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1. Introduction

Stochastic differential equations (SDEs) have been used to model the phenomena arising in many branches of science
and industry such as biology, economics, medicine, engineering and finance (see, e.g., [1-4]). So it is valuable to investigate
the properties of the solutions of SDEs. For the main theoretical results on SDEs, we refer to [3,4].

As explicit solutions of SDEs can rarely be obtained, the construction of numerical methods for solving SDEs has
become an active research area of computational mathematics. For example, Sickenberger [5] analyzed the mean-
square convergence of stochastic multi-step methods with variable step size. Wang [6] discussed three-stage stochastic
Runge-Kutta methods for solving SDEs. The convergence in probability of the approximate solution to the exact solution
was proved in [7]. There are other types of convergence for stochastic numerical methods. Details of these and other concepts
on numerical solutions of SDEs can be found in [8,9].

Moreover, the stability of numerical methods for solving SDEs is essential to avoid a possible explosion of numerical
solutions. Saito et al. [ 10] proposed the concept of mean-square stability (MS-stability) of the numerical method for solving
scalar SDEs. Higham [11,12] plotted the real MS-stability regions of stochastic # and semi-implicit Milstein methods for
a linear test equation. We can also find other results on the MS-stability of numerical methods (see [6,13-16] and the
references therein).

Higham et al.[17] introduced the split-step backward Euler (SSBE) method for solving nonlinear autonomous SDEs. Under
the one-sided Lipschitz condition, the authors obtained strong convergence of the SSBE method with order p = 1/2. In this
paper, we consider the split-step 6-method (SS6 method) for solving nonlinear non-autonomous SDEs. The SS6 method is
equivalent to the SSBE method if 6 = 1.

This paper is organized as follows. In Section 2, we begin with some preliminary results which are essential for
introduction and analysis of the SS6 method. In Section 3, we expound that SS6 approximate solutions are bounded in
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the mean-square sense. After that, we analyse the mean-square convergence of continuous-time SS6 approximations. In
Section 4, we consider the numerical stability for a linear test equation with real parameters based on some elementary
inequalities. Finally, numerical results are given to illustrate the performance of the SS6 method.

2. The split-step §-method

Let (£2, #, P) be a complete probability space with a filtration {.%; };[0,r]. The filtration {.%; }c[o,r] is increasing and right
continuous, and .%, contains all P-null sets. Let B; be a standard one-dimensional Brownian motion defined on (£2, .7, P).
Let xo be an Z;-measurable one-dimensional random variable such that E|xg|> < 4+0c0.Letf, g : R x [0, T] — R both be
Borel measurable. #?([0, T], R) (p = 1, 2) denotes the family of all R-valued measurable {.#; }-adapted stochastic processes

f = {f(t)}tepo.1y such that fOT If (O)|Pdt < 4+00..4°([0, T], R) denotes the family of all stochastic processes f € £%([0, T], R)

such that E [}/ [f (t)[2d¢t < +oo.
We consider a one-dimensional stochastic differential equation (SDE) of It0 type,

{dx(t) = f(x(t), t)dt + g(x(t), t)dB;, t € [0, T], 2.1)

x(0) = xo,

where 0 < T < +o00. Assume that f and g satisfy the Lipschitz and linear growth conditions. That is, there exists a K; > 0
such that

If (. 0) =@, O V Igx, 0) — g, O < Kilx —y/? (2.2)
forallx,y € Randt € [0, T]; and there is, moreover, a K, > 0 such that

If (x, D> V g (x, D> < Ko (1 + |x]*) (2.3)

forall (x, t) € R x [0, T]. The existence and uniqueness of the solution to Eq. (2.1) can be guaranteed by (2.2) and (2.3) (see
Theorem 3.1 in Chapter 2 of [3]).

Given a step size h > 0, the split-step 8-method (SS6 method) applied to (2.1) computes the approximation y, = x(t),
where t;, = kh, by setting yo = xo and forming

Vi =Yk +hl(1 = Of W, t) + 6f g, 1)1, (2.4a)
Vi1 =Yy + 8, tk) ABy, (2.4b)

where 6 € [0, 1] is a fixed parameter and each ABy = By, — By, is an independent N (0, h)-distributed Gaussian random
variable.

