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Abstract

This study focuses on non-local boundary value problems (BVP) for elliptic differential-operator
equations (DOE) defined in Banach-valued Besov (B) spaces. Here equations and boundary con-
ditions contain certain parameters. This study found some conditions that guarantee the maximal
regularity and fredholmness in Banach-valued B-spaces uniformly with respect to these parameters.
These results are applied to non-local boundary value problems for a regular elliptic partial differen-
tial equation with parameters on a cylindrical domain to obtain algebraic conditions that guarantee
the same properties.
© 2005 Published by Elsevier Inc.
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1. Introduction and notations

BVPs for DOE have been elaborated in detail by authors of [5,18,23,34,43,45]. The
solvability and spectrum of BVPs for elliptic DOE have been studied also in [4,7,8,12,
16,22,33,35-39,44]. A comprehensive introduction to the differential-operator equations
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and historical references may be found in [22,45]. In these works Hilbert-valued function
spaces essentially have been considered. The maximal regular initial and BVPs in Banach-
valued function spaces have been investigated, e.g., in [4,13,38,42] . The main objective of
the present paper is to discuss non-local BVPs for DOE with parameters in Banach-valued
B-spaces. In this work:

(1) The BVPs are considered in Banach-valued B spaces.

(2) DOE and BVP contain certain parameters in principal party.

(3) Boundary conditions are, generally, non-local and non-homogeneous.

(4) Operators occurring in equations and boundary conditions are, in general, unbounded.

The uniformly maximal regularity and fredholmness of these problems with respect to
these parameters are proved. These results are applied to non-local boundary value prob-
lems for elliptic, quasi-elliptic partial differential equations with parameters, and their finite
or infinite systems on cylindrical domains.

Let E be a Banach space and x = (x1,x2,...,Xx,) € £2 C R". Let L,(£2; E) denote a
space of strongly measurable E-valued Bochner functions on £2 with the norm

1/p
1Ly 2:) = (/uﬂx)ugdx) Ci<p<co

By Lp(£2) and B[l)’q(.Q), p = (p1, p2), will be denoted a scalar-valued p-summable func-
tion space and Besov space with mixed norm, respectively (see, e.g., [9]). Let S(R"; E)
denote a Schwartz class, i.e. a space of E-valued rapidly decreasing smooth functions ¢
on R" and S'(R"; E) denotes a E-valued tempered distributions. Let y € R, m € N, and
lete;,i=1,2,...,n,be standard unit vectors in R". Let

A f(x) = fx+ye) — f(x),

AT f@) = AW[APT O F@] =) (=D)"TRCE f(x +kyes).
k=0

Ai(y) f(x), for[x,x+mye;]C $2,
0

Ai(y)=Ai(~ny):{ for [x,x +mye;] ¢ 2.

Let m; be positive integers, k; be non-negative integers, s; be positive numbers and m; >
si—ki>0,i=1,2,...,n,8s=(51,52,...,80), | <p<oo,1<O<L00,0<yy<oo. Let
F denote Fourier transform. The Banach-valued Besov spaces B; ¢(82; E) are defined as

By, o(2,E) = {fi feLl,(82;E), ||f||B;;Y€(.Q;E) =1/, 2:E

ho 1/6
n
—[(si —k; 1 i ki 0
+Z</h si=kda 11| AT (n, 2) D f(x)HLP(Q;E)dy> <00
i=1 0

f0r1<6<oo},
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n A™ (h, 2)DN £(x), (2;E)
IfllBs,2:E) = Z sup  — hs:fk,- .

i—1 O<h<hy

for 6 = oo.

A Banach space E is said to be ¢{-convex (see [10,11,13,30]) if there exists a symmetric
real-valued function ¢ (u, v) on E x E which is convex with respect to each of the variables
and satisfies the conditions

¢(0,0) > 0, Cu,v) < |lu+v|  for flull = |lv|| =1.

A ¢-convex Banach space E is often called a UMD-space and written as £ € UMD. It
is shown [10] that a Hilbert operator

S dy
x—y

(Hf)(x) = lim /
e—0
lx—yl>¢
is bounded in L,(R; E), p € (1, 00), for those and only those spaces E which possess
the property of UMD spaces. UMD spaces contain, e.g., L, [, and Lorentz spaces L ,q,
P.q € (1,00).
Let C be a set of complex numbers and
Sp={r: L €C, largh—7| <7 —p}U{0}, O<gp<m.

A linear operator A is said to be g-positive in a Banach space E, with bound M > 0 if:

e D(A)isdenseon E and [|[(A — A1) gy < M(1+ |A) ™! with » € Sy, ¢ € (0, 7],
e [ is an identity operator in E,
e L(E) is a space of bounded linear operators acting in E.

