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1. INTRODUCTION

Let
() = o — [x] — 1, if x is not an integer,

=0, otherwise.

If /2 and k are integers, the classical Dedekind sum s(%, &) is defined by

sthok) = 3, ((HIRN(jIF)-

j(modFk)

The most fundamental result in the theory of Dedekind sums is the
reciprocity theorem. If (2, k) = 1 and % and % are positive, then

1 1/  k 1
st B) + sk, B) = — 7 + 75 (7 + 7 + ) (1.1)

For several proofs of (1.1), see [28].

Historically, Dedekind sums first arose in the transformation formulas
of log 7(z), where 7(z) denotes the Dedekind eta-function. In the past
couple decades, several generalizations of Dedekind sums have been
defined. Many of these arise in the transformation formulas of functions
similar to log n(z). These generalizations of s(h, k) possess reciprocity
theorems as well. In those instances where the generalized Dedekind
sums appear in transformation formulas, the latter can be used to derive
the reciprocity theorems.

In this paper we consider generalizations of ordinary Dedekind sums
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that involve the first Bernoulli function ((x)). There are many generaliza-
tions of Dedekind sums that involve higher order Bernoulli functions,
and the reader should consult [28] for references. Our goal is to prove
reciprocity theorems, or generalizations thereof, for various types of
Dedekind sums. Our methods, which are all analytic, are of three types.
The first method uses contour integration and was first employed by
Rademacher [24] to prove (1.1). Iseki [20] and Grosswald [17] have
used essentially the same method to prove (1.1). Hardy [19] employed
a different technique in contour integration to establish (1.1); we have
commented on that method in [7]. The second method used here was also
invented by Rademacher [25] to prove (1.1), and uses Riemann-Stieltjes
integrals. The third method uses the Poisson summation formula or the
periodic Poisson summation formula which has been developed by
Schoenfeld and the author [8]. A proof of (1.1) using the ordinary
Poisson summation formula has been given by the author [5]. An
advantage of the Poisson or periodic Poisson summation formula is that
it requires little prior intuition concerning the shape of the reciprocity
theorem. The calculation of the integrals involved presents the only
possible impediment.

Our first goal is to give two new, short proofs of the three-term
relation for ordinary Dedekind sums first established by Rademacher [26].

In the next section, we consider Dedekind—Rademacher sums, first
defined in complete generality by Rademacher [27]. We first give what
we consider to be the shortest proof of the reciprocity theorem for
Dedekind—Rademacher sums. We then prove a three-term relation for
Dedekind—Rademacher sums that generalizes a result of Carlitz [14].

Next, we consider some sums similar to those defined by Carlitz [9].
Essentially, the same sums have also been recently studied by Zagier
[29]. These sums involve the product of several Bernoulli functions. We
prove a reciprocity theorem for such sums that is simpler than that of
Carlitz.

In the sixth section, we consider modified Dedekind sums. The sums
involve roots of unity and first arose in a large class of transformation
formulas found by the author [4]. We prove a reciprocity theorem for
modified Dedekind sums.

In the last two sections, we consider two further generalizations of
Dedekind sums. These involve periodic coefficients and periodic
Bernoulli functions defined by Schoenfeld and the author [8]. Three-
term relations and reciprocity theorems are established for these sums.
In the case when the periodic coefficient is a primitive character and
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the periodic Bernoulli function is a generalized Bernoulli function, these
Dedekind sums first arose in transformation formulas of character
analogs of log 5(2) [3, 6].

2. PRELIMINARY RESULTS

First, recall the ordinary Poisson summation formula. If fis of bounded
variation on [w, 8], then

1 2 {fin 2 0) + f(n — O)} = f ® (%) dx - 2 i f " £(x) cos(2mnx) ds, (2.1)

where the prime on the summation sign at the left indicates that if
n = « or n = 3, only f(« + 0) or f(B — 0), respectively, is counted.

In Section 7 we shall need the periodic Poisson summation formula
and some results on “periodic Bernoulli numbers” and “periodic
Bernoulli functions.” All results quoted below are proved in [8].

Let 4 = {a,}, —00 < n << o, be a sequence of complex numbers
with period &, ie., a, = a,,; for every integer #. Define the com-
plementary sequence B = {b,}, —00 < n << o0, by

k—1
by = (1/R) Y. age-2riinit, 2.2)

=0
It i1s easily shown that (2.2) holds if and only if
Je—1
a, =Y bk oo <n < o0, (2.3)

=0

We now state the periodic Poisson summation formula. If f is of
bounded variation on [«, ],

8

1Y a,{f(n +0) + F(n — O))

N=q

8 O 8 )
— bo fu f(x) dw + Z J' (bneZTrmw/k 4. b_ne~2m'na:/k)f(x) dx. (2'4)

n=1"a

The periodic Bernoulli numbers B, (4), 0 < n < o, and periodic
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Bernoulli functions #,(x, A), 0 < n < oo, are defined recursively as
follows. Let

Bx, 4) — Bd) — (W) Y. ay,

By(A) = (1/k) z (j— R a, 2.5)
and for x > 0,
By(x, 4) = By(d)x — By(d) — ¥ 4, (2.6)

[U<F<

where the prime indicates that if j = x, the last term a, is to be halved.
Forn =2and x = 0, let

Bulie, 4) = n [ Boaft, A) du + (1) B,(A),
0
where
k
B (A) = ((—1) k) [ (b — u) Fpos(u, A) du.
0
It can be shown that %,,(x, A) has period k. The definition of #,(x, 4) is
then extended to —o0 < & < o0 by periodicity. If 4 =1 = {1},
B,(I) = B, and %,(»,I) = #,(x), where B, and %,(x) denote the

ordinary Bernoulli numbers and functions, respectively.
In the sequel, we shall need the fact that

k-1

Balx, A) = k71 3, a;B,((x — )Ik)

— S 0B+ )R) @.7)

The Fourier series representation of #,(x, 4), n > 1, will also be
utilized. For —o0 << x <C o0,

B0, A) = —m) Y (k[2mijyribserriiaii 4 (—1yn b_je2etialt}, (2.8)
j=1
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3. THE THREE-TERM RELATION FOR DEDEKIND SUMS

In [5] we showed how to derive the reciprocity theorem for Dedekind
sums from the ordinary Poisson summation formula. A modification in
that proof will enable us to prove the three-term relation for Dedekind
sums. We shall give a second very easy proof of the three-term relation
by modifying slightly a proof of the reciprocity theorem given by
Rademacher [24] and Grosswald [17]. See also [28, pp. 21, 22].