The choice & = 1 gives the SSBE method [17]. If & = 0, the SSO method is an explicit method. If 0 < 8 < 1, (2.4a)
is an implicit equation in y; that must be solved in order to obtain the intermediate approximation yj. Having obtained
Vi, substituting it into (2.4b) produces the next approximation yj. Similarly to Lemma 3.4 in [17], using the fixed point
theorem, we can prove the following lemma.

Lemma 2.1. Assume that f : R x [0, T] — R satisfies (2.2),and let 0 < 6 < 1,0 < h < 1/(J/K10). Then, for givena, b € R,
the implicit equation

X = a+ héf(x, b)
has a unique solution x.
When ¢ € [ty, tey1), the above lemma ensures the existence of yj verifying (2.4a), and allows us to define

y(®) =y + (1= 0)(t — t)f W, t) + 0t — t6)f O, t) + 8 Wk, ) (Br — By). (2.5)

It is convenient to use a continuous-time approximation. We define two step functions:

N—1

i) =Y Vit (0) + Y xXp=1) (0). (2.6)
k=0
N—-1

() =Y Vi it (O + Yy Xe=r) (0, (2.7)
k=0

where yr(t) is the characteristic function of a set F; that is,

X () = {‘1’ e (28)
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Then we obtain

t t t
y(®) = yo +/ (a —9)f(21(5),§)d5+/ 9f(Zz(S),§)dS+/ 8(Zx(s), $)dB, (2.9)
0 0 0

with initial value y(0) = xo, S = [s/h]h, where [a] is the integer part of a (that is, the largest integer not larger than a).
It is straightforward to check that Z;(ty) = yr = y(tx); thatis, y(t) and Z;(t) coincide with the discrete solutions at the
gridpoints. We refer to y(t) as a continuous-time extension of the discrete approximation {y;}.

3. Mean-square convergence of the SSf method

In this section, we prove the mean-square convergence of the SS& method. The proof is relatively long. Therefore, we
divide it into four steps for readability. The following lemma gives the relationship between E|y,|* and E| Vi 2.

Lemma 3.1. Suppose that f : R x [0, T] — R satisfies (2.3) and let 0 < 6 < 1, h < min{1, 1/(40K>)}. Then there exist two
positive constants A = 4(1 + K>) and B = 4K, such that
Elyl”> < AElyl® + B,
where y, and yi (k =0, 1,2, ..., N) are produced by (2.4a) and (2.4b).
Proof. Squaring both sides of (2.4a), we find
Wil = l® + (1= 0B If i, 6 1? + 0212 IF (5, 6 1* + 260hyif (v, t)
+2(1 = O)hyif (i, ) +26(1 = O)h’f Y, t)f Vs t)- (3.1
Using the elementary inequality 2ab < a® + b?, we obtain
Wil? < il + (1= 2R |F i, ) > + O f (v, ) P + (1 — O)hlyi?
+ (1 = O)hlf (k. ) * + Ohlyil® + OhIf i, t) > + (1 — O If i, ) +6(1 = ORI v, t) >, (3:2)
Duetoh < 1and (2.3), we get
Vel? < il +1(1 = 6)°h* + (1 = O)h + 6 (1 — ORI (1 + 1yil®) + hlyil?
+[02h* 4+ 6h +6(1 — )R 1K (1 + |yi»)
< Iyel? +2(1 — O)IGhlyil* + hiyil* + 20Kahly;|? + Ko (W + h). (3.3)
We can obtain the following estimate derived from (3.3):
Elyi> < (1+2(1 — 0)K:h + WE|yk|? 4 20K:hE|y;|* + Ky (> + h). (34)
Since 260K;h < 1/2, we can derive that
P PO oy LD a4, (35)
where A = 4(1 + K5), B = 4K;. The proof is complete. O

Ely;

The second lemma shows that the numerical solutions y, (k = 1, 2, ..., N) produced by the SSO method are bounded
in the mean-square sense.

Lemma 3.2. Let y, and y;; (k = 0,1,2,...,N) be produced by (2.4a) and (2.4b). Assume that f,g : R x [0,T] = R
satisfy (2.2), (2.3), and let 0 < 6 < 1, h < min{1, 1/(46K,), 1/(/K16)}. Then we have

Ely* <F,  Ely;*> <G,
where
3(B+ 1K,

T 142K, + 34K,
G =AF +B.

