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Abstract

In this paper we develop a Morsification Theory for holomorphic functions defining a singularity of fi-
nite codimension with respect to an ideal, which recovers most previously known morsification results for
non-isolated singularities and generalise them to a much wider context. We also show that deforming functions
of finite codimension with respect to an ideal within the same ideal respects the Milnor fibration. Furthermore
we present some applications of the theory: we introduce new numerical invariants for non-isolated singulari-
ties, which explain various aspects of the deformation of functions within an ideal; we define generalisations
of the bifurcation variety in the versal unfolding of isolated singularities; applications of the theory to the
topological study of the Milnor fibration of non-isolated singularities are presented. Using intersection theory
in a generalised jet-space we show how to interpret the newly defined invariants as certain intersection multi-
plicities; finally, we characterise which invariants can be interpreted as intersection multiplicities in the above
mentioned generalised jet space.
© 2003 Elsevier Ltd. All rights reserved.
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0. Introduction

Let Ucr o be the ring of germs of holomorphic functions at the origin O of C". Two germs f
and g are R-equivalent (right-equivalent) if there exists a germ of biholomorphism ¢ :(C",0) —
(C",0) such that f o ¢ =g¢g. One of the main aims of singularity theory is the classification of

* Tel.: +31-2531430; fax: +31-2538394.

E-mail address: bobadilla@math.uu.nl (J. Fernandez de Bobadilla).

!'Supported by the Netherlands Organisation for Scientific Research (NWO). Supported by the Spanish MCyT project
BFM2001-1448-C02-01.

0040-9383/$ - see front matter © 2003 Elsevier Ltd. All rights reserved.
doi:10.1016/j.top.2003.11.001


https://core.ac.uk/display/82271769?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:bobadilla@math.uu.nl

926 J. Fernandez de Bobadillal Topology 43 (2004) 925-982

germs of holomorphic functions up to R-equivalence; this includes giving normal forms for each of
the equivalence classes and invariants to decide whether two functions belong to the same class,
but also studying the adjacencies (hierarchy) between equivalence classes (a class C is adjacent
to a class C’" if every function of C’ can be deformed into a function of C by arbitrarily small
deformation). When Arnold worked out the beginning of the classification of isolated singularities
he observed that infinite series of classes of singularities occur (like A, or Dy), it appeared clear
that the series where associated with non-isolated singularities, and that the hierarchy of the series
reflects the hierarchy of non-isolated singularities; therefore the study of classification and hierarchy
of non-isolated singularities is interesting not just by itself, but also in connection with the study of
series of isolated singularities.

Many useful invariants for the classification and adjacency problems stem from the study of
the Milnor fibration associated to a holomorphic function (vanishing (co)-homology, monodromy,
intersection form, spectrum, homotopy type of the Milnor fibre, etc). This is quite well understood in
case that the function has an isolated singularity, but when non-isolated singularities are present our
knowledge is still very limited. See [23] for a recent survey of known results and open questions.

A fruitful way of studying isolated singularities is the so called morsification method: Denote
by B¢ the closed ball of radius € centered at the origin of C”; denote by D, the closed disk of
radius n centered at 0 in C. Given a holomorphic germ f € Uc» o with an isolated singularity, let
€, n be a pair of radii for which the Milnor fibration of f is defined; then, any (small enough)
generic perturbation g, has, as critical locus inside B¢, as many Morse-type singularities as its Milnor
number; moreover the Milnor fibration of f is preserved by the perturbation in the following sense:
the restriction

g:BcNg '(0D,) — 0D,

is C*®-equivalent to the Milnor fibration of f. This gives a powerful method to study the Milnor
fibration: for example it allows to compute the homotopy type of the Milnor fibre, and to relate the
monodromy with the intersection form via Picard-Lefschetz theory.

The goal of this paper is to generalise this method to a wide class of non-isolated singularities.
However, an arbitrary small perturbation of a function f with non-isolated singularities does not
preserve the Milnor fibration in the sense explained above; therefore, we need to restrict the type of
deformations that we will allow. The main idea is allow only deformations of f within a suitable
ideal I of (Ocn o (which in some cases is the ideal of functions that are singular where f is singu-
lar, with the same generic transversal type). This point of view has been used in [10,16-21,26] to
prove generalised morsification theorems and study the Milnor fibration of functions with smooth
1-dimensional critical locus and simple transversal type, or with an i.c.i.s. (isolated complete in-
tersection singularity) of dimension at most 2 as critical locus and transversal type A;. Recently
the morsification theorem has been generalised in [3] for critical locus an i.c.i.s. of any dimension
with transversal type A4;. In all these works the morsification theorem and the preservation of the
Milnor fibration are proved exploiting special properties of the ideal considered (low dimensionality
of its zero set or defining a complete intersection), which do not generalise easily. In all the cases
the functions that can be morsified are precisely the functions of finite extended codimension with
respect to the ideal / in the sense of [18] (see Section 1 for a definition). Using a new concep-
tual approach, in this paper we generalise the morsification and preservation of Milnor fibration for
functions of finite extended codimension with respect to any ideal of Uc» . Moreover we introduce
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and study new numerical invariants for non-isolated singularities. Below we summarise informally
the main results of the paper.

In Section 2 we establish the preservation of the Milnor fibration: given any ideal I of Oc» o
and a function f of finite extended codimension with respect to /, we prove that any small enough
perturbation of f within the ideal preserves the Milnor fibration (see Theorem 2.2).

The main and most difficult result of this paper is a relative morsification theorem (see Theorem
8.6) that roughly states the following: given any function f of finite extended codimension with
respect to an ideal /, a generic small perturbation g of f within the ideal only has singularities
that are simplest with respect to / in a certain natural sense. Moreover, in a small neighbourhood
of the origin there are finitely many points in which g has positive extended codimension, with the
property that the germ of g at any of them is unsplittable, in the sense that it cannot be split into
several points of positive codimension by further perturbation. Furthermore, the points of positive
extended codimension that are outside V(1) are always Morse points of g. The proof uses the theory
developed in Sections 1 and 3-8. We now summarise the content of these sections. Fix an ideal /.

Section 1 is preliminary. Some known definitions and results are recalled. Among them is the
concept of extended codimension of a function of / with respect to /. This is an invariant that
generalises the Milnor number to our setting. Indeed, the functions of finite extended codimension
with respect to / will be those that can be studied via the relative morsification theorem (as isolated
singularities are the functions whose properties can be studied via the usual morsification theory). In
particular, by a theorem of Pellikaan (see Theorem 1.12), any function of finite extended codimension
has an unfolding which is versal within /. On the other hand the extended codimension does not
have all the good properties that the Milnor number has. The Milnor number is conservative in the
following sense: let f be a function with finite Milnor number at O; there is a small neighbourhood
U of the origin such that, given any deformation f +1tg, if ¢ is small enough, the sum of the Milnor
numbers of f + tg at the points of U equals the Milnor number of f at the origin. We show with
an example that the extended codimension with respect to an ideal is not conservative in general.

Consider a coherent ideal sheaf / defined in a neighbourhood U of the origin such that [, =1,
define

JoUD =[] I (1)

xeU

In Section 3 we give a infinite-dimensional analytic structure to J>°(U,T), viewing it as a generalised
oo-jet space associated to /. For this we view J°°(U, ) as a the projective limit of

Jm(U,i) = Hix/(mm-H mix)’
xeU

when m > 0, and give a certain finite-dimensional generalised analytic structure to each J”(U,I). In
particular we endow J>(U, 1) with a topology and define such concepts as finite-determined set (the
finite determinacy of a set implies that it can be understood as a subset of a finite-dimensional analytic
space), analytic set, irreducibility, smoothness and codimension in J>(U,]) of a closed analytic
subset. We prove the existence of decompositions of analytic subsets in irreducible components.

In Section 4 we consider the filtration of J*°(U,I) by sets consisting of germs of given extended
codimension. We prove that the levels of the filtration are finitely-determined closed analytic subsets
of J®(U,I). Although this is more or less clear from the intuitive point of view, the proof gets
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rather technical. We also give a lower bound for the codimension in J*°(U,I) of the set of germs
of given finite extended codimension.

In Section 5 we stratify the space J°°(U,I) in locally closed analytic strata containing germs of
the same topological type. This is done by combining the results of [4] with the theory developed
in Section 3.

In Section 6 the concept of Whitney regularity is defined for stratifications of J°°(U, ). Given any
locally finite partition of J*°(U,I) by locally closed analytic subsets, the existence of a canonical
Whitney stratification refining it is proved.

In Section 7 we define analytic mappings from an analytic set to J°°(U,I). The concept of
transversality of a mapping to a submanifold of J>(U, ) is introduced. The parametric transversality
theorem is extended to our setting. It is shown that versality implies transversality in the following
sense: let /€1 be a function of finite extended codimension and F:(C",0) x (C",0) — C be a
versal unfolding of f within /, then mapping

pr:(C",0) x (C",0) — J®(U,I)

assigning to (x,s) the germ of F|cny ) at x is analytic and transversal to any submanifold of J>°(U, 1))
which is invariant by the natural action of holomorphic diffeomorphims preserving 1.

Finally, in Section 8 the relative morsification theorem (see Theorem 8.6) is stated. A certain
Whitney stratification of J°°(U,I) (which is built up from the filtration by ascending extended
codimension and the stratification considered in Section 5 using the geometric tools developed in
Sections 3 and 6) is needed. The proof is a transversality argument using the results developed in
Section 7. As a by-product of our method we introduce generalisations of the bifurcation variety
in the base of a versal unfolding.

The rest of the paper presents applications of our theory and several examples.

In Section 9 we present two immediate applications of the morsification theorem. In the first
application we define new numerical invariants for functions of finite codimension with respect to
an ideal, namely the splitting function, the corrected extended codimension and the Morse number.
All of them are conservative in the sense explained above. The corrected extended codimension
is close to the extended codimension, and could be thought as a conservative version of it. The
splitting function is a finer invariant. A consequence of the relative morsification theorem is that
the singularities outside V' (/) of a generic deformation within / of a function of finite extended
codimension form a finite set of Morse points; the Morse number is the cardinality of this set. The
second application, based also on the results of Section 2, shows how to study the topology of a
function of finite extended codimension using a morsification. In particular, homology splitting and
bouquet decomposition theorems are presented (see Theorem 9.3).

In Section 10 we study further numerical invariants. Given any f €/ we have a jet-extension
mapping p,:(C",0) — J (U, I). We develop a bit of intersection theory on the generalised jet space
J®(U,T) so that the intersection number at the origin of the mapping p r with any n-codimensional
subvariety of J*°(U,I) is well defined and has some natural properties. This will enable us to
interpret the numerical invariants introduced above as intersection numbers, and give a formula of
them in terms of dimensions of certain complex vector spaces (this becomes more explicit in the case
of the Morse number). Using intersection theory we are able to prove that any numerical invariant
which is conservative and satisfies two other natural properties is actually a linear combination of
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intersection multiplicities with n-codimensional subvarieties of J°°(U,I) which are invariant by the
natural action of holomorphic diffeomorphims preserving I (see Theorem 10.13). A classification of
such subvarieties yields in many examples in Section 11 an expression of any conservative invariant
as a linear combination of well known invariants (for example in terms of the Morse number and
number of D.-points in the case of isolated-line singularities; see [20]).

In Section 11 we analyse several applications and examples. In particular we point out previous
morsification theorems that are now consequences of this theory. Among them is the morsification
theorem for singularities whose critical locus is an i.c.i.s. and have generic transversal type 4;; we
show how to extend this theorem to the case in which the critical locus is not necessarily a complete
intersection (see Proposition 11.3).

1. Functions of finite codimension with respect to an ideal

Let m be the maximal ideal of U¢» o, let xi,...,x, be coordinate functions for C},. The module
of germs of vector fields at the origin O of C" will be denoted by @; then m@ are the vector
fields vanishing at the origin. Denote by & the group of germs of holomorphic diffeomorphims of
C" fixing the origin, and by &, the set of germs of holomorphic diffeomorphims at the origin that
not necessarily fix it (we have no group structure because composition need not be defined). Let
I C Ogrp be an ideal; given U, a small enough neighbourhood of the origin, there is a coherent
sheaf of ideals / whose stalk at O is I. Following [18] we define Z; and Y. to be, respectively,
the subgroup of & and the subset of &, of elements preserving the ideal:

Definition 1.1. Define &;, as the set of all ¢ € &, that have a representative ¢: V' — W, with V'
and W open subsets in U and O € V, such that

o* (L (W, 1)) =TV, 1).
Define ;= %;. N 2.

Clearly, the action of & on (c» ¢ by composition on the right restricts to an action o;:/ X% — 1.
Given f €1l we denote by Orb(f) its orbit by ;.

Let ¢, be a 1-parameter family of holomorphic diffeomorphims of &, smoothly depending on ¢,
such that ¢o =Idcs; let ¢y 4,..., ¢, be its components; consider f € Ocn . The chain rule gives:

_ 32 d
=0 ] 8xl~ dt

where X is the holomorphic vector field given by X =3 " | d¢;/dt),_o0/0x;. If ¢, € & for any ¢, then
Xemno. If ¢, € Z;, for any t, then X(I) C I. Define ©;, by the formula ©;, := {X €0 :X() C
I}. If ¢, € 2, for any t then X em N O;,; define O :=mN O,.

Conversely, integration associates to any X € @ a 1-parameter flow ¢, of holomorphic diffeomor-
phims of Z,, with ¢y = Id¢», such that if X € ©;, then ¢, € Z;,, and if X € O, then ¢, € 7.

df o ¢
dt

=X(f) (2)

t=0
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Given a family ¢, C &, as above, and f €/, we may regard the family of functions f o ¢, as a
smooth path in Orb(f"). This motivates the following:

Definition 1.2. Consider f €1, define the tangent space and the extended tangent space at f to its
orbit respectively by

u(f) = 01(f) T = Orf).

Moreover we define the (possibly infinite) /-codimension and extended I-codimension respectively
by

c/(f) = dimg 7 cre(f) =

1

C .

Tl,e(f)

Notice that both 7;(f) and 7;.(f) are ideals of Ucr . It is easy to see (cf. [18]) that the
I-codimension is finite if and only if the extended /-codimension is so.

Our setting is more general that the one studied by Pellikaan in [17,18]. There the ideal / is asked
to be the primitive of another ideal I’ C (¢ o: consider an ideal I’ C O¢np, we define f I’, the
primitive ideal of I', as

/ I'={f€0oo:(f) +J; C I},

where J; := {3f/ox,...,0f/0ox,} is the Jacobian ideal of f. Heuristically [I’ is the ideal of
functions that vanish and “are singular at” the analytic space defined by I’. For many applications
it is sufficient to work with the class of primitive ideals: for example in the study of non-isolated
singularities with generic transversal type 4. However the ideals considered by de Jong in [10] for
the cases of line singularities with transversal types A3, E7, and FEg (this last case for ambient space
of dimension at least 4) are not primitives of any other ideals.

Observe that, when /= [ I, there are two possibly different definitions of (extended) /-codimension:
we can consider diffeomorphims that preserve I’ (as Pellikaan does) instead of diffeomorphisms that
preserve [ I’; hence we use the modules @, . and @, instead of © [1..and O . Itis easy to see
that @y C O ., but the equality is not known in general, to the author’s knowledge. This give
rise to two, a priori different, morsification theories for the ideal [ /. The constructions and results
of this paper are valid for either of them. Anyhow, the equality @, .= @ , holds when I' is a
radical ideal (it is easy to prove that any X € @, , must be tangent to the analytic space 408
defined by I’ at each of its smooth points; this implies that X € @), and in all the examples that
we have considered.

Notation 1.3. Let % be a coherent sheaf on U. Denote by %, its stalk at x; given any section
e l'(#,U) denote by ¢, its germ at x.

Let O be the free ¢y-module of vector fields over U, and ©; 7. the coherent (/yy-module of vector

fields preserving /. The stalk of O;, at any x€ U is the Oy ,-module O; ,. Therefore, for any f
holomorphic in U, we have that ©; (/) is a coherent sheaf of ideals whose stalk at any x € U is
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71,¢(fx). Define the coherent (/;;-module

1
F = . (3)
O .(f)
Standard properties of coherent sheaves imply that ¢;.(f) < oo if and only if # is concentrated at
the origin, i.e. %, =0 for x # O.

Notation 1.4. Let n:C" x C" — C” be the projection to the second factor; take any s € C". If ¥ is
a coherent analytic sheaf on C" x C" we denote by ¥, the pullback of ¥ to n1(s).

If F is an analytic function on C" x C" we denote by F|, the restriction of F' to n!(s). Therefore,
F; « denotes the germ at x of the restriction of /' to n!(s). If X is an analytic subset of C" x C"
we denote by X; the fibre of X over s.

Definition 1.5. For f €1, an r-parametric [-unfolding of f is a holomorphic germ F:(C" x C’,
(0,0)) — C such that Fjp o= f and F|; o belongs to I for any s€C". We denote by /(r) the
module formed by all the r-parametric /-unfoldings. Define @ (r) := "0, = UcnycrOpe.

Lemma 1.6. The following equalities hold: 1(r) = n*I =10crxcr,(0,0)-

Proof. The only non-trivial statement is that /(r) C ©*/. Consider the coordinates xi,...,x, for
C" and fix coordinates sy,...,s, for C". Let f1,..., fx be a set of generators for /. Take F € I(r);

we have to find Gy, ..., Gy, convergent power series in xi,...,X,S1,...,S,, such that
k
F=> G (4)
i=1

By Artin’s approximation theorem it is enough to find formal power series G; satisfying the last

equation.
Express each G; as G;=3) g , x|'...x% and F as F =) A; ;x| xJn where each g, ; and
each 4; ; is a power series in si,...,S;; express each f; as fi=>] a}lw,jnx{‘ .- x" where each a}l """"

is a complex number. For any positive integer N the truncation of Equality (4) to its N-jet with

.....

whose coefficients are {aj»l ,,,,, it <N } (complex numbers), and whose independent terms
are {A;, _; :j1+---+Jj» <N} (holomorphic functions in sy,...,s,). The fact that F is a /-unfolding
implies that for any value of si,...,s, close enough to the origin the system has a solution; using
this and the fact that the rank of the fundamental matrix of the system does not depend on sy,...,s,
(the aj-l,__', ;. s are complex numbers), we deduce that there exists a solution of the system depending
holomorphically on sy,...s, in a neighbourhood of the origin of C". This provides a solution for
the truncation of Equality (4) to its N-jet. Applying Krull’s intersection theorem we deduce the

existence of formal solutions. O

Remark 1.7. In the last lemma we have shown the following statement: consider f7,..., f%,
F € Ocrxcro,0) such that f4,..., fi are independent of sy,...,s,; if for any s€C" close enough
to the origin F; € (..., fk)s) then F €(f1,..., fx). The independence of the f;’s on s1,...,s, 1s
needed, as the following example shows: f(x,s)=xs?, F(x,s) = xs.
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Given U and V/, neighbourhoods of the origin of C" and C" respectively, we define the coherent
Oyxy-modules I(r) and O; (r) as I(r) := [Ocixcr and O; ,Ocnxcr.

Lemma 1.8. Consider a representative F:U x V. — C of a r-parametric I-unfolding of a germ
f € [1. Define a coherent Oy y-module by the formula

G
Y= O EY
Then,

(5)

(1) We have %) =0 if and only if c; (Fs.)=0.

(2) If c1(f)=0 then U and V can be shrunk enough so that c; ,(F,,)=0 for any (x,s)e U x V.

(3) Let Z C U XV be the support of 9; let p:U XV — V be the projection to the second factor,
define @ := pz. If cr.(f) < oo then we can shrink U and V so that ¢ is finite and p.9 is a
coherent Oy module.