Levma 3.1. For (b k) = 1,

[ () (e e = 11126,

For a proof of Lemma 3.1, see [28, pp. 24, 25].

ToeOREM 3.2 (Three-term relation). Let a,b, and ¢ be positive
integers such that (a, b) = (a, ¢) = (b, c) = 1. Let a’, b', and ¢’ be integers
chosen so that aa’ = 1 (mod b), b0’ = 1 (mod ¢), and cc’ = 1 (mod a).
Then,

s(bc’, a) - s(ca’, b) + s(ab’, ¢) = — ! + L (fl— + b + -C—) (3.1)
’ ? ’ 4 " 12\bc ' ac ' abl’ ’

The relation (3.1) was first proven by Rademacher [26]. Generaliza-
tions of (3.1) have been given by Carlitz [9, 10, 13, 14]. The hypotheses
on a', &', and ¢’ are less restrictive than those of Rademacher and Carlitz,
for they require aa’ =1 (mod bc), bb' = 1 (mod ca), and cc’ =1
(mod ab). Dieter [15] has given a proof of (3.1) under the same hypo-
theses on «’, &, and ¢’ as we have. His proof uses the transformation
formula of 9(=). If we let ¢ = 1, (3.1) reduces to the reciprocity theorem

(1.1).

First proof. In (2.1), let « = 0, f = a, and f(x) = ((bx/a))((cx/a)).
We find that

L 3 @nia)(eria)

= fo ! ((bx/a))((cx/a)) dx + 2 i f: ((bx[a))((cx/a)) cos(Qmnx) dx.



290 BRUCE C. BERNDT

Upon using Lemma 3.1 and noting that (4, ¢') = 1 and ¢’ = 1 (mod a),
we find that the above may be written as

i +s(be’, a) = af12bc -+ 2a Y I(a, b, c, n), (3.2)

n=1

where

I(a, b, ¢, m)
= fl ((bx))((cx)) cos(2mnax) dx

1 61 (u+1) /%
= f (bx — 3)(cx)) cosRmnax) dx — ) p f ((ex)) cos(2mnax) dx
0 u/b

=0
1 1 /e
= [ (b5 — $)(ew ~ 3) cos(@mmax)dx — ¥ v [ (o — 3) cos(@mnax)ax
0 v=0 v/e

-1 (ut+1) /b 1
— Y f (cx — %) cos(2mnax) dx - f [bx][cx] cos(2mnax) dx
ufb i}

=0
=L+ L +1,+7,, (3.3
say.
Two integrations by parts easily give
1, = 2be/(2mna)®. (3.4)
Secondly, write
c—1 .1
L==Y [ (bv— ) cos(@mnax) dx
r=1 “7/C
1 1 X b c—1
= 5 ¢Z=1 (br/c — %) sin(2mnarfc) — WZ& {1 — cos(2mnar/c)}
s .
= 277”'221 (br/c — %) sinanar|c) — be[(2mna)® + b 8(n, c)/(2mna)?, (3.5)

where 8(n, ¢) = cif n = 0 (mod ¢) and 8(n, ¢) = 0, otherwise. Similarly,

b—1

Iy = (1/27ma) Y (cr[b — %) sin(2mnar[by — be/(2nna)® + cd(n, b){(2rna)®. (3.6)
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Lastly,
bo-t {341) fbe
L= [bibdlcb] [ cos(zmmax) da
ifbe

=0

= (1/27na) i [(7 — Dfell(j — 1)/8]) sin(2mnaj|bc)

j=1

be—1

— (12mma) Y, [jle1L/b] sin(2mmajfbe)

= —(1/27na) bil [cr[b] sin(2mnar[b)

r=1

—(1/27na) ci [br/c] sin(2mnar/c), (3.7

r=1
since (b, ¢) = 1. Putting (3.4)~(3.7) into (3.3), we find that

I(a, b, ¢, n) = (1[2mna) cz:: ((br/c)) sin(2nnar|c)

r=1

b—1

'—Q- (1/2mna) Y. ((cr(b)) sin(2mnar|b) +.{b8(n, ¢) + ¢8(n, b)}/(2nna)>.

r=1

Putting the above in (3.2) and then using the well-known Fourier series

() = — 3 (sin@mm))jmn), (3.8)

n=1

we deduce that

1 +s(ec’, @) — aj12bc

— Y (@l (@le)

7=1

— 21 ((cr/B)){((ar /b)) - (2abc](2mca)?) i 7% =+ (2abc|(2mba)?) i j
= —s(ab’, ¢) — s(a’c, b) + b[12ac + ¢/12ab,

since (b, ¢c) = (a',0) =1, bb' =1 (mod ¢), and aa’ =1 (mod b).
This completes the proof.
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Second proof. We shall give just a brief sketch as the details are
similar to those in [17] or [28].

Let C be the positively oriented, indented rectangle with vertices at
+¢M and 1 +~ iM, M > 0, where the indentations are small semicircles
of the same radius centered at 0 and 1 and to the left of 0 and 1, respec-
tively. Let F(2) = cot(maz) cot(mbz) cot(mcz). Letting M tend to oo, we
find, as in [17], that

S = (12mi) [ F(z) dz = —1m. (3.9)
C
On the interior of C, F(2) has simple poles at x = l/a, 1 <[ < a— 1,

z=mlb,1 <m<b—1,and 2 = njc, | <n < ¢— 1. Furthermore,
F(2) has a triple pole at = = 0. Hence, by the residue theorem,

a—1
S = 77%1 Zi cot(mbl|a) cot(mcl|a)
[ 1 2 /
+3 ”Zl cot{mam/b) cot(mem|b) 4 . ngl cot(man/c) cot(mwbn/c)
1 /a b ¢ ‘
~ 5l t T (3.10)

Now for (k, k) = 1, k > 0 [17, p. 641; 28, p. 18],
k-1
s(h, k) = (1/4k) Y. cot(wr/|k) cot(mhr/[k).
r=1
Thus, (3.10) becomes
4 ihe , , l/ia b ¢
S = Z{s(be’, @) -+ s(ca’, B) +s(ab,c)}——§7—7<7; +—-+ ).

Combining the above with (3.9), we arrive at (3.1).

