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1. INTRODUCTION

Let p be a measurable complex-valued function on R such that for some
positive number #, which will be fixed throughout this paper,

4(00 e p(x) dx < oo. (1.1)

Consider the differential operator
[ =—d*/dx* + p(x) (1.2)
and the unbounded operator L on L*(R) defined by Lf = If on the domain

Dom(L)={f € LYR)N C*(R): f’ is absolutely continuous
on every bounded interval, and Jf € L%(R)}.

It is known (cf. Kemp [12], Krall [13]) that L is a closed operator, and its
adjoint L* is given by

L* =I*f  on Dom(L*)={f € L¥R): f€ Dom(L)}

where [* = —d*/dx* + p(x). In this paper we shall study the theory of the
eigenfunction expansion associated to the operator L. The case where p is
real-valued, i.e., where L is self-adjoint, is classical, and we shall be mainly
concerned with the phenomena which are peculiar to the case Im p # 0.
Problems of this sort arise in a variety of situations in physics involving
energy dissipation. Indeed, our original motivation for this work came from
the study of dielectric waveguides with heat loss. (In this situation p
represents a dielectric coefficient, and the equation }f=Af|A € C]| arises
from Maxwell’s equations by separation of variables: cf. McKenna [16].)
Operators of the form (1.2), with complex p, have also turned up in recent
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work of Adler and Moser [1| and Deift and Trubowitz [7] on inverse
scattering theory and the Korteweg—deVries equation.

In |9] we studied the analogous problem on a half-line, that is, the eigen-
function expansion associated to the operator (1.2) on L*(0, o), subject to a
boundary condition at 0. In both that situation and the present one, it is not
hard to obtain a formal eigenfunction expansion for any f € L% but the
expansion may diverge because of the possible presence of singular points in
the continuous spectrum—the so-called “spectral singularities.” In both
cases, the remedy we propose is to introduce a rather subtle convergence
factor into the expansion formula for f so that the modified expression
converges, and so that f is obtained as the limit in the L2 norm of this
expression as the convergence factor is made to disappear. We also use this
technique to construct a bounded functional calculus for L. In broad outline,
the arguments in this paper are similar to those in [9], but in detail they are
rather different and frequently more involved—partly because the present
situation is intrinsically more complicated, and partly because we are less
frequently able to rely on known results. We refer the reader to [9] for a
fuller discussion of the motivation for the ideas used here, as well as an
explication of these ideas in a simpler situation.

Aspects of the spectral theory of the operator L have previously been
studied by a number of authors, including Benzinger [3], Blashchak [4, 5],
Funtakov [10], Huige [11], Kemp [12], Krall [13], and Stone [19]. Of these,
only Blashchak |5| makes a serious attempt to come to grips with the
spectral singularities. He obtains an expansion formula which converges in a
norm weaker than the L? norm, similar to the formula of Ljance [15] for the
analogous problem on a half-line; he also shows that L is a generalized
spectral operator in the sense of Ljance [14]| and is a spectral operator
provided there are no spectral singularities. Our present expansion formula
(Theorem 2) is superior to that of Blashchak in that it converges in the L2
norm and is more convenient for applications, and the results on the
spectrality of L follow easily from our functional calculus (Theorem 4).

Also of interest is the inverse problem of recovering the potential p from
suitable scattering data of L, which provides a method for constructing L’s
with prescribed eigenvalues and spectral singularities. This problem has been
solved by Blashchak [6]. (The reader should beware of mistakes in the
English version of [6). In particular, on page 791, column 1, line 14, “real”
should be “nonreal.”)

We take the work of Kemp [12] as our starting point. Kemp expresses his
results in a way which exhibits the symmetry between [/ and /*. We find it
more convenient to express everything in terms of the eigenfunctions of /.
However, since these are merely the complex conjugates of the eigen-
functions of /*, it is a trivial matter to translate one formulation into the
other.
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The following notational conventions will be in force for the remainder of
the paper: (1) If 4 is a complex number which is not real and positive, \/I
will denote the square root of A with positive imaginary part. (2) The
Lebesgue spaces LP(F) (1 < p € oo0) will be denoted simply by L”. (3) We
use the classical notation “Lim.” for “limit in the L? norm.”

2. PRELIMINARIES

Since the potential p(x) is small near x= +oo, for Ims >0 there is a
solution y, of Iy = s’ which is asymptotic to e'** as x » 4+ 00, and another
solution y, which is asymptotic to e~ ** as x - —oo. These solutions can be
conveniently expressed in the following form:

ProposiTION | (Agranovich and Marchenko [2]). Let n be as in (1.1).
There exist kernels k_(x,t) and k_(x,t) defined, respectively, for 0 < x <
t <00 and —o <t x <0 with the following properties:

(a) Kk, and k_ are absolutely continuous in each variable.
(b) For some C >0,

-nlx+tl
k)

lk,(x.t)

| < Ce
|0k . /ox (x. ) < C(| p((x + £)/2)] + e+ 1),
() If Ims> —n, the functions y,(x,s) and y,(x,s) defined, respec-
tively, for x >0 and x <0 by

$i055) = e 4+ | “ k., (x, 1) e dl, (2.1)

pales)=emor 4 Tk (xr)e it dr 2.2)

satisfy ly = s?y.

Although formulas (2.1) and (2.2) are valid only for x >0 and x <0,
respectively, y, and y, can, of course, be uniquely continued as solutions of
[y =s% to —a0 < x < o0. Proposition 3 below, together with (2.1) and (2.2),
will provide a means of computing y, and y, on the other half-lines.

For any differentiable functions f, g on IR, we shall denote their Wronskian
S8 —f'g by w(f, g). Since the operator ! has no first order term, if f and g
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are solutions of [y = sy the Wronskian w(f, g) will be constant as a function
of x. The following Wronskians will appear repeatedly in the sequel:

Uy(s) =w(p,(: ), »1 (-, =5)),

Uy(s) = w(y;(5 8)s ¥o(+s =),
V(s)=w(p,(- ) py(-s =)
W(s)=w(»,(-.5), ¥2(-. 5)).

U,, U,, and V are defined for |Im s| < 5, while ¥ is defined for Im s > —#.
We summarize the facts we shall need about these functions in the following
proposition.
ProrosITION 2.
(@) If|Ims| <n, U(s)=—U,(s)=—2is.
(b) For any & < n, V(s) is bounded in the strip |Im 5| < 9.
(c¢) For any 6 < n, W(s) + 2is is bounded in the half-plane Im s > —4.
(d) If|Ims| <n, U(s) Uy(s) + V(s) V(—s) — W(s) W(—s)=0.
Proof. (a) From (2.1), for fixed s we have
yi(x, )= e (1 + o(1)),
éy,/dx (x.s) = e"**(is + o(1)) as x = +o0.

Therefore U,(s) = —2is + o(1) as x - +00, and since U (s) is independent of
x, U,(s) = —2is. Similarly, U,(s) = 2is.

(b) From the variation of parameters formula it follows that y, and p,
satisfy the integral equations

$i5) =€ [ 57 sin s(E = x)) p(&) 11(& 5) a&,

sy =e~ 4 [ s (sins(x ~ £) (&) 2% 5) 4.

aoC

If we substitute these expressions and their derivatives into the definition of
V(s) and set x =0, we find that

VE) = [ e pOne s di+ [ e pE) oG —s)de
0 —

+ [ s ins1p@ 16 51 de | x

Y0
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<[ cossp@ e - ]

LY — O

- [[7 s s p@ e ) ]

X rJ’O s~ '(sin s&) p(&) y, (& -S)dé]-

But from Proposition 1 we see that for £> 0,
p
|vi(&s)| e Umt 4 CJ’OO g T e Umt gt L Cre—ImsH

and likewise for £ 0
[7:(& s) < Cre'mt,

The boundedness of ¥(s) for |Im s| < J < 1 then follows from these estimates
together with (1.1).

