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0. INTRODUCTION

The purpose of this article is to investigate nonnegative solutions of the
degenerate nonlinear diffusion problem

u,=udu+ g(u) in (0,0)xQ (0.1)
u=90 on (0, 00)xad2 (0.2}
u=1uq on {0} x®Q. (0.3)

A biological model of this form has been proposed in [1]. However, the
main interest of this equation is the behaviour different from equations in
divergence form

u, = A¢(u) + g(u). (0.4)

Whereas for equations of type (0.4) existence of weak solutions and also
uniqueness in most cases have been established by various techniques (see
[2, 3,4]), these results lack for equations like (0.1).

And indeed, what we will show is that uniqueness fails dramatically since
there is, for every ¢ >0, a weak solution with extinction time 5. We only
get a unique maximal solution, and for nice nitial data this is characterized
by the property that its support remains constant in time.

The paper is organized as follows: Section 1 is devoted to existence, the
properties of the solutions are studied in Section 2, and uniqueness is
discussed in Section 3.

* This work was supported by Deutsche Forschungsgemeinschaft through SFB 123.
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2 DAL PASSO AND LUCKHAUS

We would like to mention that independently M. Ughi [5] has
investigated (0.1) in one space dimension.

In her article there is an explicit counterexample to uniqueness along the
lines of Remark 4 at the end of this article. Nonexpansion of the support of
u is proved there, also and a uniqueness theorem is obtained for a
divergence form reformulation of (0.1). The last result requires logarithmic
integrability of u, on its support.

1. EXISTENCE

The following assumptions on the data will be made throughout:

(H.1) Q<=R”"is an open bounded domain, with Lipschitz boundary
Q.

(H.2) g is locally Lipschitz continuous on [0, o), g(0)=0 and
limsup, _, ;. (g(u)/u’)=K<4,, where A, denotes the first eigenvalue of
Laplace’s equation in £ with Dirichlet boundary values.

(H3) wuyeC® :={ueC’lu>0ae in Q}
Let Q,:=(0, T)xQ, V:=L*(Q7)n L*0, T, H}*(L2)), then we define.
DErFINITION. ue V' is a weak solution of (0.1)-(0.3) on [0, T'] if
dueV* (1.1)

holds with initial value u,, that is,
T T
[ omed+[ | (w—u)ap=0
0 o Y2

for every test function @ € ¥V H"Y(Q;), ¢(T)=0, and
T T, oT
[ <tawor+] | VuVup)=[ | g o (12)
0 0 v 0 Y@
for every pe V.

The following regularity property gives us the main tool for proving the
existence of a weak solution.

LemMma 1. If u is a weak solution then for all a (0, 1),

N Vul” _ (1.3)

0o ‘o u°

holds.
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Proof. Since u is nonnegative, we may take as a test function

1
(u+¢e)*

Q= , e>0,0e(0, 1)

Then

T/ 1 T u N\ _Tr glu)
J0 <\u,, (”+8)“>+fo Jovuv<(u+8)°‘>—£) lolurey

from which, observing that (u+¢)' ~* is concave function of u, we have
|Vu|?
(u+e)*
r 7 u 1
<| ] sw) [ a0,

o Jo(ut+ef* 1—alg

1—1—“}9 (u+s)1-’f(:r)+(1—oz)J"OTJ;2

The integral on the right is bounded independently of . This proves (1.3).
TueoreM 1 (Existence). Under assumptions (H.1}-(H.3), problem
(0.1)~(0.3) admits a weak solution.
Proof. Let us consider the sequence of nondegenerate problems
u,=u Adu,+g.(u,) in (0, TYxQ

=& on (0, Tyx2Q {1.4)

where ¢ >0 and the functions g, are defined by
g.:=g+a. in [0, +co0)

a,:= max max{—g(u),0}.

E
O<u<e

Observe that the sequence (g,), .., IS monotone increasing.
Equation (1.4) admits a unique classical solution. And by the known
comparison theorem (or Theorem 6) we have

e<u, <cfugl oo, k), U, S, if & <é&,, (1.5)

where c(|uyl..,x) denotes a constant depending on the terms with
brackets, and « is the constant in assumption (H.2), which guarantees that
the solution exists for all time T> 0.
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With the same argument of Lemma 1, it results that
f f Vuel® ae(0,1) (1.6)
u )a Cas 3 . .
From (1.5), (1.6) it follows that the sequence u,, is bounded in V*, and
we can assume without loss of generality that
u,—u weakly in L*(0, T; H"*(Q))

u,—u strongly in L*(Q ;)

u,—u,  weaklyin V* '

and that u, satisfies (1.1).
Now we have to show that, indeed u satisfies (1.2), and then we need
“strong” convergence of (Vu,),. o in order to go to the limit in

T e~ T
[ o>+ [ [ @,Vu, Vo + [Vu,12p)
0 0 Y@

[ [ ewre  (wen (17)

For this purpose, we take as a test function in (1.7), @ :=u?—(e*+u?).
This yields

T AT T -
[z~ @)+ [ | VuPai— @+ +i] [ Ve
0 0 JYQ 0 v

= LT JQ (V@) V(2 — ) + g, () — (&7 +14%)).