Sometimes, instead of A + A1, it will be written A + A or denoted by A, . It is known
[41, Section 1.15.1] that there exist fractional powers A? of the positive operator A. Let
E(A?) denote a space D(A?) with graph norm

1
el a0y = (lell? + 14°u)1P) 7P, 1< p <00, —00 <6 < o0.

Let E; and E; be two Banach spaces. By (E1, E2)p,p, 0 <6 < 1,1 < p < 00, will be
denoted interpolation spaces defined by real method (see, e.g., [26] or [41, Sections 1.3—
1.8).Let2 e R", I=(1,12,...,1,), D,l(" = 8lk/8x,l{". Let Eg and E be two Banach spaces
with E( continuously and densely embedded into E. Let us introduce Besov-Lions type
spaces Bf,’fé(.Q; Eo, E) which are collections of functions u € B), ,(§2; Eo) having the

generalized derivatives D,qu € B;’q (£2;E),k=1,2,...,n, with norm

n
— lk
il gt ey = 03y g 22500 + Y | D]
k=1

Letl = (1,l,...,1y), s =(s1,82,...,5,) and [; > s; > 0. We set Bﬁ,f;(,{z; Eo, E) =
B3 ,(£2: Eo) N B, (£2; E) with norm

C o < 00,
B ,(Q:E)

lull gt 2:E0.8) = Nl By, (2:E0) + Il (2:E)-
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Let m be integer and (a,b) C R. Thenforn =1, 2 =(a,b), 1 =h=---=l,=m
and for s; = s, = -~ =5, = s, spaces Bj;%(2: E), B};% ($2; Eo. E) and BLt3 (2; Eo, E)
will be denoted by B}, (a, b; E), By (a, b; Eo, E), and Bifj; (a, b; Eg, E), respectively.

Lett = (11,12, ..., 1,), where ¢; are positive parameters. We define in Bﬁ;fq(fz; Eyg, E)
parameterized norm

n
_ Lk
1l 01 = Wl iy + 3|0

4 By ,(Q:E)’
k=1

A function ¥ € C(l)(R”; L(E1, E»)) is called a Fourier multiplier from B;’q(R”; Ey)
to B;’q (R™; E») if there exists a constant C > 0 such that

|F~'w (&) Ful

B}, ,(R"; E2) <Cllu ”B‘;’q(R";El)

forall u € B;’ q (R"; E1), where F and F ~1 are the Fourier and the inverse Fourier trans-
forms, respectively. The set of all multipliers from Bls,’q(R”; Ep) to Bls,’q(R”; E;) will be
denoted by M;’q (E1, E3). For the case E| = E> = E it will be denoted by M;’q (E). Let

Hi={Wh € My 4(E1, E2): h=(hy,ha,....hy) € O}

be a collection of multipliers in MIS,, q (E1, E7). We say that ¥, = ¥;,(§) is a uniformly
bounded multiplier with respect to 4 if there exists a constant C > 0, independent of
h € K (h) and such that

|F~" @ Fu|

BS (R Ey) S Cllull v Ey)

forall h € K(h) andu € B;,q(R”; Eyp).

The exposition of the theory of L ,-multipliers of the Fourier transformation and some
related references can be found in [41, Sections 2.2.1-2.2.4]. On the other hand, in vector-
valued function spaces, Fourier multipliers have been studied by [4,11,13,19,27,42]. Let

:3:(/31’ ﬁ27*-~7/3n)a
Vi={6=(&1.6,....6) R §#0,i=1,2,...,n}.
Definition 1. A Banach space E satisfies a B-multiplier condition with respect to p €
(1,00) and ¢ € [1, 0], when ¥ € C"(R"; B(E)), |8| < n, & € V,, if the estimate
€17118217> - 18P | DP W (©) || () < C implies & € My, (E).

Remark. By virtue of [4] or [19], all {-convex spaces satisfies B-multiplier condition.
In a similar way as in [4, Theorems 7.1, 7.3] or [19, Corollary 4.11], it is shown that if
v, =W, (&) € C"(R"; B(E)) satisfies the above estimate uniformly with respect to 4 then
Y}, is a uniformly bounded multiplier in B;’ q (R"™; E) with respect to h.

It is well known (e.g., see [4,19]) that any Hilbert space satisfies the B-multiplier condi-
tion with respect to any p € (1, 00) and g € [1, oo]. There are, however, Banach spaces that
are not Hilbert spaces but satisfy the B-multiplier condition, e.g., UMD spaces (see, e.g.,
[4,42]). However, for UMD spaces additional conditions are needed for operator-valued
multipliers to be satisfied by the L ,-multiplier condition (e.g., R-boundedness [11,13,42]).
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An operator A(?) is said to be ¢-positive in a Banach space E uniformly with respect
to ¢t if D(A(z)) is independent of #, D(A(¢)) is dense in E, and

[(A@) —21)7"| < for all 1 € S(¢), ¢ € (0, 7).

