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§ 1. INTRODUCTION

In this paper we give some intermediatery results obtained while attempting
to prove some conjectures, made by D. Kazhdan and G. Lusztig ([4-§ 1.4));
these results seem to be interesting in their own right as well.

The conjectures mentioned above relate the formal character of an irre-
ducible highest weight representation of a complex semisimple Lie algebra with
values of certain polynomials (in one variable) with integral coefficients. The
point of view taken by this author in tackling this problem is that certain sub-
modules of Verma modules which were introduced by J. Jantzen ({3-§ 5.2])
should be used as they are intimately related with these formal characters as is
evident from his results.

Let &® be a complex semisimple Lie algebra. Let $CB be respectively a
Cartan subalgebra and a Borel subalgebra. Let W be the Weyl group and o be
the half-sum of roots of (B, 9). For A€ *, let M(A) be the Verma module
“with respect of B’ of highest weight A. Let L(4) be its unique irreducible
quotient. Jantzen (loc. cit.) has introduced certain submodules {M(A1)},5q of
M(A) such that M(1)=M(AP 2M(A)' 2... and M(A1)/M(A)! =L(1). We prove
that these submodules are ‘‘independent’’ in certain sense of the parametre A as
long as we move in the ‘‘same chamber’’. More precisely, we have:
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 THEOREM 1.1. Let Ay, py be dominant, integral elements of $*. Let F be the
finite dimensional irreducible &-module with highest weight u,. For xe W put
Ay=x(Ag+0) — 0 and u,=x(uy). Then there exists a ®-module isomorphism

Wit (MAI@F)y, | =M+ i)
such that
WX((M(A»Y)’@)F)XAXMX) =M(Ax+ 1) Vr=0.

(For a ®-module N and a central character x, N, = {ne N|(z— x(2))’'n=0 for
some r=0 Vze centre of enveloping algebra of &}.

Using the notation of G. Zuckerman ([6]), the above theorem can be restated
as:

930 ¢ o (M(A)") = M + )"

It is not difficult to prove (eg [3-§ 2.4]) that
030+ (LA = L(Ay + 1) Vye W.

Combining this fact with the conclusion of the above theorem, we see that the
integer mtpf{g(x, »)=multiplicity of L(4,) in Jordan-Holder series of M(A,)"
(x<ye W, < being the Bruhat ordering on W) depends only on the pair (x, y)
and we denote it simply by m#p"X(x, y).

We now restate the character identity of Jantzen ([3-§ 5.3]) which, as
mentioned earlier, has been the motivation behind this approach:

(1.2) Y mipDxy)= ¥ mpOxty).
rzl Xsxisy
¢ a reflection

The Kazhdan-Lusztig conjectures now state that

(1.3) mpOx,y)=P, (1),

where P, ,’s are certain polynomials in one variable defined with the help of the
Hecke algebra of W.

One is now led to search for polynomials P, which are related to P, , in a
natural way and which are ““‘consistent’’ with the identity (1.2). We indeed have
the following:

THEOREM 1.4. There exists a unique set {Pif)y},zo of polynomials such that

: (Y 1
i P,=P0=P0=>..

(a polynomial /=¥ ;50 @;¢'Zg= ¥ i»0 biq’ if 3,2, V)

(ii) deg Pg)ys [l_()L)_—;_(x)_—_r] { being the length function of W.



(By convention, f=0 if deg f<0)
@) L POM= L PayD.

x<xt<y
¢ a reflection

It is now only logical to formulate:
CONJECTURE 1.5.  mip"™(x,y)=P{(1) ¥r=0, Vx<ye W.

REMARK 1.6. A natural direction to proceed from this point is to get some
more information about these polynomials “Pg )y”. The identity (1.2) provides
the natural induction step. The initial investigation in this direction looks to be
quite promising,

This paper is arranged as follows: In § 2, we establish some properties of
polynomials P,, and the accompanying polynomials R, , ([4-§ 2]). § 3 is
devoted to the proof of Theorem 1.4 which uses results of § 2. In § 4 we
investigate the structure of some modules with ““C[[#]]-coefficients’’. This is an
extension of ideas of Jantzen who uses modules with “‘C[f]-coefficients’’ to
define the filtration {M(1)"},., mentioned earlier. We will also compare the
two set-ups. In § 5 we give a proof of Theorem 1.1 specializing results of § 4.
Even though the conclusion of this theorem has been the starting point for this
paper, its proof, apart from being technically involved, is of a different flavour
than the discussion in § 2 and 3. That is the reason why this starting point has
been arranged at the end.