(c) is derived in the same way as (b).
(d) follows by a simple calculation from the definitions of the
Wronskians.

From Proposition 2(a) it follows that for |Ims| <7, s 0, each of the
pairs y,(-, s). y,(-, —s) and y,(-, 5), ¥,(+, —s) is a basis for the solutions of
{y=sp. It is easy to find the expressions for members of one pair as linear
combinations of members of the other. Here is the result.

ProposiTioN 3. If|Ims|<n, s+#0,

Vis) Wis)

.}'l(x’ S) TRy ( s S ) U .}z(x’ )
V( v6) (2.3)
=%§)}'2(sz)———(1}2()€ s),
il 5) = = ) + 7 o 5 9)
B 2.4)
=) )~ ),

At this point we identify the spectrum of the Hilbert space operator L,
which we shall denote by spec(L).
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ProposiTION 4 (Kemp [12]). The discrete spectrum of L consists of
those numbers A =s’ such that Ims >0 and W(s)=0, and the eigen-
functions of L with eigenvalue s* are the scalar multiples of y,(-,s) (or
equivalently of v,(-, s). since the condition W(s) =0 means that y,(-,s) and
y.(-. 8) are proportional). The continuous spectrum of L consists of the half-
line |0, c0), and the residual spectrum of L is empty.

We note that W is an analytic function in the half-plane Ims > —7.
Moreover, from Proposition 2(c) it follows that W{(s)+ 0 when |s| is large
and Im s > 0. Therefore, W has only finitely many zeros in the half-plane
Im s > 0. We denote them by s,...., 5,,, and we denote their multiplicities by
* ppers @y We further set A, =s2, for 1 <m < M, so that

spec(L) = {4,y Ay} U [0, c0).

If the multiplicity a,, of s, is greater than 1, we must consider not only
the eigenspace {cy(-, 5,,): ¢ € C} but the “generalized eigenspace” consisting
of the linear span of the functions

@/d)y,( VMar,  O0<k<a,— 1L 1<j<2).
For convenience of notation, for 4 € [0, ov) we set
Y A) =y V), Y(xA) = (d/dR)Y(x, A).

(Recall that Im ﬂ> 0 by convention.)

PROPOSITION 5. (a) The linear span of {Y""( ,l,,,) 0<k<a,— 1} is
the same as the linear span of {Y¥'(-,4,):0<k<a,, — 1}
(b) The functions Y*(-,4,) (0<k<a,— 1, 1<m<M 1<j<2)
are all in L2
(©) (I=An) Y®(, 4,) = kY®~V(-, 4,) for all j, k, m.

Proof. (a) Let Z(-,4) be a solution of /Z =AZ, defined for A in some
(perhaps disconnected) neighborhood U of {4,...,4,}, which depends
analytically on A and is linearly independent of Y (-, 4) in U. Then Y,(-,4) is
a linear combination of Y,(-,4) and Z(-,1) in U; more precisely, as in
Proposition 3 we have

[W(Y,, Z)]A) Y (6, 4) + WG/E) Z(x, A)

Yy(4)= [W(Y,, 2)]()

(2.5)

Since W(\/I) vanishes to order a,, at =4, from (2.5) it is clear that
Y¥(., 4,,) is a linear combination of Yi”(-, 4,,),..., Y1¥(-, 4,,) for k < a,,.
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(b) From (2.1) and (2.2) it is easy to see that for any k>0,
Y{(x, 4,) decays exponentially as x-»+oo, whereas Y¥'(x,4,) decays
exponentially as x - —oo. Thus by (a), if k < a,,, Y¥'(x, 4,,) and Y¥(x, 4,,)
decay exponentially as x — + oo, and in particular these functions are in L2,

(c) Note that (I—4,) Y(-,4,)=@—14,) Y)(-,4). On both sides of
this equation, expand Y,(-,4) in its Taylor series about A = 4,,; comparison
of coefficients yields the desired result.

The function W may also have finitely many zeros on the real axis; if so,
the squares of these zeros, which lie in the continuous spectrum of L, are the
spectral singularities of L. Actually, it is more appropriate to consider the
zeros of W(s)/s (that is, O should be counted as a spectral singularity only if
W(0) = W’(0) = Q). Thus, we denote the real zeros of W(s)/s by ¢,...., ty and
their multiplicities by f,,...fy. Also we denote the real zeros of
W(s) W(—s)/s* by u,,..,u, and their multiplicities by y,,..., 7,.. We note
that

AT S TR SR S

and that if wu, =41, then y, >f,, with equality if and only if

W(Ft,)/(*¢,) #0. The meaning of all these quantities will become clearer

later on; in particular, cf. the remark following the proof of Theorem 2.
Next, we introduce some useful linear operators on L2,

(1) .7 will denote the Fourier transform:

Fr=lim | " () explix(-)] dx.
-m

The adjoint of # is then given by # *f(s) = Ff(—s).
(2) If ¢ is a measurable complex-valued function on R, ¢(S) will
denote the operation of multiplication by ¢:

[0(S)S[(s) = 8(s)S(s)-

If € L™ then ¢(S) is a bounded operator on L2 If ¢ &€ L™, we may regard
¢(S) either as an unbounded operator on L’ with domain {f € L% ¢f € L?}
or as a mapping from all of L? to the space of a.e.-defined measurable
functions on R, whichever is appropriate. We note the following corollary of
the Lebesgue dominated convergence theorem, which we shall use without
comment later on: If {¢,} is a bounded sequence in L* and ¢,— ¢ a.e., then
6,(S) = 9(S) strongly.

(3) Weset P, =y .o)(S)and P_ =y __ ,(S), where y; denotes the
characteristic function of E. Thus P, and P_ are the canonical projections
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of L? onto the subspaces of functions supported on the positive and negative
half-lines.

(4) We combine the kernels ¥, and & _ of Proposition 1 into a single
kernel k as foltows:

k,(xt) iFOLx<<t< oo,
k(x, )= k_(x,1) if —oo <t x<0,

0 otherwise.

We then define integral operators K and K’ by

Kf(6) = f * KCn ) dx K = f © k(0 f(0) dr.

—oC — o
We note that because of the estimates on &, in Proposition 1, we have
oC e o] 2
f f | k(x, £)dx dt < oo.
—0oC ¥ — 00
so that K and K’ are Hilbert—Schmidt operators on LZ

PROPOSITION 6. [+ K is invertible. In fact, there is a kernel k(x,t)
supported in the set where —o0 <t < x<0 or 0 x <t < o and satisfying
k(x, ) < Ce "=+ such that (I+K)'=I+K, where Rf(t)=
= k(x, 0) f(x) dx.

Proof. Notice that for any f € L?

P.Kf() =j'k+(x, Nfx)dx  ifr>0,=0if 1 <O0.
(1]

Hence P_K is a Volterra integral operator with L? kernel. By a well-known
argument (cf. Tricomi [20]), the estimate |k, (x, ¢)] < Ce ""**" implies that
the iterated kernels k", defined recursively by

K=k K=k, xOKTENE  O<x<I< @)

satisfy
C"

@)~y (n—2)!

