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ABSTRACT

We call a subspace Y of a Banach space X a DBR subspace if its unit ball By admits farthest points from
a dense set of points of X. In this paper, we study DBR subspaces of C(K). In the process, we study
boundaries, in particular, the Choquet boundary of any general subspace of C(K). An infinite compact
Hausdorff space K has no isolated point if and only if any finite co-dimensional subspace, in particular,
any hyperplane is DBR in C(K). As a consequence, we show that a Banach space X is reflexive if and
only if X is a DBR subspace of any superspace. As applications, we prove that any M-ideal or any closed
*-subalgebra of C(K) is a DBR subspace of C(K). It follows that C(K) is ball remotal in C(K)**.

1. INTRODUCTION

For a closed and bounded set A in a Banach space X, the farthest distance map ¢4
is defined as ¢4 (x) = sup{|lz — x||: z € A}, x € X. For x € X, we define the farthest
point map as Fa(x) ={z € A: ||z — x| = ¢ (x)}, i.e., the set of points of A farthest
from x. Note that this set may be empty. Let R(A) = {x € X: Fa(x) # ¢}. Call a
closed and bounded set A remotal if R(A) = X and densely remotal if R(A) is norm
dense in X.
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Sets that are remotal or densely remotal have been studied in [4,8,13]. In
particular, any compact set is clearly remotal while any weakly compact set is
densely remotal [8].

The following definition is motivated by a recent paper [2].

Definition 1.1. Let us call a subspace Y of a Banach space X:

(@) ball remotal (BR) if its closed unit ball By is remotal in X;
(b) densely ball remotal (DBR) if By is densely remotal in X.

Let C(K) denote the Banach space of all scalar-valued continuous functions on
a compact Hausdorff space K with the supremum norm. In this paper we study
DBR/BR subspaces of C(K). Most of our results hold for both real and complex
scalars and most often we prove them for complex scalars with more or less obvious
modifications in the real case.

In Section 2, we study a special class of subspaces Y, called (x)-subspaces, such
that ¢, (x) = ¢, (x) for all x € X. We completely characterize:

(a) subspaces of C(K) that are (x)-subspaces, and
(b) subspaces of C(K) that are both (x)- and DBR/BR subspaces

in terms of the density of certain subsets of K. In the process, we prove that any
Banach space embeds isometrically as a (x)- and DBR subspace of some C(K)
space.

In Section 3, we study boundaries of a general subspace Y of C(K). In
particular, we relate the Choquet boundary of Y with other boundaries, in the
process recapturing some classical results. We also show that if Y is a subspace
of co-dimension » in C(K), then any closed boundary for ¥ can miss at most n
points of K. In particular, if K has no isolated points, then any finite co-dimensional
subspace cannot have any proper closed boundary.

Applying these results to the question of DBR subspaces, in Section 4, we show
that an infinite compact Hausdorff space K has no isolated point if and only if any
finite co-dimensional subspace, in particular, any hyperplane is DBR in C(K). We
characterize (x)- and DBR hyperplanes in C(K) in terms of the defining measure.
We also show that a Banach space X is reflexive if and only if X is a DBR subspace
of any superspace in which it embeds isometrically as a hyperplane.

In Section 5, we obtain some partial results in the remaining cases. As applica-
tions, we prove that any M-ideal or any closed =x-subalgebra of C(K) is a DBR
subspace of C(K). It follows that C(K) is BR in C(K)**.

The closed unit ball and the unit sphere of a Banach space X are denoted by By
and S respectively. We denote by N A1(X) the set of all x* € Sx+ which attain their
normon By. For t € K, let §, be Dirac measure at ¢, and for a subspace Y of C(K),
let e, = §;|y. T € C denotes the unit circle.

Any unexplained terminology can be found in [7].
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2. (+)-SUBSPACES

Let Y be a subspace of a Banach space X. Notice that ¢, (x) < ¢p, (x) = [Ix|| +1
forall x € X.

Definition 2.1. Let us call a subspace Y a (x)-subspace of X if

¢y (x)=|x||+1 forallxeX.

Remark 2.2. This notion was introduced in [2] in a slightly different form.
Several examples of (x)-subspaces are discussed in [2]. For example, any Banach
space is a (x)-subspace of its bidual.