L+ [A|

Let 0 (E) denote a space of compact operators acting in E.

2. Background material

Embedding theorems of vector-valued Besov spaces play important role in the present
investigation. Such theorems have been studied, e.g., in [4,6,39,40]. Let

S=(S1,S2,...,Sn), l=(11,12,...,ln), Sk>0, lk>0.

By using a similar technique as in [9, Section 18] and [41, Section 14] we obtain the
following.

Lemma Aj. Let E be a Banach space satisfying the multiplier condition with respect to
pe(l,00)and q €[1,0]. Let 2 € R" be a region such that there exists a bounded linear
extension operator acting from B‘;,ﬁq(.Q; E)to B}Ya,q (R™; E) and also from Bé‘f'qs (R"™; E) to

I+ .
Bp’qS(R”, E). Then

I . _ pl+ .
BLS (2: E) = BYS (21 E).

By using techniques similar to [36-39], we obtain the following.
Theorem Aj. Let the following conditions be satisfied:

(1) E is a Banach space satisfying the multiplier condition with respect to p € (1, 00) and
q €[1, c<].

2) a=(ay1,a2,...,0pn), L = (1,12, ...,1,) are n-tuples of non-negative integer numbers
such that
n
= %gl, o<l —x.
i

(3) Ais a ¢-positive operatorin E forO <o <mand 0 <h < hyp<o0o, 0 <ty <T < o0.
(4) £2 € R" is a region such that there exists a bounded linear extension operator acting
from B;,q(.Q; E) to B;,q(R”; E) and from Bﬁ,’fq(.Q; E(A),E) to Bé’fq(R”; E(A),E).

Then an embedding
DB} (2: E(A), E) C B}, ,(2: E(A'™71))

is continuous and there exists a positive constant C,, such that
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n
ar /1,
l_[ tkk k ||D°‘M||B;_q((2;E(A1*"*M))
k=1

< CulmNull g o poay. ) T Mulsy, 200 (1)
forallu e Bf,’f,](.Q; E(A), E).

Proof. The theorem, at first, is proved for the case £2 = R". In this case inequality (1) is
equivalent to

n
l_[t]‘:k/lk HF—l(ié.)(xAl—%—lLﬁ’ By (R%E)
k=1

n
S Cu{hu<“F_lAﬁ”B%‘q(R”€E) +};H”<F_l((i5k)lk’2)| B;_q(R";E>>

+h~10 ||F_112||B]S,vq(R";E) }
So it is sufficient to show that the operator-function

n n

U (&) = W@ = [ [ M)Al [A + b (6 + h‘l}
k=1 k=1
is a multiplier in B[S,’q(R"; E), where § € C*°(R) with §(y) >0 forall y >0, 6(y) =0
for |y| < 1/2,6(y) =1 for |y| > 1 and 6(—y) = —§(y) for all y. Indeed as in [36,37],
using the Moment inequality for powers of positive operators and the Young inequality, we
obtain that the operator function ¥, (§) for all with |8| <n and & = (§1,&,...,&,) € R",
& # 0, satisfies the estimate

uniformly with respect to & € R" and parameters #, t. Therefore, by Definition 1, ¥; (&)
is multiplier in B;’ q(R”; E). Thus, the theorem for the case of £2 = R" is proved. Then,

by using the extension operator in spaces Bﬁ;fq (£2; E(A), E) and B;’q(.Q; E), we obtain
Theorem A; for the general case of 2. O

Theorem A;. Suppose all conditions of Theorem A\ are satisfied and suppose S2 is a
bounded region in R", A™' € 600 (E). Then, for 0 < u < 1 — x, an embedding

DB, (2 B, E) € By, (2 E(4'~7)

is compact.

Proof. By putting 7 = ||u|| s

p.q(Q?E)/”””Bﬁ;f'q_,(.Q;E(A),E) in (1) we obtain multiplicative

inequality

n
o/l | Ha Iz I—p
k]"[ltk 1Dl o marsomy < Cullullsy @iyl o pay @)
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By virtue of [6], an embedding

B'3($2; E(A),E) C B}, ,(2: E)

is compact. Then, by virtue of Lemma A and by estimate (2), we obtain the assertion of
Theorem A,. O

Theorem Agz. Suppose all conditions of Theorem A1 are satisfies for ¢ € (0,7 /2) and
O<pu<l1-—r.
Then an embedding

DB}, (2; E(A), E) C By, ,(2; (E(A), E), )

is continuous and there exists a positive constant C, such that

n
/
[Te " ID%ull By, (2:(EA).Ererpr)
k=1

" ~(1-w)
< Cull Nl grs o par.py T lull s, 2:5)]

forall u € B5S,(2; E(A), E).
By reasoning as in Theorem Aj, we obtain

Theorem A4. Suppose all the conditions of Theorem Ajs are satisfied and suppose S2 is a
bounded region in R", A le 00 (E). Then, for 0 < u < 1 — x, an embedding
[ . .
DB}, ($2: E(A), E) C By, ,(2: (E(A). E), )
is compact.

