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1. Introduction

For a large class spreading speeds of discrete time and possibly discrete space, recursions of the form

1 k K
Upt1=Qlupl, n=1,2,..., up=(uy, ..., u;) € R,

there are many important results (see [5,8,9,12,11,14-18] and references therein). These results can be applied to the Richer
competition system [16]

Un41(%) =/k1 (X — y)up(y)et U= gy
R

Vnp1(x) = f ka(x — y)vp(y)e2~/n)=02un) gy
R

(11)

where r1, 12, 01, 07 are all positive constants, un(x) and v,(x) denote the population densities restriction rates of the prey
and predator at time n and point x. The re-distribution kernel g;(x) describes the dispersal of u, v, which it is assumed
to depend upon the signed distance x — y connecting the location of “birth” y and the “settlement” location x; gj(x) is a
homogeneous probability kernel that satisfies fR kix)dx=1 (i=1,2).

Recently, Wang et al. [16] considered the spreading speed of system (1.1) with non-cooperative case by carefully
constructing monotone functions. For more about results about the spreading speed of non-monotone integro-difference
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systems, one can refer to [7,13]. Early results from [5] showed that the traveling wave solutions for a single equation had
the exponential decay behavior at the minus infinity, which was determined by the wave speed. It is natural to ask if the
traveling wave solutions of system (1.1) have the exponential decay asymptotic behavior. To the best of our knowledge,
this problem remzains open. In this paper, we will answer this question. For simplicity, we will consider system (1.1) with

ki(x) = J;Tme_:_m (i=1,2), that is, the following system

1 e F1—UUn(¥)—01Va(Y)
un+1(><)=/ e My (y)etTIWm A gy,
R

A/ 47Td]
(1.2)

1 _(xfy)z
vn+1(x)=/ e a4y vn(y)erz—vn(y)—rrzun(y) dy,
R

Jamrd,

where all the parameters are positive. System (1.2) has four equilibria (0, 0), (r1, 0), (0, r2) and (%, %) (if feasible).
In this paper, we are interested in the asymptotic behavior and uniqueness of the traveling wave solutions of system (1.2)

connecting (0, ) with (r{, 0) under the assumption

O’]T2<T1<1, Iy < 0O2l', T2<1, (1.3)

which the existence of traveling wave solutions can be obtained in [12]. We remark that in this case the positive equilibrium
does not exist. Similarly, if reversing the inequality (1.3), we also can obtain the asymptotic behavior and uniqueness of the
traveling wave solutions connecting (r1, 0) with (0, r;). For simplicity, we only consider the case (1.3).

In past few years, we note that many authors used the strong comparison principle and the sliding method (see [1]
for the application of the method to a single equation) to investigate the uniqueness of traveling wave solutions for lattice
system [4,3,6] and for reaction-diffusion system [10], and used Ikehara’s Theorem [2] to study the asymptotic behavior of
traveling wave solutions [6]. In this paper we will adopt these methods to deal with our problem.

This paper is organized as follows. In Section 2, by considering the singularity of the bilateral Laplace transform of travel-
ing wave solutions, we obtain the asymptotic behavior of any nondecreasing traveling wave solutions by means of Ikehara’s
Theorem. In Section 3, we use the strong comparison principle and the sliding method to prove the uniqueness of traveling
wave fronts.

2. Asymptotic behavior

In this paper, we use the usual notations for the standard ordering in R2. In this section, we investigate the asymptotic
behavior of traveling wave solutions of system (1.2).

Let uj =up, vy, =12 — vy, and drop the star, then the existence of traveling wave solutions of system (1.2) connecting
(0, ) with (r1, 0) is equivalent to the existence of traveling wave solutions of system

U1 (X) = / 1 e (X;dy])z un(y)erl—ﬂlfz—un(y)+01 vn(¥) dy
JAamdy ’
R

(2.1)

A/ 47Td2

connecting (0, 0) with (r1,r2). A traveling wave solution of (2.1) is a pair of translation invariant solution having the form
(Un(x), vp(X)) := (¢ (&), ¥ (&), E =x+cn, £ € R, the wave speed ¢ > 0. If (¢(§), ¥ (&)) is monotone in £ € R, then it is called
a traveling wave front. Substituting (¢ (€), ¥ (£)) into (2.1), let £ =& +c¢, y =x— y +c, and drop the tilde, then system (2.1)
has a traveling wave front connecting (0, 0) with (r, ) if and only if the wave equations