Definition 2.3. We say that A C By« is a norming set for X if ||x|| = ||x|a] :=
supf{|x*(x)|: x* € A} forall x € X.

In [2, Proposition 2.4] it is noted that if
Ay = {x* € Sxx: Hx*|y|| = 1}

is a norming set for X, then Y is a (x)-subspace of X. We do not know if the
converse is true in general.> However, for subspaces of C (K ), we have the following
result.

We will encounter the following subsets of K repeatedly throughout the paper.
So let us fix our notations here.

Definition 2.4. Let Y be a subspace of C(K). We define:

K'={teK: 8 eAy}={tecK: || =1},
Ko={teK: |g@t)|=1forsomegeSy}={reK: e, e NA1(Y)}.

Clearly, Ko € K'. Also let K1 = K.

Theorem 2.5. Let Y be a subspace of C(K). The following are equivalent:
() Y is a (x)-subspace of C(K).

(b) Ay is anorming set for C(K).

(c) K'isdensein K.

(d) K’isresidual, i.e., contains a dense G setin K.

Proof. (d) = (c) = (b) = (a) is clear.

(@) = (d). Let F(t) = |le;||. Then F is clearly lower semicontinuous.

CLAIM: K’ ={r € K: F is continuous at ¢}, and hence, is residual [5].

Since F is lower semicontinuous and F < 1, it is easy to see that F is continuous
atpoints of K’ ={r € K: F(tr) =1}.

1 We have recently shown that the converse is always true.
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Now, suppose F is continuous at some 19 ¢ K'. Then F(ro) < 1. Let 0 < ¢ <
(1— F(tp))/2. By continuity, there is an open neighborhood U of 7 such that | F () —
F(tg)| <eforallreU.

Let f € C(K) be such that f(K) € [0,1], f(to) =1and f|x\v =0.

By (a), ¢, (f) = Il fIl + 1 = 2. Therefore, there exists g € By such that || f —
glloo > 2 —e. It follows that f — g must attain its norm at some ¢; € U. But

1g(t)| = len (9 < lley Il = F(r1) < F(to) + &.

Thus,

If = 8lloo =1 (t1) — gt < 1f(t)| + 18(1)| < 1+ F(t0) + € <2 —¢,

a contradiction that completes the proof. O

Remark 2.6. If the scalars are real, the above claim can also be proved by using
the characterization of sets in C(K) that are intersection of closed balls given in
[9, Proposition 4.1] and observing that Y is a (x)-subspace of X if and only if the
intersection of closed balls containing By equals By.

Coming to ball remotality, it is easy to see that:
Proposition 2.7. If Y is a subspace of C(K) such that Ky is finite, then Y is BR.

Proof. Clearly, Y embeds isometrically into C(Ky). If Ko is finite, it follows that
Y is finite-dimensional, and hence, BR. O

Proposition 2.8. Let Y be a subspace of C(K), Ko as defined above and let A =
{f eC(K): f(t) =] flloo for some ¢t € Ko}. Then A C R(By).
If Y is a (x)-subspace, then A = R(By).

Proof. Let f € Aandr € Ko besuchthat |f(z)| = | f|lc. By definition of Ko, there
exists g € Sy such that |g(¢)| = 1. Then for a suitable scalar « € T, || f — aglloo =
|f(t) —ag®)|=Ifllo +1. Thus, f € R(By).

Conversely, if Y is a (x)-subspace and f € R(By), then | f — glloo = | flloo + 1
for some g € By. Now, if f — g attains its norm at 7o € K, then || f|l0 = | f (f0)| and
lg(to)| =1. Thus 7o € Kg and hence, f € A. O

Proposition 2.9. For a compact Hausdorff space K, the following are equivalent:

(a) Eachsingletonin K isa Gs.
(b) For any 19 € K, there exists f € C(K) such that f(K) € [0, 1], f(t) =1 and
f(@) < 1forall r # 1.