[&% (1) < e (1> 2),
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so that the series ' (—1)"k” (x, ¢) converges absolutely and its sum &, (x, ¢)
satisfies |k, (x, )] < C'e~"**", Moreover, the operator K, defined by

I?+f(t)=j'/€+(x, 0/(x)dx  if1>0,=0ifr <0,

satisfies I + K, = (I + P,K)" . Likewise, / + P_K)"'=1+ K _where K _
has similar properties. But then, since

[+K=I+ (P, +P_)K+KP,P K=(I+P ,KXI+P_K),

I + K is invertible and
(I+K)y'=(I+R )YW+R)=I+R,+K_.

This completes the proof.
If f € L? the “Fourier data™ of f with respect to the operator L consist of
the functions y, f; ¥,/ on R defined by

@) =[" f)yxs)dx (2.6)
together with the numbers

YS(L,) = jw Fx) YR A dx (0<k<a,~1, 1 <m<M).(2.7)

Both (2.6) and (2.7) require further comment. We first discuss (2.7).

By Proposition 5(b), the integrals in (2.7) all converge absolutely. If we
were to replace 4, in (2.7) by some other A € C, these integrals would (in
general) diverge, since then Y¥(-, 1) € L2 Nonetheless, it is convenient to
treat the numbers Y{¥ f(1,) as if they were the derivatives at A, of an
analytic function Y, f(1). To be more specific, these quantities will typically
occur in expressions of the form

[¢- Y, /1®R,)  O<k<a,—1) (2.8)
where ¢ is an analytic function in some neighborhood of 4, , and (2.8). by
definition, denotes

Kok . .
K_ ( ; )¢<k—n(/1m) Y}')f(lm)-
i=0

{See also the discussion of “functions on the spectrum of L” in Section 4.)
We now turn to (2.6). If s € R, the functions y,(-, s) are not in L?, so the
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integral in (2.6) will usually not converge absolutely. However, if f€ L? has
compact support,

f S y,(x.Ydx=FP _(I+K)f.
fﬁ S yi(x, )dx=F*P_(I +K)[.

(This follows eastly from (2.1), (2.2) and the Fubini theorem.) Hence, in
view of (2.3) and (2.4),

nSf= [J“’P& (S) e~ P Kzg—)fP_](I+K)ﬂ (2.9)
raf= e+ e, LD e, |asos co

The expressions on the right of (2.9) and (2.10) make sense for any f€ L?
and define vy, f and y,f almost everywhere as measurable functions on R.
Hence we take (2.9) and (2.10) as the definition of y, f for arbitrary f€ L™

By Proposition 2(b, ¢), the functions V(s)/s and W(s)/s are bounded on R
except perhaps near s =0, so y, f and y, f are square-integrable on R\(—¢, ¢)
for any ¢ > 0. Moreover, notice that V(0)= W(0), so that |V(s) — W(s) =
O(s|) and | V(—s) — W(s)|= O(|s|) as s — 0. It follows that y, fand y, f are
in L? provided that either W(0) = 0 or the functions g, =.# P ({ + K) f are
differentiable at O, since the latter case

| ZP .+ K)f(s) = F*P (I + K)f(s) =1g.(s) — g, (=)l = O(s]).

Similar considerations lead to the following result, which will be used
later.

ProrosiTiON 7. If g€ L', the integrals |5 g(s)yx.5)ds (j=1,2)
converge absolutely. If g€ L* and S™'W(S)P, g € L* (which implies that
S~W(+S) P, g € L), the L? limits

-—llmJ‘g(s)t( s)ds (j=12)

exist, and

6,=(+K') [P+f+P_f* V) _p s W(S)] P, g

2iS 2iS

={/+K FrRAP F —-— P FF—
(I + )[P_ P.7 5" P, 5| P2
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3. ExPANSION THEOREMS

We first prove an expansion formula which requires no convergence
factors but is valid only for functions in a certain dense subspace X of L*.

Let = be the set of all g € L? with compact support such that # P, g and
.# P_ g vanish to order (at least) y, at u,, | <7< N'. (The latter condition
makes sense because Fourier transforms of functions with compact support
are restrictions to the real line of entire analytic functions.) We note that
since the set {u,....u,.} is symmetric about zero, and since y,=1y,. when
u,=—u,., the condition g€ = implies that #*P_g and F*P_g also
vanish to order y, at u,, 1 <n < N'. We then define

X=|feEL:(I+K)fEZ)

PROPOSITION 8. X is dense in L2,

Progf. By Proposition 6, it suffices to show that = is dense in L* We
shall show that if ¢ € L? is orthogonal to £ then ¢ = 0.

First, notice that if g € L? vanishes outside the interval [0, a] (a > 0), then
g€ T if and only if

f’ gx) e dx =0  (0<j<y,~ 1. 1<n<N).
0

Thus if ¢ is orthogonal to =, for x€[0,a] we must have
N; Yn—1 .
px)= 3 N xletn G.1)

n=1 j=0

.

for some constants c;,. Since the functions x’e’* are linearly independent on
every intefval (being independent solutions of

fi () v-o

the coefficients c¢;, must be independent of a, so the representation (3.1) of ¢
holds on [0, co). But no function of the form (3.1) is in L2(0, co) except the
zero function, so ¢ =0 on [0, o). Likewise ¢ =0 on (—o0, 0].

PropoSITION 9. IffE X, then

(@) [f(x)|=O(e~""") as |x| - oo; in particular, f€ L,

(b) the functions yf, v,f extend analytically to the strip |Ims| < n
and vanish to order y, at u,, 1 <nN'.

505.39-2-3
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Proof. Since f= (I + K) 'g where g has compact support, (a) follows
from Proposition 6. Moreover, since .#P, g and F*P, g are entire
functions, (b) follows from formulas (2.9) and (2.10). (As we remarked
before, the apparent singularity at s =0 in these formulas is removable.)

The first step in deriving the expansion theorem is to study the resolvent
operator R, = (L — zI)~! for z & spec(L). For Ims > —y and x, £ € R we set

yi(x, )& )/ Ws)  if E<x

B R PN O I I

and for z & spec(L) we set
r(x, & 2) = h(x,&/z)  (Im\/z > 0).
ProposITION 10 (Kemp [12]). If z & spec(L), R, is given by

RS =" rx&2/Q)d

ProposITION 11 (Kemp [12]). If|Ims|<n,

2

2is?

sh(x, & 8) = shix, & —8) = oy s L

- ¥yx, 8) yi(& —s)-

ProposiTION 12 (Kemp [12]). If z&spec(L) and 0<e<Imy/z,
e <min{Ilms,,: | <m< M)}, then

1 shix, & s
=g e
Ims=e¢
r(x, &.4)
"}_R Sa=in T 5 (3.2)

m=1

We wish to rewrite the right-hand side of (3.2) in a more convenient form.
First,

RCS Yl(xa l’) YZ(é& A)

r(x, &4) Asdn (4 — 2y W(/2)

'1 -z B Y (é’ A') YZ(xs A)

Res,_, ——2———2°—< if €2 x.