1 _ =2
Vi1 (X) =/ e 40 [r2 — (Tz — Vn(y))eVn(y)—Uzun(y)]dy
R

66 = [ e e - ppen s minvngy
¥ L (2.2)
v (E) =R/ T T [ry — (r2 — Y& — y))el E-N-020C-0)] gy
with the asymptotic boundary conditions
Jim (46, 4©)=0:= 0.0, Jim (), y(©) =ri=(r1.1) 23)

has a pair of monotone solutions on R.
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The characteristic equation of the linearization equation of the first equation in (2.2) at 0 is A1(A, ¢) =0, where

1
A1(h,0):=1—
1(A, 0) R/ and

y-0? N
— =g —Ay+ri—orr; 2_ —
e A4 y+ri—oir dy -1— ed1k CA+T1 o1z (24)

Then A1(A,c) =0 has two real roots

=/ —4di(r —oirp) -

_ e+ —4di(r1 —oirp) -

A 0, A 0
1 2d] 2 2d1
for ¢ > co :=2/d1(r1 —o112).
Let
O _/ 1 e_%_,\yﬂn(]—rz) dy = 1 — gl2r?=ch+in(i=r2) (2.5)
T 4md . .
J Vand

Then, for any ¢ > 0, Az(%,c) =0 has a unique positive root

_c+y/c—4dyIn(1 —1y)

by
3 2d,

>0 (sincer; <1)
and

Ax(r,c) <0, Xxe(0,r3).
From Theorem 3.1 in [12], one can easily get the existence result of traveling wave front of system (2.1). We list it as a
lemma.

Lemma 2.1. System (2.1) has a traveling wave front connecting 0 with r for the wave speed ¢ > co.

In this paper we are interesting in the asymptotic behavior and uniqueness of traveling wave solutions of system (2.1).
First we prove that any nonnegative solutions of (2.2) and (2.3) cannot reach the equilibria 0 and r at any finite time, which
will be used later.

Lemma 2.2. Assume that (¢ (§), ¥ (§)) is any nonnegative solution of (2.2) and (2.3). f0 < (¢ (&), ¥ (§)) <r1,VE e R, then0 < ¢ <11
and 0 < ¢ <1y.

Proof. We first prove ¢, ¥ > 0. For ¢, it is obvious that ¢ (¢) =0 if there exists & such that ¢ (&) = 0. For ¢, assume that
there exists & such that (&) =0, since

1
—0or1 <Y —opp <1 and e*< Ty Y€ D) D[-oar.rl, (2.6)
we have
ry— (rg— eV =02 sy 127 v _A=r)yt+omnd > (1 —r2)y + 0229 >0,
1—y +02¢ 1—y +02¢ 140211

which implies that ¥ (¢) = 0. This is a contradiction. Similarly, ¢ > 0. Let ¢* =11 — ¢, Y™ =1, — ¢, and drop the star,
substituting them into (2.2), one can prove that ¢ <r; and ¥ < ry. The proof is completed. O

Now we first consider the asymptotic behavior of any nondecreasing solution (¢ (&), ¥ (§)) of (2.2) and (2.3) at the minus
infinity. Give the continuous function ¢ : R — R, define the bilateral Laplace transform

Lh, @) = / pEe e dk.

Then we have the following lemma.

Lemma 2.3. Assume that (1.3) holds and (¢ (£), ¥ (€)) is any nondecreasing solution of (2.2) and (2.3) with the wave speed ¢ > cy.
Then the followings are true:

(i) LA, ¢) <00, A€ (0, A)and L(A, p) =00, € R\ (0, A), where A € {A1, L2};
(ii) LA, ¥) <o00,A€(0,y) and L(A, ) =00, 1 € R\ (0, ), where y = min{A, A3}.
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Proof. We divide this proof into two steps.

Step 1. We first prove the following facts:

(1) there exists A’ > 0 such that L(x, ¢) <00, A € (0,1);
(2) there exists o > 0 such that L(A,¥) < o0, A € (0,0).

