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Abstract

Some “classical” stochastic differential equations have been used in the theory of measurements
continuous in time in quantum mechanics and, more generally, in quantum open system theory.
In this paper, we introduce and study a class of such equations which allow us to achieve the
same level of generality as the one obtained by the approach to continuous measurements based
on semigroups of operators. To this aim, we have to study some linear and non-linear stochastic
differential equations for processes in Hilbert spaces and in some related Banach spaces. By this
stochastic approach we can also obtain new results on the evolution systems which substitute
the semigroups of probability operators in the time inhomogeneous case. (©) 1998 Elsevier
Science B.V. All rights reserved
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1. Stochastic evolution equations in Hilbert spaces

The theory of measurements continuous in time in quantum mechanics gave rise to an
interesting connection between quantum probability and “classical” stochastic processes
(Davies, 1976; Barchielli et al., 1983). This theory had a mathematical development
essentially in three different directions: connections with quantum stochastic calculus
(Barchielli and Lupieri, 1985), with semigroups of operators (Barchielli and Lupieri,
1991; Barchielli et al., 1993), with stochastic differential equations (SDEs) and filtering
theory (Belavkin, 1988, 1989a,b, 1992; Diosi, 1988a,b, Barchielli and Holevo, 1995).
In this paper we shall consider the two last approaches.

By using the theory of semigroups it has been possible to find and characterize
the most general quantum continuous measurement process satisfying some technical
requirements (Barchielli et al.,, 1993). On the other side the approach based on SDEs
give us some other advantages (for instance, it allows to introduce “memory”, it is
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suitable for numerical simulations,...), but up to now it was not developed up to the
same level of generality as the formulation based on semigroups. The aim of the present
paper is to fill this gap. We shall be able to obtain a stochastic representation of the
most general semigroup of probability operators studied in Barchielli et al. (1993);
moreover, this stochastic approach gives us the way to treat the non-autonomous case
and to obtain new results on the evolution systems which take place of the semigroups
in the time inhomogeneous case. The comparison between the SDE approach studied
in Barchielli and Holevo (1995) and the analysis of the infinitesimal generator of the
involved semigroups done in Barchielli and Paganoni (1996) suggests us the form of
the SDE we have to take as a starting point.

Let us consider the following linear SDE for a process ¥ ={y, t€ R, } with values
in a Hilbert space #:

Ay =—Kobe- &t + Y- L W+ [ U (), (L1)
k=1 K

Yo=2¢, (1.2)

the stochastic integrals are in It6’s sense. The following assumptions give us the mean-
ing of the objects appearing in Eq. (1.1).

Assumption 1.1. 3¢ is a separable complex Hilbert space and % a locally compact
Hausdorff space with a topology with a countable basis. Let %(%) be the Borel
o-algebra of % and v be a Radon measure on (%,8(%)). Finally, let y,(y) be a
non-negative measurable function on % x R.., bounded on % x[0,T], VT 20.

Let us introduce now the complex Hilbert spaces L2(%,v) and L*(¥,v; #) ~
A QL*(¥,v). We can consider y, also as a bounded multiplication operator in the space
L*(#¥,v) with norm ||y, || :=ess SUp ey 7:(¥); we have also sup, .7 [[7:]| <+oo, VT €R,.

Assumption 1.2. For every t€ R, let us have three bounded operators L, € L(H ; H' S
1%), J,€e L(H; L2 (Y, v, H#)), K,€ L(H). The functions t+—L,, t—J;, t—K, are re-
quired to be strongly measurable and to satisfy sup, 7 |K,|| < +oo, sup, <7 [|L|| < +oo,
sup, < [|Ji|| < 400, VT €R,.

Let us denote by {e;} the canonical c.on.s. in /2, i.e. (e); =0y, and define
Ly L(A), k=1,2,...by (V| Lpx)w ={yQex|Lix) wg 12, Vx,y€H. It is easy to see
that ||Lox[| 3, o ;2 = D_re; |1 Laex|| 3 but, for an increasing sequence of positive operators,
weak convergence implies strong convergence, so we can write Zf:ILz‘tht :L;"L,,
where the series is strongly convergent. In the following, we shall omit the subscripts
from norms and inner products.

Assumption 1.3. Ler (2,(%), F,P) be a stochastic basis satisfying the usual hy-
potheses ( Métivier, 1982, pp. 2-3). The initial condition & is an Fo-measurable H# -
valued random variable and the W are continuous versions of adapted, standard,
independent Wiener processes with increments independent of the past. Finally, we
have an adapted Poisson point process II(dy,dt) on % x R, of intensity y, (y)v(dy) dt,
11 is independent of the Wiener processes and with increments independent of the past.
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According to Tkeda and Watanabe (1981, Definition 3.1, p. 59), II is a “quasi-left-
continuous” (QL) point process; moreover, we denote by II the compensated process

I1(dy,dt) := II(dy, dt) — y,(y)v(dy)dt. (1.3)

Let us recall that an #-valued RRC process , is said to be a strong solution of
Egs. (1.1) and (1.2) (Da Prato and Zabczyk, 1992, p. 118; Métivier, 1982, p. 224) if
it satisfies P-a.s. the integral equation