Due to the estimations previously obtained the first term on the left (for
a.a.T) and the expression on the right converge to zero as ¢ — 0, then

lim Jof V(2 — u?)|? = 0.

-0

The strong convergence of V(u?) to V(u?) in L*((0, T)x Q) furthermore
implies
Vu, - Vu in LYK) (1.8)

! An additional consideration is necessary, since the time derivatives have a L' part, which
might converge to a negative measure. Estimate (1.3) shows that nothing can happen at the
lateral boundary. Standard methods then give local L? bounds for the time derivatives which
extend up to the time 7 = 0 if the initial values are in "% Approximation from below for con-
tinuous initial data shows that there is no jump at ¢ =0. The continuity requirement might be
relaxed to: For almost all x such that uy(x)> 0, there exists an A function v between 0 and
u,y such that v(x)>0.
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strongly, where K denotes any set of the form
U, x)eQr|0€R, 6>0,u(x, 1) =45}

Combining (1.6) with (1.7), we obtain |Vu,|”> - |Vu|®> strongly in
LY(0, T)x Q). In fact, we have

T s

NALZE R JO’%‘%JFJ:J”Q Htues o1 V1% = Ly gy 1V

Y0 :

[0 V0

when 0> 0 is such that {(r, x)e Q,|u(x, )= 3} is not empty, (otherwise it
is trivial).

Concluding, we can go to the limit in (1.7) as ¢ — 0 obtaining that u
satisfies (1.2}, which proves the claim.

We will refer to u as regular solution of the problem.

Remark 1. We have considered assumption (H.2) for the sake of sim-
plicity. This assumption indeed can be relaxed, that is, Theorem 1 remains
valid also when ge C[0, «0) and locally Lipschitz on (0, + oc), requiring
that

3

g\u
"—(7)’ < const.
u

lim sup

u—0

for some a € (%, 1), in order to obtain an estimate like (1.6).

2. STRUCTURE OF THE SOLUTIONS

In this section we give some characterizations of the solution u of
{0.1)-(0.3) in term of extendibility and localization phenomena.

THEOREM 2. Let O < R” open and connected, 3 > Q; Q.= (0, T)x 3. If
u is a weak solution of (0.1)-(0.3) on Q. the function

- {u in Qr
b= ) -
0 in OA\Qr
is a weak solution of (0.1)-(0.3) on O, with initial data

. u, in {0} xQ
Uy = . ~
°7 0 in {0} x(2\Q)

Proof. We have only to  wverify (1.2). For small 4§, let
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(pé(wi) :=inf(ui/(5,1). Supp wg(ﬁ)SQT, then we can write for every
eV :=L"(Qr;)nL*0, T, Hy*(£2)),

| @aor+| | vivae)-[ [ s@o

[ty o>+ [ [ Vv —vs(@) )

"] e@—wsan o

[ONge]

T »
0

= [ <o (= s@) 0>+ [ | tj0cuen(l=¥sw)
0 2
, r u ’
X [(Vul* = g0) @+ Vi¥01 = [ | siouasr 5 IVul’0,

which converges to zero as & — 0 in virtue of L*-boundedness of Vu.
More generally, with the same argument, we can obtain a weak solution
for the problem (0.1)-(0.2) in @, with opportune initial data, “gluing”
together weak solutions for (0.1}-(0.3) on subcylinders.
Before stating the theorem on the localization property, we specify that
for a function w: @ > R* U {0}, we denote by G= {xeQ|w(x)>0} and
define

LY AE)
A (B, () >0

(when B, denotes {y|[x—y|<p}).

supp w = {x eCG

THEOREM 3. Let u be a weak solution of (0.1)—(0.3) with suppu, < £2.
Then supp u(t) < supp uq ae. in (0, 7).

Proof. Let : 2 — R, which satisfies the conditions.