Proof. Denote by m, the maximal ideal of (¢ ;. A standard commutative algebra argument shows

g(x,s) ~ ix
msg(x,s) fo,e(F|x,x)

(6)

Therefore %) = 0 implies c; (F|,,) = 0; conversely, if ¢; (F|;,) =0 then ¥ ;) =m¥, ), and
hence %, ) =0 by Nakayama’s Lemma. We have shown the first assertion.

Suppose that ¢;.(f)=0; then, as f'=F|p o we have that 4 0)=0; as the support of a coherent
Oy y-module is closed, the second assertion follows.

Suppose c¢;.(f) < oco. Shrinking U we can assume that & is concentrated at the origin of C”".
Therefore, by the previous assertions, we have that %, oy =0 for any x € U\{O}. By the projection
lemma of [8, p. 62], we can shrink U and V' so that the third assertion follows. [

A corollary of Lemma 1.8 is the upper semicontinuity of extended codimension:

Corollary 1.9. Let f €1 with c;.(f) < oo; consider F: UxV — C a representative of a I-unfolding
of f such that the second statement of Lemma 1.8 holds. Let ¢ be the mapping introduced in the
last lemma. Then for s close enough to the origin,

ST e Fu) < el ). (7)

x€p~'(s)

Proof. After Lemma 1.8 we are reduced to proving that, for s close enough to the origin,
dime(@+9) ® (Oy,0/mp) = dime(¢%) @ (Oy,/my), which is standard since ¢.% is coherent. [

When I = O¢» o then the extended codimension is equal to the Milnor number, in this case the
inequality (7) becomes an equality. Although this happens in many other cases such as isolated line
singularities (see [20,19]) and most of the examples that we have computed, the following example
shows that the equality does not hold in general.
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Example 1.10. Let / =(x?,y) C O (ideal of curves tangent to the x-axis); then @y, is generated
by x0/0x, yd/dx,x*0/0y, y0/0y. Consider

fy)=p"+x7

then 7;.(f) = (x*,x*y,)?) and c;.(f) = 3. Any unfolding F : C> x C — C of f such that
for any s the curve F|; =0 is tangent to the x-axis at the origin is a /-unfolding. Choose an
[-unfolding such that F|; = 0 is smooth at the origin; then one checks easily that ¢;.(F|,) = 0.
Therefore the only terms that can contribute to the left hand side of Inequality (7) are the extended
codimensions of F|, at points x outside the support of /. As I, = U¢:, at these points, the ex-
tended codimension coincides with the Milnor number. As u( f) =2, Inequality (7) is strict in this
case.

Let Fel(r), Gel(g) be [-unfoldings of f €. A morphism ¢:F — G of [-unfoldings is a pair
(&, 4) consisting of holomorphic germs 4:(C",0) — (C%,0) and @:(C" x C",(0,0)) — C" with
the following properties:

(1) Picixis) € Z1e for any s,
(2) Picixioy =Ider, and
(3) G(P(x,s),A(s)) =F.

Definition 1.11. Let f €/ and F an /-unfolding of it. We say that F is versal if for any other
I-unfolding G of f there exists a morphism of /-unfoldings from G to F.

The following theorem was proved by Pellikaan in [18] as an application of the general results
of Damon in [2]; although Pellikaan proves it for primitive ideals, his arguments extend without
change to our setting.

Theorem 1.12 (Unfolding theorem). Let F:C" x C" — C be an I-unfolding of a function f €1l.
Let sy,...,s, be the coordinates of the base space C". The following statements are equivalent

(1) 11e(f) + C(OF/0s1))5=0 + - - - + C(OF/0s )= = 1.
(2) F is a versal I-unfolding of f.

A corollary of this is that f €/ has a versal unfolding if and only if ¢;.(f) is finite. Versality is
open in the following sense:

Proposition 1.13. Let F be a versal I-unfolding of a function f€lI; let F:U xV — C be a
representative of the germ F. Then U and V can be shrunk to smaller neighbourhoods of O so
that F is a versal I,-unfolding of F|,, for any (x,s)eU x V.

Proof. Let . and ¥ be the sheaves associated to f and F by the formulae (3) and (5), respectively.
As f has a versal unfolding then ¢;.(f) < co. Hence, by the second assertion of Lemma 1.8, we
can shrink U and V' so that ¢ is finite and p,% = ¢.% is a coherent (/) -module.
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Let s1,...,s, the coordinates of C" and (s) the ideal they generated. The functions 0F/dsy,...,
0F0s,, defined on the whole U x ¥, can be seen as sections of p,I(r) over V; denote by §;F the
image of 0F/ds; by the natural homomorphism p,I(r) — p.%. Define .# C p.% to be the coherent
(Oy-module generated by 0,F,...,0,F. We claim that .# = p,% if we shrink V' enough. To prove the
claim we only need to show that .# o =(p.%)o. By Nakayama, this reduces to proving the equality
PsGo=Mo+(s)ps%o. As ¢~ 1(0)={(0,0)}, then (p.%)o="%0.0); therefore (p.%)o/(s)(p+%)o
is equal to %0,0)/(s)% 0,0y, which, by formula (6), is isomorphic to //t;.(f). We have constructed
an isomorphism Y : (p«%)o/(s)(p+%)o — I/t1.(f). It is easy to see that the image of 0;F by Y is
the class of (0F/ds;)|o in I/t1.(f). As F is a versal /-unfolding of f, by Theorem 1.12 we conclude
that the restriction of Y to (Ao + (s)(p+%)0)/(s)(p«%)o is surjective. This shows the claim.

Consider (x,s) €U x V, if %,y =0 then, by Lemma 1.8, we have the equality t; ,(F|;) =1
hence, by Theorem 1.12 F is a versal /,-unfolding of F| ls,x- Suppose that (x,s) € Supp(%). Let m;
be the maximal ideal of U¢cr ;. By the finiteness of ¢ we have an equality (p+%); =D ,cp-1(5) Y05
Using formula (6) we obtain an isomorphism

Us: (pB)/mi(p%) = B GonmGon= @ 1/1 [F,).
yEPTI(s) yEPTI(s)
Using that .# = p.%, noting that the image of 0;FF by s has (0F/0x;)),, as component in
iy/riy’e(Fh,y), and taking into account that x € ¢~ '(s) we obtain that [, = 77 (Fyx) + C(OF/0x1) 5 +
-+ + C(0F/0x, ), Then, by Theorem 1.12 the mapping F is a versal unfolding of Fj,,. [

2. Topology of unfoldings of functions of finite /-codimension

Denote by D,? the punctured disk of radius 5 centered at the origin and by B¢, B and S the
open ball, closed ball and sphere of radius € centered at the origin of C"; let f € U¢» . L€ proved
in [12] that if € > 0 is small enough and €># > 0 then

flémf*wb,,):ée nf'(Dy) = D, (8)

is a locally trivial fibration, and, moreover, if (€’,5) is another pair with € < € and such that
S\3onr-10,) 18 also a locally trivial fibration, then both fibrations are equivalent. Moreover, in view
of Hironaka [9, Section 5], if we consider in C the stratification {C\{0},{0}}, then there exist an
analytic Whitney stratification of a neighbourhood U of the origin of C” containing B, such that
Un f~1(C\{0}) is a stratum, the mapping f:U — C satisfies the Thom A ;-condition respect to
this stratification and, for each stratum X C U and each point x € X NS¢, we have T,.X A Se.

Definition 2.1. A pair (€,7) with all the properties above is called a good system of radii for f.
The fibration

fig.ng-1iepyy : Be 0 f71(0Dy) — 0D, 9)
is called the Milnor fibration of f.

The main result of this section is the preservation of transversality with the Milnor sphere for
unfoldings of functions of finite codimension:
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Theorem 2.2. Let f €1 such that c;.(f) < oo; consider a 1-parametric I-unfolding F of f; let
(€,m) be a good system of radii for f. Given a value s of the parameter consider the restriction

Fly: Xp,s = F‘;l(D,,) NBec — D,. (10)

Then 6 can be chosen small enough so that, given s,s' € Ds,

(1) If t€ D,\{0} then F|;‘(t)rhS€.
(2) The locally trivial fibrations that F|; and F|, induce over 0D, are equivalent.
(3) Xp,s and Xp, ¢ (where Xp, s := F|:1(D,7) N B¢) are homeomorphic.

This result is a generalisation of analogous statements in [20,21,10,26], and [3]; in those papers
the result is proved in the case in which the dimension of V(/) is at most 2, and/or / is of a rather
particular type, in all the cases the idea is to use the special properties of I to control explicitly the
geometry of F' at S¢c. Next we show how to control the geometry of F in a neighbourhood of Se¢
for any /, without making use of any geometric property of /.

Lemma 2.3. Let F:C"xC — C be a 1-parametric I-unfolding, consider a smooth path y:(—v,v) —
C such that y(0) = 0. There exist a positive number u <v, a neighbourhood Vy of S¢ in C",
a neighbourhood W of S¢ x (—u, p) in C" x (—u, p), and a C°-diffeomorphism

WiV x (—p ) — W (11)

of the form Y(x,t) = (Y (x),t) (ie. a C®-family ¥ of diffeomorphisms Vs, depending on t),
such that o =1dcs and Fiyy o, = fy, for any t € (—u, w).

Proof. As c¢;.(f) < oo, the sheaf # defined in Eq. (3) is concentrated at the origin of C". This
implies that, if € is small enough, for any x €Sc, we have #, =0 and hence ¢; ,(fy)=0. As
Sx=Flo, we have ¢; (F|o,) =0, which by Lemma 1.8, implies %0 =0 for any x €Sc. By
coherence, there is an open neighbourhood U of S¢ x {0} in C" x C such that %), =0.

Let s be a coordinate for the base space of the unfolding F'; as the ideal sheaf I(1) is closed
under differentiation respect to s we have dF/ds € I(1). As %y =0, for any x € U there exist an open
neighbourhood U™ of x in U and a vector field X* € I'(U*, ©; (1)) such that X*(F|yx) = F/0sy-.

Choose a finite collection U',...,U* of the above open subsets such that |J, U" > S, x {0}.
Let X' be the vector field associated to U’. Redefine U to be the union of the chosen subsets.
Consider a C™ partition of unity {p',...,p*} subordinated to the cover {U',...,U*} and define
X = Zf.‘:l p'X'. The vector field X is of the form X = Z;’:] o;0/0x; where o; are C°° functions
over U, and satisfies X (F|y) = S P X' (Fyi) = OF0sy.

Choose 0 < u < v and a neighbourhood ¥V, of S¢ in C” such that Vy x y(—pu, 1) is contained in
U. Consider the C* vector field tangent to 7 and smoothly depending on ¢ defined by Y(x,¢) :=
—(dy/dt)X (x,y(t)). Express Y as Y =) " | f;0/0x;, then f;(x,t)=—(dy/dt)a;(x,p(t)). Integrating ¥
(and perhaps shrinking ¥ and p) we obtain a C°°-family of diffeomorphisms : Vo X (—p, u) — U
such that Yy =Idecs; define W(x,t) := (Y(x,¢),t) and W := ¥Y(Vy x (—u, 1t)). We need to check that
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Flyiyo ¥ = fy, for any ¢ € (—u, ). This is obvious for #=0. Hence if G(x,1) := F(Y(x,1),7(2)), it
suffices to show that 0G/dt = 0. By the chain rule,

x1)= Z WO 0+ .90 S0
d 0 dn
Z W00) (—dfa)) o 1), 70) + S 1, 70) 10

d’\
- d{g) K —X(F)+ ) (W(x, 1), y(t))] -

Proof of Theorem 2.2. We first show than (2) and (3) follow from (1). The pair (€,) is chosen so
that Sing( f)NBe C f~1(0), therefore, § can be chosen small enough so that F has no critical points
at F‘gl(ﬁDﬂ) N B.. Define F:C" x C — C x C by F(x,s) := (F(x,s),s). Assertion (2) follows from
(1) by applying Ehresmann’s fibration theorem to Fz-1(p, x p,)- Define Xp, := F (D, x D5)N(Be x
D;) and consider p:Xp, — Ds, the restriction to Xp, of the projection to the second factor; then
p(s) = Xp,s for any s € D;s. Using (1), it is easy to show that Xp is a manifold with corners and
that p is a proper differentiable map, whose restriction to the boundary and corners is submersive;
using a version of the Ehresmann fibration theorem for manifolds with corners (3) follows.

Define ¥ C S¢ X D; to be the set of pairs (x,s) such that F|(x) # 0 and either F), is critical
at x or F |;l(F s(x)) is not transversal to S¢ at x. Identifying C" x C with R*"** it is easy to see

that the closure Y of Y is a real analytic subset. The following claim implies assertion (1) (perhaps
shrinking #): the intersection ¥ N F~'(0,0) is empty.

Let us prove the claim. Suppose the contrary: let (x,0)€ ¥ N F~'(0,0); by the curve selection
lemma (see [15, Section 3]) there is an analytic path o : (—v,v) — ¥ such that a(—v, v) C Y and
%(0) = (x,0). Define y:(—v,v) — C to be the second component of the composition F o o, and
choose p < v so that the statement of Lemma 2.3 holds; let ¥ be the family of diffeomorphisms
predicted by Lemma 2.3. Consider a sequence {#,} C (i, 1) convergent to 0; define x, to be the first
component of a(t,) in C" x C (by the formula (x,,(t,)) = «(t,)), and y, := ¥ '(x,). As {x,} and
{i,} converge to x and Ides, respectively, we deduce that {y,} converges to x. If F|, ) is singular
at x, then f =F,, o, is singular at y,; then f(y,)=F),,)(x,) =0, which is not true; therefore
Fl,,) is not singular at x,. Then FQ&H)(FW(I”)(JC,,)) is not transversal to S¢ at x,, which means
that Tan|;(1n)(F|y(,n)(xn)) C T,Se; this implies that T, f~'(f(y,)) C dlp,:l(xn)(Tang). Taking a
subsequence we can assume that the sequence T, /~'(f(»,)) converges to a linear subspace 7 C
T:S¢. On the other hand we have fixed Whitney stratifications of C and of an open neighbourhood U
of the origin of C" (containing U\ f~'(0) as a stratum) such that f satisfies the Thom A4 ;-condition
respect to them and that X AS, for any stratum X of U. Let X be the stratum containing x, as
f(x)=0and U\ f~'(0) is a stratum we have that X C f~'(0); hence ker(d fy(x))="7:X. By Thom
Ay-condition 7.X C limT), f “Y(f(y,))=T; as T is included in T,S, we contradict the transversality
X AS¢. This proves the claim. [J
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3. Generalised jet-spaces

The morsification theorem for isolated singularities can be proved in the following way (which is
not the easiest but has the virtue of generalising to our setting): the subset Z; C J?(C",C) consisting
of singular 2-jets (jets whose linear parts vanish) is a closed analytic subset of codimension #; the
subset Z, C Z; of singular 2-jets germs with degenerate Hessian is closed analytic of codimension
bigger than n. On the other hand any germ f € (Uc» o can be approximated by germs ¢ such that
the 2-jet extension j?¢g:C" — J*(C",C) is transversal to Z; and Z, in a neighbourhood of the
origin; therefore the singularities that an approximation g can have close to the origin should have
non-degenerate Hessian (which means being of Morse type).

Consider an ideal / C (¢ o. When trying to generalise the classical morsification method to func-
tions of finite codimension with respect to / we meet (among others) the following new difficulties:
consider f €/ such that ¢;.(f)=00; it is not clear a priori which singularities a generic deformation
within the ideal may have. On the other hand, due to the presence of non-isolated singularities, if
we work with ordinary m-jet spaces the spaces parametrising singularity types (analogous to Z; and
Z,) will be of arbitrarily large codimension as m increases, which would make the above method
collapse. The idea to overcome these problems will be to use a presentation of the ideal / by gen-
erators and relations to define a sort of generalised m-jet spaces, in which the codimensions the
varieties parametrising the relevant singularity types remain stable as m increases.

We need to introduce the concept of oco-jet spaces and give it an infinite dimensional analytic
structure.

Let U € C" be an open subset. For any m < oo the mth jet-space J"(U,C") is a vector bundle
over U with projection mapping pr, : J"(U,C") — U. There is a natural analytic vector bundle
epimorphism pr?" : J™(U,C") — J!(U,C") for any m > [. The set J®(U,C") := Hico O is
clearly the projective limit of the system formed by the J”(U,C")’s and the n}"’s. For any m there
is a projection mapping =,° : J(U,C") — J"(U,C").

Fix a coordinate system {xi,...,x,} in C”; denote by C{x} the ring of convergent power series
in {x,...,x,}. There is a bijection

Too : U X C{x} — J=(U,C")

which assigns to (x,(f1,..., f+)) the unique r-tuple of germs (gi,...,9,) € U, such that the Taylor
expansion of ¢g; at x is f;. Passing to m-jets this defines an analytic vector bundle trivialisation

T U x (C{x}/m™"y — J™(U,C") (12)

for any m < oo.

A subset C C J>°(U,C") is said k-determined if it satisfies (n3°)~!(n3°(C)) = C; the subset C is
said to be a k-determined closed analytic subset of J°°(U,C") if it is k-determined and n°(Y) is a
closed analytic subset of J¥(U,C"). Any k-determined (closed analytic) subset is also m-determined
(closed analytic) for any m > k. A k-determined locally closed analytic subset is the difference
between two k-determined closed analytic subsets.

Consider in each J"(U,C") the transcendental topology; we endow J°°(U,C") with the initial
topology for the family of projections 7;°. A family {C;};c; of subsets of J*°(U,C") is lo-
cally finite if for any x € J°°(U,C") there exists a positive integer m and a neighbourhood U of
no°(x) in J™(U,C") such that (n3°)~'(U) only meets finitely many C;’s. Therefore if each C; is
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finite-determined, choosing m high enough, the union | J e, Cj 1s locally a m-determined subset. This
motivates the following definition: a closed analytic subset of J°°(U,C") is any union of a locally
finite collection of finite-determined closed analytic subsets of X°°; a locally closed analytic subset
of X is the difference between two closed analytic subsets.

Let / be an ideal sheaf defined on a neighbourhood U of the origin, having / as stalk at the origin.
The natural candidates to substitute for the ordinary jet-spaces considered in the isolated-singularity
case are the following: define the sets

JoWD =111 "I = [[L/m* 0,
xeU xeU
for any positive integer m. For any co > m > k > 0 consider the projection mapping =" : J"(U, I —
J¥(U,T). The set of spaces {J”(U,I)}, <o together with the mappings {pr{}k <m<oo) form a projec-
tive system of sets whose limit is J°°(U,). There are natural projection mappings 7 :J*(U,T) —
J"(U, 1) satisfying n5° =n" o n2°. The concept of k-determined subset of J*°(U,1) is defined analo-
gously to the case of systems of analytic varieties. For any m < co we consider the natural projection
DVm :J’”(U,f) — U, its fibre over x € U is the vector space fx/fx N m;”“.
For any x € U we define the function p,:7~¢ — Z by the formula

fa(m) 1= dlm@(ix/ix N m;nJrl )- (13)

The function p, is Zariski-lower semicontinuous in U (see [4]). There exists a stratification of
U (which is called the Zariski-Samuel stratification with respect to I) by Zariski locally closed
analytic subsets, which is the minimal partition such that pu, = p,, for any x, y in the same stratum.
We will refer to the strata as the I-strata of U, and we will denote them by 2y,..., 25, where X
is the stratum containing the origin, the stratum X, is the complement of the zero set of I, and if
2; C f,j then i > j.

Notation 3.1. Consider an analytic function f:V — C, with ¥ an open subset of C". Given any
m < oo there is an associated jet extension j" f:J"™(V,C) assigning to x € V' the class of f, in
Oco/m"! (we adopt the convention m2® = (0)).