=&~ | K- o AW, Je Y- Y (dy,ds). (1.4
=t /OKw ds+;/0 Lisv h+/@x(0,:]( b YOIy ds). (1.4)

Eq. (1.1) and its consequences have been studied in Barchielli and Holevo (1995)
in the case in which the operators involved are permitted to be random, the W), are
replaced by a continuous finite-dimensional martingale and IT by a more general point
process. In that paper, however, there is the important restriction (J;f )( y)=j,( nf,
where j,( v) is a bounded operator on # satisfying some further assumptions on the
y-dependence; it is this restriction which prevents to obtain sufficiently general re-
sults. The results of this section can be proved or by standard means of the theory
of SDEs or, by slight modifications of the proofs given in that article. For this rea-
son, no proof is given in this section, but we limit ourselves to indicate the relevant
references.

The first result is about existence and uniqueness of the solution of Eq. (1.1); the
proof can be obtained by the same technique used in Theorem 7.4 of da Prato and
Zabczyk (1992).

Theorem 1.1. Under Assumptions 1.1,1.2,1.3, Egs. (1.1) and (1.2) admit a unique
(up to P-equivalence) strong solution . Moreover,

Ep[|IE]]*1 <00 = Sg[T)[Ep[||l/It||2]<—|—OO, VT >0. (1.5)

In the construction of next sections we need that the mean value of ||y;||? be a
constant; for this aim we add the following assumption.

Assumption 1.4. For all t =0 we have
K +K'=L'L+J Ay, (1.6)
It is useful to introduce the self-adjoint operator
1 *
Ht = E-(Kt - Kt )9 (17)
i
so that we can write

K =iH,+ (L L+ T A @) ). (1.8)



72 A. Barchielli et al | Stochastic Processes and their Applications 73 (1998) 69-86

By applying It6’s formula to (yr|ay,) (Métivier and Pellaumail, 1980, Remark 3.9
(2), p. 50; Métivier, 1982, Theorem 27.2, p. 190), we obtain

elade) = (Ela) + /0 e Lla) s+ 3 [ e (L a+alio )
k=1

+ [ L0 a0 )
~ (Y- |ays- ) ) (dy, ds), (1.9)
where &€ L(L(H)) and Ya e L(H)
Zla] := i[H,a] - 1L La — JaLfL + L} (a®1)L,
- 17X @y )a ~ LalXA®y) )+ (a®y)J; (1.10)

with [a,b]:=ab — ba. Let us observe that for a=1 the time integral vanishes and so
Ep[||¥|*] is a constant, as we needed.
Let v be a non-random unit vector in #; we define

Ay = (0lLv), L) =) p)+oll® if Y- =0, (1.11a)
~ <l//t— IthWt‘> ’I\ - II(Jt‘ﬁt_)(y)+¢I‘l|2 if _ 0 1.11b
i 7 e e
Z:=2 Re 7igs ) AW, T.(y) — 1]II(dy, ds). 1.12

;/0( e i) ’“+/@x<o,,][ () - fi(dy, ds) (112)

In particular the process Z is a martingale with jumps given by
42,:=2,- 7, = / (G,(») - 111Gy, (1) (113)
¥

Theorem 1.2. Under Assumptions 1.1-14, if ¢€L¥(Q, Fo,P; H), then Y, €L*(Q,F,
P; #) and the process (||Y:||?) is a positive martingale satisfying the equation

el = 12112+ /(O I-lez, (1.14)

where Z is defined by Eq. (1.12). Moreover, we have also

]l = 1111 exp {Z, -2 Z/O (Rer?zkg)zds} [11(+4z)exp(-42,)),
k=1

st

(1.15)

where the infinite product is a.s. absolutely convergent. Finally, in Eq. (1.9) the two
stochastic integrals (with respect to W and II) are martingales and

Ep[(Yrlavh)] = Enl(E]ac)] + /0 Ep[(ds| Zilalys)] ds. (1.16)
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The representation (1.15) is a consequence of Theorem 29.2, p. 203, of Métivier
(1982). The proof of the other statements is essentially equal to the proof of Theorem
1.4 of Barchielli and Holevo (1995). Now, in order ||,||> be a family of local prob-
ability densities, we introduce a further assumption (cf. Ikeda and Watanabe, 1981,
p. 176).

Assumption 1.5. We assume that (Q, %), Foo = V,;og"n is a standard measur-
able space and that Ep[||£]|*] =

Proposition 1.1. Under Assumptions 1.1-1.5, the formula
V120, VFe#, PoF):=Ep[]’1F] (1.17)

defines a new probability law P on (Q, /oo) Moreover, under the law Pg, 1} (dy, dt)
is a point process with stochasnc intensity I,( ¥W(yw(dy)de and the processes Wi,
defined by

1
Wk,::Wk,—2/ (Reig)ds, 120, k=1,2,..., (1.18)
0

are independent (#,)-adapted standard Wiener processes.

The proof is again the same as those of Proposition 2.5 and Remark 2.6 of Barchielli
and Holevo (1995). We shall write

[I(dy, dr) := I(dy, d) — I(y)yy)v(dy) dt (1.19)

for the compensated point process in (€2, (%), 9700,135).