Proof. (a) = (b). Let 710 € K. By (a), there exists open sets {U,} such that {ro} =
M, Un- Get {f,} € C(K) such that f,:K — [0,1], f,(t0) =1 and f,(US) =0.
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Define f(r)=)_,27" f,(t). Clearly, f € C(K) and f(to) =1. If r € K and ¢ # 1o,
there exists U,, such that ¢ ¢ U,,. So f,,(t) =0, and hence, f(¢) < 1.
(b) = (a). If such an f € C(K) exists, then {10} = f~1({1}) isa Gs. O

Theorem 2.10. Let Y be a subspace of C(K) and K¢ as above.

If Ko=K,thenY is (¥)- and BR in C(K).

And if each singleton in K is a G, in particular if K is metrizable, then the
converse is also true.

Proof. If Ko = K, it follows from Theorem 2.5 that Y is a (x)-subspace. Moreover,
in Proposition 2.8, A = C(K) and therefore, Y is BR.

Conversely, if Y is (x) and BR, let 1o € K. By Proposition 2.9, there exists f €
C(K) such that f(K) € [0,1], f(top) =1 and f(zr) <1 for all t # t. Since f €
R(By), by Proposition 2.8, 1o € Ko, thatis, Ko=K. O

Corollary 2.11. Let Y be a subspace of C(K).

(a) If Y contains a unimodular function, in particular, if Y contains constants, then
Y isBR in C(K).
(b) Y ={geCIO0,1]: [; g(t)dt =0} is BRin C[0, 1].

For a Banach space X, let C(K, X) denote the space of all continuous functions
from K to X. We will need the following result only when X is the scalars, but the
general result follows at no extra effort.

Lemma 2.12. Let L € K besuchthat L = K. For f € C(K, X) and ¢ > 0, there
exists g € C(K, X) such that g attains itsnormon L and || f — glloo < €.

Proof. Let || f|loo = M. There exists xo € f(K) such that ||xg|| = M.

Since L is dense in K, there exists u € L such that || f (1) — x| < &.

Let x1 = f(u). Choose rg such that ||x; — xg|| < ro < ¢ and split X into three
disjoint regions:

X1={x € X: |lx —xoll > &},
Xo={x € X! |lx — xoll <ro}

and
X3={xeX:ro<|x—xol <e}.
Define ¢ : X; U Xo — X as follows:
o(x)=x ifxeXy, P(x)=xp IifxeX,.

To define ¢ on X3, notice that any point in X3 is of the form xg + ry for some r €
(ro, €] and y € Sx. Define i :[rg, e] — [0, e] by h(r) = ;:ﬁgs and define ¢: X3 — X
by ¢ (xo +ry) =x0+ h(r)y.
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CLAIM: ¢: X — X is continuous.

It clearly suffices to check the continuity of ¢ on Xs.

Let (z,), zo € X3 such that z, — zo. Then z, = xo + r,,y, and zo = xo + ry, for
some ry,, r € [ro,e] and y,, y € Sx.

Clearly, r, — r, and since r > ro > 0, 2y, — y. Therefore, ||y, — yll <y, —
Lynll + 1172 yn — yIl — 0as n — oo. Now

6 (zn) — @Ol = IAG) v — R ()Y I < [h(ra) — h()| + [RE) |y — I
<s( n = ‘+||yn —y||> -0

as n — oo. This proves the claim.

Defineg: K - X byg=¢o f.

Note that g(K) € ¢ (M Bx) C M By as the last set is convex and ¢ maps a point
z of X3 to a point on the straight line [z, xo]. It follows that || g]lcc < M = ||x0ll =
l¢ (x|l = llg)|l. Thus, g attains its norm on L.

Moreover,

r
E—ro

I1f — glloo < sup{llx —p(X)|I: x € X} =sup{llx —p(x)|: x € X2U X3}
= max{sup{||lx — ¢(x)[|: x € X2}, supf{[lx — ¢ (x)||: x € X3}}
= max{ro, sup{|r — h(r)|: r € (ro, e1}}

ro(e —r) .

:max{ro,sup{ : re(ro,e]}}<r0<8.

E—ro

This completes the proof. O

Theorem 2.13. Let Y be a subspace of C(K) and Ko as above. Then Y is a (x)-
and DBR subspace of C(K) if and only if Ko =K.

Proof. With the notation of Definition 2.4, since Ko € K’, if Ko = K, then by
Theorem 2.5, Y is a (x)-subspace of C(K).