Thanks are due to J.C. Jantzen for pointing out a simplification in the
original proof at Theorem 1.1.

Notes added in proof:

(i) Results similar to ours have been obtained by O. Gabber and A. Joseph,
e.g. Proposition 3.2 (see § 3) has been proved by them and also, independently,
by G. Lusztig.

(ii) The original conjectures of Kazhdan-Lusztig (Conjecture (1.3) above)
have now been proved to be true by Brylinski and Kashiwara and also by
Belinson and Bernstein. The generalized conjecture (1.5) (which has been
formulated by Gabber and Joseph as well) still remains open.

§ 2. A LEMMA ON THE “SHAPE” OF R, ,

We recall the definition of the polynomial R, , ([4-§ 2]): Let # be the free
Z|[g)-module with {T,,|we W} as a basis. Define a multiplication in # by: For
s€ S (the set of simple reflections) and we W,

T, if l(sw) = I(w)

L Tw= { (@- DT, +q- Ty if lsw) <I(w).

Let #= #®z421g* g~ 1. Then the above multiplication extends to .# in which
T, becomes invertible. We write
_ 1
T, = 5 L (=D%7-R, (@) Ty, (6 0)=ly) - (x)).
q

x<y



It can be proved ([4.-§ 2]) that R, , satisfies the following (inductive) relations
Let s€ S such that sy<y. Then

)] Ry =Ry 5 if sx<x
(ii) R, ,=(@— DR, 4 +qR ,, if sx=x.

(By convention, R,,=0 if o%7). Let T be the set of all reflections i.e
T=Uwew wSw1,

We now prove the following lemma:

LEMMA 2.1. For x<ye W, R, (q) is divisible by (g—1). In fact, it i
divisible by (q — 1) as well unless x "'y e T in which case (q — 1)* divides

[Rx,y(q) ~(g-1)q f("—yz)—’]

PROOF. We proceed by induction on /(y). Since X<y, necessarily /(y)=1.
Choose s€ § such that sy<y.

Case (i) sx = x.

Recall the Z-property of Bruhat ordering ([2-Thm. 1.1]) which states that in
this case sx<sy as well. Also, R, ,=R,,, in this case. Thus by induction
hypothesis, (g — 1) divides R,, ;, and so (g — 1) divides R, ,. Further, x~ 'y e Tift
(sx)"lsye T and I(x,y)=I(sx,sy). It is now clear that the conclusion of the
lemma holds in this case.

Case (ii) sx=x.

‘In this case the Z-property gives sx<y and x<sy. Also,

Rx,y(Q) =(q - I)Rx, sy(Q) +q- Rsx, sy(q)-
(Rgy 5y = 0 if sx £5y).

First note that in case x=sy, the conclusion of the lemma holds as R, ,(g)=
={(g—1) in this case.

So assume x#sy. Hence induction hypothesis and the above relation show
that (g—1) divides R, ,(g). If x~'y & T then necessarily (sx) '(s»)¢ T and so
irrespective of whether sx <sy or sx sy, (g — 1)* divides R, A@). If x~'ye Tand
x# sy then necessarily SX <8y and (sx) sy e T. Thus by induction hypothesis,

I(sx,sy)— 1

Ry (@) =(g—1)g + (g — 1)*f(g) for some polynomial f.

Note also that /(sx,sy) = ix, y) — 2 in this case. Thus we get,
Rx,y(‘]) =(g— DR, sy(Q) +q- Rsx,sy(‘l)

=@ DRe(@) +4-(g— D) + (g - 1)-g ED=2. g
_ 5 I(x,y)—1
=l@-DR; (@) +q(g— DA+ (g - Dg == —



As x<sy, (g—1) divides R, ;,(q) and so it is clear that (g - 1?2 divides

Ix,») -1

R, (@)—(g—1)-q 5

The proof of the lemma is now complete.

REMARK 2.2. The above lemma is a special case of the following general
fact about R, ,’s:

Roy@) =@~ DY) 4 bi(g— /D 2.q 4 ..+ by(g = 1)) =27 g,

where b;’s are positive integers and the integer m is completely determined by
the “‘segment’’ between x and y. The proof of this general fact is quite subtle
and will be given elsewhere. For our purposes here, Lemma 2.1 is quite suffi-
cient. It looks that this integer m will play an important role in understanding
the combinatorics of the Bruhat ordering.