By using of estimates of semigroups generated by positive operators in Bj, (0, b; E)
and by reasoning as [12], we obtain:

Theorem As. Let A be a positive operator of type ¢ with a bound M in a Banach space E
and 0 < s < 1. Moreover, let m be a positive integer,

1<p<oo,1<q<ooandﬁ—s<a<m+#—s.

. 172 L.
Then for A € S(¢) an operator —A){/ 2 generates a semigroup e~ 4% * which is holomor-

phic for x > 0 and strongly continuous for x > 0. Moreover, there exists a constant C > 0
(depending only on M, ¢, m, a, s, p, q) such that

172
[ASe™ S ull gy 1) < Clutliz.Eamy, , + 117" lull )

for every u € (E, E(A™)),,p and A € S(@).
By using the similar technique as in [41, Section 1.8.2] and [9, Section 18], we obtain:
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Theorem Ag. Let the following conditions be satisfied:

(1) 0<s <1, lisapositive integers and 1 < p <00, 1 < g < 00;
2)0;=0G+1/p/s+l+1/g—1/p), 0<t<ty<00, 0<j<I—10<h<ho
O<pu<1-0;.

Then transformations u — u')(0) are bounded and linear from B;ﬁ;(O,b; Eo, E) to
(Ep, E)gj’q, and foru € Bf,t][ (0, 1; Ey, E) the following inequalities hold:

0 ) ~(-m)
POl gy, g <P Mgt 0107000+ Nl 0108 )

3. Statement of the problem

Consider the following non-local boundary value problem:

L(tu = —tu" (x) + Au(x) + 12 By () (x) + By()ux) = f(x), x€(0,1), (@)

Nk My

Liu = 1% [akwmk)(m + B 1)+ Bk_fu<’"k><xk,j>} + D17 TijuCxijo)
j=1 j=1

=fi. k=12, 5)

in B;,q(O, 1; E), where

(my +1/p) 1
O = , y=vy(s)= ,
s+2+4+[1/p—1/q| pls+2+11/p—1/q))

for0 <s <1, my €{0, 1}; o, Bx, S are complex numbers, and 7 is a parameter, 0 < <
to < 0o; moreover, A, By (x) for x € [0, 1], and Ti; are, in general, unbounded operators
in E, also fy € Ex =(E(A), E)g ¢, xxj € (0, 1), x¢jo € [0, 1] for k=1, 2.

A function belonging to space B[%ES (0,1; E(A), E) and satisfying Eq. (4) a.e. on (0, 1)
is said to be a solution of Eq. (4) on (0, 1).

Let

BYH(0.1: E(A), E, L) = {u: ue By (0, 1; E(A), E), Liu=0, k=1,2}.

4. Homogeneous equations

Let us first consider the following non-local boundary value problem:

|Lo(t) + A|u = —tu" (x) + (A + Vu(x) =0, (6)

Ni

Ligu = 1% [aku“"“(m + B (1) + Z‘Skj“(mk)(xkj)j| =fe. k=12 (O
Jj=1

where A is a complex parameter, my € {0, 1}; o, B, 8x; are complex numbers, A is, in

general, an unbounded operator in E, and D = %.
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Condition 1. Assume the following conditions hold:

M V/p—=1/qI<s<1—=|1/p—1/q|,1<p<00,1<g<00,0<t<1t<00;
(2) 8= (=D"a1f2 — (=1)"2 021 #0;
(3) A is a gp-positive operator in a Banach space E for 0 < ¢ < 7.

Theorem 1. Let Condition 1 be satisfied. Then problem (6)—(7) for fr € Ey and |arg\| <
T — @, with sufficiently large |A| has a unique solution that belongs to the space
Blz,:’;f (0, 1; E(A), E) and coercive uniformity which is defined by

2
Yoy 0.0 + 1AullBy 0.1 8)
i=0

2
<MY (I fillg, + K% fell ) ®)

k=1
with respect to parameters t and A the estimate holds for the solution of problem (6)—(7).

