﬁj—_1 - Dz-'_'ﬁ?_,
Wii=1{ o (¢,_1(D,+w,+> (15)
&1 (Vi) = P2 (DY) .
X @i, DUty ) Otherwise,
Vi_1 if Vi_i<D;y,
1 ( 9aDfYH
Wi1=1{%1 (m(@z—l(vz—l) (16)
—@,,1(Dtﬂp,+))) otherwise.

With these definitions, the variablg follows a closed skew-normal distributiaf ~
CSN;a

WF, QF, D v, A7), wherewe have” =y — Dy, A = Qf . —DroH(DHT,
andQ = L,Q L] + 2.

Although Lemma 4 may look complex, it is easy to show that 1 has the same distri-
bution than[V,_1 | V,—1 < D,y ] (see the proof of the lemma). It follows from (12) that
the vectorsS; defined from Eq. (14) has the same distribution thigr V,_1 < D,ﬂp,*]. The
former variable is usually used as a more classical definition of skew-normal y@Jtior
the context of time series analysis, the reason for defipgvith (15) and (16) instead
of using the simpler definitiomV;_; = [V,_1| V;—1< D/ 1 is that the latter one is not
practical to generate simulated realization$i6f To illustrate this difficulty, suppose that
v;—1 IS one realization o¥/;,_1 that does not satisff, = {v;_1 < D,ﬂﬁ}. In this situation,
we have to re-simulate other realizationsipf 1 until E; is true. A classical accept-reject
algorithm can be time consuming #; occurs rarely (which is the case if a large amount



388 P. Naveau et al. / Journal of Multivariate Analysis 94 (2005) 382—400

of skewness is introduced). In comparison, definiig 1 through (15) and (16) bypasses
this computational obstacle. In this case, there is no need to simulate other realizations
because; is always satisfied with the construction proposed in Lemma 4. The technique
implemented to generate directl,_1 is based on a folding construction that has been
studied by Corcoran and Schneid@}. The proof of Lemma 4 gives the details of such a
folding. From a theoretical point of view, the reader only needs to keep in mind tligt
stochastically equivalent {&; | V;—1D;" <y;F1.

From Lemma 4, we deduce that the state vector has also a closed skew-normal distribution

U, i ;
X, = ( S:) ~ CSNitt k1P, Qs Disves A with o, = (lﬁ) e
t

(2 0 (0 0O e (I 0
05 §) n(8 8) (2 a5 2)

Hence, the variabl§, through the matrix., introduces at each time step a different skew-
ness(if needed) in the state vector whose temporal structure is defingdryl2). The
price for this gain in skewness flexibility is that this state vector (because of (15) and (16))
does not have anymore a linear structure like the one defined by (4).

To illustrate the distribution of the skewness vecfgrtwo histograms of; are plotted
at two different instants = 0 (no skewness, see left panel) and 40 (large skewness, see
right panel) (Fig. 1). These simulated data were generated by séltiagP, = (—1)'/2,
u. =0, u,1+ =2,0, =K, = 2; = MZ =0, andX; = 2;,* = 1. The other parameters were
set according to Fig. 2 that describes the temporal evolutidn,of,, ©;, D;, v; and4; for
this simulation. A more detailed discussion of this example will be presented in Section 5
(Discussions and conclusions).

The next proposition summarizes our findings and can be seen as a more general re-
sult than Proposition 3 (if’, = 0 or L; = 0 then the classical state-space model is
obtained).

and

o]
] 8 -10 o] 10 20

Fig. 1. Density ofS; with histograms from simulated values. The left panel corresponds to the initialtin®,
(no skewness) and the right panel to the time 40 for the parameters described in F2g.
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Fig. 2. Temporal evolution of the parameters used to simubaten Fig. 1. We sety, = uj = 2,

Q,:Kt:Z;":ujzo,andz,;:z,’;:l.