4. DEDEKIND-RADEMACHER SUMS

Let ~ and & be integers and let x and y be arbitrary real numbers.
Then the Dedekind—Rademacher sum s(&, k; x, y) is defined by

ks = ¥ (5 9)(2)

j{modk)
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THEOREM 4.1 (Reciprocity theorem). If h and k are coprime, positive
integers, and if x and y are not both integers,

s(hy By %, v) -+ s(k, By v, %)
— (NN +5 (B + 2B+ Ty + R9), @)

where #y(2) denotes the second Bernoulli function.

If x and y are integers, s(h, k; x,y) = s(h, k) whose reciprocity
theorem was proved in the last section.

The reciprocity theorem for s(k, k; x, y) was first proven by Rade-
macher [27]. More recent proofs have been given by Grosswald [18] and
the author [2]. In cases where x and y are certain rational numbers,
previous proofs of the reciprocity theorem were given by Meyer [22, 23]
and Dieter [16]. Reciprocity theorems for generalizations of s(#, k; x, y)
have been given by Carlitz [11, 12]. The new proof we give below is at
least as short as any of the previous proofs.

LemMa 4.2. Let h and k be positive integers with (h, k) = g. Let x
and y be arbitrary real numbers. Then,

I= fo (it + )kt + ) dt = (2120K) Bolhylg — alg).  (42)

Proof. First, assume that g = 1. Write

n+1)/h

1= 3 [ e+ )

/h
and put ¢ = (u + n)/h. Then,
h—1

1= 3 % [ (@ )kt 1+ )

n=0

_ }%f: ( + x))g ((ku —l—hyh—l— kn)) du

IR Ry

607/23/3-6
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where we have used the familiar property [28, p. 4],

Y. (@ +n)jh)) = ((a)). (4.3)

n(modh)

By repeating the above calculation with £ replaced by k&, we arrive at

1 = (1/kk) f: (& + k)t + hy)) dt = (1]hk) L, (4.4)

say.
Observe that

L= [ @+ o)+ vy,

where a = kx — [kx] and b = hy — [hy]. Without loss of generality,
assume that ¢ < 6. Then,

1-b 1—a
L= (t+a—%)(t+b—%)dt~|—f (tta—Yt+b—3a
0 1-b
1
+J;_ (t+-a—3)t+b—3)dt

1 1 1
:f(t—l—a——%)(t-{—b——%)dt-—f (t—‘ra——g—)dt——f (t +b— 3)dt
0 1-b 1—-a

~ o~ ap—G—a+ Y
=} By(b—a)
= L Bo(hy — kx).

Putting the above in (4.4), we arrive at (4.2) for g = 1.
In the more general case, set # = gr and & = gs. Then,

1= (et + (st -+ ) de
— g | " ((ru + )((u + ) du

— [ (Cu + )+ 3
— (1/215) Byfry — s2) — (g*[208) Ballylg — kxg),

where we have employed the result from the first part of our proof.
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Proof of Theorem 4.1. Without loss of generality, assume that
0 <&y <1 Apply (2.1) with « = —y, B = k — y, and f(u) =
(i + )k -+ D)( + »)/k). We find that

s(h, k; x, y) = fk—y ((h : A L+ A))((u —[:y)) du+2 2](12’ fox g, m) - (43)

-y

where

I(h Ry x,y,n) = f_;:y ((h ?_%‘_X + x))((y—y)) cos(2mnu) du.

By letting # - y = k¢ and using Lemma 4.2 in the first instance, we
easily deduce that

[ (5 ) ((552) e = g (46)
and
Ik, by 2, y, 1) = & f: ((ht + %))((2)) cosQn(kt — »)) dt
:kf1@z+x—_@@_%)mqmm@t—y»w
=1 a(rdl-m) R
—kY | (t — 3) cosQan(kt — v)) dt
=1 (r—a) /1
— k| Y (1 — 1) cos(Rmn(kt — y)) dt
1—a/h
— I, 1, 1, 4.7y
say.

Firstly, we find that after two integrations by parts,

Iy = —(12an)(x — & + %h) sin(2any) + (2hk|(2mnk)?) cos(2nmy). (4.8)
Secondly, write
3

1
L+I=—kY f( (6= 1) cos(ama(kt — 3)) i,

u=1
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and integrate by parts to get

h

1
12+13:2%

=1

% sin(2mny)

(=g o) 5 [ e
— 4_7]%2 sin(2mny) + i%-n i (’—L—;—j—c ;) sin (2wn<k T — ))
~or hfk)z cos(2mny) + G kk)z Z cos (an(k ~—h—— - y)) (4.9)

Using (4.8) and (4.9) in (4.7), we find that

Ith k2, y,n) = — 271m ( ) sin(2mny) + s~ (2 k) 5 Cos(2mny)
B Yoo i)

k R n—x
-+ Gl 2;1 cos (an(k — y))
The last sum on the right side above has the value O unless # = j&,
where j is a positive integer, 1 <{j <C o0, in which case the sum has

value % cos(2mj(hy + kx)). Hence,

2 Z I(h, &, x,y, 1)

n=1

T

(1) § sinm)

n=1

o cos(2 Iy « sinQmalk(p — x)/h —
szkZCS( ”y)+z( ”Q)ZSI( ((Mwn )bk — 3))

n=1 u=1 =1

1 & cos(milhy + kx))
+ S & 7

= (- l)<<sv>> 45200~ X (= (k5 )

Bolhy + kx),

5 2hk
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by (2.7) and (3.8). Now,

A ek

= ((P“ ; x)) , otherwise.
Hence, we may write the above as

23 I by w3, 1) = ()G) + (B/28) Bl )

n=1

— s(ky by —, —x) -+ (1/2hk) Bo(hy + kx).  (4.10)

By letting the index of summation j = & — pu, we readily see that
s(k, by —y, —x) = s(k, h; y, x). Putting (4.6) and (4.10) in (4.5), we
arrive at (4.1) forthwith.

We now derive a three-term relation for Dedekind-Rademacher
sums. Let a, 4, and ¢ be nonzero integers and let «, y, and 2z be real.
Define

R e

J(modc)

Observe that S(a, 1, ¢; —x, 0, 3) = s(a, ¢; x, 2). But, in fact, the sums
S(a, b, c; x, v, 2) are no more general than the Dedekind-Rademacher
sums. If we replace (()) in the above by B,(u — [u]), we obtain the sum
—s(a, b, ¢; x, y, 2) first defined by Carlitz [14] who derived a three-term
relation for s(a, b, ¢; x, y, 2) under the hypotheses (a, b) = (b, ¢) =
(¢, @) = 1. These hypotheses are removed in the theorem we prove
below. Our three-term relation for S(a, b, ¢; x, ¥, 2) contains as special
cases generalizations of Theorems 3.2 and 4.1. The method that we use
is an extension of an idea of Rademacher [25].