142Ky +3AK)T 2 (142K +3AK))T
( 2 2T _ 1) + E|xo] el 2 2) ,
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Proof. Lemma 2.1 allows us to express the SS6 method (2.4a) and (2.4b) in the form

Yier1 = Yk + (1 = Ohf W, t) + Ohf iy, t) + gV, tr) ABy. (3.6)
Squaring both sides of (3.6), it follows that
Wir1l? = al® + (1= 0K 1f e, 6 1* + 0P IF (v, ) * + 18 Vi, ) ABy|?
+2(1 = Oy (i, t) + 20hyif ¥, t) + 208 ¥ ) AB + 26 (1 — )W (v, t)f ¥, t)
+2(1 — O)hf (i, t)g vy t) ABi + 20hf (y§, ti)g (Vi ti) ABy. (3.7)
Applying the elementary inequality 2ab < a?® + b?, we get that
Wil < el? + (1= 02R*f e, tI” + 2RI (5, 0)1” + 8O/, ) ABel* + (1 — O)hlyy|?
+0(1 = )R |f vy, t)I* + Ohlyel® + OhIF (v, t)1” + 208 Vg ti) ABi + 6(1 — O)H°If (v, i) |
+ (1= Ohlf Y, 6>+ 2(1 = Of ¥k, 1IE Wk, ) ABi + 20hf (v, g Vi, i) ABi
= el + (1 = ) (W + W G, 1> + hlyl> + 6 (W + WIf ;. t)?
+ 18 Wi, ) ABel® + 2y18 (v}, t) ABy + 20hf (v, t)g Vi, t) ABk + 2(1 — O)hf vk, t)g Vi, tx) AB.
Next, note that, by h < 1, (2.3) and the above inequality,
WP < il® 4+ (1= ) (h* + WK+ lyil®) + 00 + WK (1 + [y l?) + hlyl® + K2 (1 + ;)| ABi[?
+ 218 Vg t) ABy + 2(1 — O)hf (yk, ti)g Vi » tr) ABi + 20hf (vi, ti)g (Vg ti) ABy. (3.8)

Taking mathematical expectation on both sides of (3.8), noting that E(AB;) = 0 and E|ABi|?> = h, from Lemma 3.1, we
deduce that

Elye1l® < Elyel® + 2Kz + DhE|yi|? + 3K:hE|y;|* + 3K;h
(1 + Ch)E|yx|* + Dh, (3.9)

where C = 1+ 2K; + 3AK; and D = 3(B + 1)K;.
In view of the Gronwall lemma (see Theorem 1.1.12 in Chapter 1 of [18]), we see that

Dh
< -
= 1—(1+Ch)

<D<(1+CT)N 1)—|—IE| |2(1+CT)N
= N Yo N

D
< E(e“ — 1) + Elyo|%e“". (3.10)

Since xo = yo, we have E|y,[> < F, where F = D(e" — 1)/C + E|xo|?e“". Thus, Lemma 3.1 implies that E|y;|* < G,
where G = AF + B. The proof is complete. O

IA

Elyk|? (1= (14 ") + Elyo*(1 + Ch)*

Now, we show that the continuous-time approximation y(t) in (2.5) remains close to the two step functions Z;(t) and
Z,(t) in the mean-square sense.

Lemma 3.3. Suppose that f,g : R x [0, T] — R satisfy (2.2), (2.3), and let 0 < 0 < 1, h < min{1, 1/(40K3), 1/(~/K10)}.
Then there exist two positive constants H = (3F 4+ 6G + 9)K;, and I = (10F + 16G + 26)K; such that

Ely(t) = Zi(OI” < Hh,  Ely(t) = Z(0)|* < Ih,
where y(t), Z1(t), Z,(t) are defined by (2.5), (2.6), (2.7), respectively.
Proof. Fort € [0, T], there exists a nonnegative integer k such that t € [kh, (k 4+ 1)h). By virtue of (2.5) and (2.6), we have
y(©) = Z1(t) = (1 = 0)(t — t)f Ok, te) + Ot — t)f Vg, te) + Wi, ti) (Be — Byy). (3.11)
Using (a + b + ¢)? < 3a® 4+ 3b* + 3¢2,(2.3) and Lemma 3.2, we obtain
Ely(t) — Zi(O] < 3(1 = 0)*(t — t)’Ko (1 + Elyil) + 367 (t — 6)*[o(1 + Ely;1*) + 3K (1 + Ely;|)EI (B — By,) [
< Hh, (3.12)

where H = (3F + 6G + 9)K;.
By (2.4a), we know that

Zy(6) = Zx(6) =y — yy = —(1 = O)hf (v, ) — Ohf (v, ti). (3.13)
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Similarly to the proof of (3.12), we can show that