Proposition 5. Suppose that the initial vectgt/] , V)T of the linear system defined by
(12) follows the normal distribution defined by

(1)~ () (T ) o

Then both the state vectof, = (U, S/)T and the observation vectdf, of the non-
linear state-space model defined by E(@dl), (12),and (14) follow closed skew-normal
distributions X; ~ CSNy m (Y,, Q:, Dy, v¢, A¢) and ¥y ~ CSNg (1, Iy, Es, 7, ©;) for

t > 1. The parameters of these distributions satisfy the following relationships

Ui =Ko 1+ Iy Y=L+ '“;’ e = Fub, + 1,
Q= KQLKI +35 Qf =L,QF (LT +5F, I = RQF! + 3,
D= Lr@eH=, E =DF Tt vi=ylt, - DMy
p=ve=0" 0O 4f =, - pFofmhH’

and

@[ == At + (D[ - EtFt)QtDtT
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Although similar to Eqs.%)—(10), the relationships presented in the above proposition
show important differences. The main one is between the most important skewness param-
eterD; in (7) andD;". For the former, ifD, 1 = 0 thenD, = 0 for all t. In comparison,
if D ; = 0thenD;" can be very different from 0. This means that the skewness can be
easily changed in time for the latter model. Another advantage of working with a state vector
defined by (17) is that this model gives the power to clearly identify the skewness sources,
and therefore the parameter interpretation is much easier.

4. Sequential estimation procedure: Kalman filtering

Following the work of Meinhold and Singpurwalla [15], we use a Bayesian formulation
to derive the different steps of the Kalman filtering for the two models presented in the
previous section, i.e. the skewed linear state-space model in Section 3.1 and the extended
state-space models in Section 3.2. The key notion is that given th& data Yy, ..., ¥;),
inference about the state vector values can be carried out through a direct application of
Bayes’ theorem. In the Kalman literature, the conditional distributio®Xof 1 | Y,_1) is
usually assumed to follow a Gaussian distribution at timé.. In our case, this assumption
at timer — 1 is expressed in function of the closed skew-normal distribution

(Xi—11 Y1) ~ CSNym Wy 1, @1, Di_1, %11, A1), (19)

where’ represents the location, scale, shape, and skewness paramet&rsafY,_1).

Then, we look forward in timg but in two stages: prior to observing, and after observing

Y;. To implement these two steps, we need to determine the conditional distribution of a
closed skew-normal distribution. The following lemma which can be found in Gonzélez-
Farias et al[9] gives such a result.

Lemma 6. Suppose thal is a closed skew-normal random vecitor~ CSN, ,, (i, 2, D,
v, 4) and it is partitioned into two components; and Yo, of dimensions h and — 7,
respectivelyand with a corresponding partition fqu, 2, D, and v. Then the conditional
distribution ofY, givenY1 = y1 is:

CSNu—pm(lp + 221277 (01 — 14), Za2 — 221271212, D2, v — D1y1, 4).  (20)

Note that the converse is also true, i.e.20J is the conditional distribution df> given
Y1 = yp andYy ~ CSNp . (uq1, 211, D1, v1, 4), then the joint distribution of1 andY> is
CSNI’[,I’H(,“! Zv Da V7 A)

4.1. Skewed linear state-space model

In this section, we assume that the model presented in Proposition 3 holds. In particular,
the noisesg; andr,, added at each time step are supposed to be normally distributed. The
next proposition summarizes the different Kalman filtering steps necessary to sequentially
update the state of this particular model.
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Proposition 7. Suppose that the initial state vect&p of the system composed by E@§.
and (4) follows a closed skew-normal distributioiS N, ., (o, 20, Do, vo, 40)) and that
the noiseg;, respectivelyr,, is an i.i.d. Gaussian vector with mean and covarianceX,
respectivelyu, andX,. Then the parameters of the posterior distributionXf defined by
(19) are computed through the next cycle by the following sequential procedure

U= Gl q + iy + QF (S + FQFD Y — FIG, _ + py) — )
with

Qt = szztflG,T + 2;7, Qz = Qt - QzFlT(Zs + FIQIFIT)_]-FIQI?

A ~ ~ ~—1 R R
Dt = Dt__']_Qt_thTQt N Vi = Vi1 and
2‘1 = 2‘:—1 + (ﬁr—l - lA)th)Qt—lbz—l‘

This series of equations constitutes the Kalman filtering steps for the skewed linear state-
space model.