THEOREM 4.3 (Three-term relation). Let (a, b) = f, (b, ¢) = g, and
(¢, a) = h, where a, b, and c are positive integers. Then
S(a, b, ¢; x,y, ) + S(e, a, b; 2, %, ) + S(b, ¢, a; 3, 3, x)
= —N|4 + (cf*/2ab) By(ay| f — bx] f) + (ag?(2bc) By(bz[g — cy]g)
+ (BR2[2ac) Bycxlh — azlh), (4.11)
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where N is the number of distinct triples 7, s, ¢ such that
0 (r+x)a=(s+y)b={_4+2)c <]

Proof. Let € > 0 be chosen so that ((at — x)), ((bt — y)), and
((¢t — =)) have no discontinuities on (0, €] and [1 — ¢, 1). Let ¢, ,..., ¢,
be those points (if any) on (0, 1) where any two or three of the functions
((at — %)}, ((bt — y)), and ((¢t — 2)) have common discontinuities. Let
I; = (t; — €, t; + ¢;), where 0 < 2¢; << inf(1/a, 1/b, 1/c), 1 < j < m.
Let S be the complement in [e, 1 — €] of U, I, . Let

Sohannd= ¥ (lEE (e,

j(mode)

where the prime on the summation sign means that if » is an integer,
the term corresponding to j + 2 = 0 (mod ¢) is omitted from the
summation.

Now [25; 28, p. 22],
L= | (@ — %) (@t — )t — 2)
= [ (et — )@t ) d(((ct — )
+- ] (tat — ) (et = =) d((@t — )

5 (el ) ) e [ s

[

i(mode)
SN (G (O et R ORI R
J{modd)

4.12)

In the two sums on the right side of (4.12), we have added the terms
arising from ¢, ..., ¢,, . However, each of these terms has value zero.
Letting ¢, € ..., €, tend to 0 in (4.12), we find with the help of Lemma 4.2
that

lei_gx()l I = ‘—S'(a, b, c; %, v, 2) — S'(c, a, b; 2, %, )
+ (cf2[2ab) By(ay| f — bx| f) + (bh?[2ac) Bo(cx[h — azlh). (4.13)
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On the other hand, putting F(¢; x, v, 2) = ((at—x))((bt—y))((ct—=2)),
we find upon integrating by parts that

I. =F(t;x, 9, 2) w -+ 7EIF(X; x, 9, %) wj':l_‘ml + F(t; %, v, %) _:
= [ (@ =)t — =) d((@at — =) (4.14)

Let G(x, v, 2) denote the limit as «, ¢ ..., €, tend to 0 of the sum of the
first three expressions on the right side of (4.14). Letting ¢, ¢, ,..., €,
tend to 0, we find with the aid of Lemma 4.2 that
Iein(} I, = G(x, vy, 2) + S'(b, ¢, a; ¥, 2, %)
—(ag”(2bc) Zy(bz2[g — cylg)- (4.15)
We next calculate G(x, y, 2). We find that G(x, y, 2) = N/4 in each
of the following three cases: x, y, and 2 are all integers; exactly two of
the parameters x, y, and z are integers; and none of the parameters x, y,
and z is an integer. Lastly, if exactly one of the parameters x, ¥, and 2
is an integer,
G(x,y,2) = (»)X(?)) + N/4,  if =xisan integer,
= ((m))((=)) + N/4, if y is an integer,
= ((x))((»)) + N/4, if =z isan integer.

Observe that if 2 is an integer,

S'(a, b, ¢; %, %, 2) + (()(»)) = S(a, b, ¢; x, ¥, ). (4.16)

Similar relations hold if either x or y is an integer. If we combine (4.15)
with (4.13) and use (4.16) and its analogs, we arrive at (4.11), and the
proof is complete.

COoRrOLLARY 4.4. Let(a,b) = f, (b, c) = g, and (c, a) = h, where a, b,
and c are positive integers. Let S(a, b, ¢) = S(a, b, ¢; 0, 0, 0). Then,

N 1 2 2 bh?
S(@, 8, ) + S, a,8) + S(b, ¢, a) = — T4 5 (L0 %L
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Proof. Apply Theorem 4.3 with & =y = 2 = 0. Recall that
B0) = B, = %.
If f=g=h=1, Corollary 4.4 reduces to Theorem 3.2.

CoROLLARY 4.5. Let (a, b) = f, where a and b are positive integers.
Then,

(@ 55%,9) -+ s, 3, %) = —Nid + (&)0)
L By bl )+ 2 ) + L ),

where N = 1 if x and y are both integers and N = Q otherwise.

Proof. Apply Theorem 4.3 with 2 = 0, ¢ = 1, and x replaced by
—ux. Observe that S(a, b, 1; —x, v, 0) = —((x))((»)).

If f=1 and x and y are integers, Corollary 4.5 reduces to the
reciprocity theorem (1.1) for s(a, b); if f = 1 and x and y are not both
integers, Corollary 4.5 reduces to Theorem 4.1.

5. 'THE GENERALIZED DEDEKIND SuMs ofF CARLITZ

Let Ay ,..., h, and k be nonzero integers. Define

Sy s hus By = 3, (B fy 4 o+ B Gl R)(afR)) -+ ((GufR))-

F1reenrin(modR)

These sums are very similar to sums first defined by Carlitz [9], who
derived (z -+ 1) and (z 4 2)-term relations for his sums. We shall use
contour integration to derive (z + 1) and (n 4 2)-term relations for
s(hy yoous By, 3 B). Our results take simpler forms than those of Carlitz.
Observe that if » is even, s(h, ,..., 4, ; k) = 0.