In the definitions of i, and 1,(y) the quantity y;/ I¥x]| appears and it is interesting
to have an equation for it. However, because a change of phase in y; does not matter
in the construction of the following sections, we can modify it in order to obtain a
more symmetric equation. So, let us define xZ, :=v if Yy =0 and, when ¥, #0,

o~

U= ol exp{ IZ/ (Im Aigs W AW — Remkgds)}l//, (1.20)
¢
Theorem 1.3. Under Assumptions 1.1-1.5, @, satisfies the equation
di, =—R(t Y-y dt+ Y Li(t, - ) A + / Tt Y-, ) (dy, de), (1.21)
k=1 k4

in the stochastic basis (Q,(#,), 9700,?5). The coefficients in Eq. (1.21) are defined
by
K(t, £):=0, Lt f):=0, if =0, (1.22a)

J(t,f,y):=0 if (JS)P)+ /=0, (1.22b)
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and, otherwise, by

2 Hfl|2 ME
= ) )( <flLk,f>> "
L t AVt t]vt
3 Z( i A i R )
H(J:f)(y)+f||>
*L[( TR AR
1/ H(J,f)(y)+fll>
+ (1 el f} 2y, (123)
B ) =Liuf - <f“‘;’|*|’{ )y, (1.24)
Jesyy=— o -y, (1.25)
D =TT

The structure of the stochastic differential of @, can be found by the formal rules
of stochastic calculus; then the theorem can be proved similarly to Theorem 2.7 of
Barchielli and Holevo (1995). Some particular cases of Eq. (1.21) have been introduced
in the physical literature either by theoretical motivations (Gisin, 1984; Ghirardi et al.,
1990) either to use it for numerical simulation in quantum optics (Gisin and Percival,
1992; Wiseman and Milburn, 1993). The idea of connecting equations of the type of
Eq. (1.21) to some quantum analogue of filtering theory and to measurement continuous
in time is due to Belavkin and for more particular cases to Didsi (Belavkin, 1988,
1989a,b; Diosi, 1988a,b). For recent applications see Carmichael (1996). Eq. (1.1)
has been studied also in Holevo (1996), where the case is considered when J,=0,
Ly =L, but L; unbounded.

2. The continuous measurement

Let us introduce now an R9-valued process X(¢), which will represent, under the
law P, the output of the continuous measurement.

Assumption 2.1. The functions c:R, —=RY, a3 :R, - R (i=1,....d, k=1,2,..)),
g:% xRy — RY are measurable and "5~ [aw(t)]? < + 00 (Vt, Vi); ¢ and

biy(t):=Y_ au(Dap(t), ij=1,....d, 2.1

k=1

are Lebesgue integrable on every compact interval. The function g and the intensity
of the Poisson process satisfy

/ o(g(y; s)v(dy)ds < +oo0, Vi>0, (2.2)
% x (0,1]
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where @:R? — R is defined by
bk

d
pamp xeR%. (2.3)

P(x) =
Fori=1,...,d we define
t o0 t
X;(t) :=/ ci(s)ds—i—Z/ a,-k(s)des%—/
0 1 Jo @

gi(y;s) =~
————T1(dy,ds). 24
* /qux(o,t] 14 |g(y;s)|? (dds) (24)

| e(g(y;$))gi(y; s)(dy,ds)

x (0,

By Assumption 2.1 the integrals with respect to W and 11 are L2-P-martingales; see
Ikeda and Watanabe (1981), pp. 59-63, about the integrals with respect to point pro-
cesses.

Let us note that, under the law P, X is a process with independent increments;
however, this is not true in general under the law ﬁg, because W and IT are no more a
Wiener and a Poisson process (see Proposition 1.1). Finally, we denote by &, 0<s <1,
the o-algebra generated by X (r) — X(s), r€[s,¢], and we set & :=8°, £:=&£2,.

Let us denote by Y(,s; w;u) a solution of Eq. (1.1) with a non-random initial condi-
tion ue # at time 5. If E€L?(Q, F,, P, #), ¥(1,5,w; E(w)) is a solution of Eq. (1.1)
with random initial condition ¢ at time s. By the results of Section 1 and the P-
uniqueness of the strong solution of Eq. (1.1), we have for t 2125, u,we#, o, fC

P(t,55u)ELY(Q,F, P #),  Ep[|| (4,855 u))|*]=llu|| %, (2.5)
Y(t,s; w;0u+ fw)=a¥(t,s; o;u)+ BP(L,s; 0;w), P-as. (2.6)
Y, 1w, P(1,s, 0u))=VP(t,s5,w,u), P-as. 2.7)

Let us recall that in quantum mechanics measurements (observations) are represented
by instruments (Davies and Lewis, 1970; Ozawa, 1984). Given a measurable space
(Q,2), an instrument ¢ is a map from 2 into L(L(H#)) such that

(i) VBe X, #(B) is a normal, completely positive map, i.e. .#(B) is continuous in the
weak™® topology (Davies, 1976, pp. 5-6) and for every choice of n€N, {u;} C #,
{a;} C L(#) the inequality Y. _ (u;|#(B)[a] a;]u;) 20 is satisfied;

(i) Yue#, Yae L(H), a=0, {(u|F()[alu) is a g-additive measure;

(i) L()[M]=1.