We define a certain kind of analytic atlas on J”(U,1) in the following way:

Consider an open subset V' of U and a set # ={hy,...,h;} C I'(U,T) which generate I~|V. Define

(pyz:(Q%—)@W (14)
by the formula @ (f1,..., fs) :=>_;_, fih:.. For any m < oo, taking m-jets we obtain a mapping
J"ow J"V,C) = J"(V,C). (15)

where j" @ (j" f1(x),. . J" [o(x)) == 32, j"(fihi)(x) for any (f1,....fs)€(Opy)" and x€V.
The mapping j"¢ has J”(V,I) as image, and it is a homomorphism of analytic vector bundles if
m < o0.

Definition 3.2. For any m < oo, a chart of J"(U,I) is a surjective mapping of the form

" IV, C) — IV, D). (16)
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for a certain open subset V' (which will be called the base subset of the chart) and a set # of
holomorphic functions on V' generating # of I),. The canonical analytic atlas of J"(U,I) is the

collection of all the charts of J"(U,I).

Given another open subset V' and a set of generators #' = {h},...,hl} of I \yr, there exists
an open covering {V/"};c, of V' NV’ such that, given any /€L for any i <s’, we have analytic
functions 0; 1,...,0;, defined on V] such that &} := ijl 0;;h;. Define the Oy»-module homomor-

phism 6: @};{,, — C”,',[,, by the formula 0(f4,..., fs)=(f1,..., [ )My where My is the matrix whose
(i,j)-entry is 0; ;. For any m < oo let

jmgzt]m( V]//’G:S/) N Jm( V]//,CS) (17)

be the associated mapping of jet-spaces, which is analytic for m < co. We have clearly the compat-
ibility relation

J"ow = j" @y o j"0. (18)

The mapping (17) is called a transition function between the charts ;"¢ and j™@ . Notice that
in contrast with the case of manifolds, transition functions between charts are not globally defined
on the intersection of the two charts and need not be unique.

As we work locally around the origin of C" we can take U small enough so that there is a set
49={9g1,...,9,} of analytic functions defined on U which generate I, for any x € U. We will denote
the homomorphism ¢¢ simply by

Q:0, — Oy, (19)
and, for any m < oo, the mapping j” @4 by
J"U, )8 m(U, ). (20)

Notation 3.3. Let X C U be any subset. For any m < oo, we will denote by J"(X,]) or J’"(U,f)‘x

the inverse image of X under pr,:J"(U,I) — U. An analogous notation works for the jet space
J"U,CH).

Remark 3.4. For m < oo and any /-stratum, the restriction J" @, cry 1 a constant rank homo-

morphism of trivial analytic vector bundles over X;, whose image is J m(%;,T). This gives a natural
structure of trivial analytic vector bundle to J”(X;,1), for m < co (see [4] for an application).

For our purposes it is convenient to consider subsets of J*°(U, ) parametrising germs with certain
geometric properties, just as the subset Z; C J*(U,C) considered at the beginning of the section
parametrises Morse singularities. To have a geometric understanding of these subsets we will look
at their inverse image by the charts of the canonical analytic atlas of J™(U,I).

For any m < oo we give to J”(U,I) the final topology for the set of all charts of the canonical
analytic atlas. As the transition functions are continuous the topology on J™(U,I) is just the final
topology for the mapping "¢ :J™(U,C") — J™(U,I). We give to J®(U,I) the topology obtained
viewing it as projective limits of the systems of topological spaces {J”’(U,I~ ) men- It is easy to
check that the charts for m = oo are continuous.
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Remark 3.5. As j" @z, cry is a submersion for any m < oo and any [-stratum, the restriction of
the topology of J™(U,I) to J"(X;,I) coincides with the restriction of the topology of J”(X;,C) to
J"™(Z;,I). Therefore the topology considered in [4] for J”(X;,I) is the restriction of the topology
considered here for J"(U,TI).

Definition 3.6. Consider 0 < k < m < co. A k-determined subset C C J"™(U,I) is closed analytic if
for any chart ¢4 with base subset V, the set (j¥@.)~'(n¥(C)) is an m-determined closed analytic
subset of JX(V,C™). A locally closed k-determined analytic subset of J”(U,I) is the difference
between two k-determined closed analytic subsets. A closed analytic subset of J*°(U,T) is a locally
finite union of finitely determined closed analytic subsets of J°(U,I). A locally closed analytic
subset of J(U,I) is the difference between two closed analytic subsets.

Consider a k-determined subset of J”(U,I). Given any k < k' < m it is easy to check that it is a
k-determined (locally) closed analytic subset if and only if it is a k’-determined (locally) closed ana-
lytic subset. Let Z be a closed m-determined subset of J”(U, 1), and let j" ¢ : J™(V,C*) — J"™(U,I)
and j" @ 1 J"™(V',C") — J™(U,I) be two charts. By the compatibility (18), if (jX¢p»)~'(Z) is a
closed analytic subset, then (j*¢ %m)*l(Z‘ yr) 1s closed analytic in J m(y!,C"). Therefore to prove
the analyticity of a m-determined subset it is enough to check the condition for a set of charts whose
base subsets cover U. In particular it is enough to check that (j”¢)~!(Z) is analytic.

Definition 3.7. A subset Y C J"(U,C") satisfying (j"¢@)~'(j"o(Y)) =Y is called j"@-saturated.

Closed analytic subsets of J™(U,I) are in a bijective correspondence with j”¢-saturated closed
analytic subsets of J"(U,C").

Definition 3.8. A closed analytic subset of J Oo(NU,]~ ) is irreducible if it cannot be expressed as the
union of two closed analytic subsets of J°°(U, /) not containing it.

It follows that any irreducible closed analytic subset is finite-determined. }

We shrink U so that its closure is compact and contained in an open subset where / is defined.
Then the following uniform Artin—Rees theorem holds (see [1] for a proof): there exists A€ Z
such that

fonm c m'T, @1)

for any x € U and any m. The minimal A so that the last inclusion holds is called the uniform
Artin—Rees constant.

Lemma 3.9. Let C C J>®(U,I) be a k-determined closed analytic subset. For any irreducible
component K of (j*@) ' (n°(C)), the preimage (n,f*k)_l(K) is j***@-saturated.

Proof. Set m =k + A and

A= @) G )T (@),
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Let K’ := (nf")"'(K). Clearly 4 is closed analytic and K’ is one of its irreducible components. We
have to show that

K| + ker(j"¢,) C K| (22)

for any x € U (where K/=K'Npr, '(x), and j" ¢, is the restriction of j”¢ to J"(U,C"),). An element
of ker j" ¢, is the class in J"(U,C"), of a r-tuple (f1,..., f,) € U, such that ¢.(f1,..., f,) belongs
to I, N m;”“. It follows from uniform Artin-Rees that ¢.(f1,..., f,) belongs to mf“fx. Therefore
there exists (hl,...,h,)em’;“(%t so that @.(hy,...,0.)=@(f1,..., f). We deduce that (f,..., f})
belongs to m‘ ™!, . + ker(¢,). Hence

ker(j"p,) C miT Oy /mI O+ ol (ker(gy)). (23)
As ¢~ !(C) is k-determined we have
Ay +miH O mlT Oy C A, (24)

for any x € U. The set E := [[ ., m‘™' ¢y, /m' 0y is a trivial vector sub-bundle of J™(U,C").
Let r; be the rank of E. Consider an analytic trivialisation 7, : G; x U — E, where G; = C". View
G, as an additive analytic group. We have an analytic action

G, x J™(U,C")-Z5J™(U,C")

defined by o1(g, /) := 11(9) + /. By (24) the subset 4 is left invariant by the action.
Since / is coherent we can take U small enough so that we have an exact sequence as follows

05,500,251 — 0. (25)

Taking m-jets we obtain a homomorphism ;™ :J"(U,C*) — J™(U,C") of trivial analytic vector
bundles. The exactness of (25) implies

e (ker @) = m, (im ) = im ™"y (26)
for any x € U. This, together with the j” ¢-saturation of 4 implies
Ay +1im(j") C Ay. 27)

Let , be the rank of the vector bundle J” (U, C*). Consider an analytic trivialisation 7, : G, x U —
J"™(U,C%), where G; = C2. View G, as an additive analytic group. We have an analytic action

G, x J™(U,CHBJ"(U,C")

defined by a2(g, f) := j™p o 12(g9) + f. By (27) the subset 4 is left invariant by the action.
Define the additive analytic group G := G| & G, and the action

0:G x J"™(U,C") — J"(U,C") (28)

by ¢ := 01 ® g,. The subset 4 is invariant by the action . As G is irreducible we conclude that
each of the irreducible components of A4 are also invariant by the action. This, together with (23)
and (26) imply (22). O
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Proposition 3.10. Let C C J®(U,I) be a k-determined closed analytic subset. The following are
equivalent:

(1) The set C is irreducible.
(2) The set C is finite determined and (j" @)~ (nS°(C)) is irreducible for a certain m > k.
(3) The set C is finite determined and (j" @)~ (nS°(C)) is irreducible for any m > k.

Moreover, for any closed analytic subset C of J°(U,I) there exists a unique irredundant locally
finite decomposition of C in irreducible closed analytic subsets. If C is k-determined, then each of
its irreducible components is k + A-determined.

Proof. For any m >k the morphism =)' : J"(U,C") — J*(U,C") is a vector bundle epimor-
phism. As (j"¢) "(75(C))= (") ((j*@) 1 (r°(C))), the irreducibility of (j"¢) '(n°(C)) and
(j*@) ! (n°(C)) are equivalent. This shows (2) < (3).

Let us prove (3) = (1). Let C satisfy the property (3). Suppose C = C; U C,, where C; and
C, are closed analytic. Let C be k-determined. Using the ideas of Lemma 3.9 and the fact that
Cy and G, are locally finite-determined closed analytic sets, it is easy to show that C; and C, are
(k + A)-determined. From here proving (1) is straightforward.

Suppose C is k-determined. Let {K;};c, be the decomposition in irreducible components of
(j* @) U(n°(C)). For any jeJ the set KJ’- = (ni“)_l(Kj) is a irreducible component of
(j*" @) 1 (n3,(C)). By Lemma 3.9 the set K is j***¢-saturated. Therefore each C; := (n?,)~!j**
@(K') is a (k4 2)-determined closed subset of J°°(U,) and | J ies C=C. As we have already shown
(2) = (1) we know that each C; is irreducible. This shows the existence of a unique irredundant
decomposition in irreducible components for finite-determined subsets, and also proves (1) = (2).

The existence and unicity of irredundant decompositions in irreducible components for non-
necessarily finite-determined closed analytic subsets is easily deduced from the same property in
the special case of finite-determined subsets. [

Let C be a k-determined closed analytic subset of J*°(U, ). The irreducible components of C are
not k-determined in general. This can be seen already in the simplest examples:

Example 3.11. Consider / C C{z} generated by z°. Let ¢:Uc — Oc be defined by ¢(f) := 2> f.
The set [, .o m, is a l-determined closed subset of J°°(C,7). It has two irreducible components

C,=J(C, 1) and C, = m) U], 2o My Clearly C, is 2-determined, but not 1-determined.

Definition 3.12. The codimension codim(C) of a k-determined irreducible locally closed subset of
J®(U,T) is the codimension of (j*@)~!(pre°(C)) in JX(U,C").

In the situation of the last definition, if m > k, then clearly codim(C) equals the codimension
of (j™@) ' (pre(C)) in J™(U,C"). 1t is also clear that if C C C’ are closed analytic subsets of
J®(U,I), and C’ is irreducible, then either C = C’ or codim(C;) > codim(C’) for any irreducible
component C; of C.

We now show that the codimension of C does not depend on the chosen chart:
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Lemma 3.13. Let C be a k-determined irreducible locally closed subset of J (U, I). Given any open
subset V- C U and any system of s generators A of 1|y, the codimension of Gronr) N (pro(C))
in JX(V,C") equals codim(C).

Proof. Consider another set of generators #”' = {h},...,hl,} of I jp- If A" contains #, in order to
provide transition functions between the charts associated to # and #”, the functions 0; ; can be
chosen to be 0;; =0 if j # i and 0;; = 1 for i <s. Note that the 0;;’s are defined in the whole
V' N V' (the set where both # and #’ are defined). In this case the transition function ;%0 is a
submersion for any k < oco. Therefore, as (j¥ @) (7°(C)) = (G*O) U ((j* o) 1 (n3°(C))), the
codimension of (j¥@ )~ (n°(C)) in J¥(V,C*") equals the codimension of (%@, )~'(n3°(C)) in
JE(V,C).

Given any two sets of generators of / jp» their union gives a set of generators containing both
of them. Therefore the codimension does not depend on the set of generators giving rise to the
chart. O

The following natural fact is easily deduced as a consequence of the existence of decomposition
in irreducible components:

Lemma 3.14. The topological closure of a locally closed analytic subset of J®(U,I) is closed
analytic.

Proof. Let C be a locally closed analytic subset of J*°(U, I). We have C =A\B, with 4 and B closed
analytic subsets of J>°(U,I). Let A = Uje , A; be a decomposition of 4 in irreducible components.
Let J' C J be the subset consisting of the indices j such that 4; is not included in B. By the local
finiteness of the decomposition in irreducible components we have C=|J ey A ;\B. Therefore we are

reduced to the case in which A4 is irreducible. We can cover J>(U,I) by open subsets {U;}1eL such
that A, U; and BN U, are m;-determined for a certain integer m;. This means that for any / € L there
exists an open subset V; C U, a j™ ¢-saturated open subset W, C J™(V;,C") and j™ ¢-saturated
closed analytic subsets 4; and B; of J™(V;,C") such that

() G (W) = U,
() (™ p(A)) =AN Uy,

() (™ @(B))) =B N U,

As 4 is irreducible, any irreducible component of BN A has strictly bigger codimension. Therefore
A4;\B; = A, and consequently (by the definition of the topology in J>°(U,1)) the set 4N U, equals
CNU. It follows that A =C. O

After this lemma it makes sense to define:

Definition 3.15. A locally closed analytic subset is irreducible if its closure is irreducible.
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Lemma 3.16. Let C be a k-determined irreducible locally closed analytic subset of J=(U, D).
Given any open subset V. C U and any system of generators A of I, we consider A :=

()N (132,(C)). Then the set Sing(A) is j* ¢ y-saturated.

Proof. In the proof of Lemma 3.9 we have shown that 4 is invariant by the group action o:G X
JHHAW,C) — J*A(V,C*) (where s is the number of generators of #°). Therefore for any g € G we
have a(g, Sing(4)) = Sing(4). This, together with (23) and (26) implies

Sing(4) + ker(j*™ @) C Sing(4) (29)
for any xe V. 0O

Definition 3.17. Let C be locally closed analytic in J>°(U,1) and f € C. We say that C is irreducible
at f if there is only one irreducible component of C containing f. We say that C is smooth at f
if

(1) It is irreducible at f.

(2) Let C’ be the unique irreducible component of C containing f7; let C’ be k-determined. For any
open subset V/ C U containing proo(f), any system of generators # of [ \v and any m >k + /4
the locally closed analytic (")~ (7°(C")) is smooth at any / such that j"(h) = n2°(f).

Using an argument similar to the proof of Lemma 3.13 it is easy to check that it is enough to
check smoothness at a single chart.

Remark 3.18. Taking into account Lemma 3.16 it is easy to check that it is enough to check the
second condition for smoothness for a particular m > k+/ and a particular / such that j”(h)=nr5°(f).
Moreover, for any locally closed analytic subset C the set Sing(C) of singular points is closed
analytic in C, and it is (k + 1)-determined if C is k-determined.

4. The filtration by extended codimension

The natural generalisation of the subvariety of Z; C J2(U,C) parametrising Morse singularities
is the set of germs in J”(U,[) parametrising singularities of extended codimension equal to 1, this
motivates the following:

Definition 4.1. Suppose that m is either a non-negative integer or co; define
Co = {f €JWU.DY: 1., () = m),
Co = {f €JXWUD): ¢, () =m},
K= (7¢) (Co) K= (79) ' (Cn)-
Clearly C, = Coo = Mpen Cn and Koo =Ko = MNen K-

Lemma 4.2. For any x € U and any f €1, such that i (f)=m we have m"/[, C O; (/).
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Proof. The ith graded piece of ix/@ix,e( 1) by the m,-adic filtration is the module

_ mil +6; (f)

- miL 4 07 ()

Asm=c; (f)= dim@(fx/@ix,e(f)) = >, dimg(M;) we deduce that there exists / < m such that
M; = 0, which is the same that m'/, C O; (f) + m/*'7,. Applying Nakayama’s Lemma to the
module meINX + @ix,e(f)/@ix,e(f) we conclude meINx C @i,,e(f)- 0

i

Lemma 4.3. For any x € U the subset
Ay ={f€l:mll, C O; (f)}

satisfies A, +m" 2l = A4,

Proof. Consider f €4,, and g € m”*2[,. Clearly
O; ()=0; (f+g) (modm"']).

Then, as m;”fx C 07 (f), we have that m;"fx C @fx,e(f+g)+m;”+ll~x; by Nakayama’s Lemma we
have m”/[, C O; (f +g), and hence [ +g€A,. O

Lemma 4.4. The subsets C, and K,, are () + m)-determined; the subsets C, and K, are
(A + m + 1)-determined, where 1 is the uniform Artin-Rees constant.

Proof. Obviously it is enough to prove the lemma for C, and C,,. To prove that C, is
(A+m+ 1)-determined we have to check the following claim: consider f € Cy, let proo(f) =1,
consider g e m/™*2 N[, then f + g€ C,. By the uniform Artin-Rees theorem g € m”/,; Lemma
4.2 implies O; ,(f) D my'l,; then, by Lemma 4.3, we have O; ,(f +¢g) D m'l,, and hence
L Lmyl,
Orf +9) O (f +g)myL,
On the other hand, as ¢ Gm;””fx we have X(g) Gm;”“fx for any X € ©; ,. Therefore O; (f +
g)/m)’c”fx = @ix,g(f)/m;”fx, and hence ¢; (f + g) =c¢; (f) = m; this shows the claim. As C, =
AN C;, and each C; is (1 + i+ 1)-determined, we conclude that C,, is (1 + m)-determined. [

Proposition 4.5. (1) The subsets C,, and K,, are (. + m)-determined closed analytic subsets of
J®(U,I) and J>®(U,C"), respectively.

(2) The subset C,, and K, are (). 4+ m + 1)-determined open subsets in the analytic Zariski
topology of C,, and K, respectively.

Proof. It is enough to prove the statements for K,, and K,,. The determinacy statements are proved
in Lemma 4.4; for the rest we work by induction on m. We take as initial step m = —1, in this
case everything is trivial. Assume that the proposition is true for any & < m. Then K,,_; is closed
analytic in J>°(U,C") and K,_; C K,,_; is an open inclusion in the analytic Zariski topology of
K,_1;as K, == m_l\Km_l the subset K, is closed analytic in K,,_;, and hence in J*°(U, C"). This
shows the first assertion.
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Let {¢,...,& ) be a system of generators of @, as a (¢ p-module; we can assume (perhaps
shrinking U) that each ¢ is defined on U and that the germs {¢&,,...,&} generate O; . for
any xc€ U. Let hy,...,h; € Ocn o be the set of monomials in xi,...,x, of degree lower or equal
than A + m + 2; then J**"*1(U,C), is generated by {;**"*'hi(x),..., /""" hy(x)} for any x € U.
Therefore, defining {0,,...,0;} = {h&;:1 <i<I, 1<j<k}, the set {0,,,...,0,,} generates
e ix,e/mj;*”’*z@ e @S a complex vector space for any x € U; hence it also generates @fhe/m)f*’”+2 N
O, .