This proposition shows that adding skewness does not change fundamentally the classical
Kalman filtering operations for the skewed linear state-space model. The only difference
with the classical Gaussian Kalman filter is the equalities dealing with the new parameters
15,, Vs andZIt. They characterize the added skewness and they have the advantage to be easy
to implement. Note that the estimatorsyodire time invariant. This corroborates the result
found in Propositior8.

4.2. Extended state-space model

Proposition 8. Suppose that the initial vectat/] , V)T of the linear system defined by
(12) follows the normal distribution defined {$8). Then the posterior distribution of
(X;|Y;) defined from(11), (12),and (14) follows aC SN (X;|Y;) ~ CSNkH,kH(nAp,, f),,
Dy, ¥V, A;) with

o 7 NP M - <o o>
= ~ s .Q = ! A~ N D, = A )
'//t <lﬁ:_ t 0 _Qj_ t 0 Dz+
A (0) 4 i I 0
Vi = « an = ~ .
t Vz+ t 0 2:—

The parameters of the posterior distributions are computed through the next cycle by the
following sequential procedure

~ Ak ~ % _
lp;k _ Kllpt—l + /vt:; + Qz Q[TZ[ 16[
A+ | = ~+ _ s
2 —Liy, 1+ 'un+ +G PtTZt te;

Ak A4
WheI’Eet = Yt — Qt[K,lﬁt_l—I—,u;] — P,[—Ltlﬁt_l—l—,u;;' +TI(

covarianceC, = cov(Vi. S| Y,-1), @ = L@ LT + 3}, @) = K, Q]_ K[ + =}, and

1)] — u,, C, is the conditional
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5= 0,Q 07 + P(Q +1?)PT + 3, with

0 " log(®,, (D+Q 0; 7; ,A +D+Q (D;HTY)

YT fori=172 (22)

0=0

+

with DF = @ LT (@)1 5 =y .~ Dy andd =@, — DA (HHT. The

covariance matrlces are equal to
Ak ~ % ~ % _ ~ %
Qt+ _ Q,+— Q,075710,0,
Q, Q —crrztec )’
A R 45+ ~ — N A
D=0 I @H Ly =g~ D) andAT =@, — DFOT (DT, where
Q=0 - CPIE PG T = Lo+ 5P PI S RC@ )t and €y = 3 -
L;C;.
This series of equations constitutes the Kalman filtering steps for the skewed extended
state-space model.

Although the notations are a little more complex than in the previous proposition, the
Kalman filtering steps for the skewed extended state-space model do not present any com-
putational difficulties. As previously mentioned, the advantage of this model over the linear
one is that the temporal structure offers more flexibility.

5. Discussions and conclusions

To illustrate the difference between the classical Gaussian Kalman filter and our non-
linear skewed Kalman filter, both filters were used to estimate the temporal evolution of
the state vectok, from simulated observatioris. These observations were generated by
settingF, = P, = (-1)'/2, 1, = 0, u;; =2,0, =K, =2 =, =0,and2; = Z,T =
1. This is the same setting as in FRthat shows the evolution of all parameters used to
simulate our observations. In Fig. 3, the solid line represents the observed paAthdiod
the circles correspond to the estimatédfrom classical Gaussian KF (white circles) and
non-linear skewed KF (black circles). For smia(k < 15), the skewness introduced by
L, (top panel) is still weak and the difference between both estimators is small. But for
largert and therefore greater skewness, the classical KF cannot capture the slow temporal
increase inX, values. In comparison, the non-linear skewed KF follows more closely this
tendency. For a numerical point of view, the mean-square point Efﬁﬁ(x, — X,)2/40
was computed for both filters, yielding 0.84 for our skewed Kalman filter and 1.58 for the
classical one. This clearly indicates that the classical Kalman filter lost some efficiency
when skewness was introduced.

