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1. Difference equations and lattices

Simplest difference equations relate two values of the unknown function f: say, f (¢(x)) and f (¥ (x)).

Most instances [1] are (¢(x), ¥ (x)) = (x, x+ h), or the more symmetric (x —h/2, x4+ h/2), or also (x, gx) in g-difference
equations [2-4]. Recently, more complicated forms (r(x) — +/s(x), r(x) + +/s(x)) have appeared [5,6,3,4,7-10], where r and
s are rational functions.

This latter trend will be examined here: we need, for each x, two values f (¢ (x)) and f (1 (x)) for f.

A first-order difference equation is F (x, f (¢(x)), f (¥ (x))) = 0, 0r f(p(x)) — f(¥ (X)) = G (x, f (X)), f(¥(x))) if we
want to emphasize the difference of f. There is of course some freedom in this latter writing. Only symmetric forms in ¢ and
Y will be considered here:

(D) =7 (x, f(px), f(Y (X)) . (1)
where D is the divided difference operator
fW®) — flp®x)
DAHX) =— ", 2)
/ Y (x) — o) (
and where . is a symmetric function of its two last arguments.
For instance, a linear difference equation of first order may be written as a(x)f (¢ (x)) 4+ b(x)f (1 (x)) + c(x) = 0, as well

as a(x)(DHX) = B (X)) +F ()] + vy ), witha(x) = [b(x) — a®) ][ (x) — ex)]/2, B(X) = —[a(x) + b(X)]/2,
and y (x) = —c(x).
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2. Elliptic grid, or lattice

2.1. Definition of elliptic grid

Y2 4

1 4

Yo

The simplest choice for ¢ and v is to take the two determinations of an algebraic function of degree 2, i.e., the two y-roots
of

F(x,y) = Xo(x) + X1 (X)y + X2 (x)y* = 0, (3a)

where Xy, X1, and X, are rational functions.
Remark that the sum and the product of ¢ and  are the rational functions

0+ v =—X1/Xa, oY = Xo/Xa. (3b)

When the divided difference operator £ of (2) is applied to a rational function, the result is still a rational function. However,
polynomials are normally not sent to polynomials, for instance,

DX = X1 (%) /X2 (X), DX* = (X} (%) — Xo()X2 (X)) /X3 (X).

But difference equations must allow the recovery of f on a whole set of points! An initial-value problem for a first-order
difference equation starts with a value for f (yo) at x = xo, where y, is one root of (3a) at x = xo. The difference equation at
X = xg relates then f (yo) to f (y1), where y; is the second root of (3a) at xo. We need x; such that y; is one of the two roots of
(3a) at x4, so for one of the roots of F(x, y;) = 0 which is not xo. Here again, the simplest case is when F is of degree 2 in x:

F(x,y) = Yoy) + Yi(x + Y2(»)x* = 0. (30)
Both forms (3a) and (3c) hold simultaneously when F is biquadratic:

2 2

Foy) =Y ) apxy. (4)

i=0 j=0
Definition. A sequence {...,x_1, X, X1, ...} is an elliptic lattice if there exists a sequence {...,y_1,¥0,¥1,...} and a

biquadratic polynomial (4) such that F (x,,, y,) = 0 and F (x,, yn1) = 0,forn € Z.
As y, and y,.,1 are the two roots in t of F (x,, t) = Xo(x,) + X1 (x)t + X2 (x,)t? = 0, useful identities are

X1 (Xn) _ XO(XH)
_Xz(xn)v YnYny1 = (5)

X5 (xn) '
and the direct formula

Yn+Ynt1 =

—X1(Xn) £ /P(xn)

and =
Yn Yn+1 2X2 (Xn)

where
P = X] — 4XoXa (7)
is a polynomial of degree 4.
Also, as x, 1 and x, are the two roots in t of F(t, y,11) = 0,
Y1(Vnt1) Yons1)
———,  XpXnp1 = .
Yo (Vns1) Y2Vnt1)

Of course, the sequence {y,} is elliptic too.
Note that the names of the x- and y-lattices are sometimes inverted, as in [11, eq. (1.2)]

Xp + Xny1 =
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The construction above is called “T-algorithm” in [11, Theorem 6].

As the operators considered here are symmetric in ¢ (x) and v (x), we do not need to define precisely what ¢ and v are.
However, once a starting point (xo, yo) is chosen, it will be convenient to define ¢(x,) = y, and ¥ (x;,) = yp41, 1 € Z.
Special cases. We already encountered the usual difference operators (¢(x), ¥ (x)) = (x, x+h) or (x—h, x) or (x—h/2, x+h/2)
corresponding to X;(x) = 1, X; of degree 1, X, of degree 2 with P = Xf — 4XX; of degree 0. For the geometric difference
operator, P is the square of a first degree polynomial. For the Askey-Wilson operator [5,6,12,3,7,8], P is an arbitrary second
degree polynomial.