We first show (1). To do this, we will show that there exists A’ > 0 such that sup§€]1{<<z>(§)¢e‘)\/S < 00. Take v satisfying
O<v<ry—oirpa<1and (1 —v)e%1727Y > 1, Since

1 _w-o?
"4 dy=1 and 11m
m y (¢($) Y (§)) =
R
there exists yo = yo(v) > 0 large enough such that
Yo 5
/ 1 o " dy>1-v and ¢E—yo)<v, VE<O
e 1 >1- - <v, <0.
—0o0

By the first equation of (2.2), the monotonicity of (¢(§), ¥ (£)) and

xe~* is nondecreasing in [0, 1], (2.7)
we have
¢(§):/ 1 e—(ﬁd?zd,(g el —Tn—eE-ytorvE-y) g
JAamdq
R
> _(y4dC)2¢(§ )el o1 PE-¥ ¢
e 1 e
«/47‘[(11 Y Y
R
1 e y4d?z¢(§- y)e' oz PE— Y)dy
\/47Td]
—00
Yo
>/ 1 _(y4dc)2¢(§ Yel1 =012 = #(E-yo) g
> e 1 e
Jand; Yo y
—00

> (1—)e"" 7127V (& — yo)
for any & < 0. Let h(&) = ¢ (&)e™*¢ with A’ = % In[(1 — v)e"1~%12=Y] > 0 (since (1 — v)e"1~%12=Y > 1), then

h(¢ —yo) <h(&), V& <O. (2.8)
Since h(¢) is bounded on the bounded closed interval [—yg, 0], then (2.8) implies that h(¢) is bound on the interval
(—o0, 0]. Hence,
0 <supg(&e ¢ <00
EeR

by limg_, o0 ¢ (£) =11, which implies that L(%, ¢) < oo, A € (0, 1)).
Next we show (2). Multiplying the second equation of (2.2) by e~* with A € (0, iz), integrating from —oo to oo, we
have

0< (1—e® =ML, y)

X 0
1 _w-0?
<(1- g2 _“ )L ¥) + / / = e a0, [r2—v(& _y)](ew(é—y) —1)e"‘$ dy de
2
—00 —0O0

oo X

1 _w=0?

= ady |ry — — 1 — e 020E=e¥E-Y)o=2E gy d

/ / ’_471d2 [r2—v(E—»]( ) y dE
o0 —00
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00 o ’ e
y—c
<rpe™ M (1 — e 226G gy d
2 // 47Td2 ( ) yds
—00 —00
oo o0
< oarpe™? / / ! ei(y"‘éﬂd)(é ) dy dg
212 Jand, y y
—00 —00
G A 2k g
=oarae / / g E)e dE dy
47Td2
-0 =0
— oyrae"2e2 [ (3 ) (2.9)

with & =& — y, where the fourth inequality holds since

e*>14+x, VxeR. (2.10)
Since dyA2 — ch < 0 for A € (0, iz), it follows that there exists o € (0, min{\’/, iz}) such that L(x, ) is well defined for
re(0,0).

Step 2. We prove: (1) max1' = A, (2) maxo = y.
For (1), multiplying the first equation of (2.2) by e=*¢ with A > 0 and integrating from —oo to oo, we obtain that

[ elNee)

1 _ =02
A1(x, O)L(A, ¢p) =e"179172 o e M (g — y)( —¢E-y)t+oryE—-y) _ 1)6*)»5 dy dg
—00 —00 !
oo o0 1
_ _=0? 2 2 0z
=e" (7”2/ / 47-[(116 “ady y¢(§)( ¢(§)+(71¢(€)_1)e *—Edédy
—00 —00
o0
:erlfalrzedl)»zfﬂ / ¢(§)(e*¢(§)+01¢/(§) —1)67)‘5 d.§ (2.11)
—00

with € =& — y. We first claim that max\’ < co. Otherwise, if max’ = oo, we can choose large enough A > A, such that
(1 — ry)ed*?=A+r1=01r2 5 1 that is, A1(k,c) < —r1el¥’ ~*+1=0112 By ¢ (£) <rq and (2.10), we have

f $(E) (e POV ® _ 7)o gE > f @ [—pE) + 01y (E)]e ™ dE
- / P2 (Ere 4 dE

> - / ¢ (Ere ™ dE

= _r]L()"7 ¢)s

which is a contradiction by 0 < L(X, ¢) < oo and (2.11). Thus the left side of (2.11) is well defined for A € (0, A") and the
right side of (2.11) is well defined for A € (0, min{2A’, A" + o'}). It follows that the singularity of L(), ¢) only happens at the
zeros of A1(A,c). If not, max A’ = oo, which is a contradiction.