Obviously, there have been many other attempts to deal with non-Gaussian state space
models in the past. To name a few, Smith and Miller [19], Bradley et al. [5] and Mein-
hold and Singpurwalla [16] have proposed alternative approaches to the classical Kalman
filter. Meinhold and Singpurwalla [16] assumed a multivariate distribution with Student-

t marginals. Bradley et al. [5] proposed a methodology based on normal scale mixtures.



P. Naveau et al. / Journal of Multivariate Analysis 94 (2005) 382—400 393

x(t)

0 10 20 30 40
Time

Fig. 3. Estimation of the temporal evolution of the state space varigbiyy using the classical Gaussian Kalman
filter (white circles) and by implementing the non-linear skewed Kalman filter (black circles). The solid line
represents the simulated values{gfand the circles the estimated values(f The skewness introduced through
the time evolution of, is shown in the top panel of Fig.

Smith and Miller{19] worked with exponential variables conditionally on unobserved vari-
ables. A common characteristic between these three studies is that they were all based on a
Bayesian framework. In comparison, our approach does not make use of prior and poste-
rior distributions. But this is by no means essential to the implementation of our strategy.
Propositions 3 and 5 show that our models propagate the closed skew-normal distribution
in time. Consequently, one could use a Bayesian approach if wanted. Lemma 6 will be
then the cornerstone for deriving conditional densities. The limitations of our approach
are elsewhere. Because of the very nature of skew-normal distributions, it is not possible
to model heavy tail behaviors and/or to represent multi-modal distributions. For the latter
point, we believe that the two approaches (skew normals and mixture of normals) are in
fact complementary when modeling data and they could be combined. One is more adapted
when dealing with skewness and the other is better representing multi-modality. For highly
complex observations (multi-modal and skewed), more research has to be done to imple-
ment a method based on a mixture of closed skew-normal distributions and to compare it
with other mixture approaches. Concerning heavy tail distributions, current research is un-
dertaken to introduce skewness with the same strategy used in (1), i.e. a density multiplied
by another distribution function. Finally, we would like to stress that the skewness is clearly
identifiable in our parametrization. The interpretation of parameters in mixture models is
sometimes not as clear.

In this work, we showed that extending the normal distribution to the closed skew-normal
distribution for state-space models did neither reduce the flexibility nor the traceability of
the operations associated with Kalman filtering. To the contrary, the introduction of a few
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skewness parameters provides a simple source of asymmetry needed for many applications.
Further research is currently conducted to illustrate the capabilities of such extended state-
space models for real case studies.
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AppendixA.

Proof of Lemma 1. Following the work of Gonzalez-Farias etf@] and using Eqg. (2), we
can write that the moment generating functionXof= AY is equal to
Mx (1) = My(A"1)
&, (D(ZATt); v, 4+ DXDT)
= 9,0, v, 4+ DxDT)
D, (DA)YAZATH); v, A+ (DA)AZAT(DA)T)
- @ (0; v, A + (DA)AZAT (DA)T)

1
exp{/,cTATt +5 (tTAZATt)}

1
xexp{,uTATt +5 (tTAZATt)} ,
whereA < is the left inverse oA. O

Proof of Lemma 2. It is well known that the moment generating function of the Gaussian
random vectoZ is equal toM 7 (1) = exp(u’t +17 Xt/2), whereas the moment generating

of Xis given by (2). Since the moment generating function of the sum of independent vectors
is simply the product of each moment generating function, we have

D, (D(Q1); v, A+ DQDT)
®,,(0;v, 4+ DQDT)

Clearly, we have to sety, , = u+y andXy,z = 2 + Q. The difficulty is to show that
®,,(D(Q1); v, 4+ DQDT) can be rewritten as

1
Myxy7(1) = exp{(u+w)7t+ 5 (rT(2+9)r>}.

Dy(Dx1z(Exyzt):vxyz, Adx1z + DX+ZZX+ZD;T(+Z),
for the appropriat&y 7, Dxz andvy 7. A little algebra allows us to verify thay z,
Dyxz andvy, 7 stated in Lemma satisfies the required specificatior.]