Proof. Consider a boundary value problem

[Lo() +2]u = —u"(x) + 17" (A+Mu(x) =0, ©)
Liou=0, k=12, (10)

which is equivalent to (6)—(7). By definition of positive operators for 0 <t < fy < 00, an
operator é is positive uniformly with respect to the parameter ¢ > 0 and, for all A € S, we
have an estimate

t

A -1
— —Al .
(t ) 1+ [A]

By virtue of estimate (11) and by using the similar technique of [45, Lemma 5.4.2/6],

we obtain that there exists a holomorphic for x > 0 and strongly continuous for x > 0
x(~1 A2

1)

X

semigroup e~ and an arbitrary solution of Eq. (9), for |arg A| < w — ¢, belonging
to space B31(0, 1; E(A), E) has a form
_ 1/2 - 172
u(x)= e AT gy oA g (12)

where
g€ (E(A),E), .

Now, taking into account boundary conditions (10), we obtain an algebraic linear equa-
tions with respect to g1, g2;

Ni
_—1/241/2 2 _—1/24172 o —1/24172
(_1)mk€ xt Ay ATk/ ak"’“ﬂke t Ay +§ 5kj€ Xkjt A g1
j=1

k=1,2.

Nk
RPN 124172
+|:0lk€t AT LB+ Y se A ]g2}=fk, k=12 (13)
j=1
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By using properties of positive operators and holomorphic semigroups [41, Section 1.14.5],
we get | D(A, 1)l g(g2y — O for |A| — oo uniformly with respect to ¢, where D(A, 1) is a
determinant-operator of system (13). Then by condition (3) for |argh| < 7 — ¢, A — o0
the operator-matrix Q(A,t) =[6 + D(X, 1]~ is invertible and is bounded uniformly with
respect to parameters A and ¢. By solving system (13), we obtain

Ni
124172 (e 1242 | i 2
81 = |Q()\,l‘)|{|:aze t Ay +’32+282je (I=x2))t A, :|A)Lm1/ fl

j=1

Ni
~1/24172 TR
. |:Ot1e_’ s +) Syje T o }Axmz/z.fz},

j=1

Ni
_ 1/2 = 172 —
g = IQ(A,t>|{<—1>”” [“1 +peT AT Y s A }Ak =

j=1
12 Ni 2 1)2
—1/2 -1 —
—(—1>’"{“2+ﬂze“ AT Y dje }Axm”zfl}’ .
j=1

where |Q (X, t)| denote a determinant-operator of matrix-operator Q (A, t). From the repre-
sentation of the operators D (A, t) and |Q (X, t)], it follows that these operators are bounded
uniformly with respect to ¢+ and A and the operators contained in equality (14) commute

with any powers of operators A i/ 2, Consequently, substituting (14) into (12), we obtain a
representation of the solution of problem (9)-(10). By part (1) of Condition 1 we get

_pl—s5)+1
-,

Then, by using Lemma A and Theorem As, we obtain the assertion. [

O <o

5. Non-homogeneous equations

Now consider a non-local boundary value problems for a non-homogeneous equation

|Lo(t) + Aju=—tu"(x) + (A+ADux) = f(x), x€(0,1), (15)

N
Logu = 1% |:aku(mk)(0) + Bru™ (1) + Zakjwmk)(xkj)} =fi, k=1,2. (16)
j=1

Theorem 2. Let Condition 1 be satisfied and let E be a Banach space satisfying the
multiplier condition with respect to p and q. Then an operator u — [Dy(t) + A]u =
{[Lo() + Alu, L1ou, Loou}, for largh| < — ¢, 0 < ¢ < m, and sufficiently large |A|,
is an isomorphism from Bf,j;;(o, 1; E(A), E) onto B‘;’q(O, 1; E) + E| + E>. Moreover,
coercive uniformity which is defined by
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2

i/2 1—j/2 j
P uD  gy + Il Aullpg,
j=0

2
<c[||f||3,s,,q + ) I file, +|M9k||fk||E] (17)
k=1
with respect to parameters A and t, the estimate holds for the solution of problem (15)—(16).

Proof. By the definition of the space BZ“ (0,1; E(A), E), by Theorem Ag and Lemma A,

we obtain that an operator u — [Dy(¢) + Mlu is bounded linear from BZJ” 0,1, E(A), E)
to BS . (O 1; E) + E1 + E;. By virtue of the Banach theorem, it sufﬁces to prove that it is
algebraic isomorphism. To see this, we have to prove uniqueness of the solution of problem
(15)—(16) in Theorem 1. Let us define

fe) ifxelo,1],
f(x)_{ if x ¢ [0, 1].

We show that a solution of problem (15)-(16) which belong to space Bz‘H 0,1, E(A), E)
can be represented as a sum v(x) = u1(x) 4+ uz(x), where u; is a restnctlon on [0, 1] of a
solution u of the equation

[Lo(t,&) +AJu= f(x), xe€R=(—00,00), (18)
uy is a solution of the problem
[Lo(t.&) 4+ A]u=0, Lyou = fr — Lrou1. (19)
The solution of Eq. (18) is given by the formula

u(x) = F Lo, &) + 1] ' Ff(x),

where F f (x) is the Fourier transform of the function f (x),and [Lo(z, &) + A] is a charac-
teristic operator pencil of Eq. (18), i.e.