Recall that we have fixed a set of functions ¢i,...,g, generating / in U. For any k < d define
an analytic vector bundle homomorphism

o : J/l+m+2( U, CI) _ J}'+m+1(U, C)

by the formula

o(k(j/H—m—}—Zfl(x)’ o ’jl+m+2fr(x))

= L0 090 () 4 0@ g,

i=1

where x € U, f1,..., f, € Ocn,. The mapping oy is defined so that

j/H-m—&-lHk((P(fl’ e fr))(-x) — O(k(jl—ﬁ-m—&-Zfl(x)’ . ,j)~+m+2fr(x)). (30)

Given any f €J**"+2(U,C") such that pr;.,...(f)=x, denote by S(f) the subspace of J*+"+!
(U,C), spanned by {o(f):1 <k <d}. For any f€J*+2(U,C") define tk(f) := dim¢c(S(f)).
We can consider J**" (U, 1), as a subspace of J**"*!(U,C), via the canonical isomorphism
Im*m2 A [0 = [ 4 m/ 42 /m47"+ 2 Then clearly S(f) C J**"+1(U,I),. Taking into account
(30) we deduce easily

TN U DS ) = 1/(Og, (@x() +m "2 A 1) (31)

for any h e (f, , such that n75,  ,(h)=f.

Let X; be an /-stratum; consider the positive integer N; := u,(A+m~+1), where x is any point in 2;
and p, is the function defined in Formula 13. Define the closed analytic subset 7; C J**"+2(U,C")
as follows:

T, o= {f €J"3E,C): 1k(f) < N, —m}).

Suppose that 1 € K, consider the [-stratum X; such that x := proo(h) € 2. Lemma 4.2 implies that
O;, (p(h);) contains m'/,, which, by uniform Artin-Rees, contains m/ "2 [ . This, together with
equality (31), implies that

N; = k(77" 2 h(x)) = ¢;_(@(h)s) = m. (32)
Therefore

Kz, C Ko \(132,12) ™ (1)) (33)
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The union
M = T (my/mi 2y
xeU

is clearly an analytic sub-bundle of J#m+(U, C"). Consider the vector bundle homomorphism
AL gy JAmE (U, CT) — JATTI(U, C). The image of j“m“gow is the union

L:= HLX,
xeU

where L, := m”], + m/™*+2/m/*"+2_ We consider the stratification of U in locally closed analytic
subsets Z, i deﬁned to be the minimal common refinement of the Hilbert-Samuel stratification with
respect to /, and the minimal stratification such that the rank of ]”’”“qo‘ ) Testricted to each stratum
is constant. Given any 2 ;, the restriction L5, is an analytic vector bundle over it.

Consider any stratum X;;. Let Y be an irreducible component of the locally closed (1 +
m + 2)-determined subset K5, \(757,,.,)" ).

Claim 1. If Y and K,, have non-empty intersection then Y C K,,.

Let us prove the claim: as tk(f) = N;—m for any f € J*"*+2(X;, C")\T;, the A+m+2 determined
set

={fe¥: ki, ,(/)) = Ni —m}

is closed analytic in Y (it is the locus where rk(pr3?, ,(f)) is minimal in Y). By (32) we have
K,NYCY.

By Lemma 4.2, if f€K,, and x = prj.m2(f) then S(n%%,,2(f)) contains the linear subspace
L. Conversely, suppose that f € Y’ satisfies

S(7 1i2(f)) D La.

Using equality (31), we deduce
O; (o(f))+m™" NI, >ml,.

By uniform Artin-Rees m*"*2 N[, ¢ m”*],, and therefore
m;l; C 07, (¢(f)) +my "1,

Using Nakayama’s lemma we conclude that ©; ,(¢(f);) contains m”/,, which in turn contains
m/ "2 N [ .. Therefore

. I
cix,e(@(f)x) = dlm@ (@fx’e(@(f)x) I m))g+m+2 A ix> 5

which, by the equality (31) is equal to N; — rk(f) = N; — (N; — m) = m; consequently f € K,,. We
have shown

K,NY={feY" S(n53,.2(f) DL}
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We consider the restriction prji,i2:755, +2(

/) — 2, the pullback vector bundle
(S, C)z,,)» and the sub-bundle pri,, .,(Ljz, ). Taking into account that S(f) has

constant dimension when f ranges in Y’ it is easy to check that the union

s= I s

fen;ﬁerZ(Y\/Z,-‘/-)

is an analytic vector sub-bundle of pri . (J “’”“(U,C)‘ 5, Let Y " be the closed analytic subset
nf Y" formed by points f such that the fibre Sy () contains the fibre (pr},,, oLz, Jaze (r)- AS
K, NY is the subset of ¥’ formed by germs such that S(n3?, ,(f)) contains L, we deduce that
Kmlfu = Y”. We have shown that K,,NY is a closed analytic subset of Y’, and hence of Y.

Since Y is included in K, if we have f € Y\K, and x := pro.(f) then i () > m. If
Y ¢ K,, then K,,NY is a (A4 m + 2)-determined proper analytic subset of the irreducible analytic
subset Y. Then it is possible to find an analytic path y:D — n5% ,(Y), from a small disk D to ¥
such that y l(”).+m+z(Km)) = {0}.

Consider the analytic trivialisation

Tiamin U x (C{x}/mleer?a )r — J1+m+2(U’ Cr)

At+m+2

defined in (12). There exist an analytic path {: D — U and polynomials 4 4,...,h,, of degree A+m+
2 in xy,...,x,, with coefficients depending analytically on ¢ such that y(#)="1,4,2(&(¢), (h1.s5-- -, hrs))
for any ¢t € D. For any i let ﬁ,-’r be the unique function in O¢» o whose Taylor expansion at &(¢)
equals 4; ; clearly ﬁi, ; 1s a polynomial whose the coeflicients depend analytically on ¢. The /-unfolding

F:C"xD—C
defined by F(x,t) := (p(ﬁl,,, . ..,ﬁ,,,)(x) satisfies

o Flocco) =m and ;. (Flogn) > m,

which contradicts the upper-semicontinuity of the extended codimension (see Corollary 1.9). This
establishes Claim 1.

Decompose each K, N (n57,,.,)" Y(T;) (for 1 <i < s) in irreducible components; we say that an
irreducible component Z is relevant if prj,,.2(Z )ﬂ X; # (. For any stratum X, ;, decompose K s,
in irreducible components, and say that an irreducible component is excessive if it is contained in
K, 1. Define the closed analytic subset of 7' C K, to be the union of all the excessive components
of each of the K m|Sij S and all the relevant components of each of the K, N (757, )~ W(T;)s.

Claim 2. T =K.

If the claim is true the induction step is complete, and hence the proposition is proved.

To prove the claim consider f € K,,\T, and let X;; be the stratum such that x = proo(f) € 2.
As f does not belong to 7, it cannot be in (733, .,)" I(T;). Let Y be the irreducible component
of K,z to which f belongs. As f ¢ T, the component Y cannot be excessive, and therefore
YNK, is non-empty. If Y5, NK, # () then, by Claim 1 we have Y5, C K,,; therefore f ek,.
If Vs, NK,, =0 then Y|5,, € Kiyy1. Hence Y N K,, is included in the proper analytic subset Yios, »
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where 0X;; is the difference X \X;,. As Y|s,, C Kpy1 is Zariski open in the finitely-determined
irreducible closed analytic subset Y, it is possible to find an analytic path y:D — =%, . ,(Y), from
a disk to ¥ such that y~'(K,,) = {0}. As we have seen previously this leads to a contradiction; we
conclude Y|Z,,,- NK,, # (), and hence f €K,,. This shows K, CT.

Suppose f € T. If f is in a excessive component of K 5 for some 7, j then f €K, ;. Otherwise

T3 mia(f) 1s in a relevant component Y of K, N (njﬁmﬁ)*l(l}) for some i. By (33) we have
Ky N (753010 )_I(Ti| ;) C Kyup1; therefore Y NK, is contained in the proper analytic subset Yjox,- As
Y is irreducible we conclude as before that ¥ C K,, ;. This completes the proof of the claim. [J

The next proposition gives a codimension bound for the irreducible components of K; or C; that
will be interesting for us (those corresponding to functions of finite extended codimension).

Proposition 4.6. If' Y is an irreducible component of K, (resp. Cy) of codimension strictly smaller
than n, then Y is included in Ko (resp. Cxo).

Proof. It is enough to work with components of K;. Let ¥ C K; be such a component. Suppose that
Y ¢ Koo; then there is h€Y such that ¢; (j*@(h)(x)) is finite, where x = proo(h). The element
h is the germ at x of an analytic function from a neighbourhood W of x to C’, with components
hi,...,h,; the function ¢ := ¢(h) is a section of I over W, whose germ g, at x equals j®¢(h).
Consider the analytic mapping j>®h: W — J®(W,C"); the locus (j°°h)~'(Y) consists of points in
which g has positive extended codimension. As c; (g ) is finite, the associated sheaf 7, defined in
formula (3), is skyscraper at x, and hence dim,((j*°4)~!(Y))=0. On the other hand, the following
easy statement implies that the last dimension is positive, giving a contradiction.

(1) Let p:(X,x) — (Z,z) be an analytic morphism of germs of complex spaces, with (Z,z)
smooth. Consider an analytic subgerm (Y,z) of (Z,z) such that codim,(Y,Z) < dim,(X),
then dim,(p~'(Y)) > 0.

If dim,(p~'(z)) > 0 we are done. Assume dim,(p~'(z)) = 0; by the Proposition on p. 63 of [8],
shrinking X and Z we can assume that p is finite, and therefore (p(X),z) is a closed analytic
subspace of dimension equal to dim,(X). As (Z,z) is smooth, dim,(¥Y N p(X)) = dim,(p(X)) —
codim.(Y,Z) > 0. Then dim,(p~'(Y)) > 0. O

5. The topological partition

Functions of the same extended codimension do not need to have the same topological type, even
if they lie in a connected family. For example, when / defines a smooth subvariety of dimension
d, all the singularity types D(d, k) defined in [18] have zero extended codimension with respect to
I? and pairwise different topological types. We need to subdivide the subvarieties K,, so that the
functions on the (relevant) resulting pieces have constant topological type. As we will show there
is a canonical way to do it.

Any representative ¢:V — U of a germ ¢ € Z; , induces by push-forward a bijection

JPbs: SR = TGV, ), (34)
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defined by j>*¢.(f,) :=(fyod g for any y€V and f, €1,. As the m,-adic filtration is trans-
formed by push-forward into the my,)-adic filtration, for any m < oo, the mapping j*°¢. descends
to a bijection

J" s IV — TGV, T). (35)

The functions g; 0 ¢~ ',...,g, 0 ¢~ are sections of I defined over ¢(V) (where gi,...,g, is the
fixed set of generators for / at U). As [ is generated over U by gi,...,¢,, if we shrink /' enough
we can assume that for any i < » we have an expression of the form

giogp~'= Zhi,jgjs
=

where each 7;; is an analytic function defined on ¢(V"). Consequently, if f €I’ (V,1) is of the form
S =221 figi, then

fo¢ ' =) (fiocg Ngiod™ =D D fiod hu) g (36)
i=1 i=1 \ j=1
For any m < oo the mapping

J e JEVD) = I (P, (37)

defined by the formula
J G L1, ) = [ S S0 67 | (p)-.
j=1

defines a mapping which is analytic for m < oo, and, by Eq. (36), satisfies j"¢ ojmq’;* =j"b.j" .
Therefore we say that j™¢, is an analytic local lifting of j™ ..

Definition 5.1. Let 7 C J>°(U,I) be a (locally) closed analytic subset. We say that T is & j,-invariant
if for any analytic diffeomorphism ¢ : ¥ — U preserving I and any x € V', we have ¢.(T,) =T, ()

Clearly the set C,, is Z; -invariant for any m < oo.
Now we recall briefly the results of [4]:

Definition 5.2. Two germs f:(C",x) — C and g:(C",y) — C are called topologically equivalent
if there exit germs of homeomorphisms ¢ : (C",x) — (C", y) and «: (C, f(x)) — (C, g(x)) such that

xo f=god.

A closed subset 4 C J°(U,I) is called residual if for any positive integer ¢ there is a closed
analytic subset 7’ containing 4, and such that all its irreducible components are of codimension at
least c.
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Let 7 be an irreducible locally closed subset of J°(U,I), by [4, Proposition 10], there exists a
unique closed subset I" C T with the following properties:

(i) We have a decomposition I' = I U I'"") where I'“) is a closed analytic subset of T', and I'")
is a residual closed subset.
(ii) Any f,g€T in the same path-connected component of 7\I" are topologically equivalent.
(iii) The subset I' is minimal among the subsets of 7 satisfying Properties (i) and (ii).

The subset I is called the topological discriminant of T. The decomposition I' = '@ U I'") is
unique provided that I' is chosen to be minimal; we say that '@ and I'") are respectively the
analytic and residual parts of T.

In [4] it was proved that if V' is an open subset of U then I'); is the topological discriminant
of T |v-

Lemma 5.3. If' T is 9; ~invariant then I is also ; ,-invariant.

Proof. Let ¢:V — (V) be an analytic diffeomorphism preserving /. It is enough to show
¢«(Ly) D Iy (38)

(for the opposite inclusion we consider the analogous statement for ¢, ' and apply ¢.). The set
I'":= ¢.(I'jy) NIy is a closed subset which is the union of the analytic subset F(;()V) N d)*(F'(‘;)
and the residual subset

[F‘(‘?‘V) N ¢TIV T ) O ¢*(F|(rv))].

If any two germs that can be connected by a continuous path in ﬂ¢(y)\F " have the same topological
type then I must contain the topological discriminant I’ gy Of T|g(r), and therefore inclusion (38)
holds.

Let y:[0,1] = Tjgr)\I’ " be a continuous path. The interval [0, 1] is the union of the open subsets

y*I(T|¢(V)\F|¢(V)) and y*I(T|¢(V)\¢*(F|V). As over each of these subsets the topological type clearly
remains constant, then it also does along y. O

Shrink U so that its closure is contained in an open subset where @;, is generated by global
sections, then the Main Theorem of [4], applied to T =J>(U,I), gives:

Theorem 5.4. There exist a unique filtration (which we call the filtration by successive discrimi-
nants)
JOWUIN)=A4gDA4, DDA D ---

by closed analytic subsets, and a residual subset I ") (called the cumulative residual topological
discriminant of J*°(U, 1)), with the following properties:

(1) We have ;5o 4; C T'".
(2) For any i = 0 the set A, U(I') N A;) is the topological discriminant of A;.
(3) Any irreducible component of A; has codimension at least i.
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(4) If T is D; -invariant then A; is 9; ~invariant for any i > 0. The set I'") is contained in a
residual subset which is an intersection of 9; ~invariant closed analytic subsets of C.

We need to make a remark concerning the level of generality of this paper in comparison to
[4]. Instead of working with analytic subsets of J>°(U, I), in [4] our attention was restricted to
closed analytic subsets of J°°(Z;,1), where Z; is a certain /-stratum of U. Once the existence of
decompositions in irreducible components has been proved in our setting, all the arguments of [4]
can be translated with minimal changes to prove the statements given here. Another difference is in
Property 4: here we state the &; -invariance of certain subsets, and in [4] we state flow-invariance,
which is a weaker property. The stronger property holds because here we work over C, and in [4]
we considered also the real case; actually Lemma 5.3 provides the required additional arguments
to [4].

By Theorem 5.4(4) there exists a &; -invariant closed analytic subset A; containing I’ "), whose
irreducible components have codimension at least n + 1. We can suppose I'") = (Mken Tk, being
each I'; closed analytic with the properties 4, D I'y and I'y D I'y4y. For any i <n let {4;;},e
be the set of irreducible components of 4;\4;,; of codimension smaller or equal than n. The subset
A; \I'"” is path-connected for any i,j, as it is the union Uken 4i;\I'x, where the 4; ;\I'; are an
increasing sequence of irreducible (and hence connected) locally closed subsets. We conclude that
all the germs in 4; ;\I'") have the same topological type.

We say that two components 4, ; and A4;; are equivalent if their respective generic germs have
the same topological type. Non-equivalent 4;; and 4, are disjoint. If this were not the case let ¥
be an irreducible component of their intersection. As I'”) is contained in closed subsets of arbitrarily
large codimension we deduce that Y is not contained in I'”’. Therefore the topological type of a
generic germ in Y coincides with the generic topological type in 4;; and A4; ;. This contradicts the
non-equivalence of 4;; and 4, ;.. Let L; be the set of equivalence classes and for any / € L; define
B;; as the union of all the subsets of the class /. Consider the decomposition

U 4= HBi,l~

J€J; leL,;
Clearly the sets B;; are closed analytic in A4;\4;;; and the elements of B;;\I'") and B, ,\4; are
germs which have pairwise the same topological type.

Define 4, ; to be the union of all the irreducible components of A; of codimension at least n+ 1.
Define 4, := ien Az ;. As A, contains A, the union is easily seen to be locally finite, and hence
A, is an analytic closed subset.

We have a locally finite partition

s = [ s\ ua)| [T ua) (39)

i<nlEL;
in disjoint subsets such that for any i <n» and /€L, the set B;; is a ¥} ,-invariant locally closed

analytic subset in J°°(U,I) such that any two germs in B;;,\I'") have the same topological type.
All the subsets of the partition are canonically defined.

Definition 5.5. The partition introduced above is called the topological partition of J*(U,I) up to
codimension 7, and is canonically defined.
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6. Whitney stratifications in J°°(U, I)

Let C be a locally closed analytic subset of J(U,I). A stratification of C is a partition of
C in a locally finite family {X;};c; of disjoint smooth irreducible locally closed analytic subsets
of J>(U,I). Given two smooth irreducible locally closed analytic subsets X and Y of J>(U,I),
we say that X is Whitney-regular over Y if for any k such that both X and Y are k-determined,
and for any open subset ¥ C U and any system of generators # of [ > the subset ( J o) 1(X)
is Whitney-regular over (j¥¢.)~'(Y) (this makes sense as (j*@)"'(X) and (j¥@p,)~'(Y) are
submanifolds of J*(U,C")).

It is easy to show that given two smooth locally closed analytic subsets X, Y C J*(U,C"), a positive
integer m > k, and a point y € (ny")~'(Y) then (")~ '(X) is Whitney-regular over (n7")~'(Y) at a
point y if and only if X is Whitney-regular over Y at m}’(y). Therefore it is enough to check the
Whitney regularity condition for a particular k. An argument similar to the proof of Lemma 3.13
shows that to prove Whitney regularity at a point it is enough to check it at a single chart containing
the point.

A Whitney stratification of a locally closed analytic subset of J>°(U,]) is a stratification of it
such that any stratum is Whitney regular over any other stratum.

We will make use of the following fact (see [24]): let X and Y be two irreducible locally closed
analytic subsets of a complex manifold, such that dim(X) > dim(Y). Denote by X,,, and Y, the set
of smooth points of X and Y. There exists a unique minimal proper closed analytic subset W (X, Y)
of Y containing Sing(Y) such that X, is Whitney regular over Y, \W(X,Y). Moreover the set of
points y € Yy, such that X is not Whitney regular over Y at y is dense in W(X,Y) N Y.

Lemma 6.1. Let X and Y be two k-determined irreducible locally closed analytic subsets of
J®(U,T) such that codim(X,J>®°(U,I)) < codim(Y,J°(U,I)). There exists a unique minimal (k +
A)-determined proper closed analytic subset W(X,Y) of Y such that X, is Whitney regular over
Yo \W(X,Y). Moreover the set of points y € Yy, such that X is not Whitney regular over Y at y
is dense in W(X,Y)N Yy, In addition, if X and Y are both 9; -invariant, then W(X,Y),Sing(X)
and Sing(Y') are Yj ,-invariant.

Proof. Let £ be such that both X and Y are k-determined. Define

X' = (F o) (@) Y= (o) ().