Putting L = Ko in Lemma 2.12, we get that the set A in Proposition 2.8 is dense
in C(K). And hence, Y is DBR.

Conversely, if Y is a (x)-subspace of C(K), by Proposition 2.8, A = R(By). It
follows that for any f € R(By), [l flloo = I flxolloo- Since {f € C(K): [ flloo =
I flkolloo} is @ closed set containing R(By), it follows that if Y is also DBR, then
I flloo = Il f1xolloo for all f € C(K). Hence Ko=K. O

Corollary 2.14. Any Banach space X is a (x)-subspace as well as DBR subspace
of C(K), where K = (Bx*, w*) if X is infinite-dimensional, and K = (Sx*, horm),
if X is finite-dimensional.

Proof. If X is finite-dimensional, it is BR in any superspace.

If X is infinite-dimensional, let K = (Bx*, w*). Then X embeds isometrically as
a subspace of C(K). Now notice that Ko = N A1(X), which is norm dense in Sy
by Bishop—Phelps Theorem, and hence w*-dense in Bx=. O
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3. ON BOUNDARIES OF SUBSPACES OF C(K)

Some of the results in this section may be folklore, but we have not found them
recorded anywhere, hence we include proofs.

Definition 3.1. Let Y be a subspace of C(K). Aset B C K is said to be a boundary
for Y if for every g € Y, there exists r € B such that |g(t)| = |2l co-

For a subspace Y of C(K), recall (Definition 2.4) that Ko = {r € K: |g(t)| =
1 for some g € Sy} and K1 = Ko. Clearly, Ko is a boundary for ¥ and K is a
closed boundary.

Lemma 3.2. LetY be asubspace of C(K). Let B C K be a closed boundary for Y.
For any r € K, there exists a regular complex Borel measure , on B such that
el = lle:|l and g(r) = [ gdu, for all g € Y. Call 1, a representing measure for
£ on B.

If Y separates points of K, the map r — u, is one-one.

Proof. Since B is a closed boundary for Y, the map g — g|p is an isometry
between Y and Y|p € C(B). Therefore, ¢, induces a functional A € (Y|g)* with
IA|l = |le:|l. Any norm preserving extension of A on C(B) corresponds to a regular
Borel measure w, on B such that ||A| = || u]l.

The last statement in the lemma is obvious. O

Theorem 3.3. If Y is a subspace of co-dimension n in C(K) and B C K is a closed
boundary for Y, then K \ B contains at most » distinct points.
In particular, if K has no isolated points, then B = K.

Proof. Suppose there are (n + 1) distinct points 1,2, ..., 1,411 In K \ B. Let u; be
a representing measure for #; on B. If ¢, = 0 for some i, then u; =0and §;, € Y.
Since each y; has no point mass outside of B, it is clear that the measures u; — &,
are linearly independent. Since each u; —§;, € Y+, this contradicts the fact that Y
has co-dimension x.

Now, if K \ B is nonempty, it contains at most » points and necessarily these
points are isolated. Thus, if K has no isolated points, then B=K. O

Definition 3.4. Let Y be a subspace of C(K). The Choquet boundary of Y is
defined as

Y ={t € K: e, € ext Byx},
where ext By denotes the set of extreme points of Byx.

This definition (given in [10, p. 29], when 1 € Y) coincides with the classical
definition of the Choquet boundary when Y separates points of K and contains the
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constants [10, Proposition 6.2, p. 29]. We use the same definition even when 1 ¢ Y.
Itis clear that 8Y is a boundary and therefore we obtain the following corollary.

Corollary 3.5. If Y is a subspace of co-dimension » in C(K), then K \ 3Y contains
at most » distinct points. And if K has no isolated points, then 3Y = K.

Remark 3.6. The stronger result that the set K \ dY itself contains at most n
points, was proved, under the additional assumption that Y separates points of K,
in [6, Lemma 5.6, Theorem 7.3] and in full generality in [1, Proposition 3.1]. Our
argument is significantly simpler.

It is well known that when Y separates points of K and contains the constants, the
Choquet boundary is contained in any closed boundary [10, Proposition 6.4, p. 30].
In our next result, we relate the Choquet boundary with other closed boundaries for
a general subspace Y of C(K).