§ 3. PROOF OF THEOREM 1.4

Recall ([5-§ 2.1.5]) that the polynomials P, ,’s are inductively defined by the
equation:
3.1 T R Aq) P, (@) =q""VP, (g™ ") - Py (@)

x<zsy

and the condition

deg P, , < [ﬁi%)—_—l] (f x<y).

Let P, (@) =ay+a1q+...+a,q”, a;e Z. It is known that a; =1 ([4-Lemma 2.6])
and that a;=0 Vi ([5-Corollary 4.8]). We now prove:

PROPOSITION 3.2,

L Py,()= ¥ alny)-2)).

X<xXtsy O=<j=<p
teT

PROOF. Split the left-hand-side terms of (3.1) as:

E Rx, xt(Q) * th,y(q) + E Rx, z(Q) - Pz,y(Q)-

x<xt<y x<zsy
teT x lz¢T

Now by Lemma 2.1, (g — 1) divides each term in the second summation above.
Also,

I(x, xt) — 1)

(Rx,xt(Q) - (q - 1) °q 5

is divisible by (g—1)? Px<xt=<y.



Thus, the left-hand-side of (3.1) is equal to

¥ (q_l).qm__l

x<xt<sy 2

Py (@) + (g~ 1) 8(q)

for some polynomial g. Dividing the above by (g — 1) and then putting g=1, we

get precisely Ex<xtsy th.y(l)‘
Put P, (q@)=ay+aq+...+a,q” on the right-hand-side of (3.1), divide by

(g—1) and then put g=1 to get ¥o<,;<p @;,(/(x,¥)—2j). The proposition now
follows.

3.3. We now come to the proof of Theorem 1.4. Recall the statement:

THEOREM. There exists a unique set {Pf{’y},zo of polynomials such that

i  P,=PO=PU>...
(i)  deg PO, < [’(iyz)—"} Vr=0

(iii) T POM= ¢ POM.
rzl xX<xtsy
feT

PROOF. Define P{),=ay+a,q+... +a,q' where

i=min { A [I—(M———CB
2

It is clear that the conditions (i) and (ii) are satisfied. Next observe that

PO, =0if r>Ix ) =Iy)— (%)
Pg(;’,}’))(q) = Pg(;,)’)— 1)(q) =g,

P2 (q) =PI Ng) =ap+ayq (if p= 1)
and so on. It is then easy to see that

LPOM= T axy)-2)
r=1 O0=<j<p

Using Proposition 3.2 it is clear that the condition (iii) is also satisfied. Next we

prove the uniqueness of {Pi’ )y},ao. Let {Qi’)y »=0 be any set of polynomials

satisfying the conditions (i), (ii) and (iii). Let Q{}(q) = £ ;.0 b"¢’. By (i),

. l(x,y)—r
) _
bjr =0 for j > [——5—]

(Note that this implies §[ } =0 for r>I(x, y)). Thus
LB

j=0

rz1



becomes a finite sum and in fact is equal to

j=0

as

0= b}l(x,y)—2j+ 1) =l;’j(_l(,vc,y)—2j+2)=
Also, by (i) ;=" =b* "¥r=1, Vj. Thus
Y b(")_ Y (b(l)+ +b(l(x,v) ) < ): a;(l(%, y) — 2j) — (*).

=0 =0
r>1

On the other hand, by (iii) and Proposition 3.2,
L= EO0M= L QD

j=0 XExt<y
r=1 teT

= Y Py)= ¥ alxy)-2)).

xXsxt=sy Osj<p
teT

(Note Q(O) =P.)).
Thus equality must hold in ‘“‘each term’’ in (*). Hence

a; _b(l) b(?-)_ . zbﬁl(x-)’)—Zj) (V,=0).

It is now easy to see that Q\),=P{), Vr=1. Already Q) =P, ,=PY,. This
shows the uniqueness and so completes the proof of the Theorem.

REMARK 3.4. If x<y, P, ,=PP,=P{) as

deg P, , < [_______l(x,};) — 1]

in that case. For x=y, P, =1and P{,=0 Vr>1.

§ 4. MODULES WITH *“C[[f])-COEFFICIENTS”

Let A = C[[¢]] be the ring of formal power series in one variable over C. Let
®,=ARc®. Then @, becomes an A-Lie algebra under the bracket operation

pRu,p'@ul=pp'@uu’l Vp,p'e A, u,u’e@®.