BT YT/

But if we use the expression (2.5) for Y,(x, 1), we see that

if & x,

Res,_,,

Yl(xa A’) Yz(€9 'l) - Yl(éa ’1) Y2(xs }*) Y (x’ }*) Z(é, )') ~Y (é’ '1) Z(x, A’)
(A —z) W(\/A) (A —z)[w(Y, Z)|()
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which is analytic at A = A,,. Hence

r(x’ é’ 'l) _ Y (x! '1) YZ(és 'l)
Res,_;, T, = Res;_,, ——————(i ) W(\/I)

for all x, & Thus, if we set

- (’1 - 'lm)am
(@n— D! W(/A)

B,(A)=

the usual formula for residues yields

) () BT ) HE A~ D, ()

—Res Sa= A

Next, we tackle the integral in (3.2). Let  be a positive number such that
d<n, 6<Imy/z, §<min{lms,:1<m<M), and 6 <4jmin{|u, —u,|:
1 <n<n N} Let I'; be the contour consisting of the real line, oriented
from —oo to +o0o0, with the intervals |s — u,| < J replaced by the semicircles
of radius J in the upper half-plane about the points u,, 1 <n< N'. Then
clearly

Lj-lms E sh(x, & s) ij sh(x, & s)

mi st—z mi s’—z

Let us suppose for the moment that O &€ {u,,..., uy.}. Let I'j be the contour
consisting of the real line, oriented from —o0 to + oo, with the intervals
Is—u,| < (1 <n N replaced by the semicircles of radius & about u, in
the upper or lower half-plane according as u, > 0 or u, < 0. Then

shx, & s)

S—Z

1 h o 1 2 Gy A

_-‘,[S(X€S) _J' sh(xés)d+2 N Res

miJp, st—z ni o
W(u,,) 0

S=ln

The contour I'j is symmetric about the origin; hence, if we denote by I'5 the
portion of I'} lying in the right half-plane, by Proposition 11, we have

_l_J' Sh(x, & s) ds LJ sh(x, & S)z— sh(x, & —s) d
milp st—z mi ), s?—z
2 2~, szyj(X, s)yj(x’ —S)

~ ) ST we W

On the other hand, we can evaluate the residues at s = u,, in the same way as
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we evaluated the residues in (3.2), ending up with a formila similar to (3.3).
All we need is that

2 Res

s=u,

sh(x, &s) ! )
_(z‘—) = Ciun(2) 3V, 1) ¥ (&L u,),
s 0

—z |

Jok=

where superscripts () and (k) denote differentiation with respect to s.
Combining these formulas with (3.3), we have
2 Loostydx, $) yiA¢ —s

e L[ v SHEE )
mJp, o1 (87— 2) W(s) W(—s)

ds

M‘ d am— 1
N (a) |Ba(d) Vi, ) Yo(& A/ — 2)], -,

m=1

n=1

+ NN (@)Y u,) EOE uy). (3.4)
Wlu,) =0 j.k=0
u, <0

If 0 € {u, ., uy.}, (3.4) remains valid provided that two modifications are
made. First, I’y should be understood to be the half-line (4, o) with the
intervals |s —u,| < & (u, > 0) replaced by the semicircles of radius J in the
upper half-plane about the points u,. Second, an extra term must be added,
namely,

1 ¢ shix, &)

—| ————d

i JC st—z s
where C; is the semicircle |s| = J, Im s > O (oriented from left to right). If we
denote by Cj the lower semicircle |s| =46, Ims <0, oriented from left to

right, and by y the multiplicity associated to 0 € {u,,..., uy.}, we obtain as
above:

1 sh(x,&s)
i L s?—z ds

“wall o el L)

_ L ¢ sh(x & s) —sh(x, & —s) sh(x, &; s)
T 27 JC.; (s*~—2) ds + Res;—q s2—z
_L e & srmsieos)

7 e, i 67— 2) W(s) W(—s)

+ N ) yP(x, 0) yR(E 0).
J.k=0



NONSELF-ADJOINT DIFFERENTIAL OPERATOR 165

PropoOSITION 13. If f€ X and z & spec(L),

2

2 &Sy f(=s) yix, 8)
R.J’(—’C)—;_‘0 ,;‘1 (s* — z) W(s) W(~s)

t f‘: () =2)"" By Yof - Yi(x, )] P(@*,), (3.5)

where the integral converges absolutely for all x € R.

Proof. We combine Proposition 10 with formula (3.4) (with appropriate
modifications if 0 € {u,,..., u,.}). Since f € L' and

“ sy(x, 8) (& —5)
x.{eﬁ'gera W(S) W(—S)

[o.0)
J’ {s?—z| 'ds < o0,

-

(by Propositions 1, 2(c), and 3), we can interchange the order of integration
of obtain

sz(x)=% - _ Sl (=8) yyx )

L =) W) W)

+ N ()= 2) "t By Vof - Yk ))en V@,

+ NN Cu@) Y 0w ) (0o f )R u,)-
up<0 jk=0
Wiu,) =0

But by Proposition 9, y; f(s), and hence also y,f(—s), vanishes to order y, at
§ =u,, so all terms in the last sum vanish and we can let § — O to transform
the integral over I’y to an integral over [0, co). The absolute convergence of
this integral is clear since [|s?—2z| 'ds < co and the product of the
remaining factors in the integrand is bounded. If 0 € {u,,..., uy.}, the extra
terms also vanish as ¢ — 0, so we are done.

We can now state the expansion theorem for functions in X. If f € X, then
by Proposition 7 and 9, for 0 < ¢ < oo the integral

2 8 & sy f(=s) yix, s)
T/ =2 [ X = wies)

converges absolutely, and the limit

Tf =Lim. T,f
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exists. Also, we set

Bf(x)= ,\Z (B, - Yof - Yilx, )@ V(4p). (3.6)

m=1

THEOREM 1. If f € X then f=Tf + Bf.

In our proof of this result we have borrowed some ideas from Ljance [14].
First, we need two lemmas.

LEMMA 1. Ifg€ L and z & spec(L), then for 1 j<2,0<k<a, — 1,
I<m<M, 3R, g)(s)=y,8(s)/(s*—z) and YR, g)A,)=[((-)—2)"-
Y, g]“(4,,)-

Proof. Let h=R,g. If g has compact support, it is clear from
Proposition 10 and the definition of r(x, &; z) that & decays exponentially at
+00. Thus

386 = (1=2)h(x)yx.s)dx

=fc h(x)(I — 2) y(x, 5) dx = (s* — 2) y;h(s).
— o0
The same relation then holds for any g € L? by a simple limiting argument
using (2.9) and (2.10). Likewise, by Proposition 5(c) we have
YiPg(dy) = Ay — 2) Y{Oh(dy) + kY[~ VR(4,).

On solving recursively for Y{¥h(A,,), we obtain the desired result.

LEMMA 2. IffE€ X and h€ L2, then

- 52, f(—s) y;h(s)

W) Wi(—s) ds. 3.7)

(™ 77e) hex) dx=—72[— N

Jox i=1'e

Proof. If W(0)=0, the map h — y; is bounded on L?, and

SZ

wswes e

by Propositions 2(c), 9(b). If W(0) # 0, the map

S
s



NONSELF-ADJOINT DIFFERENTIAL OPERATOR 167

is bounded on L2, and

S(S{+ 1)
WSy wis) W/ COIEL:

In either case, for fixed f € X, the integral on the right of (3.7) defines a
bounded linear functional on A € L% The same is clearly true of the integral
on the left of (3.7), so it suffices to show that the two integrals are equal
when 4 lies in the dense subspace L>M L. In this case, however, we have

jw T/ (x) h(x) dx = lim jm T,f(x) h(x) dx

o SPS(8) yyx 5)
= limg-o f j :1 S s hOx) d

and since y;(x,s) is bounded on R X R, by Proposition 9(b) we can
interchange the order of integration to obtain (3.7).