Let B € K be a closed boundary for Y. The map e¢: K — (By+, w*) defined by
e(r) = e, is clearly continuous and hence, Te(B) is a w*-compact subset of Byx.

Theorem 3.7. Let Y be a subspace of C(K) and B C K a closed boundary for Y.
Then:

(@) e(dY) C Te(B).

(b) If Y contains the constants and separates points of K, then 3Y C B.
(c) If{|f]: f €Y} separates points of K then also Y < B.

(d) If Ko, as in Definition 2.4, is closed, then Y C K.

Proof. (a). Since e(B) is a norming set for Y, by separation arguments,
Bys = COMV"" (Te(B)).

By Milman’s theorem [10, Proposition 1.5, p. 6], we have
e(dY) C ext Byx C Te(B).

(b). If r € 8Y, then by (a), there are y € T and b € B such that g(¢) = yg(b) for
all g e Y. (b) follows.
(c). By (a), if t € Y, then there is b € B such that

L 1s0I=Ig®)| forallgey.

Now the hypothesis implies t = b, i.e., 3Y C B.
(d) follows from (1) and the definition of Ko. O

Remark 3.8. (a) If Y ={f € C(K): f|p =0}, where D C K is a closed set, then
K'={teK: ||&|y|| =1} = K \ D and points of K’ are separated by nonnegative
functions in Y. Therefore, (c) holds.
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(b) Though 3Y € Ko when Ky is closed, the two sets need not be equal. For
example, if Y = {f € C[0,1]: f(0) = folf(z)dt}, then Kq =[O0, 1] is closed but
0 ¢ dY asit has a representing measure other than 5p, namely, the Lebesgue measure
on [0, 1].

4. FINITE CO-DIMENSIONAL SUBSPACES OF C(K)

Coming back to DBR subspaces, let Y be a subspace of finite co-dimension in
C(K).Let Kgand K3 be as in Definition 2.4. Now, Theorem 3.3 yields the following
corollary.

Corollary 4.1. If Y has co-dimension r, then there can be at most » distinct points
in K \ K1. And if K has no isolated points, then K1 = K.

And therefore:

Theorem 4.2. If K has no isolated points, then any finite co-dimensional subspace
of C(K) is a (x)- and DBR subspace.

Remark 4.3. If K is infinite and has no isolated points, e.g., K = [0, 1], then C(K)
clearly has hyperplanes that are not proximinal. Thus, DBR subspaces need not be
proximinal.

It also follows that:

Corollary 4.4. If u1, o, ..., u, are non-atomic measures, then Y = ('_; ker(u;)
is a (x)- and DBR subspace of C(K).

Proof. If K\ K1 is nonempty, let 11,12, ..., t,, € K \ K1 for some m < n.

Let ; be a representing measure for ; on Ky. Then u; —§;, € YL, It follows that
at least some elements of Y- must put nonzero mass on the points 1, o, ..., ty.
Hence the result follows. O

Theorem 4.5. If Y is of co-dimension n and K \ K1 contains exactly » points, then
Ko is closed. Moreover, 3Y = 3Y = Ko = Kj.

Proof. For simplicity, we give the proof for n = 2 as no new ideas are required for
other values of n.

Let 11,7, € K \ K1 with representing measures 1, o respectively. Let Y; =
ker(u; —6,),i=1,2.ThenY =Y NY>.

Find f1, f2 € C(K) suchthat f;(¢;) = 6;; and fi|g, =0fori, j =1,2. Then (u; —
8:)(fj) = —8;;. Itfollows that forany f € C(K), g = f + (1 —8)(f)- fi+ (n2—
3)(f)- faeY.

Now define f € C(K) by flx, =1, f(r1) = f(t2) = 0 and consider g € Y as
above. Then g|x, = 1and g(t;) = u; (K1), i = 1, 2. Thus, [|gllec = max{1, |u1(K1)|,
lu2(K1)[}
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Since g attains its norm only on Ko € K3, we must have |u1(K1)| < 1,
lu2(K1)| < 1land K1 € Ko, and so, Ko is closed.