Lemma 5.1. We have forn = 1 and k > 1,

k-1
§Uty yoons B3 B) = —(— 3y (1JR) Y cot(mp/R) cot(mhylR) -+ cot(mhyulk).
n=1
Proof. The finite Fourier series for ((j/k)) may be written as [28,
p. 14; 17, p. 641]

f—1

((j/R)) = (i[2k) 3 cot(mu|k) e*riin/. 1

=1
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Thus,
Sy ye 13 )
Bl k1 el
— @2 Y Y cot(mufk) cot(mu k)
P |

wecot(mpalk) Y, expui(fy(up + ) + 1 A TnlbapHpa)) R)-

71 eesin(modr)

The sum on j,, 1 <7 < n, is equal to 0 unless Zu + p, = 0 (mod &)
in which case the sum is equal to k. Thus,

k-1
§Ctg e B 3 B) = (20)(1R) Y. cot(mpsfk) cot(— k) -+ cot(—mhu/R),
p=1
and ’che~ result follows. i
Let h]k = (hl yerey hj-l y hj+1 senry hk—l N hk—l—l geney hn+2). Thus, h]k iS an
n-vector; it is obtained from an (n - 2)-vector by removing the jth and
kth components, j 5= k. In the following, it will be convenient to write

s(ﬁﬂc 3B =5y s iy s By oo By 5 P e Bino s B

TurEOREM 5.2. Let n > 1 be odd. Let hy ..., h, ., be positive integers
that are relatively prime in pairs. Pickk = k(j) # 5,1 <j < n 4+ 2, and
define hi* by hi*hy, = 1 (mod k), 1 <j < n + 2. (It makes no difference
how we choose k = j.) Define

T(R) = T(hy yoees hyss)

24 27,
. 1 B2j1 t B2].n+2hljl e h’n]-i—;z
By oot hn+2 2(jy 4+ Fipra)=n+1 (2j1)! (2jn+2)!
Then,
n+2 -
S sl by by = =277 - T(h). (5.2)
=1

Proof. Let C be the same contour as in the second proof of Theo-
rem 3.2, Let

n+2

F(z) = [] cot(nhyz).

j=1
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On the interior of C, F(z) has simple poles at 3 = p;/h; , 1 <p; < h;—1,
I <j <n+ 2. The poles are simple since A, ,..., ki, are relatively
prime in pairs. Furthermore, F(2) has a pole of order n + 2 at x = 0.

The residue at 2 = w;/h; is

n+2

1 .
;T_h—? H COt(‘ﬂ”hT‘lL]’/hj)7 1< ]<n+ 2.
7 or=1
r#}

Since [21, p. 204],

1| & (—1) 2%B, 2%
cotz = — + —— |
& Z‘l @2

we may write

B 1 2 ©  By(2mih3)
F(‘z) - (;z)n+2 hl “en hn+2 ”]:;Il 1 + jgl (2]-)!

Hence, the residue of F(z) at 2 = 0 is

. 27 2inta
(2771)n+1 B251 . szn-e-zhl e hn+2

TRy e By 204y tip o) =n+1 (2! - (Znse)!

— (2i)w+t T(h)f.

The contributions to
S = (1)2i) [ F()dz
C

along the indented vertical sides of C cancel since F(z) = F(z + 1).
As M tends to 4o, cot(x -+ M) tends to T Since z is odd, we easily
deduce, as in [17, p. 643] or [28, p.21], that S = #*1/7x. Combining
this with the value of S obtained from the residue theorem, we find
with the aid of Lemma 5.1 that

] 42 hylont2
S =imijm =~ 3 - 3 | cot(ahyp;lhs) + (2iy+* T(h)/m
m

i=1 hﬂ' wy=l r=1
77§

n+2

= — %(%m Y, sl by b)) - iy T(h)/m,

ik ?
J=1
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where we have used the facts that A;%k, = 1 (mod 4;) and (A%, k) = 1,
1 <j < n+ 2. A rearrangement of the above yields (5.2).

If n =1, (5.2) reduces to the three-term relation (3.1). The next
result gives an (n + 1)-term relation which includes (1.1) as a special
case.

COROLLARY 5.3. Let hy,..,h,.,, n > 1, be positive integers that ave
relatively prime in pairs. Put hj, 5 = h;. Then in the notation of
Theorem 5.2,

n+1

Y. sthy s hy)
=1
2j 24,
- gy L Bays, = Baj, v By
hl see hn+1 20i 4+ -+ pg)=nt1 (2]1)| s (2]n+2)l

Proof. InTheorem5.2,leth, , = 1.Forj % n + 2,pickk =n+2
in all cases. Then we can take A%, = 1 in all such cases. Forj = n + 2,
we see from the definition of s(ky ,..., k, ; k) that s(hAz g, 9% ; 1) =O0.
With these substitutions, Theorem 5.2 reduces to Corollary 5.3.

6. MobpiFIED DEDEKIND SUMS

In recent work of the author [4] on transformation formulas of certain
generalized Eisenstein series, certain modified Dedekind sums have
arisen. Suppose that «, B, £, and % are positive integers with (%, k) = 1.
Define 27! by

Alh = 1 (mod ).
Then the modified Dedekind sum s, g(k, k) is defined by

Seplhs B) = Y, elpafh + pBlR)((u/hR))((uh k),

u(modhk)

where e(x) = ¢>®, It is not difficult to show that s, ((%, k) = s(k, k) [4].
In [4], we used transformation formulas to derive a reciprocity theorem
for s, 4(h, k). Here, we give a direct proof by contour integration.

Levma 6.1. We have for k > 1,

Soll, ) = (1/4K) 3. cot(a( ik -+ (o -+ BAYAR) cor(ahih).  (6.1)
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Proof. From (5.1),

hk—1 k—1
swally B) = — (1/4hk2) Y }; cot(mr/hk) cot(mj/k)
S exp(mip(ck 4- Bh + 7 + jhEV)RE).

w{modhk)

The inner sum is zero except when ok + Bk + 7 -+ jAh~1 = 0 (mod k),
in which case the sum has value kk. Hence,

k—1

$.,.8(h, k) = (1/4k) 21 cot(m(ak -+ Bh + jhh~Y)/REK) cot(mj[R).

As j runs through a complete residue system modulo %, %j does as well
since (A, k) = 1. Replacing j by 4j in the above, we obtain (6.1) at once.

TrEOREM 6.2 (Reciprocity theorem for modified Dedekind sums).
Let «, B, h, and k be positive integers with (h, k) = (o, h) = (B, k) =1
and h, kB = 2. Then,

Sa,B(h7 k) + sB,oc(k7 h)
— (1/4hE) cseX(m(ak - BR)RE) — 3(1 + cot(mak/k) cot(xph/k)). (6.2)

Proof. Let C be the contour in the second proof of Theorem 3.2. Let

F(z) = cot(w(z -+ («k - BR)[RR)) cot(mhz) cot(mkz).
First, we observe that (ak + BA)/hk is not an integer since (k, k) =
(o, B) = (B, k) = 1. Secondly, since (&, k) = 1, we see that («k + Bh)/hk
is not an integral multiple of 1/ or of 1/k. Hence, on the interior of C,
F(z) has a simple pole at 2, % 0, where 2z, = (ak + Bh)/hk (mod 1).
Next, F(z) has poles at 2 =j/h, 1 <j<h—1, and at z = r/k,
1 <r <<k — 1. All of these poles are simple since (%, k) = 1. Lastly,
F(z) has a double pole at = = 0. The residue of F(2) at ¥ = 2, is
(1)) cot(mBhk) cot(mak(h).