Proof of Lemma 4. Introduce the constant= D, ;" and assume that<y," , (the case
c > lp,tl can be treated with the same argument). First, we will show #at has
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the same distribution th@V; 1 | V;_1 <c]. IntroduceV;* ; = Zwttl —V,_1andV,_1 =
@ (hy—1(V;—1)) whereh, _1(x) = a®,_1(x) + b with

b, _1(c)

= and b =—-d,_1(c)a.
B, 1207 1 — ) — B, _1(c) o

a

Note that{x : ¢ < x < Zlﬁ:__l —c}={x:—-00 < CD;_ll(ht_l(x)) < ¢}. With these new
notations, the vectoW;_; defined by 15) can be rewritten as

Vicr if Visi<e,
Woa= Vi it Vi<e,
V[_l if V[_]_SC.

It follows that the distribution of¥;_; is equal to
PW_1<x)=P(V_1<x | Vica<o)P(Vi—1<0)

FP(V x|V <OP(Vica 220 —¢)

+P(Vim1<x | Vit <P (e < Vimr < 20 — o).
Because the mean and the varianc& bf, are equal to those df;_1, we haveP (V,* ; <x
|V 1<c) = P(Vi_1<x | V;—1<c¢). The variableP; _;(V;_1) follows an uniform distribu-
tion on the interval0, 1]. Consequently, the variablé; _1(V;_1) | ¢ < V;_1 < prf_l —c]
is also uniformly distributed but on the interja?, _1(c), d),_l(ZIpttl —¢)]. It follows that

P(Vi1<x | Vim1<e) = P(h—1(Vie) S @r1(x) ¢ < Viea < 20 —¢)

b, _ —b
= P<@t1(Vt1)§% Cc < thl < 2!10?__1 — C>
P;_1(x)
= — P(V,_1<x|Vi_1<0).
@, 1(0) (Vic1<x | Vi—1<0)

Hence, we have® (W;_1<x) = P(V,_1<x | V;_1<c¢) and thenW;_1 has the same distri-
bution that{V;_1 | V;_1<c].

Because of14) and (12) S, has the same distribution g% | V;_1 <c]. The second part
of this proof is to show thatV; | V,_1 <c] follows a closed skew-normal distribution. The
argument is classical and it is shown for completeness.

We deduce from Egs. (12) and (13) that

(i)~ () (afur 670)

Vi1 T\ =Ll efy

The conditional distribution dfV; _1 | V; = y] also follows a normal distribution with mean
m(y) =y, — Q" LT Q) ~1(y — y;") and variance

A =9 - of LI @DHTILQf .
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DefineD;" = QF LT (@72, thenm,(y) = ¥, — D} (y — ¢}), and4 = QF | —
D;FQF(DHT. These equalities allow us to write the density of the skewness vctor

wo S PYVa<DIY | V=)
fs, | Viea <Dy = PV < D)

sy @0 wuDF Y mi (), A))

a O (DY YL 2 )

Gy @O BID (v =D = DR AT
Oy - DY AT+ DT (DHT)

Comparing the rhs of the last equality with the definition of the closed skew-normal distri-
bution (1) gives the required result.[]

Proof of Lemma 6. The proof of this lemma is the same as for the multivariate Gaussian
distribution. It is based on the moment generating function defined by (2).

Proof of Proposition 7. Because of (19) and (4), we have

Xt 1Y) =G Xe—1+ 1,1 Yi-1)
=Gi(Xi—1|Yi—1) +1;.

Since the noiseg, is assumed to follow a normal distribution, we can apply Lemmas 1 and
2 to deduce the state of knowledge prior to observingy,

(X; 1Yi-1) ~ CSN(Goy g + . Q1. Dy, 9y, Ap) (A1)

e A . P -1 . .
W|th Qt = G[Qt_]_GtT + Zn, D[ = D[_]_Qt_]_GtTQ[ y Vi = Vi1, andA[ = Al—l +
(Di—1 — D;G)Q;_1D,_1. On observingY;, our objective is to compute the posterior of
X;,1.e. P(X;|Y,). To reach this goal, we introduce

e =Y — FBIG, 1+ Byl — g

the error in predicting’; from pointz — 1. From this definition and the observation E8j,
it follows that