For (2), multiplying the second equation of (2.2) by e=*¢ with A > 0 and integrating from —oo to oo, we obtain that

)2
Ax(X,O)L(M, ¥) = [ / 1 (y4d2) [rz —A—r)YE—-y) — (rz — Y- y))ew(é—y)—(fm(é—y)]e—ké dy dé

«/477,'(12
[ [ B s —(r— V() -020E)]p
/ / e 0@ - (- v@)e Je 4 dE dy
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= ¥ ek / [r2— (A =Y E) — (r — p(E))e? @729 ]e=2 g (212)

with £ =& — y.
On one hand, by (2.10), we have

ra—(=r)y — (=)’ <ry— (1 =)y — (a = YA+ Y — 020)

=y’ +020(r2 — ), (213)
on the other hand, by (2.6), we have
r2— (1 =1)y — (2 =)’ > — (1 = 1)y — %
(A=) + 029 (12 — V) + 0ar20pY
B 1—vy +02¢
1
= m[“ —r)Y? + 020 (r2 — V). (2.14)

Then the right side of (2.12), % [V2(§) + 02¢(§)(r2 — ¥(§)]d§ and [ [(1 — )Y () + 026 (§)(r2 — ¥(§))]d§ are both
positive and have the same singularity. Since ffooc[x//z(é) +02¢(E)(ry — ¥ (£))]dE is well defined for A € (0, min{2max o, A}),
it follows that maxo < A from (2.12), (2.13) and (2.14). We claim that maxo < XA3. Otherwise, if maxo > A3, then
L(x3,¥) < oo. Taking A = A3 in (2.12), the left-hand side of (2.12) equals to 0 by Az(x3,c) =0 and the right-hand side
of (2.12) is always positive by ¥ < rp, which is a contradiction. Also it follows easily from (2.12) that y = A if A < X3 and
y = Az if A > A3. Furthermore, if A > A3, limxaxg L(X, ¢)(A3 — A) exists. The proof is completed. O

In order to study the asymptotic behavior (¢ (£), ¥ (£)) at the minus infinity, we need the following modified version of
Ikehara’s Theorem [2].

Lemma 2.4 (Ikehara’s Theorem). Let ¢ be a positive nondecreasing function on R, and define F(}) := f?oo @(&)e ¢ dt. Assume that
F can be written as F(A\) = H(A) /(e — )"+, where v > —1, o > 0, and H is analytic in the strip 0 < Re 1 < o, then

N N ()
e~-oo [E"et T M@+ 1)

We have the following the exponential asymptotic behavior of (¢ (&), ¥ (&)) at the minus infinity.

Theorem 2.1. Assume that (1.3) holds and (¢ (§), ¥ (€)) is any nondecreasing solution of (2.2) and (2.3) with the wave speed ¢ > co.
Then

(i) There exists 6; = 0;(¢, V) (i =1, 2) such that

0
gEIPood)(%‘e% =1, ifc>co,
PE+O)

im —————
§—>—co |E|HeAs
(ii) For ¢ > co, there exists 6; = 0; (¢, ¥) (i =3, 4, 5) such that

VE+603)

S1111’100 oAt =1, ifaz> A,
V(& +64) )
im “° " 1 ifas =4,
g>moo [E]eAE s
0
lim &%) ifas < A.

E—>—00 er3é v
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(iii) For ¢ = co, there exists 6; = 0;(¢, V) (i =6, 7, 8) such that

L VE )
f—co |E|Heds
v (E+607) ,

e .

VE+0) _

er3é

ifaz > A,

)

lim ifas < A,

E——00

’

where

w=1. if / $(E) (e P OHOVE _1)e~4E gg 20,

=0, if / (&) (e OHOVE _1)e=AE g 0,

Proof. From Lemma 2.3, L(%, ¢) and L(%, ¢) are also well defined for A € C with ReX € (0, A) and Re A € (0, y), respectively.
It follows from (2.2), (2.11) and (2.12) that

A1, 0) / $(§)e ™ dg = el -2 hA = / PE) (e PO _1)eH dg (215)
for A € C with 0 <ReA < A and
ArGh.0) / Y (E)e 7 de
_ ri—ors p2d1 2220 | —pEHIVE) _ 1)p—E
= oyrpe e A0 /qb(g-‘)(e 1)e ™ d&
+ Ao f [r2— A=) @) — (r2 = ¥ (©)e? O ~2%® —oyryp(8)]e ™ d& (2.16)

for » € C with 0 <ReX < y by (2.15). The following conclusions are obvious:
(1) A= A is a unique root with ReA = A of A{(A,c) =0 and A = A3 is a unique root with ReA = A3 of Ay(A,c) =0.