2.2. Equivalent definitions

The companion sequence {y,} is not needed in the definition of an elliptic lattice, but the definition above is best suited
to the description of difference equations.

A relation involving only x,, and x,,, 1 is obtained by the elimination of y, 1 through the resultant of the two polynomials
inyuqq from (8) Py(Yuy1) = (X + Xt 1)Y2Wnr1) + Y1Wnr1) and Pr(Yug1) = XnXn1Y2(Vng1) — Yo(Vng 1)

The form of this resultant is most easily found through interpolation at the two zeros u and v of Y;: let Y,(y) =
ay -y —v),Yo) =By-—wy—v)+y-—w+p'Y—v),adYiy)=yy-wy-—v)+y'y-w+y"y—v),
then, withy = y,41,S = Xp + Xp1 and IT = XpXpy1,

s— Vi) . vy -w@-v+y'¢-—w+y"¢—v)

)

) ay —u)(y — v)
_ YW _ By -w@ -+ -w+py -
Y2() ay —u)(y —v) ’
w4y YOZWEYO= o FO-w+p YY)
¥ —w(y—v) ¥ —w(y—v)
B(aS + )+ (@Il - B) = ’”y%fy,
B @S +y)+y @l —B) = ﬁyy%

and, eliminating y,
v—u 1 1

= +
By =pBy"  BlaS+y)+y(ald—-pB) p'aS+y)+y'(ald—p)
which leads clearly to a polynomial of degree 2 in x, + x,41 and XX 1, SO

2.2.1. Definition 2
An elliptic lattice, or grid, is a sequence satisfying a symmetric biquadratic relation [11, Theorem 5]

E(xn, Xn41) = do,o + do,1(Xn + Xnt1) + do2(Xn + Xp+1)? + d1,1XnXnt1 + d1 2XnXns1(Xn + Xnp1) + do 2X2X5, = 0. (10)
Conversely, let us show that Definition 2 implies the main definition: from a sequence {x,} satisfying (10), let us build a valid
sequence {y,}. We must construct F(x,y) = a(y —uw)(y —0)X* + [y —w)y—v) +y' ¢ —u) + "y —v)]x+ By —u)
y —v)+ B'(y — u) + B’ (y — v) such that the resultant (9) is deduced from (10) when S = x, + x,..1 and IT = X, X;,.1, i.e.,

do,o + do1S + do2S* + d1 11T + d1 2 11S + do , IT° = 0. (11)
Let us decide that « = 1. Then, one chooses (—y, 8) = (S, IT) as a point! on the conic (11). We now have

do2(S+¥)* +d12UT — B)S + ) + do s (IT — B)* + dy (S + y) + d ,(IT — B) =0,
with d61 = —2d0,2)/ +d1,2,8 +doq] and d/ll = _dl.ZV + Zdz,zﬂ +d1,1. Let 01 and P2 be the two roots 0fd2,2p2 +d1,2,0 +d0’2
= 0, then, dy,[IT — B — p1(S + VT — B — p2(S + ¥)] + dy (S + y) + d};(IT — B) = 0, and we divide by
(T =B —p1(S+ I =B —p2(S+ )]

2 n
dyy + + =
2T T —B—pS+y) T—B—pS+y)

with = (d} ;01 +dy 1)/(p1 — p2) and n = (d; ;02 + dgy 1)/ (p2 — p1). We now compare with (9):
/ — 77(1) - u) J/// — M(U - u)

(o2 — Pl)dz,z’ (o2 — Pl)dz,z’

The degrees of freedom are therefore u, v, and (—y, B) = (S, IT) on the conic (11).

’

B =-py. B '=-py"

1 The importance of this conic has been stressed in [13].
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2.2.2. Definition 3

An elliptic lattice is a sequence x, = &(nh + ug), where & is any elliptic function of order 2 (i.e., with 2 zeros and 2 poles in a
fundamental parallelogram of periods).

From the main definition, one may establish that the biquadratic curve F(x, y) = 0 in (4) has genus 1 and a parametric
representation

x=8&(s), y=8&s),

with &; and &; elliptic functions of order 2.

Indeed, a birational transformation (x, y) <> (£, n) sending the biquadratic curve (4) F(x, y) = 0 to the canonical elliptic
curve n? = Q (&), where Q is a polynomial of third degree, see [14, p.292]: from (6), choose w = a square root of P(x), so
thaty = (=X1(x) + w)/(2X2(X)) < w = X1(x) 4+ 2yX>(x), and x = z; + 1/&, where z; is one of the four roots of P(x) = 0.
Then, with P(z; + 1/§) = Q(§)/§* and n = w&?, n* = Q(&).