The residues of F(z) at & = j/h and at z = r/k are, respectively,

(1)) cot(m( jih + (ok -+ Bh)/RE)) cot(mkilk)
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and
(1/mk) cot(m(r/k + (ck -+ Bh)/HE)) cot(mhr (k).
Now,
F(2) = {cot(m(ak + PR)|Rk) — = cscX(m(ok -+ BR)/hE) = + -}
(1mhs — mha[3 - W1 jmks — mke/3 4 ),
and so the residue of F(z) at 2 = 0 is
—(1/mhk) cseX(m(ck + Ph)[RE).

Hence, by the residue theorem and Lemma 6.1, we find that

S = (1/2mi) fc F() dz = (4/m) 55k, B) + (@) 50 5B, )
& (1/m) cot(makh) cot(nfhk) — (1/ahk) csc¥(m(ck - BR)RR).  (6.3)

As before, the integrals of F(z) over the indented, vertical sides of C
cancel. As in [17, p. 643] or [28, p. 21], F(x + iM) tends to 47 as M
tends to -+ 0. Hence, we find that

S — —1/m. (6.4)
Equations (6.3) and (6.4) taken together yield (6.2), and we are done.

7. DEDERIND Sums WITH PERIoDIC COEFFICIENTS

Let 4 = {a,} and C = {¢,}, —o0 < # << 00, each be sequences of
period &, and let @ and ¢ be nonzero integers. Then the Dedekind sum
s(a, ¢; A, C) associated with the sequences 4 and C is defined by

s@,c4,C) = 3 aBajlc, C) Bi(jck).

jtmodek)

For brevity, we call s(a, ¢; 4, C) a periodic Dedekind sum.

When 4 = y = {y(n)} and C = g, where x(n) is a primitive character
of modulus %, s(a, c; x, %) is what we called in [3] a Dedekind character
sum. These sums arose in the transformation formulas of natural
character analogs of log n(2) [3]. Using our transformation formulas,
we derived a reciprocity theorem for s(a, ¢; y, ¥). The transformation
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formulas developed in [3] can be generalized for general Dirichlet
characters and for a very limited class of other periodic sequences.
However, the multiplicativity of y(n) was an essential ingredient of the
method. (We emphasize that our notation here conflicts with that in [3].
What we called #,(x, x) in [3] is denoted by x(—1) %Z,(x, ) here.)

We develop a three-term relation for periodic Dedekind sums. From
this theorem a reciprocity theorem is easily deduced. Then, several
special cases will be examined. We first need a lemma.

Lemma 7.1. Let a, b, and ¢ be positive integers with (ak, b) = 1.
Define b" by bb" = 1 (mod R) and let A" be the sequence defined by A’ =
{a,s'}. Then

[ " B, (axfe, A) By(bujck) dx — (c2ab) By A').
0
Proof. Upon the use of two elementary changes of variable, we have

J:k H(ax/c, A) gfl(bx/ck) dx

a—1 (nt+l)/a
—ckY [ B(aky, 4) Bby) dy

n=0 “n/e

— (ckla) f ' f By(k(n - %), A) By(b(n -+ x)ja) dx

— (ckla) fo " B (k, A) ‘;: By((n + bx)la) dx,

since #,(x, A) has period % and since (@, b) = 1. If we use (4.3) and then
(2.7), this last expression becomes

(o) T 4 [ (@ — JIONE) dx = (@2ab) Y, 0Bt

— (ck2ab) Y, ary oK)
— (c]2ab) By,

where we have employed Lemma 4.2 and lastly used (2.7) again. This
completes the proof.
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TuEOREM 7.2 (Three-term relation). Let A and C be sequences with
period k. Let a, b, and ¢ be positive integers such that (a, b) = (a, c) =
(b, ¢) = (b, k) = 1. Determine b’ by bb' = 1 (mod k), and let A" = {a,;'}
and C' = {c,y}. Then,

Y. a,Bilanjc, C) By(bnjck)

n{modck)

+ Y c,Bi(cnfa, A) By(bnjak) + ) Byi(ckn[b, A) Bi(akn]b, C)

n{modak) n{modbd)
= — L apcy + (¢/2ab)By(A)By(C") + (af2bc) By(C)By(A') + (b)2ac)E(a,c;A,C),
(7.1)

where
E-1

E(a,¢; 4,C) = ) a,c;By((ar — cj)[R). (7.2)

r,j=0

Proof. 1In the periodic Poisson summation formula (2.4), let « = 0,
B = ck, and f(x) = B (ax/c, C) B(bx/ck). Because of the hypotheses
(a, ¢y = (b, k) = 1, #(ax]c, C) and %(bx/ck) have no common dis-
continuities on (0, ¢k). Using (2.6) and the fact that #,(x, C) has period &,
we find that

lmf@) = HBAC) +a), L f(x) = —3ByC).
Hence, (2.4) yields, with the aid of Lemma 7.1,

ck—1

taw + ). aB(anjc, C) By(bnjck) = (c[2ab) By(A) By(C")
n=1
+ Y j " (b erminet + b_e-2mina/ty 5 (ax]c, C) By(bs|ck) dx, (1.3)
n=1"0

where {b,} is defined by (2.2). For each integer # £ 0, let

1
I, = ‘J; e2mincy . (aky, C) #1(by) dy

k-1

=3 cKin), (7.4)

=0

by (2.7), where

Kyn) = f: e2rnev ((ay 4 j/R))((5y)) dy- (7.5)
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To evaluate the integrals Ky(n), 0 <<j < k — 1, we integrate by
parts and then use a generahzanon of the integration by parts formula
[28, p. 22]. Since (5, ak) — 1, ((3y)) and ((ay - j/K)), 0 <j < k — 1,
have no discontinuities in common on (0, 1). If j =0, ((by)) and
((ay + j/k)) do have common discontinuities at ¥y = 0 and y = 1. In
this case, integrate over [¢, 1 — 8], where ¢, 6 > 0, and then let € and §
tend to 0. At each discontinuity of ((by)) or ((ay + j/k)), but not both,
there is a “jump” of (—1). Keeping all of the above considerations in
mind, we find that

1

Kym) = " Duine

f exminen df{(ay - RGN

_ 1 J;l etminey((ay 4+ jlk)) d((by))

2rinc

1

2mine

IR COECERD)

J| ey -+ sk dy

3 eernern(arfb + i) —

r=0

Zmnc 2minc

+

Z 2minc(r=i[0)jo((b(r — jk)/a)) — J: 2 inv((by)) dy.