Proof of Theorem 1. First, from the definition of r it is clear that
r(x, & z) = r(& x; z). This implies that for any f,g € L?,

[© AR gdx=[" R.fte)gx)dx. (38)

It also implies that we can interchange x and ¢ in (3.4), and hence that we
can replace y;f(—s)y/x,s) by yix,—s)y,f(s) and Y,f Y(x,-) by
Y.f - Yy(x, ) in (3.5).

Now, fix z & spec(L), and suppose f € X and g€ X. By the preceding
remarks,

[ reR. g ax

Lo 2 e X shyg(s)yn—s)
=[ /%], S we e E

770 X (O =2 By Vi Vil )fen ) de

_2 jw N1 ORGP
0

7)o 1= (57— 2) W(s) W(—s)

N )= B, Y g Y, f] V@,

m=1
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(The interchange of integrals is easily justified since £ € L'-) On the other
hand, by Lemmas 1 and 2,

ds

o 2 po 2 sty g(s) y f(—s)
f_w Tf(x) R. glx) = — . j\:l =2 W(Sj') Wis)

and

[" BR.gwdx= N ()2 B, Yig- Vaf*7 "G,

- m=1

Hence, by (3.8),
[© Rsgax=[" feoR.grdr=[" T R.gx) dx

+7 BOR gy ax = RIS + B)) g(x) dx.

Since X is dense in L? it follows that R, f = R,(Tf + Bf), and since R, is
injective, f = Tf + Bf. The proof is complete.

We now show how to modify the expansion formula so that it is valid for
all £ € L2, First, we recall some definitions.

The Hardy space H* is the set of all analytic functions ¥ on the upper
half-plane such that

[e o] . 2
supj |F(s + it)" ds < o0.
>0 _ o

Functions in H? possess boundary values almost everywhere on the real line,
which define elements of L2 Thus we can identify H? with a subspace of L?;
under this identification, the Paley—Wiener characterization of H? [17] states
that

H=5P (L) =7*P (L.

We denote by 4% the set of bounded analytic functions on the upper half-
plane which extend analytically to some neighborhood of the real axis, and
we note that if F € H? and G € A® then FG € H™.

As in [9], an approximating family for L is a collection {g.},., of
functions in H2M A® with the following properties:

(@) sUP,qSUPmsso [B(8) < 1,
(b) ¢.(s) vanishes to order y, at s=u,, 1 <n N,
(c) lim_,¢.(s)=1 for almost every s € .
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Given an approximating family {¢_} for L, we define the functions y{(x, s)
and y5(x, s) for x,s € R by

9.(5) y,(x, 5) if x>0,
¥5(x, 8) = { (2is) '[9 (s) V(s) pa(x, 5)
= @(—s) W(s) y,(x, —s)] if x<0,

.(s) yax. 5) if x<0,
y5(x, 8) = { (2is)~'[p(s) V(=s) y,(x, 5)
— ¢.(—s) W(s) y,(x, —s)] if x>0.

Notice that y$(x, s) and y§(x, s) are solutions of Iy = s’y for x > 0 and x < 0,
but are usually discontinuous at x = 0. Moreover, as ¢ = 0, y5(x, s) = y,(x, 5)
uniformly in x, for almost every s, by Proposition 3.

If f € L* has compact support, we set

«
WO =[" fE)ys)de (j=1.2)
As before, we extend this definition to all f € L? by setting

s =ousrmp, + L .

_M’_*;l)gﬁlfp_] (I +K)f, (3.9)
S = [¢E(S)7*P- +&@%“Slf P,
_%Z(S_)j'*PJ (I +K)f (3.10)

What actually occurs in the expansion formula is not y; f(s) but y, f( —s):
this reflection in the origin has the effect of interchanging # and #* and
replacing S by —S in these formulas.

Here, then, is our main theorem.

THEOREM 2. IffE€ L% xER, and ¢ > 0, the integral

2 o A s f(=s) yix, s)
T =), = W W)

ds
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converges absolutely. Moreover, T/ € Land
f=Lim. T + Bf (3.11)
€0
where Bf is defined by (3.6).

Proof. The proof is similar to the proof of Theorem 1 in [9], where some
of the arguments are given in greater detail. The idea is as follows. One
shows that the operators T* are bounded on L? and that Li.m._, 7%/ = Tf for
all f € X. By Theorem 1. then, (3.11) is true for f € X. Next one shows that
the operators T are uniformly bounded and converge strongly to a bounded
operator as £ — 0. Since X is dense in L? a simple limiting argument then
shows that (3.11) is true for all f € L%

It is easily verified that because of the properties of the approximating
family {g.}, not only does the integral defining 7%/{x) converge absolutely,
but so do the integrals of the individual terms

Jm Sy S(=5) pilx, 5)

. Wews) © U=k

(It is here that the condition ¢, € H? is used; details are left to the reader.)
We now perform some computations with these integrals. First, using (3.9)
and (3.10) and the remarks following them together with Proposition 7, we
find that

2
T'=—(+K)AU+K)

where
€_ « V(S) w(s) s?
4 —[P+f+P-f us ~P-7 s ]P+ W(S) W(=5)
—S) V(=S S) (=S
<[osmmp, SIS 5y HOVCS) 5 |
% V(=S) « W(S) s?
+[P—f P s T s ]P+ W(S) W(-5)
—S) V(S S) (=S
x [¢s(—S)9’P_—————————¢‘( DY) gap, 4 2LLIES) )fP+].
(3.12)

We multiply this all out, using the fact that P, commutes with multiplication
operators, and collect the terms beginning with P, and P_, thus:

As=P_ A +P_Ac
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where
A% =7P, w(S) W(—S)f*P" TP, 2iW(S) W(—S)‘;P'
v7p, 2OV o | pp SLEHVES)S o,
' *2iW(S) ST 4w Sy w(=S)” T -
¢ (=S) V(S) V(=S) | 9.(S) V(—S)
+.7P, TWS) W=S) FHRP_ _ FP, ——4—W—(S)—fP+
— F*P TS FP_ —F*P, —m—f*m
+ F*p, ¢-‘(45—)fP+ (3.13)

and A< is a similarly unattractive sum of nine terms. However, things are
not really so bad. First, notice that the second and fourth terms on the right
of (3.13) cancel out. Moreover, if we introduce the operator J defined by
Jg(s) = g(—s), and note that

J=l, JF=FJ=F*  JFr=FHt =5
PJ=JP_, P.J=JP,,

and Jy(S) = y(—S)J for any function y, we see that the seventh term on the
right of (3.13) is equal to

AN _ ¢.(5)S
—f*P+J221—,W(_—S)fP_ =P s T P

so that the third and seventh terms add up to

PSS

Likewise, the sixth and eigth terms add up to

5 8 V=)

AW(S) FP,.