(er | Xp. YioD) = (F[X; — Gy — gl + & — | X0, Yi21)
= (F[X, — Gt‘fb;fl - #;1] [ X:, Yio1) + & — pg.
This last equality in distribution and the normality fimply that
(er | Xp. Yio1) ~ Na(Fi[X; — Gy_q — ), Zo). (A2)
To link the posterior off, with the errore;, we notice that

P(X; |Yt) = P(X; | Y:, Yt—l) = P(X; |€t9Yl—l)~
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Applying the converse of Lemnto the distributions ofe; | X;, Y;—1) and(X; | Y,_1), re-
spectively, described by (A.1) and (A.2), allows us to derive that the vekfore! | Y,_1)T
follows

th/A/ q1tu Qt QtF;T ﬁz v ”
CSN ! my, ~ . , , LA ).
(( 0 FQ X+ FQFT 0 0 !
From Lemmab, we can then deduce the desired posterior distribution
(Xe1Y0) = (X;le. Yio1) ~ CSNQ,. 2. Dy 0, 4)
with parameters stated in Proposition [

Proof of Proposition 8. For the non-linear state-space model defined by (11), (12) and
(14), we assume that we have up to time 1 (this is true for = 0)

U[_l Ak A k—+
Q Q
Yio1 | ~ New << s 1) , ( il )) , (A.3)
Vi1 ‘pt 1 Q1 Q.

where” represents the posterior mean and covariance. FronilE}j.We deduce that

U, KU1 nr
Vi Y1 | = —LiVica|Yi—1 | + 17,+
Vi1 Vi1 0

Hence, the variablel;, V;, V;_1|Y,_1)T is Gaussian with mean and variance equal to

0" A ~ okt A skt
K, 1+u,7 Q, —K.Q LT K.Q
A %+ ~+ A+
N -z 1+u,1 , —L,fi,_lK,T % —L,?,_l, (A.4)
Ak A A
‘/’t 1 Qt—thT _Qt—lLtT Qt—l

with @ = 2,0, LT + %} and®] = K,Q_ KT + X},
On observingy;, our objective is to first compute the posterior(@f;, V;, V;_1), i.e.
P(U,, Vi, Vi_ 1|Yt) and then to obtain? (X, |Y;). For the former, we introduce, =

— O K,zp, 1+ /,tn] — PE(S: | Yi—1)] — 1., Where E(S; | Y,_1) is the conditional
expectatlon of5; givenY,_1. To compute this quantity, we follow the same procedure used
in Lemma4 to deduce that the variabis; | Y;_1) follows approximately a closed skew-

normal distribution functiorCSngl(J/:r, Q:r D', A, ) with % = —L,zZ;L_l + ,uf{,
~+ ~ + - ~+ ~ ot St~
F = Qt—lLtT(Qt )_1’ vj_ = %_1 - Dj_lpz ) andAt = ‘Qt—l - D?_Qt (Dt+)T~ To
compute the mean and the variancé $f| Y,_1), we use the moment generating function
M (0) from (2) (Genton et al. [7] also computed these moments in the special eagy

G, (DR 0,5, A1 + D@ (DHT)

M) = “+ +6 +
D,,(0; v, ,A, + Dl Q; (Dt )7

expl(f/, )70 + %(9’52?9)}.



398 P. Naveau et al. / Journal of Multivariate Analysis 94 (2005) 382—400

The cumulant functionK (0) = log M (0)) becomes
K (0) = ¢y +109(® (D0, 0: 57, 47 + D Q" (DHT)
+IHT0+ % 070 0).
Taking the first and second derivatives of the cumulant function providés|Y,_1) =

—Lap 4 i+ 7P andv (s, 1 Y,p) = @, + 12 wherer is defined by 21),
From the observauon Eq. (12 | U;, Vi, Vi—1, Y,—1) is equal to

~ %
(O/U, — Ktlp[_l - ,UZ] + PSS — ECS: YD)l + & — we U, Vi, Vig, Yi-1).