(7.6)

2mine TN

The two integrals on the far right side of (7.6) are each evaluated by a
further integration by parts. Thus, since (b, ¢) = 1,

— e [ o) dy = s [ e i)
a d(n, b)

— 2miner /b — _ 7.7
(277'mc)2 Z ¢ T (2minc’ (77

where 8(n, b)) = b if n = 0 (mod b) and &(n, b) = 0, otherwise. Since
(a, ¢) = 1, a similar calculation gives

b 1 . . bS n,a e—2mincijak
[ eerimms(ay + i) dy = — 22 (21,-@2 S

2minc Jy
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Putting (7.7) and (7.8) into (7.6), we find that

1 b—1

Kifn) = iz L b - {R)

1 2 . . .
5 z rinetr—i/0 ja((b(r — jIR)/a))

r=1

i
-+

b 3(n, @) emnsiak g 3(n, b)

Quincf (@mind)t” (79)
and then putting (7.9) into (7.4) and using (2.7), we deduce that
Iy = 2—7}”; o e2minet 08, (akr|b, C)
- 2"1"”5 m(m%lak) e BmfaR)
- ?28;;;)2 Zc—jf“i"”/“k — a(];igz;)l;) B,(0). (7.10)

Substituting (7.10) into (7.3) and utilizing (2.8), we see that

taw, + ) a,B(anfc, C) By(bn/ck)

#(modek)

= (c/2ab) B(A)By(C") — Y. By(ckr(b, A) By(akr/b, C)

r(modd)

— Y cuBy(cm|a, A) B,(bm|ak)

m(modak)

k=1 3}
— (Bklac) Y c_; Y (1)2min)2{b, e 2rincilk | b_, o2winei/ky

=0 n=1

— (afbe) B,(C) § (k|2min) (b, 4 b} (7.11)

Now, from (2.2) or (2.3) we observe that {,,} is the complementary
sequence of {a,,}, where 0" = 1 (mod k). Thus,

—(afbe) By(C) i (B[ 2min)2{by, + b_p} — (a/2bc) By(C) By(A').  (7.12)

n=1

607/23/3-7
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Next, substitute (2.2) for b, and 4_,, and employ (2.8) again. Accord-
ingly, we find that

k—1 @
— (bkjac) Y c_;. Y (1/2min)2{b, e 2mincill 4 b_, eminci/iy
j=0 =1

k=1 k=1
= — (b/ac) Z € z a, Z (1/2min)2{e-2minteitan [k . g2ninteitar) [k}

§=0 =0 n=1

k—1 k—1
= (b/2ac) 2 i Y, a,B:((cj + ar)[k)

r=0
= (b2ac)E(a, c; 4, C), (7.13)
by (7.2). If we substitute (7.12) and (7.13) into (7.11), we arrive at (7.1).

Turorem 7.3 (Reciprocity theorem). Let a and ¢ be coprime, positive
integers, and suppose that A and C are arbitrary sequences, each with
period k. Then,

s(a, ¢; 4, C) + s(c, a; C, 4)
= — } apco — Z(0, A) #1(0, C) -+ (c/2a) By(4) By(C)
1 (a/2¢) By(C) By(A) + (1)2ac) E(a, ¢; A, C), (7.14)
where E(a, c; A, C) is defined by (7.2).
Proof. In Theorem 7.2,1leth = 1. Observethat 4’ = Aand ¢’ = C.
Equation (7.14) is now then immediate from (7.1).
ProposiTION 7.4. Let a and ¢ be coprime, positive integers with
¢ = 0 (mod k). Define @’ by aa’ = 1 (mod k), and let A" = {a,,'}. Then,
E(a, ¢; A, C) = By(C) By(4"). (1.15)
Proof. Since (a, ¢) = 1 and ¢ = 0 (mod &), it follows that (a, k) = 1.

Thus, a’ exists. Hence,
k—1 k—1

Ela,c; A,C) =Y ¢; Y, a,Bylar|k)

j=0 r=0
fo-1
= kBy(C) Z A, By(r[R)
=0

= By(C) By(4")s
by (2.7), and the proof is complete.
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If the hypothesis ¢ = 0 (mod k) is replaced by a = 0 (mod k) in
Proposition 7.4, then,

E(a, ¢; A, C) = By(A) By(C"), (7.16)

where C” == {c,,} with ¢¢’ = 1 (mod k). If either @ = 0 (mod &) or
¢ = (0 (mod &), then (7.15), or (7.16), enables us to simplify Theorems 7.2
and 7.3.

If 4=C=1, then s(a,c;I,I) = s(a,c), ByI) =1, ByI) = %,
E(a,c;I,I) = ¢, and #,(0,1) = 0. Hence, (7.1) reduces to the three-
term relation (3.1), and (7.14) reduces to the reciprocity theorem (1.1)
for ordinary Dedekind sums.

A sequence 4 = {a,} is said to be even if a,, = a_, for every integer 7;
A is said to be odd if a, == —a_,, for every integer n. If 4 is even, then
by (2.8) 1t 1s clear that %#,(0, 4) = 0. Hence, if either 4 or C is even,
Theorem 7.3 simplifies slightly. If 4 is odd, it follows from (2.5) that
By(A4) = 0 = By(A4’), since A" is odd. Furthermore, from (2.8) it is
obvious that By(A) = 0 = By(A4’). Hence, Theorems 7.2 and 7.3
greatly simplify if 4 or C is odd.

CororLLARY 7.5 (Reciprocity theorem for Dedekind character sums).
Let y denote a nonprincipal character of modulus k. Let a,c > O with
(a,¢) = 1 and either a or ¢ = 0 (mod k). Then,

s(a, ¢ X, X) + s(c, a; X, X) = —By(X) By(X).

Proof. Since x is nonprincipal, a, = ¢, = By(x) = By(¥) = 0. With
the use of (7.15) and (7.16), the result now follows at once from
Theorem 7.3.