By modules with ‘‘C[[t]]-coefficients’”> we mean modules for the Lie-algebra
®,4. An example of such a module is M(4,) which is a ‘‘®,-Verma-module”’
associated to a A4,€ Homg($, 4). (We will come to the definitions of 4, and
M(A,) later on.) We are interested in these modules and their tensor products
(over C) with finite dimensional @-modules. The discussion is very similar to
([3-§ 5]) where modules with *‘C[t]-coefficients’’ are considered. However, the
ring 4 has ‘‘many’’ invertible elements and this, as we will see, allows us a lot of
space to manoeuver. (In fact, 4 ‘‘almost behaves’’ like a field).



In this section, we will develop some general theory and apply it in the next
section to a special case to prove Theorem 1.1. Part of the discussion in this
section is quite *‘routine’’ to such set-ups (cf. (1], [3]); nevertheless we give it
here for the sake of completeness.

We first enlarge the notation used earlier and also collect together some of
the standard facts about complex semisimple Lie-algebra which will be needed
later on.

Let @ (respectively @*) be the root system of (&, ) (respectively (B, D).
Then @7 is a positive root system for @. Denote by A the set of simple roots in
&+, Let n* (respectively n~) be the nilpotent Lie algebra corresponding to @+
(respectively — @*). For any subalgebra ¢ of & let U(c) denote the Universal
enveloping algebra of ¢ and identify U(c)<s U(®).

Enumerate &% = {y,, ..., ¢}. Choose a Chevalley basis

{5 h<i<kUy h iUl Yol baea of ©

(x, e®", y, e @7 Vi).

Let 77 be the set of all maps from the set {1, ..., k} into the set of non-negative
integers. For nell, let y,e Un~) be defined by y, =y} ... y’y'f("). Define
|m] = E1<ick 7).

Let Z(®) be the centre of U(®). Then it is known that

Z(®)=Clz,, ..., 71} (z.€ Z(Q), /=rank ©).
Let §: U(®)— U(D) be the projection given by the decomposition
U@)=Un")®cUO®)®cUMm").

For 1€ $*, let x; € Z(®) (=Home_,,(Z(G), ) be given by: x,(2) = A(B(z))
Vz e Z((®) (we note that y; is the central character of the Verma module M(1)).
One also has: every x € Z(®) is of the form x, for some i€ $* moreover,
X1 = X, \ff Hre W such that 1 + o= 1(u+ ).

Using the Chevalley basis, we define an involutive antiautomorphism g of @
given by x‘}f,, =y, Viand h°=h Vhe 9.

It can be checked that f(u%) = () Vue U(®). Thus for ze Z(®), x € Z(®),
x(z%) = x(z). (In fact, it is even true that z=2z° Vz e Z(®); the proof uses the fact
Z(@)=C[Z], ...,Z[].)

In the course of discussion, we use the following lemmas from commutative
algebra repeatedly:

Let R be a commutative ring with 1. We then have

LEMMA 4.1. If a,b,ce R are three elements such that the sets {a,c} and
{b,c} both generate R as an ideal then so does the set {ab, c}.

LEMMA 4.2. If {a;}i<i<,€R are such that any two (distinct) of them
generate R as an ideal then so does the set

{aay ... a,_,a1a; ... a,_»a,,...,a; ... a,}.

The proofs of these lemmas are quite straightforward.



For A e *, let A,e Hom(D, A) be given by A(h)=A(h)+(-0o(h) Vhe D. Let
M(A,) be the ®,-Verma module with ‘‘highest weight’’ A,. More precisely,
elements of M(A,) are of the form ¥ .. ary.m; (a, € A);  acts on m;, by A,,
n* acts trivially and n~ by left-multiplication. In fact { ynm,11|7reH } is an
A-basis of M(4,).

Let F be a finite dimensional irreducible ®-module. Then V=M(A,)®F'is a
®&-module under the ‘‘usual’’ action and an A-module by multiplication by
elements of A in the ‘“*M(A,)-part’’. These actions commute and so V gets the
structure of @4-module.

The structure of V has three different features built in it. One arises from a
filtration of F, another from the action of Z(®) on it and a third one coming
from a ‘““contravariant’’ form. We will examine these features and their inter-
relations. We start with the following:

PROPOSITION 4.3. V has a filtration V=V,2V,_12...2¥,2(0) by ®,-
submodules such that V;|V,_; =M((A+ u;),) Vi where u;s are the weight of F
counted with multiplicity.

PROOF. Choose a basis {f}o<;<n Of F such that

(i) f;is a weight vector of weight u;

(i) #j—tk= L agea o with ¢, 20 (and at least one ¢, #0)=j<k.