[Lo(t, &) + 1] = (16> + M1 + A.
Let us show that operator-functions

W5 (8) = A[Lo(1,€) + 1],
1

W () =t IPEI [ Lo, )+ 4], j=0,1,2,

are Fourier multipliers in B‘;,’ ¢ (R E) uniformly with respect to parameters A and ¢. Due to
positivity of A for |argA| < 7w — ¢ and & € (—o00, 00), we have

d o d o
Hdsl“’“@)u Cle| Hdé_,‘l’m/@)n Cle]

i=0,1, j=0,1,2, (20

uniformly with respect to parameters ¢ and A. Therefore, by virtue of Definition 1 and by
Remark in Section 1, from (20) we obtain that operator functions ¥; » (§) and ¥; ; ;(§) are
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uniformly bounded multipliers in By, . (R; E) with respect to ¢ and A. This implies then
that problem (18) for all f(x) € B (R) has a solution u € B2+S (R; E(A), E) and

2

Y PIRD y kiEy + 1A By riEy < C|| F ()]
j=0

Bs (R E)’ (21)

Then we obtain that u; € BZ‘H(O, 1; E(A), E) is solution of Eq. (18) on (0, 1). By

virtue of Theorem Ag, we get that ugmk)(xo) € Ex, k=1,2, for all xg € [0, 1]. Hence,
Loxuy € Eg. Thus, by virtue of Theorem 1, problem (19) has the unique solution u>(x)
that belongs to space BZH (0,1; E(A), E) for |arg .| < m — ¢ and for sufficiently large |A|.
Moreover, we have

2
i/2)5 (1=j/21,, ()
th/ A =7/ (125 “B;Lq(R;E)‘F||Au2||B;,'q(R;E)
Jj=0
2
<CY [ fellze+ %0 fill s+ % Lo e + 05 | o1
k=1

+ I ™ oy ) (22)

From (21) for |argA| < m — ¢ we obtain

th/zml—j/z ||u§f'>| By (RiE) + [ Aurllss, r;E) < <C|f)] By, (R:E)" (23)
Therefore, by Theorem Ag and by virtue of estimate (23), we obtain
™ 0l g, < Cllurllgzis, 1845 S CUF By 00, k=12 Q24)
In a similar way, we have
A ™ (o) | p < CllFllmy,. J=1.2 k=1,2, (25)

uniformly with respect to parameters ¢ and A. Hence from (22) and (24)—(25) we obtain

2
i/214 11=j/21,, ()
2t g gy IAwalsy,,

2
c(nan;,,q +> (I fillg, + |A|1—9k||fk||E)). (26)
k=1

Then estimates (23) and (26) imply (17). O

6. Coerciveness on the space variable and fredholmness

Consider problem (4)—(5).
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Theorem 3. Let Condition 1 be satisfied for ¢ € (0, w/2). Moreover, assume the following
conditions hold:

(1) A7V €ox(E), 0 <t <ty < 00.
(2) For any ¢ > 0 and for almost all x € [0, 1],
| Biou| < ellullgay.ey g + C@lull,  ue(EA, E)l/z,p
| B2)u| < el Aull +C(&)llull, ue DA,
the functions By (x)u, By(x)u for u € (E(A), E)1,2,1 and u € D(A), respectively, are
measurable on [0, 1] in E.
B) If mg =0, then Ty; =0, if my =1 then for e >0 and u € E, = (E(A),E)y 4 ¥ =
1/(p(s+2+11/p—1/q)),

I Txjullg, < ellulle, +C@)llull.

Then for all u € B;Zs (0, 1; E(A), E) coercive uniformity which is defined by

2
Do D gy + | Aullss,

2
C{nLuuB;q + ) ILkul g + ||u||3,s,,q} 27)

k=1

with respect to parameter t and ), the coercive estimate holds for the solution of problem

@-0O).