(i) supp ¢ = Q\supp u,,
(ii) yeC’n HYQ),

(For example: (x) := inf((dist(x, supp uy) U 0Q))/0, 1), 6 <1.) Observe

that condition (i) implies ¥ -1, =0 on Q. We take as a test function in
(1,2) @ :=/(u+¢) obtaining

J: <0,u, ul—l’i-8> +L[ L; VuV (%) =£ fg g(u) .
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Then

"’j [Vu|? v

JioX{suPPW}(lOg(u(t)_*—g)—log8)¢+8J Q(u+8)2

o
<['[ gy +1vu-vyi<c,
0 Y0

from which, for every 4 sufficiently small, we also have

JQ Liuterys st~y —1nloglu(f) + &) —loge) <e,

where c is independent on &. We can conclude
ul{e, x)e{r}x{Y=1}u(t,x)>6})=0 for all re(0, T},

which implies the claim.

3. UNIQUENESS

In the first part of this section we show that the problem {0.1}-(0.3} does
not admit a unique solution, giving a counterexample; in the second part
we state a comparison and a uniqueness theorem under some auxiliary
assumptions.

DErINITION. We. call ueV a weak subsolution (supersolution) if
u<(2)0on (0, T)x 2R, and if (1.1)-(1.2) are fulfilled with = replaced by
< () for all test function ¢ with @(0)<0in (1.1) and ¢ >0 in (1.2).
3.1. A Counterexample

For this purpose, we consider the problem

v,=vAv+¢-Vv+g(v) in (0, c)x2 3.1
v=0 on (0, 00)x0dQ (3.2)
v=1u, on {0} xQ, (3.3)

when ¢ e R", with assumptions (H.1)}-(H.3). We define solution (sub, super}
of this problem, as usual, in a weak sense, in the same manner as for the
problem (0.1)—(0.3).

TueoreM 4. For all ¢eR", the problem (3.1)-(3.3) admits a weak
solution.
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Proof. Exactly as our Theorem 1, considering the approximating
problems

v, =v,dv,+¢ Vv, +g.(v,) in (0,c0)xQ
v,=¢ on (0, 0)xdR 34)
Vo=Uy+E on {0} xQ.

It is immediate to verify that the estimate (1.3) and the counterpart for this
problem of Theorem 2 continue to be valid.

We observe that to solve (3.1)-(3.3) in a fixed cylinder is equivalent to
solving the original problem with a prescribed direction of propagation.
This yields

THEOREM 5. For every Ce€R" there exists a weak solution of
(0, 1)—(0, 3), u;, such that

supp u; < (R x supp uq)

N{(t,x)ERY X R"|x;—y;~¢;t=0,i=1, —, n,yeQ}.

Proof. Let ¢e R™ and v a solution of (3.1)}~(3.3). By the counterpart of
Theorem 2 we can extend v by zero obtaining a solution on R* x R", from
which u(x, t) :=v(x — ét, t) is a solution of the original problem in R* x R”",
whose support is continued in {(z, x)e R* X R*|x,—y,—c;t=0, i=1,..,n,
ye2}. However, by virtue of Theorem 3, supp u(f) < supp ug, ¢ >0, which
implies the claim.

In other words, we can say that for every 7> 0 there exists a solution
with extinction time 7. This suggests a uniqueness criteria, that is,
“positivity” of the solution for all times in a sense that we shall specify
later.

3.2. Comparison and Unigueness Results

We can formulate a comparison theorem under a stronger assumption
on the data, namely,

(H4) f(u):=g(u)/u is uniformly Lipschitz continuous from above on
[0, o), i.e., there exists a k € R such that

fu)y—f(w)<k(u—w), osw<u
THEOREM 6. Under condition (H.1)-(H.4), let u™ be a supersolution such

that u* 2e>0 in Qr,and u~ a subsolution. If u* or u~ belongs to
HY2((0, T)xRQ), and u=(0, - )<u™*(0,-), then u” <u*.
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To prove the theorem we use

LEMMA 2. Let ueV,u,e V¥ ve H*((0,T)xQ), ¢ be a monotone
smooth, convex scalar valued function, signs(z) :=sign(z)inf(|z|/5, 1) then

| =), sign,(g(u)— 4(2)) . >

L

signa(z) ~d(0)), do— [ signa(9(0)~ 4),

14

0
- @rv(f" sign($(2) ~ HO)P ()~ H2) , d ).
0'a Jo y

Proof. For t+=0 the term on the left is equal to the term on the right,
then we have only to verify that they have the same derivative respect to
the time. For this purpose we have to check the first term on the right, that
we denote by F(u, v). It results F(u, v) is C* convex-function with respect to
u for any fixed v, then we can apply, by known result, the chain rule; the
same is true respect to the variable v due to the regularity assumption on it.