Let V; be the @ ,-submodule of V generated by {m,lr®f0, m,{r®f1, ey mi[®f,-}.
Then we have V=V, 2V, ;2...2¥;2{0}. Clearly V;/V;_, is generated by
the image m; ®f; of m, ®f;€ V;. Also, for ae 4, X, m; ®@fi=m, ®X,-f;=0as
X, fi is of weight y,+a and so x,-f;= ¥ ,.; ¢;f;, c;€ C. We now show that

(*} z ay,m; ®fi=0=dy=0 Vnell.

) £0 for some mefI. We have,

r a(l) )’n(m,{ Kf)=vi_€eVi_y.

nell

Assume g

Observe that v;_; can be written as

I —ad? -y (m; ).
jsi-
nefl

(This follows from an easy induction on /). Thus

Y )y, (m ®f)=0

J=i
nell

and at least one &}’ #0. Choose j, least such that @ 0 for some 7, € I7. (This
exists as a(’) #0 for some 7 € IT). Now expand the above equation and rewrite it
in the form Y m®f, =0, m,e M(A,). Observe that because of the minimality
of jo, ar,,0 “Yr,MMa, ‘‘occurs’ in m; and hence m; #0. (Recall that {y,m, |n e IT}
is an A-basis of M(A,)). This gives a contradiction and so proves that ¢\ =0 Vx.
This completes the proof of the proposition.



Next we show that it is possible to decompose V into submodules para-
metrized by Z(®). We note that it is here that the abundance of invertible
elements in A4 is used..

We will first give some definitions and results for any & ,-module E.

Let ¢: A—C be the map ¢( ¥ ;>0 ¢;t') =¢,. For any ze Z(®) and ce C, define

E(z)={ecE|dp,,...,px€ ¢~ (c) such that (z—p)) ... (z—p;)-e=0}.

Define

E%z)={ecE|dyq,,...,q;€ A such that (z—¢q) ... (z—g,)e=0}.

(Note that here we do not demand ¢(g;)’s to be equal to each other).
Clearly E(z), ce C and E%(z) are ®,4-submodules of E, We then have:

PROPOSITION 4.4. E%2)= @.cc EA2).

PROOF. We will first show that the sum is direct. Let c,...,c,€ C be all
distinct and let eeE () be such that e;+...+e,=0. For each s, choose
{ps,j}lsjsksew_l(cs) such that (z—pg 1) ... @—Psx)es=0. Consider R = A4[#4],
the polynomial ring in indeterminate 6 over A. We note that for p,ge A with
o(p)#o(q), {6—p,0—q} generate R as an ideal. (The point is that p—gq is
invertible in A.) Hence applying Lemma 4.1 repeatedly, we sece that for /#5s

{ H (9 p[n)’ H (0 ps;)}

l<n<k 1<j<k,

generate R as an ideal, Therefore by Lemma 4.2 #{g(0)}, <;<-€ R such that
1= ¥ &(@) I1C 1T (B—pa).

l<s<r I#s lsnsk,

Replacing @ by z and operating on ¢;, we get

=1 I II @-p)e

=2 1<n<k,
Also, applying
8(2)- H( II @—pw)

<n<h

toe +... ,=0 we get,

0=¢g(2) H( I1 (z piae =

l<n=<k

Similarly we show e, =e;=... =e,=0. This shows that the sum is direct.

Next we show that ¥ ..c E{z) = E%z). Observe first that by every definition
E.(z) € E%2) VceC. Thus we are left to show E%(2) € ¥ .o E(2). Let ec ENz).
Then Hqy,...,qx€A such that (z—gq;) ... z—q)e=0. Group together g;’s
which have the same image under ¢. After relabelling, we are in the situation:

10



there exist ¢y, ..., ¢, € C all distinct from each other and for each ¢, there exists a
set {p&j}l <j<k; such that

I - I @-ps)-e=0.

l=s<r l=<j<k,
We again use Lemmas 4.1 and 4.2 to get polynomials {g(€)}, <<, € R such that
1= ¥ &l(6)- H ( II @-pa)-

1<s<r i4s  1=n=k,
Thus
e= l();qgs(z) gs(lllq (z—-pi,.1))-e.
Put
=g4(2)- I;Is(1<l}<k,(z Pin))-e.
As

II - II @—p)e=0,

I<f=r l=nzk

it is clear that e e E. (2). This completes the proof of the proposition.