(2) The function
oo
f B () (e PETOVE) )¢ g
—00

is analytic in the strip 0 <ReA < A+ y by e* < ]%X,x € (—o0,1) D[—r1,011r2] and

oo

/ [r2 = (A =12)Y &) — (2 = ¥(©))e? @77 —arygp (§)]e ™ d&

—0o0

is analytic in the strip 0 < ReA < 2y by Lemma 2.3, (2.13) and (2.14).
Let
0
F(1) := f p(E)e d&
—0o0

en =012 =0 [ () (@0 EO+TVE) _1)e~MEdg T
B : dfl(x 0) : —/¢(S)€7AE d¢ (by(2.15)) (2.17)
0
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and

el1—0112pd12% —Ch [, ¢ (&) (e PETTVE _ 1) g

A= A0 OJ(A — e

(A / (&) de, (218)
0

where v =0 if ¢ > ¢g and v = u if ¢ = cg. By the relation between F(A) and H(A), we can get H() is analytic in the strip
0 < ReX < A. And, by the facts (1), (2) and the presentation of H()), we also get H(}) is analytic in the strip {A | ReA = A}.
Therefore, H() is analytic in the strip 0 < ReA < A. Since ¢ (&) is nondecreasing in R, then, by Lemmas 2.2 and 2.4, it
follows that

¢ (&) H(A)

m = )
E>—oc0 |E[VeAE  (A+1)
where v =0 if c > cp and v = if c =cp. If H(A) # 0, then (i) holds. Hence we only need to prove H(A) # 0.
If ¢ > cp, since A is a simple root of A1(A,c) and v =0, it follows that the denominator of the first term of the right-
hand side of (2.18) does not equal to zero for 0 < ReX < y + A. We claim that

[ e e _neatag 2o (219)

In fact, if not, we obtain that L(A, ¢) exists by (2.17), which contradicts Lemma 2.3. Thus H(A) # 0 by (2.18).
For ¢ = cg, then A is a double root of A1(A, ). If (2.19) holds, we can take p =1 such that H(A) # 0 by (2.18). If (2.19)
does not hold, then
) f_oooo G (E)(ePEFNVE) _ 1)e—H gg
lim
A— A (A — A)2
does not exist. Indeed, if it exists, L(A, ) exists by (2.17), which contradicts Lemma 2.3. Thus we can take @ =0 such that
H(A) #0 by (2.18).
Next we only need to prove (ii) since the proof of (iii) is similar. Let

0
F(A) = / v (€)e ™ dk

- 2d1a2—2ch [0 - -2
Oopel10172¢2d1 c f—oo¢(§)(e PE+ov(E) _ 1)e—r (g
A1(A,©)A2(%,0)

_ f (& de +
0

dyrZ—ch
+ % [r2— (A =r)Y @) — (2 — ¥ (&)e?O72E —oorp()]e ™ d&  (by (2.16)) (2.20)
and
HQ) = =0 "TTF) (2.21)

in the strip 0 < ReA < y, where v =0 if A3 # A, v =1 if A3 = A. By using a similar argument as (i), H(A) is analytic in the
strip 0 < ReX < y. Since ¢ (&) is nondecreasing in R, by Lemmas 2.2 and 2.4, it follows that
H
im VO _ _HO)
§—>—oc [E]VeYE  T'(y +1)

where v =0 if A3 # A, v =1 if A3 = A. Next we only need to prove H(y) #0.