E|Z:(t) — Zy(t)|* < (2F 4 2G + 4)K;h. (3.14)
Since (a + b)? < 2a® + 2b?, we find

Ely(t) = Za(0)* < 2E|y(6) — Zi(6)|* + 2BIZi () — Z2(D)I* < Ih, (3.15)
where I = (10F 4+ 16G + 26)K5. The proof is complete. O

Next, we use the above lemmas to prove a strong convergent result.

Theorem 3.1. Let x(t) be the exact solution of Eq. (2.1) and y(t) be defined by (2.9). Suppose that f,g : R x [0,T] —» R
satisfy (2.2), (2.3),and let 0 < 6 < 1, h < min{1, 1/(46K>), 1/(/K16)}. Assume that there exists a positive constant K5 such
that

[f(x,8) — fx, D V Ig(x, 5) — g(x, 0)]* < K3(1+ [x[*)]s — t] (3.16)

foralls,t € [0, T], x € R. Then there exists a positive constant M such that

E( sup |(6) - y(r)P) < Mh.

0<t<T

Proof. By virtue of (2.1) and (2.9), we can obtain for t € [0, T]
t t
x(t) —y() = (1 —9)/ (f(x(s),5) = f(Z1(s),s))ds + (1 —9)/ (f(Zi(5),5) — f(Z:(5),9))ds
0 0

+6 / (Fx(), ) — F(Zo(s). s))ds + 6 / F(Za(5). 5) — FZa(s), $)ds
0 0

t t
+/ (g(X(S),s)—g(Zz(S),S))stJr/ (8(Z2(5), 5) — g(Z»(s), 5))dB;. (3.17)
0 0

In view of the elementary inequality (a + b + c + d + e + f)? < 6a® + 6b> + 6¢% + 6d? + 6e% + 6f2, we see that
2
+6(1—6)>2

2
xX(t) —y(O)* < 6(1—6)

/ (F(x(S). 5) — F(Zi(s), 9))ds / FZi(S). 5) — FZi(s), $)ds
0 0

2

2
+ 662 + 662

/ (Fx().5) — F(Zs(s). s))ds
0

/ (F(Za(s). 5) — FZ(s), H)ds
0

2

2
+6 +6

t
/ (&(22(5), 5) — g(Z2(5), 5))dBs
0

t
/ (g(x(s), ) — g(Z2(s), s))dB
0

Next, note that, by the Holder inequality (see Theorem 3.5 in Chapter 3 of [19]),
t t
x(t) —y(®)* < 6T(1— 9)2/ f (X(), $) = f(Z1(5), 5)|*ds + 6T (1 — 9)2/ f (Z1(5). 5) — f(Z1(5), 3)|*ds
0 0

t t
+ 6762 / F(s).5) — F(Za(s). 5) °ds + 6T62 f FZ2(5), ) — F(Zo(s), 5)ds
0 0

2

t 2 t
+6 / (€(x(5). 5) — £(Z>(s). $))dB;| +6 f (€(Z(5). 5) — 2(Z:(s). 5)dBs
0 0

Using (2.2), (3.16), (a + b)?> < 2a® + 2b? and the above inequality, we observe that

t

t t
Ix(t) — y(t)|? < 24TK; / IX(s) — y(s)|*ds + 12TK; / ly(s) — Zy(s)|*ds + 6TKsh / 1Z1(s)|2ds
0 0 0

t t
+6TK3h / 1Z,(s)|>ds + 12T*Ksh + 12TK; / [y(s) — Z5(s)|?ds
0 0

2

2 t
+6 ‘/ (8(Z2(5), 5) — g(Zy(s), 5))dBs
0

t
+6 ’/ (g(x(s), ) — g(Z2(s), s))dBg
0

t t t
< 24TK; / (sup |x(r) —y(r)|2)ds+ 12TK, f ly(s) — Z1(s)|*ds + 6TKszh f 1Z1(s)|%ds
0 0 0