Proof of Theorem 6. Suppose that u* € H'*{(0, T) x ) and take as test
functions in (1.2)

(p+.:sign5((zt’wlt+)+) and 7.=sign5((u'—u*)+)'

- — »
ut u

then we get

T
| <(og(u~)—log(u™)),, signs((u™~u")_))

0

N

7
0

| g —rwrysengiu —u).)

[ ] v = gy —uty )

and by (H4),

.
Sclr, U Lo, mrmys 14 120,702y L L} [log(u~)—log(u™)] .
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(where c(-,-,-) denotes a constant). Putting u=1logu ,v=Ilogu* by
Lemma 2, and the inequality in (1.1) for ¥~ and u*, we obtain

u(T) i - o(T) A
J (f sign[e”—e*] dz—f sign[l—e’], dz)
Q2 4] 4]

< IOT . (v), (Lu (e*—e"), signs[e” —e"] dz) +e LTLZ (w—v| .

YQ

The term on the left converges to |, [u— v, (T) and the first term on right
to zero as d — 0, obtaining

J el <e] ] el

from which, by Gronwall’s Lemma, it results

logu_=logu, on the set {u_>u,},

where the strict monotonicity of the function log implies a contradiction,
therefore u_ <u, .

Remark 2. From Theorem 6, it follows that the set of the limits of
sequences of “regular” strictly positive solutions of (0.1)-(0.3) contains only
one element.

Remark 3. The solutions of the kind u (x, t) :=v(x—¢t, ), € R”, when
v is the (regular) solution of (3.1)—(3.3), have the property

suppu. = (R™* xsupp ug) N {(t, x)eR* xR"|x—y+ér=0,yeQ},

Le., equality holds for the supports in Theorem 35, so all the u, are distinct.
Indeed, we compare v, with the functions constructed in the following
way: for yesuppu, and >0 such that then exists p>0 with
B,(y)={x||x—yl|<p}csuppu, and infg, ,, uy>4, let ¢, the first
eigenfunction of Laplaces’s equation on Bp(y) with |¢s,| . =9, defined

W {%,,(x +éatye™ if xeBp(y), te(0, ),
‘ 0 otherwise,

where f=sup{7|B,(y+ct)cQ}. We get that w, is subsolution of
(3.1)-(3.3) for y large enough, independently on &. That proves the claim.
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To state a uniqueness theorem we assume:

(HS) (1) uge H"*(Q): for every 6> 0, there exists ;>0 such that
infg, ug=0a;, where Qg :={xesupp uyldist(x, ¢
supp o) =6}.  Also  suppose {ue H;*(2)|u=0 in
C(supp ug)} = H2(supp ug).

(ii) u is a solution of (0.1)-(0.3) and there exists as(r)>0,
r€(0, T} such that infg, u(t) = (1)

LEMma 3. Assume (H1)-(H.S)i). Then wu=lim,_,u, (u,e>0
solutions of (1.4)) belongs to H“*((0, T) x ) and satisfies (H.5) (ii).

Proof. Let us consider the problems (1.4), ¢ > 0. Multiplying by u,,/u, in
(1.4) and integrating by parts we obtain

J‘OT J L L IV, 1%(1) = J‘p j‘ 8:(5) w0 gls)

Q@ U 2 Y0 TdS_J‘QL T *
+], 1Vul)

where, using (H.2) and (H.5)(i), the term on the right side is bounded;

from which |u,|,2<¢, ¢ independent on e Then we can conclude
ue H-2((0, Ty x 2)).
To prove the second part of the claim, let 4 >0 and

S {“5;2%5/2 e~ o2t K in (0, T)x Q,
5=

0 otherwise,

%525 2052 defined in (H.5)(i) and d¢gs+ Aos hos =0 in Qgs, ¢o; 20 in
Q5125 Pos 2 =0 on 80, and K Lipschitz constant of g(s)/s on [0, as,,]. It is
easy to verify that u; is subsolution of (0.1)-(0.3) for every ¢>0 and then
by comparison theorem

U, = on (0, T)x0,e>0,
and in particular

U, = A5 inf ¢0(ﬂ2 ei([0df2+ K= aa([}s &> Os
04

from which going to the limit as ¢ >0 u=u,(r) on (0, T) x Q5.