Proposition 2.1. The equation
(u|F (s, t; E)alu) := Ep[1g (P(1,s; -; u)|aP(t,s; s u))], (2.8)

Yue H, Vac L(H), a=0, Vs,teR,, t=s, VEEE;, defines a family of instruments
such that

I, T E)o S(t,, F) =S (s, ENF) for s<t<t, E€é&’, FEE. (2.9)

To show that #(s,¢) is an instrument we need some results in the theory of W*-
algebras; but apart from this, the proof is standard and we omit it. To prove Eq. (2.9)
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one needs to exploit the Markov properties of the solutions of our SDE (essentially
Eq. (2.7)).

Families of instruments with property (2.9) have been introduced by Barchielli et al.
(1983) in order to formalize the idea of measurements continuous in time in quantum
mechanics; the physical probabilities are given by (&[.#(0, ¢;-)[11€), where & is the
initial state of the quantum system. Our construction is such that the physical law is
nothing but ﬁé, defined in Proposition 1.1; indeed if ¢ is a non-random unit vector in
H#, from Eqgs. (1.17) and (2.8) we have

(£.9(0, £, E)1]E) =P«(E), Vt>0,VEESE, (2.10)

An evolution system of probability operators 7,°, 0<s<¢, can be associated to the
instruments .#(s,¢) (Barchielli and Lupieri, 1991). Let us introduce the von Neumann
algebra L®(R?; L(AH))= L(AH)QL®(RY). A map TS € L(L®(RY; L(H#))) is a
probability operator if and only if, by definition,

(a) T} is completely positive and normal,
(b) TS[]=1,
(c) T/ commutes with translations in L®(R9).

Let Co(R% ) be the space of the continuous complex functions f on the one-point
compactification of R with the supremum norm | f|| = sup, |f(x)|. Moreover, let
Cy(R2)) be the space of the complex functions f such that f and its first and second
derivatives belong to Co(RZ); C2(RZ ) becomes a Banach space with the norm
U@, N~ |
Ll S

0x;0x;

d
If1l2:= sup | f(x)[+ D sup . (2.11)
* i=1 ¥

We need also to introduce the analogous Banach spaces CO(IR{;’O; L(A)) and
Cr(RZ; L(#)), where the norms are similar to the previous ones, with the mod-
uli substituted by the operator norms. Let us set for short L™ :=L>®(R%; L(H)),
Co:=Co(RL; Z(H#)), Cy:=Co(RZ; L(#)). The space C, is || - ||-dense in Cy and
Cy is weak* dense in L°°.
Let us recall some important properties of a probability operator 7,°:
(d) T is a norm-one contraction on L*°,
(e) T7[ColC Cy, the restriction of T,° to Cy is a norm-one contraction (with respect to
[l -]]) and determines uniquely 7,° by weak™-continuity,
(f) T[Cy]CCy, the restriction of T to C; is a norm-one contraction (with respect to
|| - |2) and determines uniquely 7,° on Cy by || - ||-continuity.
Point (d) is a consequence of the positivity and the identity preserving property. The
other properties follow from (d) and the fact that 7,° commutes with translations.

Proposition 2.2. The equation

(WIT?a® f10u) = /Q e+ K@) — Xy(@))ul-#(s, £; deo)[alu)

= Ep[f(x+X — K HP(,s; s u)|a®(t,s; s u))l,
VxeR?, YucH, VacP(#), VfeCyRZ) (2.12)
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defines a probability operator. Moreover, T is the identity map and
T oT;=T', s<t<t (2.13)

The fact that Eq. (2.12) defines a probability operator on the whole L™ can be
proved as in Barchielli and Lupieri (1991). The fact that the 7, is the identity is
trivial; Eq. (2.13) can be proved similar to Eq. (2.9).

In order to arrive to an evolution equation for 7%, we define the map ¢, from
L(AH) x Co(RL) into Cy by

Hifa® [10) 1= () Lila] + Z a4

+H, [a® f10x)+ A2 [a® f1(x), (2.14)

A, 1a® 1) = 5 Zb,,(t)° U@, 5y IO o uxigataLi), 215)

lj—l ] i=1 k=1 i

(Ul A a® f10x)w) 1=L {[f(X+g(y;t))—f(x)] ((Ja)(y)+ula((Jw)(y)+w))

L0/ giyi0)
> ox; 1+]g(y;0))?

where u and w are arbitrary vectors in . Let us recall that the objects which appear in
the definition of J; satisfy Assumptions 1.1, 1.2, 1.4 and 2.1. It is possible to prove that
the series in Eq. (2.15) is strongly convergent and that the integral in Eq. (2.16) exists.

By comparing Eqs. (2.14)-(2.16) with the form of the quantum Lévy-Khinchin
formula given in Theorem 3 of Barchielli and Paganoni (1996) it is easy to prove that
A; admits a Lévy—Khinchin representation, as defined in Barchielli et al. (1993).