0<r=<s
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t t
+ 6TK3h / |Z,(s)|2ds + 12T%Ksh + 12TK; / ly(s) — Z5(s)|2ds
0 0

+ 6 sup

o<r<t

—|—6 sup

o<r<t

/ (£(x(5). 5) — £(Z>(s). 5))dB;
0

Then it follows that

t t
sup |x(s) — y(s)|?> < 24TK; / (sup |x(r) —y(r)|2)ds—|— 127K, / [y(s) — Z1(s)|?ds
0 0

0<s<t 0<r<s

t t t
+6TK3h/ |Zl(s)|2ds+6TK3h/ |Zz(s)|2ds+12T2K3h+12TK1/ ly(s) — Zy(s)|>ds
0 0 0

2
+ 6 sup

o<r<t

2
+ 6 sup

o<r<t

/ (g(x(s),s) — g(Z(s), s))dBs / (8(Z1(5), 5) — g(Zx(5),5))dB;s
0 0

Taking mathematical expectation on both sides of (3.18), we know that

t t
(sup IX(s) — y(s)|2) < 24TK, / E(sup IX(r) —y(r)|2)cls+ 127K, / Ely(s) — Z;(s)[2ds
0 0

O<s=<t 0<r<s

t t t
—|—6TK3h/ E|Zl(s)|2ds+6TK3h/ IE|Zz(s)|2ds+12T2I<3h+12TK1/ Ely(s) — Zy(s)|*ds
0

+61E(sup | (g(X(S) $) — g(Zx(s), 5))dBy I2) +61E sup

o<r<t o<r<t

In view of the Burkholder-Davis-Gundy inequality (see Theorem 7.3 in Chapter 1 of [3]), we can show that

/ (g(x(s), 5) — g(Zx(s), 5))dBs
0

2 t
) < 24E < / g (x(5), 5) —g(zz(s>,s)|2ds)
0

6E ( sup
o<r<t

t
< 24K/E (/ |x(s) — Zz(s)|2ds)
0

t t
< 48K; / E(sup |x(r) — y(r)|2)cls+481<1 / Ely(s) — Zy(s)|*ds
0 0

0<r<s
2
6E | sup
o<r<t

and

IA

t
/ (&(Z2(5), 5) — g(Z2(5), 5))dBs 24E ( [ Ig(Zz(S),S)—g(Zz(S),§)|2dS>
0

IA

t
24K;hE (/ 1+ |22(5)|2)ds>
0

t
24Ksh / E|Zy(s)|*ds + 24TK3h.
0

Inserting estimates (3.20) and (3.21) into (3.19), we deduce that

( sup |x(s) — y(s)|2) < (12THK; + 6TFK5 + (6T + 24)GK3 + (12T + 24)K;5

<5<[

t
(12T + 48)IKy)Th + (24T + 48)K, / u«:( sup |x(r) — y(r)lz)ds.
0

0<r<s

Using the Gronwall inequality (see Theorem 8.1 in Chapter 1 of [3]), we have

E( sup x(5) ~y(s)*) < Mh,

0<s<t

where M = [12THK; + 6TFKs + (6T + 24)GK3 + (12T + 24)K3 + (12T + 48)IK;]Te@4T+4)T

/ (€(Zo(5). 5) — 2(Z:(s). 5)dB,
0

/ €(Z:(5). 5) — g(Z:(s). 5)dBs

1315

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Table 5.1
The endpoint mean-square errors of the SSO method for Eq. (5.1) with 6§ = 0.1.
Step size 2=° 276 277 2-8 279
Errors 0.0004270 0.0002321 0.0001202 0.0000563 0.0000264

The assertion follows since t € [0, T] is arbitrary; that is,

E( sup [x(t) = y(©)?) < Mh.

0<t<T

The proof is complete. O

Remark 3.1. In the case of & = 0, similarly to Theorem 3.1, we can prove the mean-square convergence of the SS6 method.
The proof is rather similar, so is omitted.

4. Mean-square stability of the SS# method

In order to study the stability property of the SS6 method, we focus on a linear scalar SDE of It0 type:

{dx(t) = ax(t)dt + bx(t)dB;, t >0, (a1)

x(0) = xo,

where a, b € R are constants. The zero solution to Eq. (4.1) is said to be mean-square stable if lim;_, o, E[x(t)|*> = 0 (see
[12,13]). It is known [10,12,13] that the mean-square stability for Eq. (4.1) is equivalent to

b (42)

a< —=b". .