THEOREM 7. Under assumptions (H.1)-(H.5)(i) the probiem (0.1) — (0.3)
admits a unique solution satisfyving (H.5)(i1).

Proof. For the sake of simplicity, we assume that supp u, be connected.
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Let u, v be solutions of (0.1)—(0.3), where u is defined as in Lemma 3. By
Theorem 6, v < u.

In order to prove u=u, let ¢ be the first eigenfunction of 4 on supp u,
and, for 6 > 0, sufficiently small,

D e CE(supp uy), |®— Dyl 2 <.

We take as test functions in (1.2). ¢, =¢,/u and ¢@,= ¢,/v, obtaining, after
obvious manipulations,

jg llog u — log v|(1) ¢, + J fQ (Vi— V)V,

0
=| | /@ =11 ¢s,
00
and taking the limit as 6 — 0 and integrating by parts

J Nogu=togol(t)g+2 [ [ u=vig=[ [ (Fu—re) e,
This yields

»

| Jlogu—1log vi(r) p<clr, ul o, |0l ) [ [ Jlogu—logu ¢
Q2 0-Q

(¢ denotes a constant) and then, by Gronwall’s lemma, it results u = v.

In general, if the supp u, is not connected, ie., supp u,=1{J2,, Q; con-
nected and 2, Q;= & we take in place of ¢, the function ¢ := sup; . (4%
where ¢’ is the first eigenfunction in Q,, with eigenvalue 4,, extended by
zero on the whole domain.

Remark 4. Assumption (H.5) cannot be weakened as it is shown in follow-
ing counterexample.

For the sake of simplicity, let us consider in (0.1}-(0.3)g=0, n=1 and
0eQ=(—a,b), a, b>0. Assume uyc W"*(Q), with inf, duy = ¢, uy(0)=0
and there exist p > 0 such that uy(x)>ox? in B,(0). We know that in this
case a solution of (0.1)-(0.3) can be obtained solving the problem in
(0, TYx(—a, 0) and in (0, T) x (0, b); but it is possible to prove that the
regular solution u becomes positive in 0. For this purpose we construct a
comparison solution # with positivity property in 0. Observe that under the
previous assumptions, we have u(p,t)=ap’e”, t>0; in fact
v, = u,/u, = Au,, satisfy the equation

v, =u, Av,+ 2Vu, Vv, + 02,
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for which a minimum principle holds. Thus, let i the regular solution in
(0, Ty x B,(0), with initial data
e {Mz if |x]<%
O 2ax (x—(x/2)) i p>|x|>E

O<x<p; and boundary data b:=2ax(p—(x/2))>0. We choose
T= (1/1el) log(ap?/b), that yields ul (o 7)x2gp0,> b and by the comparison
theorem < u in (0, T) x B,(0).

Since i, is a convex function we can affirm that # is not decreasing in
time or equivalently i is convex with respect to x for ail 1> 0. For regular
solutions multiplying (0.1) with 1, , u,/u, respectively, we get the three
equations,

(I) ﬁ,fglog u:j‘ﬁg avuy
{i1) }'Q 6,u+§_q !Vu|2=b_fm a,u,
(iit) fo(u,)/u)+28, [ (IVu)?/2)=0

{b:ul(O,T)xGQ)'

Equations (1) and (ii) lead to

1oga(r)—J” 1oga(0)>-l’;f Va2, (3.5}

Jsu(o; B,(0) BatO)

Moreover, from (iii), we can deduce that | B,(0) |Vii|? is decreasing in time.
In fact, if we assume [,,|Va|® constant, that is, #,=0 ae. in
(0, )xB,(0), by (35), we obtain a contradiction. Assume
(0, t)=0, 1 > 0; then

2b*
J Va|? >
B,(0) p
which implies
: 2th
[ togatn)—| g #H0)>22 >0 (3.6)
< B,(0) B,(0) p

By virtue of the convexity property, &< (b/p) |x|, 1> 0, then (3.6) has to be
verified when we consider w := (b/p) |x| in place of #(¢). In order to prove
fi(-, 0) # 0, we show that

22 T, (3.7
p

j' 1ogé|x|_j log #(0) <
B,(0) P B,(0)

which leads to a contradiction.
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By obvious calculation in (3.6), we obtain

X b b ap?
T+ log—<——log X0
XT3RS0 s
or equivalently
o e’h ap?
2> {plog <2 /(2020 - %) 10g 2= .
22 (ptos ) (220 - 01108 %) (38)

when, choosing p/¥ big enough, (3.7) is satisfied for o > |¢|, which implies
the claim.
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