(ulaw}w(y)V(dy), (2.16)

Proposition 2.3. The following statements hold:

(i) the map A; can be extended to a unique continuous linear operator from C,
into Cy, which we denote again by A;, and A.€L'([0,T]; £(Cy; Cy)), VT >0;

(i1) the map A; has a unique extension to the infinitesimal generator % (¢t is fixed)
of a strongly continuous semigroup S,(s), s=0, of probability operators on Cy;

(iii) the restriction A, of A, to the Cy-elements which are mapped into C,-elements
is the inifinitesimal generator of a strongly continuous semigroup g,(s), §20, of
contractions on C,, where §,(s) is the restriction of S;(s) to C,.

Proof. By using the fact that #; admits a Lévy—Khinchin representation and applying
Proposition 1 of Barchielli and Paganoni (1996), we obtain the extension of .4; to a
continuous operator from C, into Cy. Moreover, from Egs. (2.14)—(2.16) it is possible
to obtain the estimate

< i 1 .
1 Hellomo < NLell + max Jein)| + 3 max by(1)]

2

+21f2?2d Vbia(O|Le|| + 2]yl (“JzH +2\//0y (P(Q(Y§t))v(d}’)> .
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Because of the assumptions on the time dependence, this norm tumns out to be time
integrable on every compact interval.

By the fact that f; has a Lévy—Khinchin representation, we have that Jf; determines
uniquely the generator /.17, of a strongly continuous semigroup of probability operators
on Cp (Barchielli et al. 1993). The statement about 3{/, follows from the fact that ?,
and S;(s) commute with translations. [

Let us recall that a two-parameter family of bounded operators U(s, ), 0<s<t, on
some Banach space X, is called an evolution system if the following conditions are
satisfied:

(i) U(s,s)=1, U(s,r)U(r,t)=U(s,t) for 0<s<r<y,
(ii) (s,t)— U(s,t) is strongly continuous for 0 <s<t.

With respect to standard definitions (cf. Pazy, 1983, Definition 5.3, p. 129) we have
changed the time ordering, because we are interested in 7, which satisfies Eq. (2.13).
Consistently with this, we shall have to consider final value problems for differential
equations, instead of the usual initial value problems; however, the passage from one
case to the other one is trivially obtained by changing sign to time.

We need to recall also that the predual of the space £ (H#) is T (H'): trace-class op-
erators on J#, i.e. p€ T () if and only if pe L(H#) and ||p|:=Tr{y/p*p} < +oc.
Similarly, the predual of the space L can be identified with L'(R?; 7 (#))=:L'. We
shall use the notations (p,a):=Tr{pa} (p€T(H#), acL(H)) and (P A):=
Jre Tr{®(x)A(x)} dx (Pell, 4€L™),

Theorem 2.2. The family {T°,0<s<t} is an evolution system in Cy satisfying,
VA€ (C,,

t
T,S[A]:A-i—/ T® o A;[4]dx, (2.17)

1
T[] =4 + / AH; 0 T/ [A]dr, (2.18)

where the integrals are Bochner integrals in C.
Moreover, for A€ C,, 0<s<t, u(s):=T/[A4] is the unique C>-valued solution of the
final value problem

u(s)zA-{-/ A [u(t))dr. (2.19)

Proof. First, let us apply It6’s formula to f(x + X — X;)(¥P(t,s; s u)|a¥(t,s;-;u));
the stochastic differential of the second factor is already given by Eq. (1.9) with the
substitution ¢ — u. In the resulting formula one can check that all the integrals with
respect to W and I are martingales and not only local martingales, so that they
disappear by taking the expectation value. By this we obtain

(U|TFla ® flx)u) = f(x){ulau) + / (u[(T7 o A:la ® f1)(x)u) de (2.20)

which holds for every xeR?, u€ #, ac L(#) and f € Co(R?).
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Let us recall that the linear subspace of J (') generated by the projectors on the
one-dimensional subspaces of # is dense and also the linear span of Co(R?, ) x Z(#)
is a dense subspace of C,. So, by applying the dominated convergence theorem, we
obtain from Eq. (2.20) the weak form of Eq. (2.17). Moreover, because of the property
(i) of Proposition 2.3 we have

t t
/ 172 0 HiLd]] de <Al / | #il0dt < oo;

so the r.hs. of Eq. (2.17) is a Bochner integral and the weak form of Eq. (2.17)
implies the strong one.

By using properties (e) and (f) of 7;, property (i) of J#; (Proposition 2.3)
and Eq. (2.17), we can show that 77 is strongly continuous in (s,#). Together with
Eq. (2.13), this gives that {7’} is a norm-one evolution system.

By using again property (i) of Proposition 2.3, we can show that the integral in the
r.h.s. of Eq. (2.18) is well defined as a Bochner integral. Moreover, for 4 € C; we have
the estimate

TS [4] — 4 - / A o TM[A]de

2 ¢ .
; <2l [ 1~ Aol e
& £ §—¢&
+ sup [(Z77° — 1) o A [A]|| + | A5 lla—0  sup  [[(X — THA].
FELTES S—EeKTLS
The r.h.s. of this inequality goes to zero for ¢ | 0. In conclusion, {7} is a norm-one
evolution system satisfying Eq. (2.17) and

é
Ml =~ A[4] ae.on 520, VAECy. (2.21)