Finalit, by Proposition 2(a), (d) the sum of the first and fifth terms is

FP, ff(%s—)f*m,
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which can be combined as above with the ninth term to yield

2 8) op

In short,
9.(S)S

x De (5)
A =TT TP T i

= F*p_
9.(S) V(=S)

s P (3.14)

A similar calculation shows that
41 =5 249) ZON

* * &7
R

el Fp
_ x9S S)

4W(S) FEP_. (3.15)

Some comments are in order at this point. In the first place, products and
quotients of multiplication operators by functions are to be understood as
multiplication by the corresponding product or quotient of functions; for

p(S)S o 9.(s)s
2iW(S) = multiplication by W)

The reason for this bit of pedantry is that the entire product or quotient may
be bounded even when the individual factors are not. Indeed, the whole point
of introducing the ¢.’s as we have done is that every individual term in the
expression (3.13) for A5 and in the subsequent calculations is a bounded
operator on L*, and likewise for A< . This is easily verified by using the
properties of the approximating family {¢_}, Proposition 2(b), (c), and the
fact that ¥(0) = W(0). Hence we can combine terms fearlessly to arrive at
the simplified expressions (3.14) and (3.15). Moreover, although the original
formula (3.12) for A€ contains some unbounded multiplication operators, it
certainly displays 4° as a densely defined operator on L* which agrees with
the bounded operator P, A< + P_A* on its domain of definition. Therefore
A€, and hence also T¥, is bounded.

Next, suppose f € X. We can then perform the same calculations as
above, but without the ¢’s, to see that

y:% U+ K)P.A, +P_A_|I+K),
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where A, and A_ are given by (3.14) and (3.15) with ¢,(S) replaced by /.
Here the nice properties of the space X replace those of the functions ¢, in
the verification that the terms in this equation and in the calculations leading
to it all make sense. Since ¢,(S)— I strongly as € — 0, it follows that

LmTf=Tf for fEX.
€0

Finally, we shall use (3.14) and (3.15) to show that the operators P, A€,
and P_A¢ are bounded uniformly in ¢ and converge strongly to bounded
operators on L* as ¢ = 0. The same is then true of the operators T, which is
what we need to finish the proof.

Let w,(s) be the sum of the singular parts of the Laurent expansions of the
function s/2iW(s) about its poles on the real axis. y, is thus a rational
function which vanishes at infinity, such that v (s) — s/2iW(s) is bounded on
= and y, ¢, € A™ for £ > 0. Likewise, let w,(s) (resp. w,(s)) be the sum of
the singular parts of the Laurent expansions of the functionV(—s)/4W(s)
(resp. V(s)/4W(s)) about its poles on the real axis. As in |9], the essential
point is that the operators

P Fu(S)9(SYF*P_, P .Fuy(S)9(S)FP,,
P_F Y (S)ILSYFP,, P FFyy(S) ¢ (S)F*P_

are all identically zero. This follows from the Paley—Wiener theorem: if
g € L2 then (for example) #*P_ g € H?, so also

h=y\(S)9(S)7*P_g € H.

But then .# & is supported on (—oo, 0], so P, # h = 0. Likewise for the other
operators. It therefore follows easily that P ,4¢ and P_A4¢ are bounded
uniformly in ¢ and converge strongly as ¢ — 0 to

n S

V(-S
~p [ Dy | P,

and

n " S
—P +P_,f [W~WI(S)

3 |-#s.

—p_F* [4;&2) - %(S)] TP
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respectively. (We have used the fact that F #F* =_#*# =2zal.) This
completes the proof.

Remark. Although the expansion formula (3.11) involves the
singularities of s*/W(s) W(—s), in (3.14) and (3.15) only the singularities of
s/W(s) appear (since ¥(0)= W(0)). Thus, it is necessary to assume that
¢.(s) vanishes to order y, at s =u,, 1 <n <N, in order to arrive at (3.14)
and (3.15); but as far as the boundedness and convergence as ¢ — O of these
operators is concerned, the weaker condition that ¢.(s) should vanish to
order §, at s =1¢,, 1 < n <N, would suffice. It is also the points ¢, and their
multiplicities f, that will be significant in the construction of a functional
calculus in the next section.

As a corollary of Theorem 2, we obtain the “Parseval equation”
associated to the operator L.

THEOREM 3. For any f,g € L2,

« 2 o 2 ¥yt f(—
[* rweemdr=tip > [" ¥ syplyf(i) :[)/{if)(S) i

0 j=1

M
+ N (B Yif - Yyg] e V(4.

m=1

Proof.- By Theorem 2 we have
[ ro)gwydx=tim [~ T/ gl dx + [ Bf(x) glx) .

But

2

o 2 (® s’y; f(=s) y, 8(s)
f_w T/ (x) g(x)dx = 7«[-00 j; PjV(s) W(is) ds

and
® wl
|” Bgxyax= X [B,- Yof - ¥ig) " V()
-0 m=1
The second of these equations is obvious, while the first is proved in the
same way as (3.7).
4. FUNCTIONAL CALCULUS

As a first step in the development of a functional calculus for L, we
consider rational functions of L, which can be treated in an elementary way.
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Let 7 be the algebra of all rational functions on C which vanish at infinity

and have no poles on spec(L), and let .#(L?) be the Banach algebra of all

bounded operators on L? (with the norm topology). By the partial fraction
decomposition, each Q € .2 can be written uniquely in the form

K i

oUy= Y ¥

=1 j=1

enld— 2 @1

>

where z,,..., z, are the poles of Q and y,,.., uy; are their multiplicities. If
Q € 2 is given by (4.1), we define Q,(L) € F(L?) by

K1 Mg 3
Qul)= Y X cuR],
k=1 j=1
where R, = (L —zI)~".
PROPOSITION 14. The mapping Q- Q,(L) is an algebra homomorphism

Sfrom 2 to B(L?).

This result is not hard to verify directly, the only nontrivial point being
multiplicativity. Alternatively, one may invoke the analytic functional
calculus for closed operators (cf. Dunford and Schwartz [8]).

PROPOSITION 15. If Q€ .2 and f € X, then

_ 2 & 067 S (=5) yx: 5)
Qu(L)f () =— jo ,; W(sj) W(—s)j

+

nlﬂx

[Q : Bm : YZf : Yl(x’ ')](am_”(j’m)‘

m

Proof. It suffices to verify this when Q is of the form Q(4) = (A — z)~%,
so that Q,(L)= R%. However, we have the well-known identity

1 d\<!
k_—-—-—— —
= (dz) Res

so the result follows by differentiating the formula (3.5) for R, f(x) (k— 1)
times with respect to z, noting that the differentiated integrals are again
absolutely convergent.

We now proceed to the main theme of this section. As in [9], we define a
Junction on the spectrum of L to be a mapping which assigns to each
A€ [0, ©) a complex number G(4) and to each eigenvalue 4,, of L an a,,-
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tuple of complex numbers (G@(4,,),..., G‘@~(1,,)), such that the function
A - G(A) on [0, o0) is measurable. We consider two functions G, H on the
spectrum of L to be equal if G(1) = H(A) for almost every 1 € [0, o0) and
GP@A,,)=HY(,,) for all j, m. The set of functions on the spectrum of L
forms a commutative algebra, with the vector operations defined pointwise
and multiplication defined by

G-H()=G@)H@) for A€ [0, w),

@ 100 = X (1) 600 HING,)

k=0

If ¢ is an analytic function on a neighborhood of spec(L) in C (for example,
if ¢ € .27), ¢ canonically determines a function G, on the spectrum of L by
the equations

G,(A)=0(4) for A€ [0, ),
GP (L) = (d8/dX)(Ay,).

We shall always identify G, with ¢. In general, functions G on the spectrum
of L are subject to the convention introduced earlier for the quantities
YPf(4,,): the numbers GY'(1,) are to be treated as if they were the
derivatives of an analytic function G(1) at 4,,.

For any function G on the spectrum of L, we define the function G on R
by G(s) = G(s?).