The sets X’ and Y’ are locally closed analytic subsets of J*(U,C") such that dim(X’) > dim(Y");
consider the set W(X’,Y"). If we prove that for a certain m > k the set W := (")~ "(W(X',Y")) is
Jj™p-saturated, then the set W(X,Y) := (z°)~!(j™@(W)) clearly satisfies all the desired properties,
with the exception of &; ,-invariance, which will be proved later.

We will prove the j”@-saturation for m =k + A, where A is the uniform Artin-Rees constant. We
have to check

W, +ker(j"@,) C W, (40)

for any x € U. Because of inclusion (23) it is enough to show that W is invariant by the group
action (28). The sets W and W ((m}")~'(X"),(ny")~'(Y")) are clearly equal; therefore, the subset Z
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of (n")~'(Y") formed by the singular locus of (n{")~!(Y") and the points where (7}")~'(X") is not
Whitney-regular over (zf")~'(Y’) is dense in W. As (n")"'(X’) and (=)~ '(Y’) are invariant by
the action (28) and Whitney regularity is preserved by diffeomorphisms, then Z is also invariant by
the action. This implies in turn the invariance of W.

It remains to be prove the Z; ,-invariance of W(X,Y).

Consider an open subset V' of U and a set # = {hy,...,h;} which generate I 7. As Whitney
regularity can be checked with respect to any chart, we have

WX Y)NT=W, D)= (mp) " (" o (W),

where W' = ()~ (W (XY Y}y)), with X}y = (o)~ (@(X) and Y = (fox)™ x
(m*(Y)).

Suppose that X and Y are Z; -invariant. Consider an analytic diffeomorphism ¢:V — U pre-
serving . We consider the associated push-forward mapping

JZbur JEWI) = IV ). D). (41)

As I is generated over U by g1,...,9,, the functions g; o ¢, ...,g.0¢ " generate I over ¢(V).
Define o: O,y — I 14y by the formula o(f1,..., f,) =D | fi(gio ¢~ 1). For any k < co we let

jraz T V), CT) = JH (V). 1)
be the associated mapping of k-jets. For any & < oo the mapping

JE e TNV = TP, T, (42)
defined by the formula

FEGG 1), @) = GH 10 67D (fr 0 67 N((0)))

satisfies j¥o o jk(fb* = j*¢, o j*¢, and, if k < co, defines an analytic isomorphism. Letting k =
m and taking into account the fact that the definition of the sets Sing(X4), Sing(¥|4)) and

W(X gy Y¢r)) does not depend on the chosen set of generators of I #(v), we obtain easily that
invariance of Sing(X),Sing(Y) and W(X,Y) by ¢.. O

Theorem 6.2. Let X be a closed analytic subset of J>(U,I), consider a locally finite partition
x =[x (43)
JjeJ

by closed analytic subsets of J®(U,I). There is a canonical Whitney stratification of X such that
each stratum is a locally closed analytic subset contained in one of the sets X;. Moreover, if each
of the subsets X; is 9; ~invariant, then the strata are 9 ,-invariant.

Proof. The construction is inductive: suppose that for a certain N we have constructed a locally
finite partition in disjoint locally closed analytic subsets

X = (]_[z,) 1T 1Tx (44)

i€ly i€l
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refining the original partition (43) and with the following properties: for any i €[y the set Z; is
smooth and irreducible of codimension at most N, for any i#;,i, € [y the stratum Z; is Whitney
regular over Z;,, for any i € Iy the set Y; is irreducible, and the union Uie,& Y; is closed analytic
with all the irreducible components of codimension at least N + 1. Moreover if each of the subsets
Xj is Y} invariant, then the Z;’s and Y;’s are also ; ,-invariant.

Let L C Iy be the set of indices parametrising components of codimension precisely N + 1. For
any i € L we define

A4i = Sing(}_’i)U(?i\Yi)U U Y,nY; U U W(Z;,Y;)

J# JEIN

To check that it is a closed analytic subset of ¥; we only have to show that the two possibly infinite
unions involved in its definition are locally finite; this follows easily from the local finiteness of
the family (44). We define Iy, := Iy UL and Z; := Y;\4; for any i € L. Let {Yi}igm be the set
of disjoint subsets consisting of the union of {Y;},c;;\, and the sets of irreducible components of
A;NY; for any i € L. The partition

X;:<Hzi)ﬂ v (43)

i€+ ’ElI(/H

has the properties of the partition (44) substituting N by N + 1. Repeating this process infinitely we
obtain the desired Whitney stratification. [

7. Transversality in generalised jet-spaces

Definition 7.1. Let W be an open subset of C". A mapping o: W — J°(U,C") is analytic if the
composition 7;° o« is analytic for any positive integer k. A mapping o: W — J*°(U, 1) is analytic if
there exists a neighbourhood V' around each point x € W, and an analytic mapping &: V' — J*°(U,C")
such that ¢ o &= oy, We say that & is a local lifting of o at x.

Definition 7.2. Let C C J®(U,I) be a closed analytic subset endowed with a stratification 2 =
{X;};es by smooth irreducible locally closed subsets. Consider an analytic mapping a:W —
J®(U,I). We say that o is transversal to the stratification at a point x € W, and we denote it
by ad, Z if either a(x) € C, or, when a(x)€X; for a certain j€J, there exists a local lifting
o:V — J°(U,C") around x, and a positive integer m such that X; is m-determined and

d(n3° 0 DT V) + Troeoin T (¢~ (X3)) = Troeoien " (U, C"). (46)

It is easy to check that Condition (46) holds for a certain m > k if and only if it holds for any
m = k. As usual, transversality to a Whitney stratification is an open condition:

Lemma 7.3. Suppose that the stratification X considered in the last definition is a Whitney strat-
ification. If oo, 2" then there is a neighbourhood V of x in W such that o, X for any ye€V.
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Proof. As # ={X;},c, is locally finite there is a neighbourhood Q of a(x) in J (U, 1) meeting only
finitely many strata {X;};c;». Let k be a positive integer such that all these strata are k-determined.
Consider a local lifting &: V; — J>°(U,C") with ¥, C o~ '() and such that condition (46) is satisfied
for m=Fk. This means that the mapping n%°0d: V'; — J*(U,C") is transversal to the complex manifold

(¢~ 1(X;)) at x. Since Z is a Whitney stratification the partition 27 := {n{°(¢~'(X;))};c; forms
a Whitney stratification in the usual sense, and therefore there exists an open neighbourhood V' of
x in 7y such that my° o & is transversal to any stratum of 2”. Clearly o, 2 for any ye V. O

Theorem 7.4 (Generalised parametric transversality). Let M and S be complex manifolds. Let
©:M xS — J®(UI) be a analytic mapping. Consider a closed analytic subset C of J>®(U,I)
endowed with a Whitney stratification Z. Suppose that ¢ is transversal to Z. Denote by A C S the
set of points where |, == @y« (s is not transversal to Z'. Then S\A is dense in S. Moreover, if
there exists a compact subset K C M such that ¢y is transversal to 2 at any point of (M\K) x S,
then A is a proper closed analytic subset of S.

Proof. Using local liftings it is easy to show that as ¢ is analytic, the subset C’ := ¢~ !(C) is
closed analytic in M x S, and since ¢ is transversal to %, the stratification % := {Y,},c;, (where
Y; = ¢ '(X;)) is a Whitney stratification of ¢~'(C).

Let m: M x S — S be the projection to the second factor. Take (x,s) €M x S; if (x,s)€ C’ let ¥,
be the stratum of % to which it belongs. A straightforward argument shows that the mapping ¢,
is transversal to 2" at (x,s) if and only either (x,s) ¢ C’ or Ty, is a submersion in (x,s). For any
J€J we let Z; be the set of points where 7y, fails to be a submersion. By Sard’s Theorem n(Z;)
is a set of measure 0 in S. The set 4 is equal to the union U]E ;7(Z;), and has measure 0 as J is
denumerable. This shows that S\4 is dense.

Suppose that there exists a compact K with the property stated in the theorem. We claim that the
union Z = U_,'e , Z; 1s a closed analytic subset of M x S. Then, as Z C K x S, the restriction |z 1S
proper and A =mn(Z) is a closed analytic subset. It only remains to prove the claim. Using the fact
that % is a Whitney stratification it is easy to show that Z is closed. Therefore Z = jer 7 ;. Due to

the local finiteness of {Y;};cs, if Z; is a closed analytic subset for any j€.J the claim is true. For
any j€J we consider the closure of the stratum Y;. Consider (x,s)€ ¥ ;; choose local coordinates
(¥1s-.-,yr) of S around s, let (m,...,7m;) be the components of n with respect to it; let f4,..., fx
be a set of analytic equations in a neighbourhood V' of (x,s) in M x S defining Y; N V. If the
codimension of Y; is ¢ then the rank of the set {df1,...,dfy,dm,...,dn; } of 1-forms defined over
V' is at most ¢ + k. Define

Z]'- ={ze¥,nV: rank{df1(z),...,dfn(z),dmi(2),...,dms(2)} < c +k}.

Clearly Z]( is a closed analytic subset of V' such that Z]( NY,=Z;NV. Therefore Z; NV is analytic
inV. O

Next we show how the versality of an unfolding implies the transversality of its associated jet
extension with respect to any &; -invariant subset.

Let F:(C" x C°,(0,0)) — C be an s-parametric /-unfolding. By Lemma 1.6 there are open
neighbourhoods V' and W of the origin in C" and C° respectively, such that /' C U and we can
write F' =)', ¢;F;, with {g,...,g,} our fixed set of generators of I, and each F; an analytic
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function on V' x W. Then the jet extension

pr VX W — J®U,I) (47)
defined by pr(x,s) = jF|(x) is an analytic mapping, as it admits the analytic lifting

pr:V X W — J*(U,C") (48)
defined by pr(x,s) = (jF (), ..., J%F,(x)).

Proposition 7.5. Consider F: (C" x C*,(0,0)) — C as above. If F is versal at (x,s) €V x W, then
pr is transversal at (x,s) to any 9j ~invariant smooth locally closed subset of J*(U,I).

Proof. Let C be a k-determined ¥; -invariant locally smooth closed subset. Suppose that F is
versal at (x,s). If pr(x,s) & C there is nothing to prove. Suppose pr(x,s)&€ C. The set 4 =
(j*@) 1 (r°(C)) is a smooth analytic subset of J*(U,C").

To shorten formulas we denote the function F; by f, the point 72°(pr(x,s)) €J kU, I) by p, and

the point 7°(pr(x,)) €J5(U, C") by q. Notice that pr(x,s)= /.= f(x), and p=j* f(x)=7(f’.).
We have to show that

d(n° 0 pp)s)(Tes)V % W)+ TyA =T, J*(U,C"). (49)
As J¥(U,C") is a trivial vector bundle, its tangent space at g splits as the direct sum
7,J(U,C") = T,.U ® E, (50)

where E denotes (Op,/m‘*1y, the fibre of the vector bundle J*(U,C") over x. Then the differential
d(pry), is the projection homomorphism to the first summand. Denote by P the projection to the
second summand. We have an epimorphism j*¢,:E — [/(I, N m‘*!). As 4 is j*¢-saturated, we
have

{0} @ ker(j*p,) C T,A. (51)

Consider any germ of vector field X € @; ,. Let ¢:V, x (—0,0) — U be the flow obtained by
integrating a representative of X in a neighbourhood V; of x in U. As f belongs to the &; -invariant
subset C, ¢, f, belongs to C for any t € (—9, ). Therefore the mapping

v:(=9,8) = JXU,C)

deﬁned by 1(¢) = 7(Pufr) = j5 (P f)Pi(x)) is a differentiable curve whose image lies in
oo(C) c JHU, I ) and such that y(0) = p. Let X; be the [-stratum to which x belongs. Clearly if
7:= pry oy then 1(¢) = ¢(x). As any diffeomorphism preserving I leaves invariant the /-strata, the
integral curve t maps (—d,d) into X;, and that image of y is contained in J*(Z;,7). By Remark 3.4,
the mapping j*¢ restricts to an epimorphism of analytic vector bundles
J @z TNELC) = JHELD).
As j* ¢5,(q) = p there exists a differentiable lifting

5:(=0,0) = JHZ.,C) (52)



958 J. Fernandez de Bobadillal Topology 43 (2004) 925-982

such that y = j¥p o § and §(0) = ¢g. As any lifting of y has its image contained in 4, the tangent
vector 7(0) belongs to T,A. Clearly d( pry),(7'(0)) =7(0) =X (x).

Consider the pullback vector bundle t*J*(Z;,I) — (—d,0). Its fibre over 0 is 7,/I, N m‘*!,
Denote by n:t*J%(2;,I) — J*(Z;,I) the mapping defined by y(h,t) := h for any t € (—9,5) and
he (IR 2, 1)), ZJk(Z,-,i)T(,). We consider the trivialisation

Y (=0,8) x (I/I, nmE*y — *JK(Z, 1) (53)
defined by y(t, n°(hy)) := (£, 1°(Pschy)) for any h, el, and any ¢ € (—9,9). Define the curve
o9 (75:5) - (7575) X (ix/ix N m)l;Jrl)

by the formula o;(¢) := (£, n°(f)). Observe that y =noyoo.
On the other hand we consider the curve

g:(—0,0) >V xW
defined by o(t) := (1(¢),s). Then n{° o pr 0 6(t) = 7°(f ) = j* f(2(¢)). Defining
% :(—8,8) — (—8,8) x (I,/[, Nnm:™)

as ox(t) := (, 1° (P f«(r))) We have n° o prog=nooaus.
Consider the following direct sum decomposition:

T pl(—6,0) x [/I, nm ™ =R @ I, /T, nm. (54)

With respect to it we have «](0)=(1,0) and o5(0)=(1,7°(X(f))). Then, decomposing the tangent
space of the vector bundle J*(U,C) at n°(f,) as

T,J5U,C) = T.U x Oy, /m**",
we have

(3 0 pr 06)'(0) = 7(0) = d(11 0 )0, p)(22(0) — 21(0)) = (0, (X (fx))).
As 71 0 pr = j¥p o n® o pr and y = j*¢ o § we conclude that

(0, (X (f))) €A 9)(d(T° © pr)os) (T V X W) + Tyd).

Taking into account inclusion (51) we obtain

{0} @ (*00) ™' (°(07,(f)) € AT 0 prx)(Tiv)V X W) + TyA. (55)
Let 0/0wy,...,0/0w,; be a basis of the tangent space T,W. The versality of F' at (x,s) means
C(aF/an )\s,x +eee C(aF/aWd)\s,x + @fx,e(fx) = ix- (56)

As d(j* ¢ o m°Pr)s(0,0/0w;) = (0, T ((OF/0wi))s,x ), equality (56) together with inclusion (55)
imply

{0} ® E C d(m° 0 pr )Ty V X W)+ T,A. (57)
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After this it is sufficient to prove that d(pry), maps the space
d(nl(?o o ﬁF)(x,s)(T(x,s)V X W)

surjectively over 7, U, but this is trivial because pry o n° o pr is the projection of V' X W to its first
factor. O

8. The relative morsification theorem

Let 4, be a ¥ ,-invariant closed analytic subset of I'( U,T) with all its irreducible components of
codimension at least n+ 1, and containing ') (where I'") was introduced in Theorem 5.4). Recall
the set 4,, appearing in the topological partition (39). Define 4 := A; U A4,. The partition Z, defined
by

JU,D ::! 1T Bi,z\A] 112 (58)

i<nl€EL;

is a partition of J>°(U,I) by locally closed analytic Y; .~invariant subsets, which is closely related
with the topological partition: they only differ in subsets of codimension strictly bigger than n. It has
the advantage that all the terms involved in its definition are locally closed analytic subsets. On the
other hand A4 is not canonically defined, but its irreducible components have codimension at least
n—+ 1. As we will see, subsets of codimension bigger than n+ 1 are too small to affect the singularity
types appearing in a generic deformation of any function of / of finite extended codimension.

By Proposition 4.5 the level sets C,, of the filtration by extended codimension are finite-determined
closed analytic subsets if m < co. Let {C) ;},c; be the set of irreducible components of C;. Given
C,,; we let m(j) be the extended codimension of a generic element in it, that is, the minimal m such
that the intersection C; ;N C,, is not empty. Define 0C) ; := Ci ;N Cy(j)+1. Observe that if m(j)= o0
then 0C, ; = C, ;. The local finiteness of {0C) ;};c; follows from the locally finiteness of {C ;};e.
Therefore 0C; := e 0C1; is a closed analytic subset. We have a canonically defined partition by
9; ,-invariant locally closed subsets

S =G [Jenec [ e (59)

such that the irreducible components of C;\0C; are at least n-codimensional and the irreducible
components of dC; are either of codimension strictly bigger than »n or are contained in C.. Indeed,
the irreducible components of C;\dC; are of the form cl,‘,\acl for je€J. If codim(C, ;) < n, by
Proposition 4.6 we have C;; C C, and hence m(j) = oo; in this case dC;; = C;; and therefore
Ci1;\0C; is empty. Suppose that we have a component C’ of 0C| not contained in C..; then C’ is a
component of dC, ; for a certain j such that C; ; is not contained in Cw; in this case codim(C} ;) = n
and C’ is a proper closed analytic subset of the irreducible Cy ;; we deduce codim(C’) > n + 1.
The partition

JowWw.n=1] z (60)
kekK

whose strata are the subsets of the form XNY, where X and Y are, respectively, strata of the partitions
(58) and (59), is a locally finite partition by locally closed analytic &; ,-invariant subsets refining
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the partitions (58) and (59). It is canonically defined up to codimension n: the only non-canonical
element involved in its definition is the subset 4;,whose irreducible components are at least n+ 1-
codimensional. Therefore, given a different choice A} for this set, and a stratum Z; of codimension
smaller or equal than n of the resulting partition, it is easy to see that there exists a stratum Z; in
the original partition with the same closure Z than Z/ such that

codim(Z\(Z; NZ)) = n+ 1.

If Z; is a stratum such that codim(Z;) < n then any two germs in Z; are topologically equivalent
and have the same extended codimension.

Definition 8.1. The canonical Whitney stratification 2" := {X;};c; associated (by Theorem 6.2) to
the partition (60) is called the n-canonical Whitney stratification of J>*(U,I).

Remark 8.2. The n-canonical Whitney stratification of J°(U,I) is canonically defined up to codi-
mension 7, in the sense explained above. If X; is a stratum such that codim(X;) < n then any two
germs in X; are topologically equivalent and have the same extended codimension.

Definition 8.3. A stratum of the Topological Partition or of the n-canonical Whitney stratification of
J(U,I) is called thick if it has a irreducible component of codimension at most 7.

Consider f €/ defined on a neighbourhood V' of the origin O in U such that ¢;.(f) < co. Let
prV — J®(U,I) be its associated jet-extension. By the local finiteness of Z we can shrink V
such that p(7') only meets finitely many strata. Therefore, there exists a radius € such that p s(Byc)
only meets the strata of Z° whose closures contain p(O). Let Xj,...,X; be such strata. If € is
small enough we know that the only point where f has positive extended codimension in B, is
the origin. Therefore, f is its own versal unfolding for any x # O, and, by Proposition 7.5, the
jet extension p, is transversal to each stratum JX; at x. Consequently p/?l(X,-) is smooth outside the

origin and {p;‘gz(()(,-)},-gs defines a Whitney stratification in By \{O}. Hence, if € is small enough

we can assume that S¢ is transversal to any stratum p;‘ge(Xi). Any such radius € satisfying the
above properties is called a good radius for f. From this moment we say that a good system of
radii for f is a pair (€,n) satisfying the conditions imposed in Definition 2.1, and such that € is a
good radius for f.