Now by Theorem 3.7(d), 3Y € dY < Ko. If Ko\ Y were nonempty, there would
be more than » points outside dY contradicting [1, Proposition 3.1]. O

Remark 4.6. What happens if Y is of co-dimension n but K \ K1 has fewer than
n points? We don’t know the answer but a look at some examples seems to suggest
that if r ¢ K1, then ¢, ¢ ext By=, and so 9Y C K1.

Theorem 4.7. Let K be an infinite compact Hausdorff space. The following are
equivalent:

(d) K has no isolated point;
(b) any finite co-dimensional subspace of C(K) is DBR;
(c) any hyperplane in C(K) is DBR.

Proof. (a) = (b) = (c) is clear from Theorem 4.2.

(c) = (a). Suppose 1o € K is an isolated point. Then K = T U {0}, where T is
closed. Since C(T) is nonreflexive, there exists u € S¢(ry+ such that w is not norm
attaining on C(7'). Now let Y =ker(8,, — ), i.e.,

Y={feCK): fto)=n(flr)}
It follows that given any & € C(T), if we define f: K — C as

h() ifteT,

f(t)z{u(h) if 1 = 10,

then feY and || flloo = ll2]lco. Thus, T C Kp.

CLAIM: |leyll =1, but 1o ¢ Ko.

Since ||u|l = 1, there exists (h,) C Sc(ry such that w(h,) — 1. If we define the
corresponding f, € Sy as above, then f, (o) — 1. Thus, [le, |l = 1.

On the other hand, since w is hot norm attaining on C(T), to ¢ Ko.

It follows that Ko =T and K’ = K. Therefore, Y is a (x)-subspace, and hence,
cannot be a DBR subspace of C(K). O

Remark 4.8. (a) If K is finite, C(K) is finite-dimensional and hence, any subspace
is DBR, but any point of K is also isolated.

(b) Since K = T U{ro}, C(K) = C(T) P, C. Therefore by [2, Lemma 3.1], C(T)
is BR in C(K). Clearly, Y is isometric to C(T), but Y is not even DBR in C(K).
This emphasizes the fact that this property not only depends on the norm, but also
on how Y ‘sits’ in X.

A simple example of the above phenomenon is given by the following example.

Example 4.9. Let K =[0,1]U {2} and n be the measure on [0, 1] defined by
= Aljo,1/2) — Aliz/2,1), where A denotes the Lebesgue measure on [0, 1].
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Now define

1/2 1
Y:{FGC(K): F(2)=/F(x)dx—/F(x)dx}.
0 1/2

It is easy to see that w is not norm attaining on C[O0, 1]. It follows that Ko = [0, 1]
and K’ = K. Therefore, Y is a (x)-subspace of C(K). But Y cannot be a DBR
subspace of C(K).

Similar examples can be constructed for any finite co-dimension. For example
forn=2,let K =[0,1]U{-1} U {2}, and let Y = ker(u1) N ker(uz) where

1

= bty gy~
1

p2=7-0-1+ M1 4= Aoy

One can check as before that Y is a (x)-subspace, but not DBR in C(K).
Now we can characterize (x)- and DBR hyperplanes in C(K).

Theorem 4.10. Let u € C(K)*, |||l = 1. Then Y = ker(u) is not (x) and DBR in
C(K) if and only if the following conditions hold:

(a) Thereis an isolated point 7o € K such that |u({r0})| > 1/2.
(b) If we write v = a8y + v and || = 1/2, then v is not norm attaining on C (K \
{ro}).

Proof. First assume Y is not (x) and DBR in C(K).

Then K1 # K and hence, by Theorem 4.5, Kj is closed and there exists exactly
one isolated point 7o € K such that 7o ¢ Ko and K = Ko U {t0}.

Now we can write u = aé,, + v, where v is supported on Ko. Moreover, 1 =
Il = lal+ vl

If || <1/2, then |v]| =1— || > 1/2 > |a|. So there exists g € Bc(k,) such that
v(g) = |al. Define fe BC(K) by

g(@) if t € Ko,
—sgn(a) ift=1o.

f(t>={

Clearly f € Sy and | f(10)| = 1, which implies 7o € Ko. This contradiction ensures
that |o| > 1/2.