Let us consider now Theorem 3.1, p. 135, of Pazy (1983) about evolution systems.
Let us note that C, is densely and continuously imbedded in Cy, i.e. C; is a dense
subspace of Cp and || f||<||f]2 for f€C,. Now we take the family A, (t€[0,T])
of infinitesimal generators of strongly continuous semigroups of probability operators
S,(s) on Cy. The following conditions are satisfied:

(1) {,17,} is a stable family with stability constants 1 and 0, because the S;(s) are
semigroups of contractions (Pazy, 1983, pp. 130-131);

(2) Cy is ,)?,-admissible for t€[0,T], i.e. C; is an invariant subspace of S;(s) (Pazy,
1983, Definition 5.3, p. 122), because the operators 3?, commute with the trans-
lations and the restrictions §,(s) of Si(s) to C, are again strongly continuous
semigroups on C,. Moreover, the operators 17, (which are called parts of J;/, (cf.
Pazy, 1983 Definition 10.3, p. 39) are a stable family in C, because they are again
generators of strongly continuous semigroups of contractions on C in Proposition
2.3);

(3) C, is a subspace of the domain of #; and X.€L'([0, T], £(Cs, Co)), VT 20. So
the requests H;, H, of Pazy (1983), p. 135, and Hj of Pazy (1983), Remark 3.2,
p. 138, are satisfied in our case.

Theorem 3.1, p. 135, and the discussion at p. 139 of Pazy (1983) say that there exists
a unique bounded evolution system satisfying Egs. (2.17) and (2.21); by the previous
discussion, this evolution system is {7°}.
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By considering the constructive part of the proof of the quoted theorem in Pazy
(1983), where approximants 7" of T* and ., of ; are introduced, it is possible
to show that these approximants satisfy Eq. (2.18) and that it is possible to take the
limit for n — co. We conclude that 7 satisfies also Eq. (2.18) and this ends the proof
of the first part of the theorem.

If we take a solution u(s) of the integral equation (2.19), it is easy to prove that
d/dr(T:[u(r)])=0 a.e. Let us observe that T5[u(r)]],—; = u(s) and T:[u(#)]|,= = T°[4].
So if we prove that 77[u(-)] is an absolutely continuous function of time we can con-
clude that T:[u(r)] is a constant and so T;/[A] is the unique solution of (2.19). Let
us start by observing that it is sufficient to prove that 77,[®] is a strongly absolutely
continuous function for every @ in a suitable dense subset of L!.

Let us denote by C, the subset of the elements of L' which are twice continuously
differentiable and with first and second derivatives belonging to L!. Then, the equation
(9,[9),4) = (&, %[A]),QDECZI,AECz, defines a linear map from C2’ into L' and by
Eq. (2.17) we have

(T;*[¢],A>=<¢,A>+/ (%, 0 T'\[®],4) dt, VPEC), VA€C,. (2.22)

As in Proposition 2.3 we have proved that J.€L}([0,T]; £(Cy; Co)), now we can
prove that 4.€ L'([0, T]; £(Ci; L"), VT >0. Together with Eq. (2.22), this implies

TLo)=0+ [ goTi(aldn voed),

N

and the strong absolute continuity of T7,[¢] follows. [

By the results of Barchielli et al. (1993) and Barchielli and Paganoni (1996) on the
quantum Lévy—Khinchin formula one can check that our J#; is the most general map
having a Lévy—Khinchin representation. Therefore, in the time homogeneous case I
reduces to a semigroup which is the most general semi-uniformly continuous semigroup
of probability operators (SCSPO). So, we have shown that the stochastic approach to
continuous measurements in time and the whole construction we have done allows us
to obtain the same generality as in the formulation based on instruments and SCSPO,
followed in Barchielli et al. (1993). This gives us an answer to the open problem
presented in Barchielli and Paganoni (1996) of bringing to the same level of generality
these two formulations of the quantum measurements continuous in time; moreover,
the semigroup approach is now generalized to the non-autonomous case.

3. A posteriori states

In the standard formulation of quantum mechanics the set #(5#) of the possible
states of a quantum system is taken to be

S (H)={peT(H): p*=p, p=0,(p,1)=1}.
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In the following, all the assumptions of the previous sections hold, in particular
Assumption 1.5 about the initial condition: Ep[||¢||?]=1. By using {4 we construct
some families of states and of positive trace-class operators linked to the physical
meaning of the whole construction; they will be denoted by p,, n;, 6,. The aim of
this section is to arrive, at the same level of generality of the rest of the paper,
to the notion of a priori states (p,) and a posteriori states (o,) for the continously
observed quantum system and to a non-linear SDE for g,. We have some kind of
“quantum” filtering problem; a related linear SDE (for #,) analogous to Zakai equation
is introduced (Belavkin, 1988, 1989a,b, 1992).