Definition 8.4. A stratum of the topological partition or of the n-canonical Whitney stratification of
J>®(U,I) is called unavoidable by f if it is thick and p(O) belongs to the closure of one of its
components of codimension at most #.

Definition 8.5. Let f €/, such that ¢j.. < oo. We say that f is codimensionally irreducible if there
not exist an unfolding £ : (C",0) x (C, 0) and a sequence {(x,,s,)}.en converging to (x,0) such that

c[x”,e(F\s,,,x,,) < clx,e'

Let (41,...,4y) and (4],...,A%.) be two tuples of topological spaces such that 4; C 4; and A’ C A4,
for any 7,j <s. We say that the two tuples are topologically equivalent if there exists a homeomor—
phism A:A4; — A} such that h(4;) = A’ for any i.
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Theorem 8.6 (The relative morsification theorem). Let f €l be such that c;.(f) < oo, and let
F:U xV — C be a representative of a versal unfolding of f. Let {Xi,...,X;} and {By,...,B;}
be respectively the strata of the n-canonical Whitney stratification and of the topological partition
that are unavoidable by f. Let € be a good radius for f. The subset V can be chosen small enough
so that there exists a closed analytic subset A C V (called the discriminant of F), and a positive
number 1 such that

pr, i Beiy X {s} = J(U)
is transversal to the canonical Whitney stratification Z for any s € V\A. As a consequence

(1) If s€ V\A then the image of pr, meets only strata of 2 or of the Topological Partition that
are unavoidable by f.
(2) The topological types of the tuples

Bespr (X0, 97 (X)), (61)

(Be, pr, (B1)s- s pr, (Br)) (62)

do not depend on s € V\A. Moreover the topological types of these tuples do not depend on
the chosen versal unfolding.

(3) The germ of F\, is codimensionally irreducible for any x € B¢ and any s € V\A.

(4) The number of points of B¢ where Fig has a fixed extended codimension depends neither
on s € V\A nor on the choice of the versal unfolding. The points of B(\V(I) where F\; has
positive extended codimension are Ay-singularities. Moreover F|; has extended codimension 0
along 0Bc.

(5) The analytic type of the germ (V,A,0) (where O is the origin of V') does not depend on the
choice of the unfolding as long it is universal (that is, versal with dim(V') = c;.(f)).

Proof. As F is versal, by Proposition 7.5, the mapping pr is transversal to #. Using the same
argument as in Lemma 2.3, choosing V' small enough we can assume that c; (F|;,) =0 for any
X € Bye\Bepp x V; therefore at such points the germ F . is its own versal unfolding. Hence, by
Proposition 7.5, the mapping pr, is transversal to 2" for any x € Byc\B¢2. Choose 1 < €. Applying
Theorem 7.4 we conclude the existence of a closed analytic subset A4 such that pp A% for any
s€V\4. Now we derive the stated consequences.

As the n-canonical Whitney stratification is a subdivision of the topological partition the assertions
concerning the former imply the analogous assertions concerning the later.

Let s € V'\4; as dim(B¢) = n, by transversality, the image of pr only can meet strata of 2° of
codimension at most n, hence thick. By local finiteness of Z" and the fact that the radius € is a good
radius for f, we can choose V' small enough so that the closure of any stratum of % which is met
by pr(Beyy X V') necessarily contains the origin. Therefore, the image of pr, only can meet strata
that are unavoidable by f. This proves assertion (1).

Let Xi,..., X, Xs11,...,X; be the strata of 2 whose closures meet p(O). It follows from the
transversality F' A2 that

W = {Yi = P}v(Xi)}isl
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is a Whitney stratification of B¢;, X V. Let m: B¢, X V' be the projection to the second factor.
Define Yj\4 := YN n~!(V\4). For any s€ V'\4, the transversality pr, HZ implies that either
Yjy\4 is empty or it projects submersively to V\A. On the other hand, as € is a good radius,
choosing V' small enough we have that Sc 4 Y, for any i </ and any s € V. This implies that the
Whitney stratifications % and {B¢, S¢} meet transversely, and that, if & is the Whitney stratification
formed by pairwise intersections of their strata, the restriction of the projection

n:Be x (V\4) — V\4

to any stratum of & is submersive. As 7 is proper, Z is topologically trivial over '\ A. This proves
the independence of the topological type of the tuple (61) of s € V'\4.
Let F:U XV — C and F':U’' x V' — C be two versal unfoldings. The mapping F”:U x (V X

V') — C defined by F, ) := F, + Fy — f is an [-unfolding of F such that F(;X{O,} = F’ and
F/; = F’ (where O and O’ are the respective origins of ¥ and V). Clearly F” is versal, and

orxVv’!
ml({)re}over its discriminant contains neither ¥ x {O’} nor {O} x V'. The independence on s € V' x V'\ 4
of the topological type of the tuple (61) for the unfolding F” implies the independence of the choice
of versal unfolding. This finishes the proof of Assertion (2).

Given s€V, the set of points of B¢y, where F|; has extended codimension is p;‘j(Cl). For
any i > 0 we let Z; be the union of the strata among Xj,...,X; which contain germs of extended
codimension precisely i; define Z := |J;., Z;. Assertion (1) implies that for any s € V'\4 we have
p;‘j(Cl) = p;‘:(Z ) and that, for any i > 0, the set of points where F); has extended codimension
i equals p;‘:(Z,»). The topological type of the tuple (61) determines the topological types of the
subsets p;‘:(Z ) and p;‘j(Zi) for any i > 0. Consequently, by Assertion (2), these topological types
are independent of s € V'\ 4.

The independence of the topological type of paj(Z) implies Assertion (3). As the topological
type of p;‘Sl(Z,-) determines the number of points where F; has extended codimension i, Assertion
(2) also implies the first part of Assertion (4). The fact that the points of B.\V (/) where F s has
positive extended codimension are of type A4; follows from Assertion (3): if x is such a point
then [, = (Ocn, and, by the morsification theory for isolated singularities, the only codimensionally
irreducible singularities in this case are Morse points.

The fifth assertion is easy, taking into account that the strata of 2" are Z; ,-invariant. [J

The fact that the topological type of the tuple (62) does not depend on s € '\ 4 can be rephrased
by saying that if g and /4 are any two generic close approximations of f in [, the partition of B¢
by topological type of g is homeomorphic to the analogous partition for 4.

Addendum 8.7. The projections to the second factor

(Bé X V\Aap;llég\A(Xl):a’p;ﬁz}E\A(XY)) — V\Aa

Be X V\A, ppjs\ JB1ss s Pz ,(Bi)) = V4

are locally trivial fibrations of tuples of topological spaces with fibres the tuples (61) and (62),
respectively. The topological types of these fibrations are 2;-invariant.
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Addendum 8.8. With the notations of the last theorem, let r be the number of A,-points in Be\V (1)
of a generic deformation F|s of f within I. There exists a closed analytic proper subset A" C V
such that its complement V\A" is the set of s € V such that the images by F\, of the critical points
of Fi, in BA\V(I) are r different points which are also different from 0 if V(I) # 0.

Proof. First we show that the set of values of the parameter s with the property of the statement
is dense in V. Consider s € V'\4. Then the only singularities of F|; in B¢\V (/) are r Morse points,
which we denote it by pi,..., p,.. Suppose that, for any i < r, we manage to construct an /-unfolding
G :=F s + th such that for any 7 small enough the critical points of Gft in B\V(I) are py,..., p,
and

Gft(Pi) =Fi(pi) +1,

G|(p)) =F\(p))

for i # j. Then, using the versality of F, we deduce easily that for s’ close enough to s the critical
points of F|, in Bc\V(I) are py,..., p, their images are pairwise different and different from 0.

Let us construct the /-unfolding G'. As p,..., p, are different and do not belong to V(1) there
exists a function g€/ vanishing at p,,..., p, and such that g(p;) = 1. Then the function 4 :=
(2 — ¢g%)g* belongs to I, vanishes and is singular at ps,..., p,, takes the value 1 and is singular at
pi. Define G' := F|; + th.

Consider the analytic mapping ¢ : V'\4 — C" whose ith component ¢; assigns to s the ith symmet-
ric function of the images of the critical points of /| under B\V(1) — C\V(f). Let f:C" — C be
the analytic mapping associating to aj,...,a, the discriminant of the polynomial 7" + 7 ;7"
Define ¢:V\4 — C to be the composition ¢ := f o ¢. The function F is defined on B¢ x V,
therefore, if V' is small enough F (B, x V') is a bounded set in C. Hence o, and consequently ¢ are
bounded functions. By Riemann’s extension theorem we can suppose that the analytic function ¢ is
defined on the whole of V. It is easy to check that the set defined by A’ := ¢~1(0) if ¥(I)=0 and
A= @1 (0) U 1(0) if V(1) # 0 has the desired properties. [J

Definition 8.9. The minimal closed analytic subset 4 C V' with the properties of Theorem 8.6 is
called the discriminant of F in V. The subset A’ introduced in Addendum 8.8 is called the bifurcation
variety of F in V. The union 4 U A4’ is called the big discriminant of F in V.

The bifurcation variety defined here generalises the bifurcation variety for isolated singularities
and the one studied in [27].

Definition 8.10. Let f €/ be a function of finite extended codimension and € a good radius for it.
An [-unfolding F: (C" x C,(0,0)) — C is called a morsification if for any small enough s # 0 the
jet-extension pg: (C",0) — J °(U,I) is transversal to the n-canonical Whitney stratification in a
neighbourhood of the origin containing B, and the images of the isolated critical points of F) |s are
pairwise different and, if V(1) # 0, also different from 0.

A consequence of our result is that any generic 1-parameter /-unfolding is a morsification.
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9. Applications

In this section we explain two applications of our relative morsification theorem.
9.1. Numerical invariants

In Example 1.10 we proved that in general the extended codimension does not behave in an
conservative way with respect to deformation, unlike the Milnor number in the case of isolated sin-
gularities. We now introduce some numerical &;-invariants for functions of / which are conservative
and related to the extended codimension.

Definition 9.1. Let f €/ be a function such that ¢;.(f) < oo. Let € be small enough so that the
origin is the only point of B, where f has positive extended codimension. Define the splitting
function

ol f1:N = Z= (63)

of f with respect to / by letting (k) be the number of points of B, where F|; has extended
codimension k, where F' is a versal /-unfolding and s is a parameter not contained in the discriminant.
Define the corrected extended codimension ¢;.(f) of f with respect to / by the formula

re(f) =" kai[f1(k). (64)
kEN
Define the Morse number 4 ;(f) of f with respect to I as the number of points of B¢\ V (/) where
F|, has an 4, singularity.

Clearly ¢ .(f) < cre(f). Example 1.10 shows that the inequality may be strict. By formula (7) we
have a,[ f](k) < ci.(f)/k. The Morse number, the extended codimension and the corrected extended
codimension coincides with the Milnor number when I = Oc» o.

Using versal unfoldings it is easy to check the conservativity of the invariants defined above:
consider f €1, a function such that ¢;.(f) < oo; let € be small enough so that the origin is the
only point of B, where f has positive extended codimension. Given any /-unfolding F : C"x C¥ — C
and any small enough s € C* of the parameter we have

> o (f)=alfo), (65)

XEB.

where a; (fy) stands for o [f.], ¢;.(fx) or M} (fr).

Remark 9.2. Obviously, more refined numerical invariants can be defined taking into account the
distribution of the points of a fixed extended codimension of a generic deformation F|, in the
partitions given by the tuples (61) and (62), or even considering numerical topological invariants of
the tuples.

9.2. Consequences on the topology of the Milnor fibre

In this section we deduce topological properties of Milnor fibres with the help of morsifications.
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Let ¥V =V(I) be the analytic germ defined by /. Suppose ¥ # (). Due to the conical structure of
analytic germs there exist €y > 0 such that V' N B¢ is contractible for any € < €.

Recall that we have fixed generators g,...,g, of I in the open subset U. Consider the real
analytic function x:B¢c — R by the formula x(x) := Y./, [g:(x)]>. We claim that 0 is an isolated
critical value of x: otherwise, by the Curve Selection Lemma, there exists a germ of analytic path
7:(R,0) — B¢ such that y~'(¥) = {0} and (x o y)'(¢) =0 for any ¢. This is a contradiction, and
hence our claim is true. An analogous reasoning yields that 0 is an isolated critical value of the
restriction k|s,. As a consequence we can choose a positive ¢y such that 0 is the only critical value
of x in [0,&y] and k= 1(&) A Se for any &€ (0,&]. Then, for any &€ (0,&], the set Ne s := k1[0, £]
is a compact neighbourhood of ¥ N B¢ in B, whose boundary is a manifold with corners. Moreover,
by Ehresmann fibration theorem the mapping

KN \ie=1(0) :Ne, e\ '(0) = (0,¢] (66)

is a locally trivial fibration.

Consider f €1 with ¢;.(f) < oco. Let F' be a [-morsification of f, and h := F|, for a certain s
to be chosen later. We can assume that € is small enough so that there is #n > 0 such that (€,7) is
a good system of radii for f. Take a small enough positive number ¢ so that the conclusions of
Theorem 2.2 are fulfilled; choose s € D;. Then, for any 7 € D, we have A~ '(¢) ~ S¢ (the transversality
is meant in a stratified sense when ¢ = 0).

Define

Yeen =NeeNh (D)) Yeiy:i=Yee,\h ' (0).
We claim that there is a positive ¢ < &, small enough so that there exists # such that

by, Yeen = D0} (67)
is a locally trivial fibration, and, moreover, if (&,5), with & < ¢&, is a pair of radii defining an
analogous fibration, then this fibration is equivalent to the one associated with (¢, 7).

As the critical points of 4 in B¢ are either points contained in V' or isolated points of positive

extended codimension, it is clear that choosing ¢ small enough we can assume that the only critical
points that /4 has in N¢ ¢ are included in V. Therefore all the critical points have image 0.

The boundary of N¢ ¢ is a manifold with corners admitting the following decomposition in smooth
strata

Ne.e = (7 ([0,) N S) [ () N S) [T (7' (&) N Be).
As h='(t) A S¢ for any t € D \{0} and x~'([0,&)) NS¢ is open in S¢ we deduce

W= () A x7H([0,9))

for any ¢t € D,\{0}.
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On the other hand #~'(0) is smooth outside V. We show that there exists ¢ such that
AN O) A (N (E)VNBe) h ' (0) A (™' (E) N Se) (68)

for any & < &. Suppose that for any & > 0 the set of points where 42~ '(0) is not transversal to
(k7 '(&) N B¢) is not void. Then by the curve selection lemma there is a germ of analytic path
7:(R,0) — A~1(0) such that y~!(¥)={0} and (xoy)(¢)=0 for any ¢ € (—J, 5). Then the function xoy
has zero derivative, but is not constant. This gives a contradiction, which shows 271(0) A (x~1(&")N
B¢) for & small. The transversality A~ '(0) & (x'(&) N S¢) when & is small enough is proven
analogously. Using the compactness of (k™ 1(&)NS) (k™1 (E) N Be) it is easy to show that if 7 is
small enough then

RO NB) K () a7 (€) N Se)

for any € D,.

Summarising, we have found ¢ and 5 such that 2~!(#) is transversal to the manifold with corners
ONe ¢ for any ¢ € D,7, and such that the only critical points of / at N¢ ; are at A~ !(0). By Ehresmann’s
fibration theorem, the mapping (67) is a locally trivial fibration. Using the fact that (68) holds for
any & < ¢ it is easy to check that the fibration analogous to (67) associated with any other suitable
pair (&,n") satisfying & < & is equivalent to the one associated with (£, ). This shows the claim.

Using both the transversality conditions that we have checked up to now and the fibrations (66) and
(67), it is easy to show that the set Int(Y ¢,) of interior points of Y¢ ¢, is a dilation neighbourhood
of V"N B¢ in the sense of [14]. On the other hand, considering a Whitney stratification on /N B, and
taking a controlled tube system for it (in the sense of [6]) we obtain a tubular neighbourhood 7' of
V'NB¢ which admits a deformation retract to it. By the uniqueness theorem of dilation neighbourhoods
of [14] we deduce that T is diffeomorphic to Int(Y¢ ¢, ). Therefore the contractibility of V'NB¢ implies
that Int(Y¢ ¢ ,), and hence Y ¢, is contractible.

The following theorem shows how to use our theory to extract topological information about the
Milnor fibre of f.

Let F' denote the Milnor fibre of f. Denote by F, the fibre of the fibration (67).

Theorem 9.3. Let F denote the Milnor fibre of f. Denote by Fy the fibre of the fibration (67).
Recall that 4 (f) denotes the Morse number of F. Then

Hi(F,Z) = Hy(Fo, Z) ® [Hi(S" 1, 2)1% ) (69)

for any k.
Moreover, if either n =2 or both Fy and F have trivial fundamental group then F has the
homotopy type of the bouquet

FO\/ \/ s (70)

(S

that is, the bouquet of Fy with M (f) spheres of dimension n — 1.
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Proof. By Theorem 2.2 the Milnor fibre F is equal to the generic fibre of the mapping (10). After
this essentially the same arguments as in [22] (for which the contractibility of Y¢ ¢, is needed) allow
us to conclude. [J

Addendum 9.4. If the critical locus of f is at least of codimension 3 then both Fy and F have
trivial fundamental group, and hence, the homotopy decomposition of last Theorem holds. This
happens, in particular, when codim(V (1)) = 3.

Proof. Suppose that the codimension of the critical locus of f is at least 3. Let S C J(U,I)
be the closed analytic subset formed by the singular germs. Then any irreducible component of S
which is met by the image of the jet extension p,:Bc — J*(U, I) has at least codimension 3. The
transversality properties of a morsification F; imply codim(pgll(S )) = 3, that is, the codimension of
the critical locus of F) is at least 3. Then the results of [11] imply the simple connectivity of Fj
and F. O

Theorem 9.3 reduces the study of many properties the Milnor fibre of f to the study of the Milnor
fibre of Fy. In the study of F the fibration (67) our relative morsification theorem becomes very
important: it tells us that the only singularities that F|; can have belong to strata of the topological
partition which are unavoidable by f (this imposes conditions for example on the codimension of
such sets of singularities). This has been already used successfully for certain classes of ideals (see
[20,21,10,26,16]). The transversality of the jet extension pr to the relevant strata of J*°(U, I) relates
the relative positions of the different singularity types appearing in pr, to the relative positions of
the relevant strata in J°°(U,I).

Similar bouquet decomposition for theorems has been already obtained by Siersma (see [22]) and
Tibar (see [25]) for the case of functions with isolated singularities defined on singular spaces.

10. Numerical invariants and intersection multiplicities

In this section we give a characterisation of the invariants introduced in Definition 8.9 in terms
of intersection multiplicities in the generalised jet space. We will use certain intersection theoretic
constructions of [5]. It can be checked easily that remain valid in the analytic setting, at least in the
very restricted degree of generality that we need them.

Let V' C J*°(U,T) be an irreducible closed analytic subset of codimension n. Given any f €I, its
jet extension p,:(C",x) — J ©(U,I) is a germ of analytic mapping. Suppose that x is an isolated
point of p;l(V); as we work with germs at x we can actually assume p;l(V) = {x}. Express
f=>"1_, fig: where gi,...,qg, is our fixed set of generators and f1,..., f are holomorphic in x. We
have the associated local lifting p: (C",x) — J>(U,C") given by p ()= f1(¥),-.-,Jf+(¥)).
Choose an integer k such that V' is k-determined; then V' := j*¢~!(n°(V)) is an irreducible variety
in J¥(U,C"). Define p~’}- =nPopy; letx = ﬁ’}-(x). Let Zgim(y (V') and Zy({x'}) be respectively the
groups of analytic cycles of dimension dim(7”) and 0 of ¥’ and {x’}. These groups are obviously
isomorphic to Z with respective generators [V'] and {x'}. By Definition 8.1.2. of [5] there is a
refined Gysin homomorphism

(D) Zaimary (V') = Zo({x'}.
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Definition 10.1. We define the intersection multiplicity of p, and V' at x to be the integer i.(p,, V')
characterised by

PV'D =ips, VX'

We have to prove that this integer is independent of &, and of the functions f1,..., f, giving rise
to the local lifting. Moreover we want to give a formula to compute i(p s, V). For this we need to
recall from [5] how the intersection product (ﬁ’;v)!([V’]) is defined.