We next have:

LEMMA 4.5. For z,7’ € Z(®),
()  E.f{d2)=E.2) Vc, deC, d#0.
(ii) ERNEAZ)CE., +(2+2)NE(22) Ve, ¢'eC.
(iii) ESRNEYNZ) = @ cec ER)NEAZ).
(iv) E%2)NEYz) CE%z+2)NE%zZ).

PROOF. (i) is clear from definition.
(ii) Let ¢,c’e C. We will first show E(2)NE () CE.(227). Let e€ E(2)N
NE.(z). Then {p;}i<i<,€ 9 '(c) and {p}}; <;<,€ ¢ '(c)) such that

z-p1) ... z—p)e=0=(2"-p)) ... @ —Dpse.
Consider

[l (zz'-pip))= 11 (@'(z—p)}+pz'—p)).

l=i<r l<icr

1<j=<s l<j=<s

Fix i and consider

Il @'(z=p)+pz'—pj)).

1<j<s
On expanding out, we see that this product is equal to
z-p)-gzz)+pi- I @-p))

<J<s

11



for some g;(8,6") A[6,8]. Hence
[1 @'—pipj)e= 11 ((z—pp)- g,(z,z7+p, [1 z-p))e

l<i<r l<i<r 1<jxs

I=j=<s

= [I (z-p)-2z,2")-e=0.

l<i<r
Thus e€ E,.(zz") by definition. (Note p;p;€ ¢~ '(cc”)). The proof of
E(DNE(Z)CE. (242

is similar. This proves (ii).
For (iii), note that E.(z) is a ®4-submodule of E. Hence by Proposition 4.4
and (ii) above,

ﬂmnﬂwhc%&mnvw)

@ ( @ E(2)NE.(z")

ceC ceC
= ®C Ec(z) nEc’(Z')'

(iv) follows from (ii) and (iii). This completes the proof of the lemma.

COROLLARY 4.6. For y € Z(®), define
E, = ﬂ EX(Z)(z) and E°= [ E%3).

7€ Z(®)
"Then
E= @ E,.

xeZ(§)

PROOF. From lemma 4.5, it is clear that

E°= (] E%z)and E, = r] Ezp(zi)-

l<i<!

(Recall that {z,,..., %/} is a polynomial basis of Z({)).
Since we are now involved with finitely many intersections, the corollary
follows by repeated application of (iii) of Lemma 4.5.

PROPOSITION 4.7. Let #: E,—E, be a @,4-module homomorphism of &,-
modules E; and E,. Then
@) n(E\),) S(Ey), VX e Z(®)
G)  nEDHCES.

Proof is immediate.

We now apply these general results to the special case of ¥ and its sub-
modules V; as defined in Proposition 4.3. We first prove:

12



PROPOSITION 4.8. For O<i<n, V=V,

PROOF. Clearly it suffices to prove that for any ze Z(®), (V)’@)=V..
Let ve V;. Then the image b of v in ¥;|V;_, is of the form

D= EH an.yn(m/l,®f;')(an € A).

As z-m; ®F= (A +u){B@)-m; ®F,, it is clear that z-6=(1+wm)BR)0 ie.
@— (A +u)dBR))-ve Vo). We note that ¢((A+u)(BR))=(A+u)(Bz)=
= X1+x,(z). (We will use this later on.)

Coming back to the proof, an induction on / shows that

1 = +u)AB))) v=0.

j<i
This shows that v e (V;)%z). This completes the proof of the proposition.
COROLLARY 4.9. V=@, z&(Vi), Y0<i<n.

Proof is immediate using Corollary 4.6 and Proposition 4.8. We note here
that (V)),=V,NV,,0<i=<n, xe Z(®). We now have two sets of submodules of
Vviz. {Vi}o<i<n and {V,} e z@- In Corollary 4.9, we fixed V; of one set and
saw the effect of the other set on it. We now do the opposite. So fix a V. We
then have:

PROPOSITION 4.10.
1)) Vani=Vani—l ifX¢XA+u,.
(ii) VV/V NV =V Vi ((=MA+ 1)) if X=X54p.-

PROOF. Consider V,NV,/V, NV,_ = V,/V;_,. First of all,
VilVio=(Vi/vio )= (Vi/ Vi DX+,
(This is so as V;/V;_ 1 =M((A+u;))). Also, V,NV;/V,NV;_; is the image of
(Vi)y under the map #: V;& V,/V;_ . Hence by Proposition 4.7, V, NV,/V, N
NV,_, ¢ (V/Vi_y), which is {0} if XFEXn+p This proves (i). To prove (ii), we
use Corollary 4.9. Write m 1, ® [i= L yezi®) Yy Uy € (Vi) . Consider the images
in Vi/V;_\. As m, @fie(Vi/V; ), it is clear that 0,,=0 Vx'#x. Thus
m1'®f,-= 0. Since m,lr@f,- generates Vi/V;_, we have (ii).