Let us start by defining p, € #(H#) by

(pia):=Ep[(Yrlayy)], YacL(H); (3.1)

p; represents the state of the system at time ¢ when the results of the measurement are
not taken into account. By setting p:=py, we have in particular {p,a) = Ep[({]aé)], Ya €&
L(H); by a suitable choice of Q, %y, P and £, every initial quantum state p can be
obtained in this way. By using Eq. (3.1), we can write Eq. (1.16) as

(ua) = (p.a) + [ (pn a8 (32)

The operator .%,, given by Eq. (1.10) is not only bounded, but also weak™ continuous;
therefore it has a bounded preadjoint Fs« (Davies, 1976, pp. 5—6). By the estimate

1 Lok lodll <ULl sl 2Kl + WL + sl 15117

and Assumptions 2.1 and 2.2, we have that Z«[p,] is Bochner integrable in every
compact interval, so that Eq. (3.2) can be written aiso in the strong form

t
pi=p+ / Lalps] ds. (33)
0

Such an equation is known as (quantum) master equation and it is the typical form
of an evolution equation for an open quantum system “without memory”. The operator
P« is called Liouvillian in the physical literature; at least in the time-independent
case, our operator %y« is the most general bounded Liouvillian (cf Lindblad, 1976).
By construction p, is a solution of Eq. (3.3) and, moreover, it is easy to prove the
uniqueness of the solution because Eq. (3.3) is a linear evolution equation with a
bounded generator.
Let us define the random trace-class operators #, by

(ni, a):=Ep[{Yiladp)| &), Vae L(H); (3.4)

then, n, € LY(Q, 8, P; T(H)), n, =0, Ep[{n,,1)] = 1. Because Y satisfies Eq. (1.1) and
the processes W and Il have increments independent of the past, we have also

(ns,a) = Ep[(Yslays)|6el,  Vizs. (3.5)
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Obviously, Ep[{n;,a)]=(ps,a) and, since & is trivial, we have no(w)=p (P-a.s.). It
is easy to see that Egs. (2.8) and (2.12) give, for E€ 4,

(P, £(0,t; E)[al) = Ep[1g(n:, a)], (3.6)
{(p. Tla ® f1(x)) =Ep[f (x + X, ){ms»a)]- (3.7)

An evolution equation for #, can be obtained by conditioning Eq. (1.9). The problem
is to compute the conditional expectations of the two stochastic integrals; to do this
we need some new objects.

Let n(¢) be the orthogonal projection from /2 into the kernel of (ay(t)) and let us
set 7(t):=1 — n(t); let us denote by n3(¢) its matrix elements.

Moreover, for every Borel set 4 in R4 := R4\ {0}, let us define

w(d) = L Ly ) dp); (3.8)

by Eq. (2.2), u(dx)ds is a Radon measure on R% x R, and, up to sets of vanishing
Lebesgue measure in R, u,(dx) is a Radon measure on R such that

/R om(dx) < +oo. (39)

Eventually by modifying the function g on a set of times of vanishing measure, we
can assume that Eq. (3.9) holds for every time. By setting, for every time ¢ and every
Borel set 4 in RY,

N(4;(0,1]):= o ]IA(g(y;S))U(dy,dS) (3.10)

we get, under the law P, a Poisson point process N over R4 x R, of intensity u,(dx)ds;

we denote by

N(A;(O,t]):N(A;(O,t])—/O ps(A) ds (3.11)

its compensated form.
At this point, the observed process X, given by Eq. (2.4), can be written also as

x0= [ awas+ Y [ anrrto)am
k=1

+ / @O )N (dx, ds) + / — % N(dx,ds). (3.12)
Re x (0,1] R x (0,1 1+ |x|?
Let us note that, if n'(¢)=n' (a constant projection with, let us say, dimzn* =d’),
then fot nl(s)dW; = =W, is a d’-dimensional standard Wiener process. Eq. (3.12)
shows that the filtration generated by X is the same as the filtration generated by
(f nt(s)dW;) and N. By this and Eq. (3.5), we have

Er [ [ 1an 0

éat:| = At<ﬂs—’gs[a]> ds, (3.13)
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Ep [Z/ (W [(Lisa + aLis Ws- desl'gt}

1 Y0

00 t
= Z /(ns ,Lia + aLj)m(s) dWp. (3.14)
jok=1 0
In order to be able to evaluate the conditional expectation of the stochastic integral
with respect to the Poisson process in Eq. (1.9), we need a final object, which is
defined by the following proposition.

Proposition 3.1. The formula

/W (% [Ju) (wl] (x), A(x)) p(x)p(dx)

*

= /v” ((Jw)(¥) + wlA(g(y;s ON(Ju) () + u)) o(g(y; )y y)v(dy), (3.15)

VA€ L®(RE, p(x)u(dx); L(H)), Yu,we H, defines a bounded linear operator A,
from T(H) into L' (RS, p(x)u(dx); T (H)).

Proof. Let us start with the case w=u; we can observe that, by our assump-
tions, u— (J;u)(y) + u is a bounded linear operator from the Hilbert space J# into
LA, (g(y; 1))y:(y)v(dy); #). Let us consider now the W*-algebra L®(R%, p(x)y,
(dx); L(H#)). The map