If s,€R and k is a positive integer, we denote by D¥(s,) the set of all
functions ¢: R —» C for which there exist complex constants a,,..., a,_, such
that

k—1
—) a; .

#(s) — > = (5 —s0) =0(s — 509 for s near s,.
j=o J:

Clearly, if ¢ is kK — 1 times continuously differentiable near s, and g%~ "
satisfies a Lipschitz condition at s, then ¢ € D*(s,). Moreover, for any
¢ € DX(s,) the numbers ay,..., @;_, are obviously uniquely determined. They
are called the de la Vallée Poussin derivatives of ¢ at s,, and we shall denote
them by 6@ (sg)s..., #%~V(s,)-

We define @ to be the set of all functions G on the spectrum of L such
that G is bounded and agrees almost everywhere with a function
¢ € OV_, D(t,) (in which case we shall set GV(¢,)=¢"(s,) for 0<j<
B,— 1, 1 <n< N). Notice that .2 — @. We define a norm on @ by
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N B,-1
1Gllo =ess. sup | G@A) + Y |G,

nle

v R G .
+ N oess.sup |G(s)— N t )( — Y | Is— 1,7
J!

"= =1 15—t <1 o

M a,-—1i )
+ 3N GV,

m=1 j=0
PROPOSITION 16. @ is a commutative Banach algebra with identity.

The verification of this fact is entirely straightforward and is left to the
reader. (The identity element 1 of & is of course defined by the analytic
function ¢(4) = 1.) One remark is in order: with our definition of the norm
on P, we have |GH|, < C||G|le |H|le for some C> 1 (independent of G
and H) and || 1| =1+ N + M. Normally one requires of a Banach algebra
with identity that ||xy|| <| x| || || and || 1] = 1. This point is of no impor-
tance to us, but it may be remedied in the usual fashion: replace || ||, by the
equivalent norm

IGllo=, sup_ IGHIo /I Hlo-

In addition to the norm topology on @, we shall need another notion of
convergence in @ which. for want of a better name, we shall call o-
convergence. Namely, we say that a sequence {G,} in @ o-converges to
G € @ (symbolically: G, >, G) if

(8) G, (A)- G(A) for a.e. 1€ [0, o),

(b)y GP4,)-GY(4,) for 0<ji<a,—1,1
() GY@,)—> GV, for 0Ki<B,—1, 1<
(d) the functions G,(s) and

[ “r*Gtu)

<
n

Gk(s) - N

j=0

(~t¥]@—t>h (1<n<N)

are essentially bounded on R, the bound being uniform in k. We note that
conditions (a), (c), and (d) are fulfilled if G, and G are C®, G¢" is bounded
uniformly in k for each j, and G{° —» G uniformly on compact sets for all j.

Remark. The algebra @ properly includes the algebra denoted by @ in
[9]. Theorem 3 and Proposition 6 of [9] can be sharpened by using the
present algebra @ and the notion of o-convergence.

If » is a subset of @, we denote by [=/], the set of all limits of o-
convergent sequences in . Since g-convergence is not defined by a metric
on @, [«], itself will generally not be closed under o-convergence.

505 39.2-4



178 G. B. FOLLAND

ProposiTiON 17. @ =[[[Z],],]..

For the proof we shall need the following well-known facts about approx-
imations to the identity on R, proofs of which can be found, for example, in
Stein [18].

LEMMA 3. Let ¢ be a nonnegative C® function on R such that

f_m #(s)ds =1, f‘w [ sup, 9()] ds < oo,
and ¢V € L' for all j. For k= 1,2, 3,..., set ¢,(s) = kd(ks), and for f € L=,
set

Js)=rx05)= | Y A0 dls — 1) dt.

Then f, is C*,

Lf 2w NSNS e Sor all ji &,

and f, — [ almost everywhere as k — oo. If also f is C™ and the derivatives of
S are all bounded, then for all j20, |0 <SSt and fP - f9
uniformly on compact sets as k — oo.

We shall also need the following fact, whose proof is a matter of simple
linear algebra: cf. the proof of Proposition 5 in [9].

LeEMMA 4. Let @, be the set of all GE ® such that GV(4,)=0 for
0<j<a,~ 1, 1<m<M and GV(t,)=0 for 0<j<B— 1, 1<nN
Then for each G € D there exist G, € @, and Q € .Z such that G =G, + Q.

Proof of Proposition 17. By Lemma 4, it suffices to show that
&, < [[[Z].].], - The proof will be accomplished in three steps.

Step 1. Suppose G € @,. We claim that there is a sequence {G,} = @
which o-converges to G, such that G, is C®, G¥ is bounded for all j, k, and
GY(A,) =0 for all j, k, m.

Choose a C*® function ¢ on R such that ¢(s)=¢(—s)>0 for all s,
¢(s)=0 for [s|>1, and [ ¢(s)ds=1. (Thus ¢ satisfies the hypotheses of
Lemma 3.) Set ¢,(s) = kg(ks) and G, = G * ¢,, and note that since G and ¢,
are even functions, so is G,. Then define G, on the spectrum of L by
G ()= G (\/7) for A >0 and G{"(4,) =0 for all j, m. By Lemma 3, G, is
C, the derivatives of G, are bounded, || G, ||;« < ||G|l,~> and G, — G a.e.

Next, we examine the derivatives G¥(¢,). Fix an n; by making the change
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of variables s —+ s — ¢, we may assume that ¢, =0, and we set f=f,. Since
GY =G x ¢ and ¢U’(s) k' +1¢Y (ks), we have

169(0)| = ' et [ 6~ k) Gy a
-7k

; 17k .
K 18P 1Glg [t at

s -k
LCK 8450 as k— oo.

Moreover
. G“’O
Gols) — \0 ( )
= j°° k[¢(ks—kt) V ‘M k)(k )’]G(t)dt (4.2)

The integrand on the right is zero unless |t —s| <k~!or |f] < k™', and by
Taylor’s theorem the expression in square brackets is bounded by a constant,
independent of k, times |ks|?. We distinguish two cases: either |s| < 2k~
|s| > 2k~'. In the former case the intervals |t —s| < k' and |¢| < k™! are
both contained in the interval |¢] < 3k~!, and (4.2) is bounded by

~3/k

[ k[ClksP Gl 1I° de < C' [P,

LS
with C’ independent of k. In the latter case the intervals [f—s| < k™! and
|t] < k! are disjoint. The integral over |¢| < k~! is bounded by C’|s|® as
above. Also, when |t —s| < k™! we have ¥ (—kt) =0, so the integral over
|t —s| < k= is bounded by

s+ (k) 5
[ ks — ke) | Gllg |1

s—(Vk)

<|IGllo (5] + (l/k))“J‘H(w ké(ks — k) dt

s—(l/k)
<IGlls Gs/2P [ gt du=IIGllo (/2

This completes the proof that G, -, G.

Step 2. Suppose that H € @ is such that # is C*, A" is bounded for
every j, and HO(1,)=0 for all j, m. Let y(s)=[n(s*+ 1)]". Then v
satisfies the hypotheses of Lemma 3, and w(s) = y(—s). As in Step 1, set
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wi(s) = ky(ks), B, = A * y,, and then define H, on the spectrum of L by
H() = H,(,/4) for A€ [0, ) and H(4,,) =0 for all j, m. By Lemma 3,
we see that H, -  H.