2
Applying the SSO method to Eq. (4.1), we can obtain the following discrete schemes:
Yk =¥k + h[(1 = O)ay, + Oayi], (4.3a)
Ykt1 = Yi + by ABy. (4.3b)
Assuming that 1 — #ah # 0, we have
14 (1—06)ah

=k 44
Yk 1—9ah Yk (4.4)

Substituting (4.4) into (4.3b) yields
14 (1 —0)ah (14 (1 —0)ah)b

= AB,
Yier1 1 —oah Y + 1 —oah YrkABy
1+ (1—0)ah
= ——— (14 bABy)yk. (4.5)
1—6ah

Now we investigate the mean-square stability of the SS6 method.

Definition 4.1 ([/12]). A numerical method is said to be mean-square stable (MS-stable) for a particular a, b, h if

lim Ely|* =0,
k— 00
where y, (k = 1, 2, ...) are numerical solutions produced by the numerical method.

Theorem 4.1. Suppose that condition (4.2) holds; then we have the following statements.

(1) For given a, b satisfying (4.2), when 6 = 1, the SS6 method (4.5) is MS-stable for allh > 0.

(2) Forgivena < Oand b = 0, when 6 € [0, 1/2), the SS6 method (4.5) is MS-stable if h € (0, —2/(a(1 — 26))); and when
0 € [1/2, 1), the SSO method (4.5) is MS-stable for all h > 0.

(3) For given q, b satisfying (4.2) and ab # 0, when 6 € [0, 1), the SSO method (4.5) is MS-stable if h € (0, ho(a, b, 9)),
where

ho(a, b, 6) = (—(@*(1 — 260) + 2ab*(1 — 0)) + V/A)/(2a*b*(1 — 6)?)
A = (@®(1 —20) + 2ab*(1 — 0))? — 4a®b*(1 — 0)(b* + 2a).
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Fig. 4.1. Real MS-stability regions for different values of 0 of the SS6 method (vertical hashing) and Eq. (4.1) (horizontal hashing).

Proof. Under (4.2),0 € [0, 1] and h > 0, it is easy to see that 1 — fah £ 0. Squaring both sides of (4.5), we can obtain

el = (

1+ (1—0)ah

2
) (1+ 2bABy + b*(ABY?) Iyl
1—6ah

(4.6)
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(a) Simulations with fixed a = —2. (b) Simulations with fixed b = 1.

Fig. 5.2. Simulations for ho(a, b, 6).

Taking mathematical expectation on both sides of (4.6) yields

1+ (1 —0)ah\2
Bl = (g (1+2bEAB, + B’E(AB))Elyil”
1+ (1—0)ah\2 3 5
=(———) (1+b°hE .
() 1+ nEY
By recursive calculation, we conclude that limy_, o E|yi|> = 0 if
1+ - 9)ah>2 )
—— ) (1+b°h 1, 47
() a+p < (47)

which is equivalent to

@(h) == (ab — @ab)*h® + (a® — 2a°0 + 2ab® — 20ab*)h + b* + 2a < 0. (4.8)

We divide the following proof into three cases. Noting that b> 4+ 2a < 0, we have the following.

Case 1. For given q, b satisfying (4.2), when @ = 1, then ¢(h) = —a?h + b? + 2a < 0 holds. By (4.8), the SS# method (4.5) is
MS-stable for all h > 0.

Case 2. For given a, b satisfying (4.2), obviously, ab = 0 is equivalent to a < 0 and b = 0 as g, b satisfy (4.2). Then we have
@(h) = a®>(1 — 20)h + 2a.For 6 € [0, 1/2), by (4.8), the SSO method (4.5) is MS-stable if h € (0, —2/(a(1 — 26))). When
0 € [1/2, 1), by (4.8), the SSO method (4.5) is MS-stable for all h > 0.