Now suppose || = 1/2, then |v|| = 1/2. If v is norm attaining on C(Kg), we can
get g € Bekg) such that v(g) = |lv|| = 1/2 = |«| and hence, f € Bc(x) defined as
above satisfies f € Sy and | f (r0)| = 1. This again implies 7p € K. A contradiction!

Conversely assume that (a) and (b) hold. It is enough to prove that 7o ¢ Ko.

If 1g € Ko, then there exists f € By with | f(1p)| = 1. It follows that

le| = laf ()| = w(NHI<vl=1— |l
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which implies |«| < 1/2. This together with (a) implies |«| = 1/2, and hence, ||v|| =
1/2. 1t follows that |v(f)| = |a| = 1/2. Thus v is norm attaining, contradicting (b).
Hencero ¢ Ko. O

Remark 4.11. In the above, if |«| = ||v|] = 1/2 and v is norm attaining on C(K \
{to}), then Y = ker(w) is actually (x) and ball remotal. Indeed, from the above proof,
it follows that 7o € Ko. Now define g on Bk by

1 if 1 # 19,
g(t)_{—v(l)/a if £ = 10,

Since [v(D)| < |Iv|| = |a| =1/2, g € Sy and therefore, K = K.

We now obtain a characterization of reflexivity.

Let Y be a subspace of a Banach space X. It is not difficult to see that R(By) 2
{x € X: there are x* € Sx=, y € Sy such that x*(x) = ||x|| and x*(y) = 1} and
[2, Proposition 2.9] observed that if Y is a (x)-subspace of X, then the two sets
coincide.

Proposition 4.12. Let Ny = {x* € Sxx: x*(y) = 1for some y € Sy}. If Y is a (x)-
and DBR subspace of X, then Ny is norming for X.

Proof. If Y is a (x)-subspace of X, it follows from the result quoted above that
x|l = llx|ny Il for any x € R(By). If Y is a DBR subspace, as in Theorem 2.13, it
follows that Ny is a norming set for X. 0O

In the following result, we use real scalars just for notational convenience.

Theorem 4.13. Let X be a nonreflexive Banach space. Then there exists a Banach
space Z and a hyperplane Y in Z such that X is isometric to Y and Y is not a DBR
subspace of Z.

Proof. Define Z = X @ R. Since X is nonreflexive, there exists xj € Sx+ which
is not norm attaining.

LetY = {(x, x{(x)): x € X}. Clearly, Y isa hyperplane in Z. Since x|l =1, Y is
isometric to X.

CLAIM 1: Y is a (x)-subspace of Z.

Clearly, {(x*,0): x* € Sx+} € Ay. And since |xjll =1, it also follows that
(0,1) € Ay. Thus Ay is norming for Z.

CLAIM 2: Ny ={(x*,0): x* e NA1(X)}.

Let z* = (x*, ) € Ny. Then |(x*, a)(x, x§(x))| = 1 for some x € Sx. But then,
1= [x*(x) +Faxd ()] < [x* )|+ ol - [x§ ()] < [|x*]] 4 || = 1. Since x§ is not norm
attaining, o = 0 and |x*(x)| = ||x*||. Hence the claim.

But clearly, Ny cannot be norming for Z and hence, by Proposition 4.12,
Y cannot be a DBR subspace of Z. O
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Corollary 4.14. For a Banach space X, the following are equivalent:

(@) X is reflexive.

(b) X is a DBR subspace of any superspace.

(c) X is a DBR subspace of any superspace in which it embeds isometrically as a
hyperplane.

5. OTHER DBR SUBSPACES OF C(K)

Let Y be a subspace of C(K). Recall that (Definition 2.4) Ko ={tr € K: |g(¢)| =
1 for some g € Sy} and K1 = Ko. We may assume K1 # K. Note that g — glk, is
an isometric embedding of ¥ into C(K1), and By|x, = B(Y|K1) is densely remotal
in C(K1).

Theorem 5.1. Let K> = K \ K1. Suppose By |k, is remotal in C(K>), then Y is a
DBR subspace of C(K).