A~ /ﬂ/((Jtu)(y) + ulA(g(y; O Ju)(y) + w)) e(g(y; )y (y)v(dy) (3.16)

is a positive linear functional on L=(RY, o(x)u,(dx); £(#)); moreover it is not dif-
ficult to prove that this functional is normal (Sakai, 1971, Definition 1.13.1) by using
some simple properties of the least upper bound in W*-algebras and by taking into
account the monotone convergence theorem. So, by Theorem 1.13.2 of Sakai (1971),
Eq. (3.16) defines a weak*-continuous functional on L>(R4, ¢(x)u,(dx); L(H#)); The-
orem V.20 of Reed and Simon (1972) guarantees the existence of an element 2,[|u){u|]
of the predual of L™®(R%, (x)u(dx); £(#)) such that Eq. (3.15) holds. On the
other hand we can identify the topological predual of L=(R%, p(x)u,(dx); L(H#)) with
LY (R, (x)p(dx); 7 (#)); so, we can consider #,[|u)(u|] as an element in this last
space. Obviously, 4, is linear in its argument and it is also possible to prove that

/, [{(Ju)(y) + ulA(g(y; O) T u)(y) + u))|o(g(y; )y (yIv(dy)

<Cllull® = Cill )l |1, (3.17)

for some positive time function C;. Therefore, we can uniquely extend 2, first by
polarization and then by continuity, to a bounded linear operator from J () into
L'(RL, o(x)u(dx); (). O

Just to see an explicit example for %, let us follow Barchielli and Holevo (1995)
and take % =(R% U {6})x N, where ¢ is an extra point added to RZ. Let us take
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g(x,n;s) = x and g(d,n;5)=0; we are asking that Assumption 2.1 hold with such a
choice. Then Egs. (3.8) and (3.10) become

m(d0)= 3 pemvdex{n}),  N(dvd)=) H(dcx{n},dr),  (3.18)

n=1

while the definition 3.15 of %, becomes

n=1

o e, m)w(dx x {n})
(R, [l) (] ) = ;“J‘W)(x’”HW'a((J’“)(x"” S S

(3.19)

the fraction at the end of the previous equation is a Radon—Nikodym derivative.
Let us go back to the general case. By means of #; we can write

Ep [/ (((Jtl//s— Y¥) + Y- |‘1((Jtlﬁr (V) + Y- )>
Y x (0,1]

— (Y- |ayy- ))II(dy, ds)

gt] = / [(%[ﬂs— 1), a> - <’7s~ > a>] N(d)@ ds).
R x (0,¢]

(3.20)
Finally, Egs. (3.13), (3.14), (3.20) and (1.9) give the evolution equation for #,

(1a) = (pua) + / e Lda) a5+ Y / lees Lk + als)mk(s) AW

Jk=1

+ / [(Run- 1)) — (1, @) N (dx, ds). @3.21)
Re x (0,1]

Let us consider now the probability P (1.17) and the random unit vectors |//, (1.20);
by the definitions of Pg, lﬁ, and p, we have
(pra) = Eg[(t/frlawt)], Vac L(K). (3.22)
Moreover, like in Eq. (3.4), we can introduce the random states o, by

(01,a):= <l//tla'//t>|é”, Yac Z(H); (3.23)

note that a,(w)€ L (H), G,GLI(Q,ﬁ,,ﬁg;ﬂ'(%)), (p,,a):[Ezlgi[(a,,a)], ago(w)=p.
Moreover, VE € & we have

E [12(00,@)] = Epl1e (hlade) el”1 = Ep[1 2 (s ah)]

~Enllstna))= s 16222, )

_ ('7t,‘1> :|
=Ep [15 (1) Ep[ (¥, 1) |&7]

=55 [l
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which means

Ul
<rll, ]1> ’

By using Eq. (2.8) and the first two steps in the proof of the last equation, we have
also

0, = P:-as. (3.24)

(0,50, ENla)) =E; [Le(0,a)], VECE, Yac L(H). (3.25)

This equation allows us to understand the physical meaning of 6;: g, is the a posteriori
state of the quantum system, i.e. the state we attribute to the system knowing the
results of the measurement up to time ¢. The definition of a posteriori states for a
generic instrument is given in Ozawa (1985), while this idea was introduced in the
formalism of continuous measurements in Belavkin (1988). Eq. (3.25) says also that
the knowledge of the laws 135 and of the a posteriori states is equivalent to the one of
the instruments .#.

It is interesting to obtain the non-linear SDE satisfied by the a posteriori states g,. Let
us consider now the restrictions of P and ﬁg to &; from Proposition 1.1 and Eq. (3.5)
we have that (1,,1) is the local density of T’é with respect to P. In the stochastic basis
(Q,(6), é",IA’g ), let us introduce the Wiener processes

o0 ! !
W, = Z/ 3 (s) dWis —2/ Rem;(s)ds, (3.26)
= Jo 0
where m;(t) =372 75:(¢){0,-, L), and the compensated point processes

N(4,(0,1]):=N(4,(0,1]) —~/ L(x)ps(dx)ds, (3.27)

Ax(0,1]

where [,(x):= (%[0,-1(x),1). By applying 1t6’s formula to Eq. (3.24) and by using
Eq. (3.21) and the definitions (3.26)—(3.27) it is possible to calculate the stochastic
differential for the a posteriori states

d(or,a) = (o,-, Llal) dt + ) ({0,-,L}ha + aLy)) — 2{a,-,a)Re m(1)) AW,
j=1

1 -
+ /E | (m—)ﬁ%[m](x),@ - (a,,a)) N(dx,dr), (3.28)

where E ()= {x€R?: I(x,w)#0}.
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