Proof. The general case is reduced to the latter if operators A + Al and By(x) — Al
for some sufficiently large |A|, are considered instead of operators A and Bj. Let u €
B2+S (0, 1; E(A), E) be a solution of problem (4)—(5). Then u(x) is a solution of a prob-
1em

2
—1 () F (A ADuE) = f () + 2u(x) = r”zBl(x)%u(x) — Bay(x)u(x),
My
Liou = f — Zlkaju(ijo), k=1,2,
j=1

where Ly are defined by Eq. (7). By Theorem 2, for sufficiently large Ao > 0 we have

J

(28)

p.q

2
D PR gy 4 (| Au s

Jie — Ztka,M(ijo)

j=1

C[”f +aou —t2B1u™™ — Bou HBS + Z
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By condition (2) and by virtue of Theorem A3z, for all u € Bzﬂ (0,1; E(A), E) we have

tl/zuBlu(l)”Bi]q gs”” ”BH'S L0, 1;(E(A), E)]

1/2..(1)
E)+C(8)”t u HB;,q’
”BZu”B;,q < 8”””3;,2,(0,1;E(A),E) + C(8)||u||35pq: e>0. (29)

Moreover, from Theorem A3 we obtain that an operator u — du/dx is bounded from
B>5(0,1; E) into B)1S(0, 1; E) and for u € B35(0, 1; E)

3e>0: [ 2D gy, SElulgzes o1.p) + C@lulpy, . (30)
Hence, in view of inequalities (29) and (30), it follows:
1/2 1 5
”t BlM ||B;',Vq gs”””B%;‘y‘,(O,l;E(A),E) +C(8)”u”B>p,q»
”BZMHB;q < 5”“”32;{,(0,1;E(A),E) + C(é‘)”u”g;q (31)

for u € BZ‘H(O 1; E(A), E). By virtue of Theorem Ag, an operator u — u(xp) from
Bz‘H(O, 1; E(A), E) into E, is bounded and for u € 82“(0, 1; E(A), E) we have

ty|\u(xo)HE <elull g

©.:£).p) T C@uls; -
Consequently, from condition (3) and by the above estimate for all u € BZ‘H(O, 1;
E(A), E), it follows:
24 || Tkju()ijO) ”Ek < 8”””3%2{1(0,1;]5(14)’1;) + C(E)HMHB;(I . (32)
Substituting (31) and (32) into (28), we get (27). O

Theorem 4. Let all conditions of Theorem 3 be satisfied. Then an operator u — D(t)u =
{L(t)u, Lyu, Lou} is Fredholm from 32“(0, 1; E(A), E) into B (0, 1, E)+ E + E.

Proof. Let D(t) = [Do(t) + A] + (D1(t) — 1], where

[Do(t) + AJu = {[Do(t) + A]u, L1o, L2},

[Di(t) — 2]u= {—Au +t2B1(x0)uV (x) + Bo(x)u(x),

M M,

Ztyleu(xlj), nyTZju(XZj)

j=1 j=1
and Lo, L1, Lo are defined by Egs. (15), (16). By Theorem 3 we obtain that operator
Dq(t) + X has a bounded inverse from BZ‘H(O 1; E(A), E) onto B‘ (O, 1, E)+ E|+ E».
From estimate (27) and in view of Theorem Ay, it follows that operator D from
B[%:;S 0,1; E(A), E) into B[S,’q(O, 1; E) + E1 + E» is compact. Then in view of Theo-
rem 3 and by the perturbation theory of linear operators [24], it follows that operator D(t)
from Bz"’S(O, 1; E(A), E) into B (0, 1; E) 4+ E1 + E; is Fredholm. O
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7. Non-local boundary value problems for elliptic equations with parameters

Fredholm property of boundary value problems for elliptic equations with parameters
in smooth domains was studied in [1-3,28]; for non-smooth domains it was treated in
[17,25,31,32]. In [14,15,32] and [20,21] the non-local BVPs were studied. In this section,
by applying Theorems 3, 4, the coercive estimate and fredholmness of non-local ellip-
tic boundary value problem with parameters in Besov spaces are obtained. Let £2 C R™,
m > 2, be a bounded domain with an (m — 1)-dimensional boundary 92 which locally ad-
mits rectification. Let G = [0, 1] x §2. Let us consider a non-local boundary value problem
for an elliptic differential equation of second order:

m

[L@®)+ 1] =—tDiux,y) = Y aj(y) D Dju(x, y) +1'"a(x, y) Deulx, y)
k,j=1

+ ) aj(x, y)Djulx, y) +aox, ulx, y) + du(x, y)

j=1
= f(x,y), x,y)€QG, (33)
Ni
a"k "k ok
— 9 Ok, . .
Lyu =1t% (ak Py u(0,y) + Bk P u(l, y)) + JZ;[ Sk S u(xsj. y)
My
+Ztkaju(xkj0,y)
j=1
=fi(y), k=12, yef, (34)

m
0
Lou = ch(y/)ﬁu(x, y)+co(y)u(x,y)=0, xe(0,1), y €938, (35)
j

j=l1

where 0 <t <ty <00, Dy =0/0x, Dj =—id/dy;, Dy = (D1, ..., Dy), my € {0, 1},

0 mp+1/p y 1

k = ; =

2+s+11/p—1/4q| pis+2)+11/p—1/q|
and oy, Br are complex numbers, y = (1, ..., ym), Xkj € (0, 1), xgjo € [0, 1], Ty; are,
generally speaking, unbounded operators in B‘;’ ¢(82). Let
2(mg +1/p)

r=ord Lo, Sk=24+s5—

24s+1|1/p—1/q|°
1

so=2+s5— .
p2+s)+pll/p—1/q]