If A3 > A, then y = A. Combining (2.20) with (2.21), it follows easily that H(y) # 0 by (2.19). If A3 < A, then y = As.
Since

e2X' =0k [% Iy — (1 = 1) Y () — (ra — Y (£))e? O~ 720 e g

H®) = Azr(h,0)/(A3 —A)

— (k3 — 1) / Y (€)e ™ d,
0

H(x3) 0. Indeed, if H(A3) =0, then
f [F2 = (1= )P (&) — (12 — (&) ©O-26©]e=3¢ g — 0,

furthermore, ¢ (§) =y (¢§) =0 by (2.14) and 0 < (¢ (£), ¥ (§)) <r, which is a contradiction. The proof is completed. O
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_ Next we investigate the asymptotic behavior of (¢(£),¥(§)) at the plus infinity. For convenience, let d=r1—9,
Y =ry — Y, substituting ¢, ¥ into (2.2), we have

~ 1 _(y76>2 - - -
P& = e [ — (r — G(& — y))e?EV-TED] gy
JAamdq
’ 1 =02 (2.22)
i (E) = e g Yel2—02n— V(E—y)+oadE— Vd
V(&) J Vi, vE -y y
satisfying
Eggw@@x&@»=n Eg&@@xﬁ@»=o. (2.23)

Let

2
e—%—xyﬂn(l—rl) dy =1 — ed#2=ch+in(i=r)

Az (L =1-
3(A,0) R/ and

. . _Jao . ,
Then A3(X,c) =0 has a unique negative root A4 = W <0 (since r1 < 1).

The characteristic equation of the second equation of (2.22) at 0 is A4(A, c) =0, where

1 —M—Ayﬁ-rz—@r] dyaZ—c
Agq(A,0):=1 —/ e 4 dy =1 — 22"~ 4T2—0ar1
Janrd
R 2

) . 75y eym—
Then A4(X, ¢) =0 has a unique negative root As = %@mw <0 by (1.3) and A4(x,c) <0, A € (A3, 0).

Lemma 2.5. Assume that (1.3) holds and (¢ (£), ¥ (§)) is any nondecreasing solution of (2.2) and (2.3) with the wave speed c > c.
Then the following is true:

(i) L(x, %) <00, A € (As5,0) and L(x, ¥) = 00, L € R\ (As, 0);
(i) L(A, ) <00, A € (y1,0) and L(x, ¢) = 0o, A € R\ (y1, 0), where y; = max{is, A5} <O.

Proof. Similar to Lemma 2.3, one can show that there exists A’ < 0 such that L(x, ¥/) < 0o, A € (A’, 0). Next we show that
there exists o < 0 such that

L(A,¢) <00, A€(o,0). (2.24)

Since

dira2 —ch+ = ln(l—rl)_

. _\/ﬁ . i
has only two real roots: one is A, = %ﬁ”"“m <0, the other is positive. Then

1
dir2 —cr+ = ln(l —11) <0, A€ (A4 0). (2.25)
Since @(£) — 0 as & — oo, there exists & large enough such that ¢(£) < /1 —rq for & > &. From (2.10), it follows that

n—(=r)g— -’ <r—A—md— 01— +é— o))
=@ + o1y (r1 — @). (2.26)

Multiplying the second equation of (2.22) by e=*¢ with A € (A4, 0) and integrating from —oo to oo, by (2.26), we have
[colaNe o) 1
dir2—ch _ - y4dc) —AY 7 2N A 4z
oqre LA, ¥) =01r / / 1 e s ded
171 O 171 m V(&) §dy
—00 —O0
[c.elNe o)
o [ [ o e e aya
= e 1 e
r Jand; y y
—00 —O0
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~ 7 1 _(ny)2
=A3<A,c)L(x,¢>—/fme i
1

x[r = (=@ = y) = (11 = $(& = )e?EVTVED _ oy — y)le M dyds

- 7 1 _w-0? .
> As(h, OL(L, §) — / / TT WG — e dyds  (by (2.26))

—00 —00

= A30 LG, @) — eH S f 32 (re " dE
&0 ~ I )
= 8300) [ Gl dE - et [ e d
+A3(MC)/¢3(§)6‘*"g dé —e‘“z‘”/<z32(§)e‘kg dé
&0 £
) ) & )
> aa0) [ BB dE— e [ priread

- edmz_cw%ln(]—r]))/qg(g)e—xé dE (2.27)
)

with £ = £ — y. Since the singularity of L(X,¢) only happens at the plus infinity when A < 0, the singularity of the last
inequality of (2.27) is equivalent to that of the third term. Since the first and the second terms of the last inequality
of (2.27) are finite, by Lemma 2.5, (2.25) and ¢(&) > 0, it follows that there exists o € (max{1’, A,},0) such that L(X, $)
is well defined for A € (0, 0). The proofs of minA’ = A5 and mino = y; are similar to those of Lemma 2.3. The proof is
completed. O

Using a similar argument as Theorem 2.1, we have the following the exponential asymptotic behavior of (¢(£), ¥ (£)) =
(r1 — ¢ (&), 2 — ¥ (&)) at the plus infinity. We omit the proof here.