In the case when x is primitive, Corollary 7.5 was first proved by the
author in [3].

8. Two FurRTHER DEDEKIND Sums INVOLVING
Periopic BernourrLr FuNcTIONS

As before, let 4 = {a,} denote a sequence with period %, and let a
and ¢ be integers. Define

s 6 A) = 3 aBy(ajlc) By jick)

j(modek)
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and

(e, 6 d) = ) PBiajle, A) B jlck).

j(modek)

In the case 4 = y, where y is primitive, the sums $;(a, ¢; x) and sy(a, ¢; x)
arose in the transformation formulas of certain other character analogs
of log 7(2) [6]. In [6], we used these transformation formulas to deduce
a type of reciprocity relation for s,(q, ¢; x) and sy(c, a; y). In a manner
similar to that of Section 7, we first prove a three-term relation from
which we deduce a reciprocity theorem for s;(a, ¢; A) and sy(c, a; A).

TueoreM 8.1 (Three-term relation). Let a, b, and ¢ be positive
integers velatively prime in pairs with (ab, k) = 1. Let A’ be defined as in
Theorem 7.2. Then,

Y. a,Bycnja) By(bn|ak)

n{modak)

+ Y Byanje, A) Bybnjck) + Y, By(akn]b, A) By(ckn]b)

n{modck) n(modb)
= — Lay 1 (a/12bc) By(A) -+ (b/12ac) By(A) + (c[2ab) By(A'). (8.1)

Proof. We apply the ordinary Poisson summation formula (2.1) with
o = 0, B = ck, and f(x) = H,(ax/c, A) B,(bx/ck). Proceeding in precisely
the same fashion as in the proof of Theorem 7.2, we have

ck—1
Yay+ Y. Bylanjc, A) By(bnjck)

= (¢[2ab)B,(4") + 2 i fck Blax|c, A) B(bx[ck) cos(2mnx) dx
= (c/2ab) By(A') 4 2ck i kil a_;L;(n), (8.2)

n=1 j=0

where

Lin) = f: ((ay + jIR))(By)) cos(2mncky) dy.
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The integrals L;(n) are calculated in exactly the same fashion as the
integrals K,(n) defined by (7.5). Accordingly, we get

Lyn)y = 1 T Z sin(2mncke [b){((ar(b + jlk))
+ rffuk Z sin(2rmck(r — jlk)a)((b(r — j/k)/a))

b 8(n, a) cos(2nnejla) | a 8(n, b)
T CanckE ek

The hypothesis (a, k) = 1, not needed for Theorem 7.2, is needed in
the above calculation. Thus, (8.2) becomes
1 ck—1

7%+ > By(anjc, A) B1(bn/ck)

n=1

= BA) 1Y Y a((arfe + ) Y, ST

=0 j=0 n=1

LYY ar — iR 3 sin(ZWnckii;i — jlR)a)

r=1 j=0 n=1

)

cos(anc]) a 21
ot Z =) Sk 1% Lo
= n=

n=1

=— Y Blakrlb, A) By(ckrlo) — Y a,By(bnjak) By(en)a)

7{modb) n{modak)

a
s BaAY) 4 1o Bo(A) -+ e By, (8.3)

where we have employed (2.7) and (2.8). Obviously, (8.3) is equivalent to
(8.1), and the proof is complete.

‘THEOREM 8.2 (Reciprocity theorem). Let a and ¢ be coprime, positive
integers with (a, k) = 1. Then

sy a3 A) + sy(a, 3 A) = — Z ay + 13- Bo(4) + Tzlaz By(4) + 5 By(4).

Proof. Set b = 1 in Theorem 8.1.
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‘The previous two results were proved under the hypothesis (a, k) = 1.
We now suppose that ¢ = 0 (mod k). Except for one slight change, the
proof of the next result is like that of Theorem 8.1.

Traeorem 8.3 (Three-term relation). Let a,b, and ¢ be positive
integers relatively prime in pairs with (b, k) = 1 and a = 0 (mod k). Let
A’ be defined as in Theorem 7.2. Let ¢’ be defined by cc’ = 1 (mod k), and
let A" = {a,y}. Then,

Y a,B(cnja) By(bnjak) +~ Y Bi(anjc, A) By(bn/ck)

n(modak) n{modck)
+ ). B(akn|b, A) RB,(ckn]b)
n{modbd)
L gy L gy S By
- 4 0 126(,‘ 0( )“I‘ﬂ 2( )+27J 2( )

TraeoreM 8.4 (Reciprocity theorem). Let a and c be coprime, positive
integers with a = 0 (mod k). Let A" be defined as in Theorem 8.3. Then,

1 1 4
(6, 4 4) + 5:(a, 6 4) = — 78y + 5= Bo(A) + 5= BAA") + 5= Bo(4).

If 4 =1, Theorems 8.1 and 8.3 both reduce to the three-term
relation (3.1), and Theorems 8.2 and 8.4 both reduce to the reciprocity
theorem (1.1) for ordinary Dedekind sums. If 4 is odd, the above
theorems reduce to trivialities. We shall examine the results when
A = y, where y is an even character.

CoROLLARY 8.5. Let a, b, and ¢ be positive integers relatively prime in
pairs with (b, k) = 1. Let x be an even, nonprincipal character modulo k.
Then,

Y. x(n) Bi(cnja) By(bnjak) + Y, Bi(anjc, x) By(bnjck)

n{modak) n{modck)
4+ Y By(aknjb, x) By(cknb)
n{modbd)
= (c/2ab) 5(b) By(x) if (a, k) = 1,

~ (¢]2ab) 7(6) Ba(x) + (8/2ac) %(c) Bo(),  if & = 0 (mod k).
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Proof. For (a, k) = 1, apply Theorem 8.1. Since A" = {y(nb')} =
x(8Y{x(n)} = x(b){x(n)}, the first part of the theorem follows. For
a = 0 (mod k), 4" = {x(nc")} = x(c){x(n)}, and so the second part of
the theorem follows from Theorem 8.3.

The next result was proved by the use of transformation formulas in
[6] under slightly more restrictive hypotheses.

COROLLARY 8.6. Let a and ¢ be coprime, positive integers, and let y be
an even, nonprincipal character modulo k. Then,

s1(c, @ x) + so(as ¢ x)
= (c/2a) By(x), if (a, k) = 1,
— (¢/2a) By(x) + (1/2ac) %(c) By(x),  if a = 0 (mod ).
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