Remark 1. By using [41, Sections 2.9.3, 3.6.4, 4.3.3] and the localization technique for
r < sk, the following equalities are obtained:

_ 2+ . _ _ . _
By = (Bpojl(.Q, Lou =0), B;O’q(Q))gk’q = By ,(82; Lou=0),

Bry = (Boi% (82: Lou =0), By (), , = B} ,(82; Lou = 0).
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Remark 2. Let p = (po, p). We set
_ _ p2+ 2+
B=8B, (0,1 B;Oq((z)), By=B, S(o, 1; B, (2), By, ,(£2)).
It is clear to see that

K 24
B C Bg’q(G), By C BMY(G).
Theorem 5. Let the following conditions be satisfied:

(1) axj € C(£2), a, aj,aoeC (£2), CJEC (£2), c0eC(2); 32 C? 0 <t <1< 00;

2) lezlc](y Yo; #0,y €082, 0 € R™, where o € R™ is normal to 9G and co € C1(G)
forr=1; co(y') #0, ¥y €3G forr =0;

(3) forye 2,0 € R™, argh =, |o| + |A| £0,

m
ot Y (oo #0;

k,j=1

(4) for the tangent vector o and a normal vector o to 382 at the point y' € 382, the
following boundary value problem:

< d d
|:)»+ > akj()/’)(“/ﬁ ﬂ*’fa) (Ulé —inE)]M(E) =0,
k.j=1

£>0, <0, ch(y)<ak )u(é)' (36)
j=1
for r =1 (and for r = 0 the problem generated by Egs. (36) with u(0) = h) has one
and only one solution, including all its derivatives, tending to zero as & — oo for any
numbers h € C1;

(5) (=D™a1Br — (=1D)"™2a2p1 #0;
(6) if my =0 then Ty; =0, lfmk—lthenfor8>0andueB q(82; Lou=0), r < sy,

”Tk]u”Bék (_Q) 8”””350 (Q)+C(8)I|M||L (£2)-
Then:

(a) Problem (33)-(35)forall f € B, 1 < pg, p <00, 1 < q <00, fr € By, for |argh| =1
and sufficiently large |A|, has a unique solution that belongs to the space By and coer-
cive uniformity which is defined by

2
llull By < c[||<L +0u p+ D ILkul s, + ||u||3}

k=1
with respect to parameters t and A, estimate holds for the solution of problem
(33)(35);
(b) An operatoru — Q(t)u = {L(t)u, L1u, Lou} from By into B x I—[izl By is Fredholm.
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Proof. Let E = B} _(£2). Consider an operator A which is defined by the equalities

P0.9
m
D(A) =By (2: Lou=0), Au=— > aj(y)DiDju(y).
k,j=1

For x € [0, 1] also consider operators

Bi(x)u =a(x, y)u(y), By(x)u = Zaj(x, Dju(y) +ao(x, y)u(x, y).
j=1

Then problem (33)—(35) can be rewritten in the form:

+ Au(x) + 2B (x) ——= ( )

xe(0,1),

2
4 L;(x) + Bo(x)u(x) + Au(x) = f(x),

N My
ot [W“(m + B ™ (1) + Z%u(’"“(xkj)} + )1 Tiju(xijo) = fi.
j=1 j=1
k=1,2, 37

where u(x) = u(x,-), f(x) = f(x,-) are functions with values in space E = B;,O q(.Q)
and fr = fx(-). Let us apply Theorem 3 to problem (37). By virtue of [29], a problem

() — Y aiyMDeDju(y) = f(y), yeR,
k,j=1

m
D ciGNDuG) + o) =0, y €df,
Jj=1

forargh =m, |A\| > oo and f € B} _(£2) has a unique solution u and

M luligs, 2 < ClflBy ,

pPo.q

Consequently, [[(A — A1)~ < C|)\|*1 for argh = m, |A| = 00, i.e. part (3) of Con-
dition 1 is fulfilled. By Theorem A, an embedding B2+Y (£2) C BS (.Q) is compact.
Consequently, condition (1) of Theorem 3 is fulfilled too Condltlons (5) and (6) coincide
with part (2) of Condition 1 and condition (3) of Theorem 3, respectively. Using interpola-
tion properties of Besov spaces (see, e.g., [9, Section 18], [41, Section 4]) and Remark 1,
it is easy to see that other conditions of Theorems 3, 4 are fulfilled. O
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