Theorem 2.2. Assume that (1.3) holds and (¢ (§), ¥ (£€)) is any nondecreasing solution of (2.2) and (2.3) with the wave speed ¢ > co.
Then

(i) There exists 69 = 69(¢, V) such that limg_, mﬂ% =1.
(ii) There exists 6; = 0;(¢, ¥) (i =10, 11, 12) such that

r1 — ¢ + 610) _

EILITOIO e 1, ifis > g,
. —¢E+011) )

lim —————~ =1, ifis5=2A4,

Am Foist If hs = A4
.1 — ¢ +01) )

Sll)ngoT—l, lf)»5<)\.4.

3. Uniqueness

In this section, we adopt the strong comparison principle and the sliding method to prove the uniqueness of traveling
wave fronts of (2.1). We first give the strong comparison principle.

Lemma 3.1. Let (¢1, Y1) and (¢2, ¥2) be two any nonnegative solutions of (2.2) and (2.3) with the wave speed ¢ > cq satisfying
$1 = ¢ and Y1 > yrp in R. Then either ¢1 > ¢ and Y1 > Yp in R or ¢p1 = and Y1 =y inR.
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Proof. Let
fi(t,s) =te"" =TS and - fo(t,5) =1 — (12 — 5)e* %"
By (2.7), we have
Fr(@1,91) = F1($2, ¥2) = 1€t —T2m DTNV _ gy i morra=daton
— (¢1e—¢1 _ ¢26—¢2)er1—01r2+011//1 + (effllh _ e”“”z)@e” —012—¢2 >0,
and by (x — r)e* is nondecreasing in [r; — 1, c0) D [0, 00), we have
F2(¢1,91) = fa2($2, ¥2) = (ry — ¥2)e¥> 7292 — (ry — yry)e?1 ~72%
=[(W1 — e’ — (Y2 —1)e?]e™ 7 + (1, — y2) (e 7P — e~ 2M)eV2 > 0.
If these exists & € R such that ¢4 (&) = ¢2(&0), then

0 = ¢1(%0) — P2(50)

1 _-0?
-] G 1160 — 1), Yo — ) — F1(92(60 — ). V2 (6o — y))] dy
_-0?
> / = e y4d1 x {[¢1 (&0 — y)e—¢>1 ($o—y) _ (€0 — y)e—¢>2($o—y)]ef1 —oir2+o1y1 (§o—Y)

4 (801% oY) _ g01 ¢2(§0—Y))¢2(§0 _ y)erl —01T2—¢2(50—J/)} dy
20,

which implies that ¢1(&) = ¢2(&), ¥1(§) = ¥2(§) by ¢1 > ¢, %1 > ¥o. Similarly, if these exists & € R such that
¥1(80) = ¥2(§0), we also have ¢1(§) = ¢2(§), ¥1(§) = ¥2(£). The proof is completed. O

Theorem 3.1. Assume that (1.3) holds and di > dy. Then for every two traveling wave fronts (¢1(£), ¥1(&§)) and (¢2(&), ¥2(§))
of (2.1) with the wave speed ¢ > co which connects 0 with r, there exists £y € R such that (¢1 (£ + &), V1 (€ +&0)) = (¢2(£), Y2 (£)).

Proof. Since A =Xq or Ay, by Theorem 2.1, there exists 1; = ni(¢i, ¥;) (i =1, 2), such that one of the following is at least
true:

. $i+m) .

(i) S*—ww_ i=1,2;

. . i+ m) ) )

(ii) EEIPOOW:L i=1,2;

$E+m) . pE+m)
(i) f>—oco |E|@eME T 1 élir—noo |E|wer2d T
W nm BEE) e

g0 [§]0er2E gm0 [E]0eE
where w =0 if ¢ > cg and w = u if c =cp.