Case 3. For given q, b satisfying (4.2) and ab # 0, when 6 € [0, 1), ¢(h) is a quadratic function with respect to h. Let
A= (a®(1 — 26) + 2ab*(1 — 6))? — 4a*b*(1 — )% (b* + 20a)
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Fig. 5.3. Simulations with fixed parameter 6 = 0.1 fora = —15,b = 1 of (4.1).
and
—(a®(1 —26) +2ab*>(1 —0)) + /A
ho(a, b, 0) = )

2a2b2(1 — 6)2

Under (4.2), it is easy to verify that A > 0 and hq(a, b, 6) > 0.
From (4.2), ¢ (h) = 0 has two different real roots, hg and hq, with h; < 0 < hg, where

_ —(a® — 200 4 2ab* — 26ab?) + VA

h ,
0 2(ab — Gab)?

b —(a® — 2a%0 + 2ab? — 20ab®) — /A
T 2(ab — Qab)? '

So ¢(h) < 0 holds when h € (0, hy(a, b, )). According to (4.8), the SS6 method (4.5) is MS-stable if h € (0, ho(a, b, 6)).
The proof is complete. O

Clearly, the mean-square stability of the SS9 method depends on ah and b?h. Following [12], we discuss the real MS-
stability regions in the x-y plane, where x = ah and y = b?h. In this way, for given parameters a and b of Eq. (4.1), varying h
corresponds to moving along a ray that passes through the origin and (a, b?). The following result is immediate from (4.7).

Corollary 4.1. Suppose that a, b € R and let x = ah, y = b*h. The SS6 method is mean-square stable if y < ((20 —1x* —
2x) /(14 (1= 0)x)2.
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Fig. 5.4. Simulations with fixed parameter & = 0.3 fora = —15,b = 1 of (4.1).

Fig. 4.1 illustrates how the real MS-stability region varies with 6. The horizontal hashing marks the regiony < —2x
where the solution of Eq. (4.1) is MS-stable. The vertical hashing superimposes the real MS-stability region for 6 =
0, 0.25, 0.5, 0.75, 1, respectively.

5. Numerical experiments

We first apply the SS6 method to solve the following linear SDE:

1 1

dx(t) = —=x(t)dt + —x(t)dB t 0,1

x(t) = —ox(Odt + Sx(OdB,. € € [0, 1], 5.)
x(0) = 1.

The exact solution of Eq. (5.1) is given by

5 1
x(t) = exp <_§t + 5&) . (5.2)

In order to clearly demonstrate the convergence rate of the SS6 method, we present the average sample errors at terminal
time. 1000 different discretized Brownian paths over [0,1] will be computed with step size 27, For each path, the SS6 method
is applied with five different step sizes: h = 27°,27% 277,278 279 We present mean-square errors at the terminal time 1
(e, (2129 1x(1, i) — yn (i) [#)/1000) for the SSO method with @ = 0.1 in Table 5.1. Fig. 5.1 shows the results of Table 5.1
in a log-log plot.

We present the values of hy(a, b, ) that are calculated from different values of a, b, 6. Fig. 5.2 shows a three-dimensional
figure of hy(a, b, 6) values based on different values of b and 6 but a fixed value of a = —2, and another three-dimensional
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figure of ho(a, b, 0) values based on different values of a and 6 but a fixed value of b = 1. It is exhibited that stochastic
perturbation makes an impact on the restriction of step size for MS-stability. From the figure we also find that the values of
ho(a, b, 0) increase according to the increase of 9 for fixed values a and b.

Next, we study several illustrative numerical examples of applying the SS6 method to Eq. (4.1). The data used in the
following figures is obtained by the mean-square of data from 500 trajectories; thatis, w; : 1 < i < 500, y, =
(ZLO? |vk(w;)|?)/500. Each t; denotes the gridpoint.

We choose the coefficients of Eq. (4.1) as a = —15 and b = 1 with initial value xo = 0.5. For & = 0.1 and 0.3, we obtain
ho(—15,1,0.1) = 0.1593 and ho(—15, 1, 0.3) = 0.2879. We first fix the parameter & = 0.1 and change the step size h; see
Fig. 5.3. We then fix the parameter & = 0.3 and change step size h; see Fig. 5.4. It is shown that the SS6 method is MS-stable
ifh € (0, ho(a, b, 0)).

6. Conclusions

In this paper, we construct the SS6 method for solving SDEs of Itd type and prove that the SS6 approximate solution is
mean-square convergent with order p = 1/2. In addition, we establish criteria for the MS-stability of the SSO method and
plot the real MS-stability regions. Numerical results show that the SSO method is valid for SDEs.
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