COROLLARY 4.11. For ye Z(®), let 0<i,<i, ... <i <n be the indices such
that x, ., w =X Then V, has a filtration in which successive subquotients are
® 4-isomorphic to M((A + i)y 1<j<s.

We now turn our attention to contravariant forms. Let E be any & 4-module.
By a contravariant form B on E we mean an A-bilinear map on E X £ with
values in A which satisfies:

B(u-e,ey=B(e,u’e’) Ve,e'e¢E, ue®.

(‘“‘contravariance’’ property of B). (Recall that g is the involutive antiauto-
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morphism of & such that X;‘,= ¥y, V1<i<k. We extend it to @, in a natural
way).

As an immediate consequence of the definition of ‘‘contravariance’’
property, we have:

PROPOSITION 4.12. For x#x’e€ Z(§), B(E,,E,)=0.

PROOF. Choose z € Z(®) suchthat x(z) # x'(2) (= x'(z°)). Lete, e E,, e, € E}..
Then by definition, 7 {p,, ...,p,} €0~ '(x(2)) and {p},...,p;} € 0~ (x'(z%) such
that

[1 @-p)e=0= 11 @-pj) e

l=<ji<r l<j<s

By applying Lemmas 4.1 and 4.2 we get polynomials g(f#) and g’(8) e R such
that

1=g(0) Il (6-p)+g'(®) 11 (6-p).

l<i<r <j<S

Hence
e,=g(2): Il (z—-p)-e,+g'@ Il (z—-p))-e
l=<isr 1=j=ss
= [ z-pr)-(')e).
<j=<s
Therefore,

Be,e,)=B( Il (z-p)g2)-¢)e)

1<j=<s

=B(g'(2)-e,, [l (z°—pj)e)

l<j=s
=B(g'(z)-e,,0)=
={.

This proves the proposition.
Associated to a contravariant form B on E, we define

E'(By={ecE|B(e,E)yct’-A},r=0.

By convention, E'(B)=FE if r<0. Clearly £7(B) is a ®,4-submodule of E and
E=EB)2E'B)>....

If p € A then p- B is also a contravariant form on E and it is easy to check that
for p#0,

(4.13) E'(p-B)=E™°"?(B) Vr=0.

Here, ord (p) =largest integer k such that pe - A.
From Proposition 4,12, it is clear that

(4-14) (E%Y(B)= @ (E,Y(B).

xeZ(®)
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Note that in general only (E,)(B) 2 E,NE"(B) may hold. (That is because E
may not be equal to E°.)

We now turn to the special cases of M(4,), ¥ and V;’s. We associate to each
M(4,) a canonical contravariant from B; in the following way:

Define

BA!(yn ‘ mlr,yn’ : mA,) = (A't)(ﬁ(y:yn’)) €A.

Extend B, to the whole of M(4,) by A-bilinearity. Note that the values of B
on ‘“‘basic’’ vectors { y,,m,lr} are in C[#] actually.

It can be checked that B, is a contravariant form. (This property is ‘‘almost”’
built in).

The following proposition is easy to prove:

PROPOSITION 4.15.
(i) If n, n’eIT such that |z|# |=’| then B, (y.m;,y,m;)=0. (Recall that

In] =L 1<ick m(i)ys).
(ii) If B is any contravariant form an M(1,) then !pe A such that B=p-B, .
Proof of (i) is clear as B(¥3y,)=0if || # |n’|. For (ii), put
p=B(m;,m;)eA
and observe that the contravariance property of B forces B= P'BA,-
Consider the module V= M(A,)® ¢F. Now Fhas a canonical (C)-contravariant

form B with values in C and in fact it is non-degenerate. Thus we get a contra-
variant form B, on V given by:

By(mQf,m'®@f) =B, (m,m"): Be(f,/)Vm,m" e M(A), /.f' € F.

We will be interested in filtrations {M(A,)'(B, )},-0 and {V'(B})},-o on M(4)
and V respectively. For the sake of simplicity of notation, we will denote these
simply by {M(A,)},>0 and {V"},5¢. These are related by:

(4.16) V' =MLY ®F.