Therefore there exists 61 = 61(¢1, Y1, 2, ¥2) such that one of the following is true, which corresponds to the cases as
the above (i)-(iv):

(i) limg s oo @1 (€ +61)/¢2(6) =1, then lime . oo $1(6 +&)/¢2(§) = "€~ > 1 for all £ > max{61, 0};
(ii) limg oo §1(€ +61)/¢p2(€) =1, then limz oo ¢1(§ +&)/¢2(§) =e*267) > 1 for all & > max{6;,0};
(iiil) limg— —0o $1(& +61)/$2(5) =1 or oo, then lims_, o ¢1(€ +&)/¢2(£) > 1 or = oo for all & > max{f;, 0} (since A1 = Ay
or A1 < A);
(iv) limg—s oo ¢1(£)/2(£ +61) =1 or 0, then limg_ _oo 1 (8)/¢2(5 +&) <1 or =0 for all & < min{6;, 0} (since A1 = A or
A < A2).

Assume that (i) happens. Since di > dp, then A3 > A2 > A1, and thus A3 > A. By Theorem 2.1 again, there exists
03 = 02(d1. Y1 d2. Y2) such that limg oo Y1 (€ + 02)/Y2(€) = 1, then limg oo yY1(& + &)/Y2(§) = 1€~ > 1 for all
& > max{6s, 0}. Thus, choosing & > max{6;, 67, 0}, then there exists N; > 1 large enough such that ¢ (¢ + 52) 92(8)
and ¥1(§ + &) > ¥2(8), V& € (—oo, —Nq]. By the monotonicity of (¢;(§), ¥i(€)) (i=1,2), for any & > &1, ¢1(5 +&) > $2(§)
and Y1 (€ +&) > y2(&), V€ € (—o0, —Nql.
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By Theorem 2.2, there exists 603 = 63(¢1, ¥1,¢2, ¥2) such that limg_oo(r2 — ¥1(§ + 63))/(r2 — ¥2(§)) = 1, then
limg oo (ry — Y1(& + £))/(r2 — Y2(§)) = €*567%) < 1 for all £ > max({63,0}. By Theorem 2.2 again, there exists 64 =
04(¢1, Y1, @2, ¥2) such that limgoo(r1 — @15 + 04))/(r1 — ¢2(8)) = 1, then limgoo(r1 — ¢1(5 + §))/(r1 — ¢2(8))
eE=0) 1 for all & > max{64, 0}, where i, = A4 or As. Thus, choosing & > max{63, 64,0}, then there exists Ny > 1
large enough such that ¢1(¢ + &) > ¢2(§) and ¥1(5 + &) > ¥2(§), V& € [N2, 00). By the monotonicity of (¢ (&), ¥(§))

(i=1,2) forany & > &, ¢1(§ + &) > ¢2(§) and 1 (€ + &) = ¥2(£), VE € [N, 00). B o

Take N = max{N1, N2}, by the monotonicity of (¢i(§), ¥i(§)) (i =1,2), we can choose & > max{&1, §;} suitably large
such that ¢1 (& + &) > ¢2(&) and 1 (§ + o) > ¥2(£), V€ € [-N, N]. _

Therefore, from the above, ¢1(£ + &) > ¢ (&) and 1 (£ + &) > ¥2(£), VE € R. Then there exists & < & (by translation)
such that at least one of the following is true

(1) $1(E +£0) = ¢2(€) for some & € R, ¢1(€ +£0) > ¢2(&) and y1(€ +£0) > v2(6), £ €R,
(2) ¥1(€ +£0) =2 (§) for some & € R, $1(£ +1to) > ¢2(5) and ¥r1(§ + &) > ¥2(5). £ € R.

Without loss of generality, we assume that (1) is true, since the traveling wave fronts of (2.1) are translation invariant
solutions, (¢1(& +&o), ¥1(§ + &p)) is also a traveling wave front of (2.1). By Lemma 3.1, ¢1(§ + &) = ¢2(§) and v1(§ + &) =
Y2(8).

For the case (ii), the proof is completely similar.

We claim that the cases (iii) and (iv) cannot happen. Otherwise, if (iii) happens, similar argument to the above, there
exists & € R such that (¢1(& + &), ¥1(& + &) = (92(€), ¥2(§)), & € R, which contradicts the asymptotic behavior (&)
and v, (&) at the minus infinity. Similarly, (iv) cannot hold. The proof is completed. O
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