Consider the subvariety V" := C” x V' of the product C" x J*(U,C"); denote by o; the projection
to the first factor. Let 3 :C" — C" x JX(U,C") be defined by y,(y) := (»,p(y)); its image I'}
is the graph of p%; let x” := y.(x). Observe that J*(U,C") is isomorphic to U x C" for a certam

; let pry and pr, be the prOJectlons to the first and second factor. Recall that we have fixed
coordlnates (x1,...,x,) for C". Let zy,...,zy be a coordinate system for CV; consider the coordinate
system (y,.. ,y,,+N) of JX(U,C") deﬁned by y; :=x;0 pr; for 1 <i<n, and y,,; := z; 0 pr, for
1 <i<N; then {x,...,Xn, V1,--., Vusn} is @ coordinate system for C” x JK(U,C"). Define h; :
Vi oy’/‘, ogy for i < N. Then the subvariety I’ ’/? C C"xJ¥(U,C") is defined by the regular sequence

V1= Xtee s Y = X Vg1 — hiseoiy Yoen — h).

Composing with the natural ring epimorphism Ocny jx(y,cnyr — Opr v We obtain a sequence s =
(s1,...,8,+n) of elements of Oy~ . Let Ko(s) be the Koszul complex associated to s; denote by
H;(Ke(s)) its ith homology module. Then unwinding the definition of (ﬁ’})! and applying Example
7.1.2 of [5] we obtain:

n+N

ipr V) =Y (=1)dime(Hi(Ka(s))). (71)

i=1
Remark 10.2. If s is a regular sequence then H;(Kq(s)) =0 for i > 0. Then
i(ps, V) = dime(Ho(Ke(s))) = dime(Ocn o/ 7)),

where J is the ideal sheaf of V’. This happens when V' is a Cohen—Macaulay variety.

Suppose that / > k. The projection 7} :J'(U,C") — J*(U,C") is a trivial fibration with fibre C~,
for a certain L; hence we have a product decomposition

JI(U,cHy=J5U,C") x Ct, (72)

let ¢; and g, be the projections to the first and second factors. Let wy,...,w; be a coordinate system
for CL. Define a coordinate system Yi,..., Y, niz of JA(U,C") by Y; := qty; for 1 <i<n+N
and y, .y = ¢3w; for 1 <i< L. The subvariety W' = (jlo) ' (n?°(V)) is clearly equal to
(nf)~'(V"), which by the product decomposition (72) is equal to V' x CL Therefore the subvariety
W' .= C" x W' of the product C" x J'(U,C") is equal to the product C” x W’ x CL. Observe that
Y-oyjf—yl-oy’} for 1 <i < n+N. Define H; := Y,,Jr,oy;oa; (where g, is the projection of C"xJ'(U,C")
to the first factor) for 1 <i < N + L. Consider the projection 8 := (Ides,7}): C" x JI(U,C") —
C" x J¥(U,C"); observe that H;=h;o p for any i < N. Define x" := yf(x) observe that B(x"")=x".
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Let 8’ = (s),.....5, y,.) be the sequence of elements of ¢y, obtained by projecting the regular
sequence

(Yl —.X'],...,Yn _xnaYn+l _Hl’---:Yn+N+L _HN+L)‘

Using the product structure in " it is easy to check that (s, . ..., v, ) is a regular sequence.
Moreover if Z is the analytic subspace of W” defined by the ideal generated by (s, . 1> -2 nop)s
and s’ denotes the class of s; in (7, then the restriction ¢, :Z — V" is an isomorphism satisfying

* i
0781 = Si -

Let (s1,...,5,) be elements of a ring 4. Let §,,...,5. be the classes of sp,...,s,. in 4/(s;). We
have the decomposition Ke(s1,...,s,) = Ke(s1) ® Ke(s2,...,5,), in which
Kp(Sl, e ,Sr) = [K()(S]) & KP(SQ, e ,S,ﬂ)] D [K] (S()) (= Kp_](Sz, ce ,Sr)]. (73)

Denote by f,: K,(s2,...,5,) = K,(52,...,5,) be the natural epimorphism. Consider the morphism
of complexes oq: Ko(s1,...,5) — Ko(52,...,5,) defined by o, =, © 0 in terms of the decom-
position (73).

Lemma 10.3. If s, is not a zero divisor of A then o, is a quasi-isomorphism.

Proof. The homomorphism « is clearly surjective in each level. It is easy to check that the complex
formed by the kernels is acyclic. O

Using the last lemma repeatedly we obtain
n+N+L n+N
D (—1)dime(Hi(Ka(s) = Y (— 1Y dime(Hi(Ka(s], .85 4))); (74)
i=1 i=1
due to the fact that o) is an isomorphism satisfying o},s; = s the last quantity equals
n+N
> (=1 dime (Hi(Ka(s)))-

i=1

*
|z

This proves independence of &k in Definition 10.1.
Let X be a smooth analytic variety and Y an irreducible closed analytic subset of codimension n
in X. Consider an analytic mapping G: B X D; — X. Suppose Glgl(Y ) = {O0}. Choosing € small

enough and 0 < § <¢€, the restriction n:Z := G~'(Y) — D; of the projection to the second factor
is a finite map. Consequently Z is a 1-dimensional closed analytic subspace of B¢ x Ds. For any
t € D; the set G|:1(Y) is a finite number of points { py,..., ps}; therefore any cycle in ZO(Gljl(V))
has a unique expression of the form )}, n; p;, where n; are integers. Define the degree of a cycle
as deg(Zle nipi) = Ele n;. Proposition 10.2 of [5] tells us

Lemma 10.4. In the preceding situation deg(Gft([V]) does not depend on t.
Now we prove the independence of Definition 10.1 on the functions f7,..., .. Suppose that we

have another expression f =) ', g;h;. Choose € so that f, the f;’s and the /;’s are defined in Be.
Defining F;: B¢ xC — C as F; := (1—t) fi+th; we have =), giFy, for each ¢. Define an analytic
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mapping ¢, : Be xC — J>°(U, C") by the formula ¢(x, ) := j*F}(x),...,j*F,,(x). Choose € small
enough so that Beﬂp;l(V):{O}. As ¢, :Be — J2(U,C") lifts p, we have ¢|;1(V):{O} for any t.
Therefore i,(p s, V') computed in terms of Gy, ..., G, is equal to deg(n,?oo@,)’([n,?o(V)])). Applying
Lemma 10.4 we see that this number is independent on ¢. Hence Definition 10.1 is independent on
the choice of the functions f1,..., f.

Remark 10.5. If V' is &; -invariant the independence on choices of Definition 10.1 also could be
proved using the versal unfolding to show that for a generic deformation F}, of f, the number of

points of p;‘tl(V) is equal to iy(ps, V). In this way also follows the independence of ip(p/, V') on
the choice of the system of generators of /.

Another easy consequence of Lemma 10.4 is the following “Conservation of Number Formula™:

Proposition 10.6. Let V C J(U,I) be an irreducible closed analytic subset of codimension n.
Consider any f €1 for such that O is an isolated point of p;](V). Let F:C"x C — C be any
I-unfolding of f. For any positive and small enough € there exists a positive é such that for any
t€C* with ||t]| < & we have

iolpr, V)= islpr,, V). (75)

XEB,
Proof. Let pr:C" x C — J*°(U,C") be an analytic local lifting of pr. Observe that
deg(n® 0 o) ([N = Y iepr, V)

XEB

and apply Lemma 10.4. O
This provides an algebraic formula for the splitting function and the Morse number:

Corollary 10.7. Consider f €1 with c;.(f) < oco. Then
or[f1(n) =io(py.Zy),

where Z, is the union of the irreducible components of C, such that the extended codimension of
a generic member of them is precisely n.

If a germ f, €J®°(U,I,) has a Morse point at x then

(1) the projection pr(x) does not belong to V (1),
(2) the function f, has a critical point in x, N
(3) the function f, has positive codimension with respect to /,.

The germs having Morse points are a dense open subset among the germs having these three
properties. Clearly conditions (1) and (2) hold simultaneously if and only if conditions (1) and (3)
hold at the same time. In other words, if Z is the set of germs f, having x as a critical point then

Z\pr~ (VD) = C\pr=' (V1)) (76)
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We define the finitely-determined closed analytic subset M C J°°(U,I) to be the union of the
irreducible components of C; not contained in pr(V(I)). We have

Corollary 10.8. Consider f €1 with c;.(f) < co. Then
AM(f)=iolps,M).

Suppose that M is k-determined. A key step to effectively compute the Morse number is to have
an explicit description of the ideal of M’ := ()~ (n{°(M)) as a subset of J¥(U,C"). Using (76)
we can obtain such a description:

Observe that Z is 1-determined. We show that it is a closed analytic subset and give generators
for the ideal defining (') !(n$°(2)).

Recall that C{x} denotes the space of convergent power series in n variables x,...,x, and
m denotes its maximal ideal. If o = (oy,...,0,) we set x* := x]'...x¥. Given any element h =
(h1,...,h,) € C{x}", for any ac 7, ; we denote by a(g) the coefficient of x* in the power series
expansion of %;. The set U x (C{x}/m**!)y" is an affine space with coordinates xi,...,x, and a!
(for 1 <i<n and o= (a,...,a,) such that |a| := > | o; <k). We consider the trivialisation
72 U x (C{x}/m**)y" — J¥(U,CF) (see Formula (12)). Define By, ..., 5, € Z%, by: fo=1(0,...,0)
and f; is the n-tuple whose only non-zero component is the ith one and has value 1. An easy
computation shows that (j¥¢ o 1)~ (n°(Z)) is the subset of U x (C{x}/m*™')" given by the set
of common zeros of the functions Q,...,Q0,, where

Oi(..rziy..ndly. ) = Z [a/ 0f (21,...,2,,)—i—af;l_fj(zb...,z,,) .

Bo oy
J=1 ’

Define J; := (Q,,...,0,) and let J, be the pullback of / by the projection of U x (C{x}/m‘*!y to
its first factor, that is, the ideal generated by {g:(z1,...,2,):1 <i <r}. Then the ideal of functions
vanishing at M’ is

Jur =T D). (77)
This shows in particular that ( j*¢)~!(M) is 1-determined: we could have worked with k = 1.
Remark 10.9. In [3] a slightly different morsification result for hypersurface singularities with critical
locus an i.c.i.s. and transversal type A; was proved. There the critical locus of a generic deformation
of a function of finite codimension is the Milnor fibre of the i.c.i.s together with a finite number of

A points. The techniques of this section can easily be adapted to compute the number of 4; points
in such a generic deformation.

10.1. Conservative numerical invariants

The following proposition tells us how to associate a numerical invariant to any closed analytic
subset V' of pure codimension n of J>°(U,I):

Proposition 10.10. Suppose that V is 9 -invariant. Then the intersection multiplicity i.(ps, V') is
a Y; ,~invariant defined in J>(U, D).
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Proof. For simplicity we work at the origin. Let /' €/ and ¢ € &;. We have to prove the equality
io(pr, V) =io(pg.s, V). Consider neighbourhoods U; and U, of the origin in C" such that ¢ is
defined in U; and ¢(U;) = U,. The mapping ¢ induces a bijection

¢ T (ULT) — JE (U, T)
and an analytic isomorphism
¢ JHULCT) = (UL, CT)
for any positive & and r. A set of generators {f1,..., f1,} of [ ju, induces a set of generators
{f215-s f2r} Of IN‘U2 defining f5; := ¢« f1,;. Consider the associated epimorphisms
@i Oy, — ]~U1
for i =1,2, defined by @;(hi,...,h,) =3, h;fi;. They induce respectively mappings
J @i N ULC) = JHULD)

satisfying j* @ 0 j* ¢ = j* P 0 j* 1.

Choose hy,...,h, satisfying f =" | h;f1;. This induces an analytic lifting ﬁ_kf of p’}, defined
by the formula ﬁ_’}(x) = (j¥m(x),...,jhy(x)). Noticing that ¢, f = > ', ¢sh;if2,; we deduce that
J*¢xop’ is an analytic lifting of p';*f. As j* ¢, : JH(U,,C") — J¥(U,,C") is an analytic isomorphism
which satisfies

F G o) (PN = ()" (V)
(because of the Z;-invariance of V'), the equality ip(ps, V') =io(py. s, V) holds. [

Definition 10.11. A numerical &; -invariant Z:J (U, 1) = ZsoU {co} is called a conservative
invariant if, for any f, €1, with ¢j,.(f) < oo and any /-unfolding F': (C",x) X (CK,0) — C of f,
the following properties are satisfied:

(1) Finiteness: Z(f;) < oo.
(2) Analyticity: for any integer N the set
{(x,r)eC" x C*: 5(F),,) > 0}

is closed analytic.
(3) Discreteness and conservation of number: there exists a sufficiently small neighbourhood U, of
x such that Z(f,)=0 for any y € U,\{x} and, for any positive and small enough 6, we have

E(fo)=Y_ E(F,,)
yeu,

for any ¢ € B;.

Remark 10.12. Any numerical &; -invariant = :J (U, 1) — Z=oU{occo} constructed by intersection

multiplicity with &; -invariant closed analytic subsets of pure codimension n of J <(U,1) is a
conservative invariant.
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Observe that the property of conservation of number implies shows upper semicontinuity of =,
that is Z(F),,) < E(f,) for any ¢ close enough to x.

The following theorem tells that any conservative invariant is a (locally) finite sum of invariants
constructed by intersection multiplicity:

Theorem 10.13. Let Z:J°(U,I) — Z U {00} be a conservative numerical Dy ~invariant. Then
there exist a family of pairs (Vi,n;), where V; is a n-codimensional 9 ,-invariant closed ana-
Iytic subset of J®(U,I), and n; is a positive integer, such that for any f.e€J®(U,I) satisfying
ci.(fx) < oo the family {Vi}ien is locally finite at f and E(f.) =) ey nilx(py, Vi) (the sum is
finite by the locally finiteness of the family at f.).

Proof. Recall that C, denotes the subset of J °°(U,i ) formed by germs of extended codimension at
least n. Define the sets

Z:={fr€J®WU,D):E(f:) >0} Z :=2Z\C,

for any k£ > 0.

We claim that Z; is (k + A)-determined, where 4 is the uniform Artin-Rees constant. Consider
fx€Z\Cy and g, € m***1' N[ We have to show that f, + g, belongs to Z;. By Lemma 4.4 the
subset Cy is (k + A)-determined, and hence f: + g, & Ci. As ¢; (fx) <k, by Lemma 4.2 we have
m)’f_lix C O; (fx). As mO; , C @; we deduce mf“ix C m,0; (f;). By uniform Artin-Rees
m‘ 1 (], C m@; (fx). Then the finite /-determinacy theorem (see Theorem 6.5 of [18]) tells
that f, is a (k + A)-determined in /; in other words, given any g, € m‘**1 N I, then f, + g is
in the orbit Z; (/). Consequently, as Z is clearly &; -invariant and f belongs to Z, also f + gx
belongs to Z. This proves the claim.

Our next claim is that the topological closure Z; of Z, in J®(U,I) is a (k + 22)-determined
closed analytic subset of J>°(U,I), with no irreducible components contained in Cy. Moreover, the
set Z; is closed in J(U,I)\Cy. Let {f1,..., fx} be monomials in xi,...,x, forming a basis of
Ocno/mp™ . Consider S := (Ogn,0)/mp™ 'Y viewed as an affine space. Consider the system of
coordinates {sj} for 1 <i<r and 1 <j <N characterised by the property that the point with
coordinates (ai,...,d} ) represents the r-tuple (Z?’Zl a} f j,...,ZjV:l a;f;). Define the /-unfolding
F:U xS — C by the formula

r N
F,si,..osy) =3 Y shf(0)g;(x), (78)
i=1 j=1

where ¢i,...,g, are the fixed generators for / at U. According to the second property of = the
subset 4 C U x § formed by the pairs (x,s) such that Z(F;,) > 0 is closed analytic. The mapping

a:U x S — J4(U,C") defined by

N N
a(x,s),...,8h) = Zs}jkﬂfj(x),---,ZS;J’H;V]F/(X)
j=1 Jj=1
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is an analytic vector bundle isomorphism. We have defined ' and o so that the compatibility relation
Tey; © PF = j¥*¢p o o holds. This implies

(AN ) (132 ,(C)) = (G 0) (75 1(Z0)).

The set B := a(d) U (j5 ) "(n32,(Cr)) is a closed analytic subset of J*™(U,C") which is

j***p-saturated, as it is the union

[ NG 0) T (mRACNTU G 0) ™ (72 1(Ci)),

of j¥*¢-saturated closed analytic subsets. Let B’ be the union of the irreducible components of B

not contained in (%)~ '(n3%,(Cx)). Due to Lemma 3.9 we know that B” := (= ’;+M) (B is
Jj*** p-saturated, and therefore Z] := n3%,, ,(j*™*@(B")) is a (k + 24)-determined closed analytic
subset of J*°(U,I) with no irreducible components contained in Cy. By construction, it is clear
that Z;\Cy = Z;. By Lemma 3.14 and the fact that no irreducible component of Z] is contained in
Cr we conclude that the topological closure of Z; = Z/\C; equals Z]. Obviously, the set Zk\Zk =
Z\(Z]\Cy) is contained in C. Our claim is proved.

For any positive integers £ and m we have

Z\Cy, C Z,. (79)

Indeed, consider f, € J*°(U,I) such that ¢;.(f) < m. Suppose that Z(f,)=0. Then, as Z,, is closed

inJ °°(U,f )\Cy, there is an open neighbourhood of f, in J 0°(U,]~ ) where = vanishes. From this,
the inclusion (79) in the case k < m follows easily. If £ = m then

Z_k\Cm C Z_k\Ck =27,

but as Z;\C,, is clearly equal to Z,, inclusion (79) follows.
Set Y := ;- Z; it follows from (79) that

Y\Cp = Zp=Z,\Cn (80)

for any m > 0. Therefore Y is a finitely determined closed analytic subset locally at each point of
J®(U,I)\Cs. This is expressed in other words as follows: let {V;},cn be the set whose elements
are the irreducible components of any of the Z;’s. Then the family {V;},cry is locally finite in
J OO(U,I~ )\Cx. Moreover, each V; is & j-invariant, since it is an irreducible component of some Zi,
which is Z; -invariant as it contains the &; ,-invariant dense Zariski open subset Z\C;.

Choose a component V;. Consider f, € V; with ¢; ,(f,) < oo, which, by the local finiteness of
the family {V;},en at J°(U,I1)\Cs can be chosen so that there is a neighbourhood W of f in
J®(U,I) satisfying WNZ=V;. If codim(¥;) < n, an easy argument using Staternent (1) of the proof
of Lemma 4.6 shows that dlmx(pfl(V ))>0.As E(f,)>0atany yc Py (V) this contradicts the
third property of =. Hence cod1m(V) > n. Consider the canonical Whitney stratification Z of V;
(see Theorem 6.2); the strata are &; -invariant. Consider a versal /-unfolding F : U, x § — C
of f, at x (where U, is a nelghbourhood of x), let so be the point in S such that F|; , = fx. By
Proposition 7.5, the mapping pp is transversal to 2. By Theorem 7.4 the set of s€.S such that
Prs 1s transversal to 2" is dense in S. Hence, if s is generic and codim(V;) > n, the set pg|(Usx)
cannot meet V;. Choosing S and U, small enough we can ensure that the image of pg lies in W.
Consequently (pF|S)_1(Z) = (pF|S)_1(V,-) = (). This means that E(F),,) =0 for any y € U, which,
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if s is close enough to s¢, contradicts the third property of =, since Z(f,) > 0. We conclude that
codim(V;) = n.