(This is clear since Bf is non-degenerate and has values in C.)
Also, from Corollary 4.9 and Proposition 4.12 it is clear that

@17 Vvi= @ Vi
xeZ(®)

We now consider the relation of M(A,) (respectively V) with the ®-Verma
module M(A) (respectively the ®-module M(2) @ ¢ F).
Let @ : M(A,)—M()) be defined by

D( EH artyrcmir) = Eﬂ wla)ym,

(m; is a generator of M(A)) @ is then a @-module homomorphism onto M(A). In
fact d{aum) = p(a)-u-®(m) Vae A, ue ®, me M(A,). Define M(1) = &(M(A,))).
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Then {M(AY},-, is a filtration of ®-submodules of M(A). Consider now the
map @@ Id: M(1) ® «F—~ M())® cF. By (4.16),

(PRId) V) =(PR1d)M(A)Y RF)= M) QF.

Also from the way V, is defined (xe Z(®)), it is clear that (@®Id)(V,)=
=(M(A)®F),. Combining, we get

4.18)  (PRIANV)=MQAY ®cF),.

To end this section, we compare our situation with one considered by Jantzen
([3-§ 51). He uses Cft]-coefficients to define a module M(4,). It can be easily
seen that M(A,)<>M(A,). In fact, {yam |n €1} is a C[t]-basis for M(4,) (and, as
we know, a C[[¢]]-basis for M(4,)). As observed earlier, B,l[(y,,m,ll,y,,fm,lr)e C[z]
which is a p.i.d. and so d two C[¢]-bases {7} and {7} of M(4,) which will be
C[[¢]]-bases of M(A,) as well and such that

BA!("FII-, ’ﬁj) = 5,"}" 1. q; with ﬂiZO, (P(ql) #0.

So {m;|m;=r}U{t" "imy;|n;<r} is a C[t]-basis for M(1,y and a C[[¢]]-basis for
M(A,). Thus

M4,y = M(A)NM(4,)" and SM(L)) = S(M(A)) = M(AY.

Thus our filtration {M(1) },. coincides with the one obtained by Jantzen using
““C[¢]-coefficients’’.

§ 5. PROOF OF THEOREM 1.1

Recall the hypothesis of the theorem: A, y, are given to be dominant integral
elements of ©*; F is the finite dimensional irreducible ®-module with highest
weight uy. For xe W, let A,=x(Ag+0)—¢0 and u,=x(ny). We will use the
notation of § 4 with 4, in place of A.

Let x =23 +, - We first observe that x; ,, = iff 4;=u, and the multiplicity
of the weight u, is one (i.e. I precisely one i, say #,, such that X=Xi +u) BY
Corollary 4.11, we get

Vi MOt ).

Let &’ be the canonical map: M(A, + u,),) = M(A, + u,) (defined in the same
way as @). It is now easy to check that @’ © 5, is in fact zero on ker (d®Id)
and so we get a ! map w,: (M(A)®F),—~M(A,+pu,) making the following
diagram commutative:

Vx _—;_’ M(’lx + ,ux)t)

X

(5.1 P@id e

(M(A)®F), —v——* M, +u,)
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In fact, y, can be seen to be an isomorphism. The contravariant form By on V,
gives a contravariant form By o (5 ! x#n; ') on M(A,+u,),) and so by (i) of
Proposition 4.15, 4! pe A such that

(5.2)  Byo(ne'xn;)=p-By in,,-

Hence by (4.13), #, takes V", isomorphically onto M((A, + 1)) P Vr=0.
By (4.18)

(® X Id)(Vi) = (MY R cF),.

Also, D(M(A, + 1) Py = M(A, + u,)°" ? by definition. Combining, we get:
w, maps (M(1,) ® F), isomorphically onto M(4,+ )7 Vr=0. It is now left
to show that ord p=0i.e. ¢(p)+#0.

If ord (p) >0 then it can be easily seen that

W((M(A)' ®F),) = M4+ p) = w{((M(AL) Q@ F),).

Since y, is an isomorphism, one has
(M(L)®F), = (M(L) @F),.

ie.
D10, (M(A,)) = B0, (M(A)").

Since @} 0,4 18 exact and M(A,)/M(L,) = L(,lx) we get ¢A0+”O(L(lx))=0.
However, it is known (e.g. [3-§ 2.4]) that &} 0+ u(L(A)) =LA+ py). This
contradiction proves that ord (p)=0 and this completes the proof of the
theorem.
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