This last equality, the normality of and the fact that the variabl§ is entirely defined
from (;7,*, V:—1) (see Lemma) imply that the variablée, | U;, V;, V,;_1, Y;_1) follows

N(QiUs — Kby _y — 1+ PiLS: — E(S: [ Yi-p)]. Zo). (A.5)

Applying the classical properties of the multivariate normal distribution to the variables
(er | Uz, Vi, Vi1, Ye—1) and (Uy, Vi, Vi—1| Y,—1), respectively, described byA@) and
(A.5), allows us to derive that the vectdy;, V;, V;_1, ¢; | Y,_1)T follows

A~k ~ % *+
K, 1+#,, Q,+ —K,Q,+ 1LT KIQ, 1 Q Q,
Ak
N —L lpt 1+:u;7 , _l:tﬁt—thT A?_t _l:f[ 1 Ct
l//z 1 Qtfl!{ktT —Q,_4L{ Q. CszT
QtQt PtCt Pth Z,
with C; = couV;, S |Y,—p), € = couVi1. S |Y,—1) and 5, = 0,2, 0f

+P V(S| Yt—l)P;T+Zs~ Since we haveU,, Vi, V,_1 | YT = U, Vi, Vicil e, Y7,
the distribution of this vector is a multivariate normal with mean

Ak
Kz% 1 + /111 Q* Qz
—L lﬁz » |+ H,> Ye;,, whereH, = C,PT
lpt 1 Ct

and its covariance matrix is equal to

~ 3k

Q,+ KT K,Qt .
Ak —_
Lk @ -0 | -HIH
A k4 A+ A+
QtfthT _QrflLtT Qtfl

With the same kind of argument, the vectok, V; | Y;)T follows:

Ak
Koy, 1+ 1t
N <|:< t'{ul :unJr) +Jtzt_l€zj|7
_Llwt—l_’_un
~ Akt
Q —K.Q, L] 1,7
Ay -+ =2,
T
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with

~ _ Sk~ —
J = (Q Qz ) and X717 — Q, QtTZt lQth Q, QtTZt 1PtCt
= ) t~t t — Tv—1 ~ %k T v—1 .
Ct [ CtPt Zt QtQt CtPt 2[ PtCt

This distribution is used to implement the first update of the Kalman filter, i.e. the parameters
of (A.3) are now set for a new cycle

Ak ~
lﬁ; | K+ Q073 e,
A+ _
lﬁz _Ltl//t—l'i‘:“;;_ +CfPtTZz Le,

Ak A
and the covariance matr fiq 9 is equal to
Q, Q
Q-0 075710, —K,Q, LT — @ oTs e,
L QKT —C,PT50,0) o -, Pz,

To get the final part, i.eP(X; | Y;), we use the fact that the vector;, V;_1 | Y;)” follows

N(( Llpt l+:u11+CtP Z‘t 8[)
l//t 1+CZ‘P Zt €y

~+
[( Agt _l:t—fzt_l> - ItZ[_lItT})
_‘Qt—lLtT ‘Qt—l

C P’ 7 CPlxy 1P[c, C,PTx71pC,
L= =1 and L2771 = i o
! (C,P,T> B % cprztec, CPTztpC,

with

DefineQ;_1 = Qt 1—CGPIxtpc,, andL; = L, + 2P PT X, lP,C‘,(ﬁ:r_l)‘l. The
covariance matrix of the vecté¥;, V;_1|Y;) is then equal to

— 7
—Q 1L, Qt 1
Itfollows from (14) that(s, Y0 ~ CsN ,(&f, Q. DFL L AT, with D = QLT
(Q )L, 5 lﬁz 1—D;f lpt ,andA =0 1—D+Q (DHT . We deduce that the state

vector has also a closed skew- normal distribution

Ui

Ak
(XI‘YI) - Yl "’CSNk+l,k+l(‘/A/;af2t,bhf’t’zt)a Wlth &tz (:Zp-tﬁ-)a
S[ t
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A
. (0 o . /0 0 ) 0
O =% 5 D, = ) —(.1),
“\o &) (0 Di)’ i <v?> and
A I o O

““\o 4" )
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