Suppose that V; is a component of Zi. As Z; is k + 2J-saturated, then the component V; is
k + 3/-saturated. Let B be the union of all the irreducible components of Z, different from V;; then
BU Cy contains all the components V; different from V;. The set 4; := (BU C, U Sing(V;))NV; is a
proper (k + 44)-determined closed analytlc subset of V;. As V; is smooth outside 4; we can define
D; C V; to be the subset of F; such that p, is not transversal to V; at x. The k + 3/-determinacy of
V; implies easily that D; is (k + 44)-determined: if f, and g, have the same k + 41-jet, by uniform
Artin-Rees, they differ by an element of m*3**!], and we can find liftings pr and py of p, and
py which are equal up to k + 3/-jets.

The set X :=( jk+4)'+1q0)_1(n,?i4i 1 (Vi\4,)) is a smooth irreducible locally closed analytic subset
of JK#+1(U,C"). Let 7 — X be its tangent bundle. Denote by 7: X — J&#+1(U C") the inclusion
mapping as .7 is a sub-bundle of the restriction to X of the tangent bundle of J**#*+1(U,C"), the

mapping ;137! induces a natural homomorphism

q:T — T,
where 7 is the pullback by 757" o4 of the tangent bundle 7" of J****(U,C"). Observe that, as

Prisa; J*H(U,C") — U defines a vector bundle, for any p € J (U, C") the fibre 3';; decom-
poses naturally as

TP”k+2/‘.(P) Ue Jk+2&(U, C")p.

Any vector of T Z is decomposed accordingly in two components; the first is called the base com-
ponent, and the second is called the fibre component. Consider the trivial vector bundle of rank n
over X and choose ey,...,e, to be global trivialising sections. We define an analytic homomorphism

c:C"xX =T’
by letting a(e;, j* 1 £1(p),..., /51 £.(»)) be the unique vector of

T! =7/

G L1 ST L1 () T (/‘*z’fl(y) ,,,,, JE ()
with fibre component ;5240 £ /0x;)(y),. ... ?*(0f,/0x;)(¥)) and base component 0/0x;. The set

Di={peX:q(7,)+a(C")# T}

is easily shown to be closed analytic in X. As D’ has been defined so that (jF*+1p)~!
(7754,1(D;)) = D" we conclude that D; is a proper closed analytic and (k 4 31)-determined in
We claim that = is constant on V;\(4; U D;). The set X is an irreducible analytic subset of
JH4H1(U,C), as V; is irreducible. Then, by well known properties of complex analytic sets (see
[13, Ch. IV, Section 2]), the set X\D' is path-connected. Therefore V;\(4; U D;) is path-connected.
Consequently we only have to show that = is locally constant on V\(A UD;). Consider f, € V\(A U
D;). Then f, € J®(U,I)\C;. We have seen that any gy €J(U, D\Cy is (k + 2)-determined in I
Therefore, if we consider the /-unfolding G:U, x § — C defined by G(y,s) := f:(») + F(x, s)
(where U, is a neighbourhood of x in U and F is the /-unfolding defined by formula (78)), then
any germ g, belonging to J (U, 1 NG is I e—equivalent to a germ of the form G, for a certain
s €§. Consequently, as f; =Gy, to prove our claim it is enough to show that Z(G, ) is constant
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on a neighbourhood of (x,0) in U, x S. As f does not belong to B, taking U, and a neighbourhood
S" of 0 in S small enough we can assume

PG (Z)N(Us x 8" = pg' (V) N (Uy x '),

and p;l(Z ) = {x}. On the other hand, as f. does not belong to D;, the mapping pg, = p, is
transversal to V; at x; therefore, by the open nature of transversality, if we choose U, and S’ small
enough, the mapping pp, is transversal to V; for any s€S’. Consequently, for any s S’ the set
pEi(Vi) consists of a unique point y(s), which is the only point y € Uy, where Zg),,, > 0. As E has
the property (3) of Definition 10.11 we conclude E(Gj, y(;)) = E(f%). This shows the claim.

Let n; the value assumed by Z at any point of V;\(4; U D;). It only remains to show that

E(f)=Y_ nix(ps. V3) (81)
ieN

for any f, of finite extended codimension. Given such f, defined on U,, consider the associated
mapping p,: U, — J®(U,I). The local finiteness of the family {Vi}ien implies that U, can be
taken small enough so that p;l(Z )={x} and the image of p, meets only finitely many components
Vis...,Vi,. We consider a versal /-unfolding F': U, x § — C of f,. A transversality argument
(similar to earlier ones) using Proposition 7.5 and Theorem 7.4 shows that the subset of s €S such
that pr, only meets Z in V;\(4;, UD;) (for 1 <j <m), and it does it transversally, is dense in
S. Using this, property of (3) of Definition 10.11, and Proposition 10.6, the proof of Eq. (81) is
straightforward. [

11. Examples

In this section we illustrate the morsification theory by spelling it out for certain classes of ideals.
11.1. Classical case: I = U¢n o

This is the case of isolated singularities. Here our theory recovers the classical morsification
theorem. Any conservative invariant is a multiple of the Milnor number, as the set of singular germs
M (which is the closure of the set of Morse germs) is the only n-codimensional closed analytic
subset of J>°(U, O¢n).
11.2. The analytic subspace V(I) is smooth

Let k& be the codimension of V'(/). We can give coordinate functions

YI,---,J/k:xl,---,xp
(with k4 p=n) of C" such that I=(y,..., yx). We set ¥ := V(I). Let [ _be the ideal sheaf generated
by y1,..., vk We study the &; -invariant analytic subspaces of J*°(C",1) which are of codimension

at most n; let Z be such a subspace. Consider the projection mapping proo :J>°(C",1) — C”. N
If proo(Z) is not contained in V' then Zjcn y is a non-empty &; ,-invariant subset of J (C"\W,1).
As i'@n\V:(QCn\V then, by the case /=0¢: o, the subspace Zcn y is either the total space J‘X’(C”\V,IN)
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or the set of singular germs. Therefore Z is equal either to J°°(C”",7) or to the n-codimensional
subvariety M which is the closure of the set of Morse points.

Suppose that pr(Z) C V. Let A be the set of integer multi-indexes o € Z’;O such that |o| > 2.
Any function f €/ can be written as

k
FOL X p Y1 ) = D filn X))y Y a1 x)Y (82)
i=1 aEA
with the f;’s and a,’s convergent power series in Xxj,...,x,. It is easy to check that if f is

non-singular (that is £;(0,...,0) # 0 for a certain i < k) then f is &;-equivalent to f = y;.

Let Z; be the subset of J>°(C", ] )| formed by germs [ having x as a critical point. This condition,
in terms of the expression (82), means precisely that f;(0,...,0) =0 for any i < k. Therefore Z;
is a k-codimensional 1-determined closed analytic subset of J>°(C”,[ )y As the codimension of
J°°(<E”,I~)|V in J(C",1) is k, the set Z; is 2k-codimensional in J>°(C",1). Consequently if p < k
then the only &; -invariant proper analytic subsets of J °°(C",I) which are of codimension at most
n are M and JOO(C”,IN)W.

Assume p = k. Let f €7, express it as in (82). If the differentials

{df0,...,0): 1 <i <k}

are linearly independent then f is easily seen to be &;-equivalent to

k
> xiyn (83)
i=1

We say that a function of / is of type D(n — 2k,0) if it is Z;-equivalent to (83). Functions of type
D(n — 2k,0) have a 2k-codimensional critical locus and transversal type A4, they are Z-equivalent
to a function of type D(n — 2k,0) (see Definition 11.2).

The subset Z, C Z; consisting of germs for which {d f:(0,...,0)};<;<x are not linearly indepen-
dent is a 2-determined analytic subset of codimension p — k + 1 in Z;, and hence of codimension
2k+p—k+1=n+1in J®(C",I). Therefore if p > k, the only & 7. ~invariant analytic subsets of
J®(C", 1) which are of codimension at most n are M, J*°(C", )v and Z;, and their codimensions
are n, k and 2k.

Our morsification theory tells us that any function f with ¢;, < oo can be approximated (pre-
serving the geometry at the boundary of a Milnor ball) by a function whose singularities are finitely
many Morse points and a smooth 2k-codimensional set of points of type D(n —2,0). Moreover any
conservative invariant = is of the form 5 =n.# if n # 2k and & = n.MH + ny A if n =2k, where
M is the Morse number, 4 is the number of D(n — 2,0) points appearing in a generic deformation

of f.

Remark 11.1. Let / be arbitrary and consider f €/ with ¢;.(f) < 0. The above reasoning shows
that the only singularities that a generic /-deformation g close enough to f can have at a smooth
point of V(1) are of type D(n — 2k,0), where k = codim,(¥ (1), C"). Moreover if such a singularity
appear then there is a 2k-codimensional locally closed subset of C" where g has this singularity

type.



978 J. Fernandez de Bobadillal Topology 43 (2004) 925-982
11.3. Transversal type A,

In [3,19,16,20,21,26], in order to study functions which are singular with transversal type 4, and
a certain fixed singular locus, the following point of view was taken. Consider the ideal J defining
the singular locus (in all these works the singular locus is asked to be either an i.c.i.s. or a low
dimensional isolated singularity at the origin) with its reduced structure and study the singularities
appearing in generic deformations of functions which are finite codimensional with respect to the
primitive ideal [J.

Suppose that J is a radical ideal. Consider the variety V' = V(J) and the stratification C" =
WIIVoll Vi, where U = C"\V, Vy = V\Sing(¥V') and V; = Sing(V'). Let J be the ideal sheaf of
functions vanishing at V. Denote the primitive ideal [J by / and let I be the ideal sheaf associated
to it.

We study the Z; ,-invariant subspaces of J*°(U, I) of codimension at most n and whose image by
the projection pr:J>°(U,I) — U is not contained in V. Let Z; be the closed 1-determined subset
formed by germs f, € J°°(U, 1) having a critical point at x. Clearly Z, =M Un~'(V), where M is
the closure of the set of germs f, € J°°(U,I) having an isolated singularity at x; the set of germs
f» which have an A4;-critical point at x are a dense open subset in M.

Given any f,€ pr (V) we define rk(f,) to be the rank of its Hessian matrix at x. The set
K, :={fc€pr ' (V):rk(f,) <r} is a 2-determined Y ~invariant closed subset for any integer r.
Let Cy|y be the closed analytic subset consisting of germs of pr~ ' (V) of extended codimension at
least 1.

Consider any x € Vy; if d = dim, (V") there is a coordinate system

(x17~-~9xd3y1:'-'7y7n)

of C" at x such that J, = (y1,..., V). In Pellikaan [18] it is proved that [, = fjx = J2. There-

fore, we can express any gefx as g =>y, hijyiyj, where h;; € Ucn, and h;; = h;;; more-

ij<m
over the A;; are unique modulo the ideal J,, hence the matrix (%] Dij<m (Where h;, ;= hi;(0)+
S (O j/0x; )(O)xy ) is well defined.

Definition 11.2 (Pellikaan [18]). Let f € Oc»,. We say that f is of type D(d, k) if there is a coor-
dinate system {xy,...,Xg, Y1,..., ¥} Of C" at x such that

S, y)= Z Lijyiyi + Z y,-Z,

ij<k i=k+1

where {/;;:7,j <k} is a collection of linearly independent linear forms in xi,...,xq.

Let f,€l,. In [18] it is proved that c;(fx)=0 if and only if f is of type D(d,k) for a certain
k. Consequently, if f, €K, then c; (fx)=0 if and only if f is of type D(d,d —r).

In [3] it was shown that a generic deformation within 7, of any f, €/, with ¢j.. < oo only has
A, and D(d, k) points as critical points (for k& < r); moreover the locus where the deformation has
D(d, k) points is a smooth subvariety of codimension k(k + 1)/2 in V,; in [3] the singular locus V,
of f, is smoothed while deforming f,, but in our case it is already smooth (since x € Vj).



J. Fernandez de Bobadillal Topology 43 (2004) 925-982 979

Let C’ be an irreducible component of Cy, such that its image under pr is not contained in
V1. We claim that its codimension is strictly bigger than n: suppose that the codimension of C’ is
smaller or equal than n, consider f, € C’; if the codimension ¢ of C’ equals n, by the Conservation
of Number Formula for intersection multiplicities, any generic deformation of f, within /7, must
contain points of positive extended codimension within V. This contradicts the fact that in a generic
deformation only points of type D(d,k) arise in Vy. If the codimension of C’ is strictly smaller than
n we consider a subvariety C” of C’ of codimension n containing f, and repeat the argument.

Define C to be the union of the components of C,; with image under pr not contained in V7.
Let C’ be the union of the other components.

Let V'’ be a connected component of ¥, of dimension d. Consider x € V' and f, € I, with rk(fy)=
r. Either f is of type D(d,d —r) or f, belongs to C. Hence any irreducible component ¥ of K,
not contained in C can be expressed as Yy [[(YNC), where Y, is the open subset containing points of
type D(d,d—r). As the locus of D(d,d—r)-points of a generic function g, within 7, has codimension
(d —r)(d —r+1)/2 in ¥, then the codimension of ¥ in J(U,I) is n —d + (d — r)(d — r + 1)/2.

We have the following splittings in locally closed &; -invariant subsets of J (U, 1):

IR =2 [J(I=U.D\2),

Zi=M\pr~' O] 'O,

pr' M =pr ' T\ ' OOV | TT IKNC UK U pr ' (71))]

reZ =g

Applying the relative morsification theorem to them we obtain

Proposition 11.3. Let I C (Ocn o be a radical ideal and V be the subvariety defined by it. Let
Vi,...,V, be the connected components of V\Sing(V); let d; be the dimension of V. If f € f] is
such that c [ Le <00, then given a small neighbourhood U of the origin, any generic deformation

of [ sufficiently close to f

e has only A, singularities in U\V .
e only has singularities of type D(d; k) at V;, for k < d;. Moreover the locus of points of type
D(d;, k) is a smooth subvariety of codimension k(k + 1)/2 in V.

Suppose that in addition I has an isolated singularity at the origin. Then the topological type at
the origin of any generic deformation of f is the generic topological type of a function in |1
(such a generic topological type exists by the results of [4]). Moreover any conservative invariant
is the sum of an integer multiple of the Morse number, and integer multiples of the numbers of
D(d;, k) points in V; in a generic deformation, for i <r and k such that k(k +1)/2 =d;.

11.4. Line singularities with simple transversal type
In [10] line singularities with transversal types Ay, A,, A3, D4, E¢, E; and Eg were studied from a

topological point of view using a morsification result. In each case an ideal /(S) was constructed in
[10] such that any singularity with transversal type S has a right representative in /(S), and if two



980 J. Fernandez de Bobadillal Topology 43 (2004) 925-982

functions f,g € 1(S) are R-equivalent, then they are Z;(s)-equivalent. For any S the orbits of %)
of codimension 1 in J®(V(I),1(S)) are determined, and the singularity types determined by them
are called F;S, for 1 <i < 3. It is proved that any function f €/(S) can be deformed within /(S)
to any function having only 4;-points outside the singular line L, a finite number 4;( /) of points of
type F;S in L, for 1 <i < 3, and the generic singularity in /(S) along the rest of the points of L.

Our theory recovers the morsification result, interprets 4;( /) as intersection multiplicities, and
shows that any conservative invariant = is of the form

3
E(f)=>_ mhi(f) + nal(f).

i=1
11.5. Other examples

Example 11.4. Take / = m*; then 0. =m0O. Give weight 1 to the variables x; and —1 to the
derivations 0/0x;’s. Then the 0-weight graded piece of @, is generated by x;0/0x;, with 1 <i,j < n.
Therefore for any function f, the module //t;.(f) + m/ has complex dimension at least N, — 2n,
where Nj is the dimension of the space of homogeneous polynomials in 7 variables of degree k.
This provides examples of ideals / for which the support of o[ /] contains arbitrarily high integers
for any f€l.

Example 11.5. Choose a function g € C{xy,...,x,_;} with an isolated singularity at the origin. View
g as an element of Oc» p; its zero-set is singular along the line L defined by x; =--- =x,_; =0.
Define / = (¢*). Any X € O, admits a unique decomposition as X = X; + X, where
n—I1
Xi=a,0/ox,  Xo=) adox;,

i=1

for aj,...,a, € Ocnr o. There is a unique expression X, = Z,fio x’f,Xz,k, where each X;; belongs to
C{x1,...,xy—1 }(0/0x1,...,0/0x,—1). Then, each X, belongs to @, where I’ is the ideal generated
by g in C{xi,...,x,—1}. Define ¥, := X5 and Y3 =) (2, x*~! x X, ;. We have the decomposition

X=X+Y +x,Y. (84)

Consider f €1 of the form f = pg?, where p is a polynomial in x, of degree k > 1. The decom-
position (84) implies

d
< 7 gz) + 111e(67)0en0 C Tl f) (83)

As g>J(g) C 11..(g*) (where J(g) is the Jacobian ideal of g) and (x*~'¢?) C (p'(x,)g*) we have

n

cre(f) < (k= Dug), (86)

where u(g) is the Milnor number of g.
If d p/dx, vanishes at 0, the decomposition (84) implies

Tl,e(f) - (xngz) + TI/,e(gz)(QC”,O- (87)



J. Fernandez de Bobadillal Topology 43 (2004) 925-982 981

In this case we have

2
cro(f) = dimg (nif(é%) — dim¢ (f,,(j()g)> , (88)

We choose n =3, g(x1,x2) := (x3 +x})> + x5 and p(x3) := 1 +xt with k£ > 2. We weight the
variables by wi(x;) = 2, wt(xy) = 3, wt(x;3) = 0. A computation shows that for any X € O, , we
have X € (x,0/0x;) + (x1,x2)?(0/0x),0/0x;) and wt(X(g)) = 15. We can write X(g) = hg for some
h e C{x,x,}, and wt(h) > 3. Summarising

Ore C (%20/0x1) + (x1,32)*(0/0x1,0/0x2)  t1,e(9) C (719, %29)- (89)

Consider hy,...,h, in C{x;,x,} forming a basis of the complex vector space C{x;,x,}//(g). By
(85), the /-unfolding

r k—1

F= f(xux,x3)+ Y Y tjhi(x,x)xhg% (x1,x2)

i=1 j=0

depending on parameters ¢ ; is versal. We can choose 4 =1 and %; € (x1,x;) if i > 1. Then for any
value ¢ in the parameter space, F|, is of the form

Flo =14 hy(x3) + q(x1,3%2,%3)19%,

with g(x1,x5,x3) € (x1,x2) and where /,(x,) is a polynomial in x; of degree k. Choose ¢ generic; we
study the points x in which F|,, has positive extended codimension. Let L be the line defined by
x1 =xp =0. The set V(g) is smooth outside L, by Proposition 11.3 the only points in which F|,,
can have extended codimension outside L are A;-points. Using J/0x; € @, we deduce that when
p'(x,) is not zero, (0,0,x,) is a point of extended codimension 0. We can assume that the derivative
p'(x,) has k — 1 simple roots. Let a be a root; consider x = (0,0,a). A computation taking into
account inclusions (89) yields

Tix,e(F|t,x) C (x%g27x2g29(x3 -+ pxg )gz)a

where p is the coeflicient of xx; in g. Therefore t; (F|,.) = 2.

This example shows how a point of positive extended codimension splits in a generic deformation
in several points of positive extended codimension, such k-1 of them have extended codimension at
least 2.
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