Step 3. Suppose F € & satisfies FU'(4,,) =0 for all j, m, and F = A % y,
where H, y are as in Step 2 and A is a fixed integer which is sufficiently
large that (¢ +i/A)’ is not an eigenvalue of L for any € R. We shall
construct a sequence {Q,} in ¢ which o-converges to F, and this will
complete the proof. First, we set

“ AB(j/k)
— kn[(4s —Aj/kY + 1]~

k(s) =

j=

Thus P,(s) is a Riemann sum for the integral

fw AH() dr it = F(s),

o T[(As— AP + 1]

and PY(s) is the corresponding Riemann sum for the integral defining
FU(s), for all j. It is thus easy to see that for all j >0, PY is bounded
umformly in k& and converges to £V uniformly on compact sets. Moreover,
P 1s an even rational function of s, and hence is actually a rational function
of s?, which we denote by P,: thus P,(s?) = P,(s). Finally, we set

M A—=1 am
Q=P [ (m) '

Q, is a rational function which vanishes at infinity and has poles at

(J/k + i/A)(—k* <j < k*) and at A, — i/k (1 <m< M), so that Q, € .2, at

least for k sufficiently large. Also, QY’(4,)=0 for 0 <j<4,,— ! and

1<m<M, and for j >0, QY is bounded on R uniformly in k and

converges to F¥) uniformly on compact sets. Thus @, -, F, and we are done.
We now come to our final major result.

THEOREM 4. (a) Fix an approximating family {¢.} for L. If GE€ @,
fE€ L2 and € > 0, the integral

e 2 1 & G(s?) SRS (=8) X, 5)

0 j=1

converges absolutely for all x € R and defines a function in L*. Moreover,
Lim., , G(L)Y exists.

-0



NONSELF-ADJOINT DIFFERENTIAL OPERATOR 181

(b) For GE ® and f € L?, set

M
GIL)f=1im. GL)S + X (G- By Yaf - Yi(:, )] ")
€~ m=1
Then G(L) € #(L*) and G(L) is independent of the choice of approximating
JSamily for L.
(c) The correspondence G - G(L) is a Banach algebra homomorphism
Sfrom @ 1o B(L?).

(d) If {G,} is a sequence in @ which o-converges to G € P, then G,(L)
converges strongly to G(L).

(e) If GE 2 then G(L) = Gy(L).

Proof. (Cf. the proof of Theorem 3 in [9].) The absolute convergence of
G(L)f(x) follows immediately from the absolute convergence of T%f(x)
(Theorem 2). To prove the remaining assertions in (a) and (b), we repeat the
calculations in the proof of Theorem 2, inserting a factor of G(S?) into each
term, and we find that

2
G(LY =—(I+K') [P+f* FP,

4

G(S?) 6S)
4

G(5Y) 9(S)S _, G(S’) 9(S) V(=S)
Wf P — P+f

+pr GO

+P.F FP

4W(S) +

G(S*) 4.(S)S

7k
FXP_+P_F 2TW(S)

FP,

_p e G808 KS)

_ ) f*P_] d +K). 4.3)

This shows that G(L)* € #(L?). As for the behavior of G(L)¢ as & - 0, the
first and fourth terms inside the brackets in (4.3) clearly remain bounded and
converge strongly to

P.F*G(S) FP, /4 and P_FG(S})F*P_/4.

Next, let y,; be as in the proof of Theorem 2. The second term inside the
brackets in (4.3) is then equal to

P, G(S) 4.(S) [W‘Vs@ - wm] P

+ P, FG(S?)$.(S) w,(S) F*P_ (4.4)
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The first term of (4.4) converges strongly as ¢ — 0 to the corresponding
operator with ¢_(.S) omitted. As in {9], we handle the second term by means
of the following elementary fact:

Let .# be the space of rational functions of the form R(s)= P(s)(s + i)~ "
where r = (3"%_, 8,) — 1 and P is a polynomial of degree at most r. Then for
each GE @ there is a unique R;E.# such that RY'(t,)=GY(t,) for
0</<B,— L I<nEN.

Setting H; =G — R, so that G(s?)= Hy(s) + R;(s), we rewrite the
second term of (4.4) as

P .FH(S)0.8)v\(S)FP_ +P FRG(S)$(S)wy(S)FP_. (4.5)

The second term of (4.5) vanishes, by the Paley—Wiener argument used in
the proof of Theorem 2. Since |H(s)| = O(|s — t,[%) for s near t,, the first
term of (4.5) converges strongly as £ — O to the corresponding operator with
0.(S) omitted. The remaining three terms inside the brackets in (4.3) are
handled in exactly the same way. Thus (a) and (b) are proved.

The correspondence G — G(L) is clearly linear. We now show that it is
bounded from @ to .#(L?). Indeed, if we trace through the preceding
calculations. we find that for some C, > 0,

M ap-—-! .
|G(L)| sun S C, [CS§~>5(}1P |G(A) + ‘\_: : (GU’(lm)l

m=1 j=0

3
+ N ess.sup | Hg(s) wils)l
i serT

1

where the y,’s are as in the proof of Theorem 2. Since the w,’s are linear
combinations of terms of the form (s —,)™/ with 1 <j<B,. 1 <n N, we
need only show that for some C, > 0,

ess. sup | H(s) s =1, <ClIGle (1<j<B, L <nKN). (4.6)

To see this, we note that there exists C, > 0 such that for 0 < k< g,.

N B,-1 )
sup [RE()<C; X N |RY(1,)
ser n=1 j=0
N B,,il )
=C, N N GV )L CGllgs (4.7)

n=1 j=0
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since # is finite-dimensional and the expression on the right of the first
inequality in (4.7) defines a norm on #. Taking k =0, we obtain

ess. sup | Ho(s)| < ess. sup (Rg(s)] + |G(s))
<(C3 + 1) [Gllo- (4.8)

On the other hand,

ess. sup [Hg(s)||s —1,] 7"

Is— 1l <
< . —
Soss s \Rol)— X =
B,-1 (J)
+ess.sup | N G ( )(s—t)’ G(s)| |s — 1,1 %
Is—td<t | 7
<(Cy/B,t + DGl (4.9)

where we have estimated the term involving R; by using (4.7) together with
Taylor’s theorem. The estimates (4.8) and (4.9) together imply (4.6).

We now prove (d). If G;—, G, the estimate (4.7) shows that R’ » R
uniformly for 0 <k <B,. It follows, as above, that H; — H;; a.e. and that
the functions Hg (s)(s —1,) ™ (1 <Jj<B,, 1 <n < N) are bounded uniformly
in i. Using the arguments in the proof of (a) and (b), it is then easy to see
that G,(L)— G(L) strongly.

Next, observe that if f € X, Li.m._, G(L)¢f can be calculated directly from
(4.3) without any further machinations: it is equal to the right-hand side of
(4.3) with ¢.(S) omitted throughout, applied to f However, the same
calculations that lead to (4.3) show that the latter quantity is equal to

2 (= & GE) SIS 8)

T = W) W)

Thus if G € .2, it follows from Proposition 15 that G(L)f = G4(L)f for
f € X. Since G(L) and G (L) are bounded, and X is dense in L?, (¢) follows
immediately.

It remains to show that (G- H)L)=G(L)H(L) for any G,HE &.
However, the map (G,H)-> G - H from @ X @ to @ is easily seen to be
continuous with respect to o-convergence, while composition of operators in
A(LY) is continuous with respect to strong convergence. (Separate
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continuity, which is easier to prove, is sufficient.) The multiplicativity of the
correspondence G — G(L) therefore follows from (d). (e), and
Propositions 14 and 17. The proof is complete.
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