Proof. Let h € C(K) and ¢ > 0. Let hy = h|k,. Since By|k, is densely remotal in
C(Ky), there is some f1 € C(Ky) suchthat || f1 — hi1lleo <€ and f1 € R(Bylk,). By
Tietze’s extension theorem, there is f € C(K) such that || f — hllcc <& and flx, =
f1. Let g1 € By be such that for all g € By, |(f + &)lxyllo < I(f + gDk, lloo-
Let f> = flk,. Since By|k, is remotal in C(K>), there exist g» € By such that
1(f +)lkylloo < N(f +g2)Ik,lloo forall g € By. Thenforall g € By, || f + gllcc =

max{||(f + &)k lloos I(f + &)lkzlloc} < MaX{II(f + gDk lloo, IS + g2) ks ll00}-
Now, depending on which of the two terms on the RHS is bigger, either —gy or

—g» is farthest from f in By. Hence Y isDBR in C(K). O

Remark 5.2. If Y is finite co-dimensional, K> is finite and hence, as soon as By |k,
is closed in C(K>), it is remotal and Theorem 5.1 applies. However, as Theorem 4.7
shows, By |k, need not be closed in C(K>).

Interchanging the roles of K3 and K> in the above argument, we also obtain the
following theorem.

Theorem 5.3. Suppose Ko is closed and By |, is densely remotal in C(K3), then
Y is a DBR subspace of C(K).

Corollary 5.4. Suppose for all g €Y, glx, =0, then Y is a DBR subspace of
C(K).

Theorem 5.5. Any M-ideal in C(K) is a DBR subspace of C(K).
Proof. Recall that any M-ideal in C(K) is of the form Y = {f € C(K): f|p =0}
for some closed set D C K (see [7, Example 1.4(a)]).

It is easy to see that in this case, Ko = K \ D and therefore, K» = D. Thus, the
result follows from Corollary 5.4. O
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Remark 5.6. It is observed in [2] that in general an M-ideal may fail to be a DBR
subspace.

Recently, we have shown [3] that in many function spaces and function algebras,
an M-ideal is a DBR subspace, including an alternative proof of Theorem 5.5.

Theorem 5.7. Let {u,} be countable family of regular Borel measures on K. Let
S(u,) denote the support of w,,. Suppose

(a) foreachn >1, K \ S(u,) isdense in K, and
(b) U, S(un) is a closed subset of K.

Then Y =), ker(u,) is a DBR subspace of C(K).

Proof. Let D =, S(u,). Let Z ={f € C(K): flp = 0}. By Baire Category
Theorem, K \ D is dense in K. Therefore, by Theorem 2.13 and Theorem 5.5, Z is
a DBR (x)-subspace of C(K). Since Z C Y C C(K), Y isalso a DBR (x)-subspace
of C(K). O

Proposition 5.8. Let K and S be compact Hausdorff spaces, 0:K — S a
continuous onto map, and sg € S. Then

Y={hoo: heC(S) and h(sg) =0}
is a DBR subspace of C(K).

Proof. Since o isonto, |hool| g = ||hlls for h € C(S).

Let D = o~ 1({so}). If r ¢ D, then there is 1 € C(S) such that i(S) C [0, 1],
h(so) =0and i(o(¢)) = 1. It followsthat g =hoo €Y and ||g||x = 1.

Thus Ko = K \ D and therefore, Ko = D. Clearly, Y|x, = 0 and the result again
follows from Corollary 5.4. O

Theorem 5.9. Any closed x-subalgebra A of C(K) is a DBR subspace of C(K).

Proof. Let A be a closed x-subalgebra of C(K).

If A contains the unit, i.e., the constant function 1, then by Corollary 2.11, A is
a BR subspace of C(K).

If A does not contain the unit, then it follows from [11,12] that there is a compact
Hausdorff space S, so € S and a continuous onto map o : K — S such that 4 =
{hoo: heC(S)and h(sg) = 0}. Now by Proposition 5.8, A is a DBR subspace of
C(K). O

Corollary 5.10. C(K) isBRin C(K)**.
Proof. Itis known that C(K)** isa C(T) space for some compact Hausdorff space

T, and C(K) is a closed x-subalgebra of C(T) containing the unit. Thus the result
follows from the proof of Theorem 5.9. O
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Remark 5.11. In [2], it is shown that cg is a DBR subspace of its bidual, while the
space X = C(T)/A, where A is the disc algebra, is not.
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