Then, the Weierstrass representation holds £ = g (hu+ug), n = £’ (hu+ug).S0,x = z1+1/p,y = (=X +£'/9?)/ (2X2).

However, the authors of [15] recommend the biquadratic setting instead of the more familiar cubic one, see
[15, pp. 300-301].

Now, let s, and s;, correspond to the two points (X, ¥;) and (Xn, Ynt1). As &1(sp) = &:1(s,) with y,1; normally different
fromyy, sp+s,, = aconstant, say y; (as s, and s, are integrals involving the square root of a polynomial on two paths with the
same endpoints [the second endpoint being X, ], the square roots are opposite on a part of the paths). Similarly, s}, + sp41 =
another constant, say y». Therefore, s, 1 = s, + h, with h = y, — 4, and this establishes Definition 3 with & = &;.

Conversely, from Definition 3, one recovers Definition 2 by recognizing (10) as an addition formula for elliptic
functions [11].

The essential parameters in the description of an elliptic sequence are the modulus k and the step h. The modulus is
also related to the ratio w/w, of periods. Finally, in a multiplicative setting, the main parameters are the nome p and the
multiplier g, which are basically (i.e., up to multiplication by constants) the exponentials of the periods’ ratio and the step.

The modulus and the step depend only on F in (4) (or E in (10)). For each starting point (Xq, yo), Or Sg = hy, there is a
different elliptic lattice with the same k and h.

It is always possible to relate &, to &; through a rational transformation of first degree &,(s) = % [11, p. 298].

2.3. A brief history [16,17,15,11]

Elliptic lattices were developed by Baxter in the solution of special problems of statistical physics, they appear in works
by Fritz John, in many treatments of a Poncelet problem [16,17][11, Section 6], and go back to pioneering work by Euler? on
the addition formulas of elliptic functions, that is why the symmetric biquadratic polynomial (10) has been called the Euler
polynomial in [11, p. 294].

Even the name of our subject is not easy to choose: “elliptic sequences” seems perfect, but this name is used by other
sequences related in another way to elliptic functions (sequences {A,} where A;_1A;+1 /Aﬁ is our x,, [18]), “elliptic lattice”
may be used for the repetitions of the periods’ parallelogram of an elliptic function, “elliptic grid” means a convenient mesh
for discretizing over ellipses, and “elliptic difference operator” is a partial difference operator extending partial differential
operator of elliptic type.

3. Elliptic Pearson equation

A famous theorem by Pearson [19, (2.25) p.152]; [20] relates the classical orthogonal polynomials to the differential
equation w’ = rw satisfied by the weight function, where r is a rational function of degree < 2.

Even without this constraint on the degree, the Stieltjes transform f (z) = fab “’Z(?f“ of w satisfies the differential equation
f(z) = r(2)f (z) +s(z), where s is a rational function®too. A suitable continued fraction expansion of f leaves then important
information on the relevant orthogonal polynomials (theory of Laguerre [21]).

The Pearson equation has of course been extended to various difference calculus settings [5,12,22,9,10], here is the elliptic

version:

2 and perhaps even to Fermat [communicated by R. Askey]!

3 s(z) = D(z)/A(z), where the polynomials A and D are related to boundary conditions for the weight function w at a and b: the product Ar = C must

be a polynomial and A(t)w(t) must vanish at t = aand t = b. Then D(z) = — fab [A(Z)"A(([;:(()Z[”A/(” + C(lz):f(”} w(t)dt. So, even in the Legendre case,

where w(t) = 1,1 = C = 0, one must take A(z) = 1 — z2, and D(z) = 2 follows.
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3.1. Theorem

Let (xg, yo) be a point on the biquadratic curve F = 0 of (4), {(x,, y},)} the elliptic lattice starting from this point. If there are
polynomials a and c, with

a(xy) — (Y — yp)c(xg) = a(xy) + V1 — Yn)cxy) =0, (12)
and a sequence {wy, . .., wy+1} Such that
W1 _ wi
/20D X)) 20X / W41 Wk
Cl(X) / ’ = (X)|: / / / + / / / ] (13)
¢ Yier1 — Yk ¢ Yo W) Keyr — X)) Y2 (X — Xp_p)
k=0,1,...,N,and wyp = wy4+1 = 0, then,
N
Wi
fx) = ; (14)
; X =Yk
satisfies
W x) —fle®x)
a0 0f () = aey L TTCO) _ o) + Fap ] + deo. (15)

Y () — o)
where d is a polynomial too.
We already used the writing (x,,, y,) = (&1(so + nh), &(sg + nh)) for a generic elliptic lattice, normally to be used as
interpolation points. We here need a function with poles on another lattice with same modulus and step, but with another
starting point, and it is written here (x;, y;,) = (& (s0 + nh), 82(50 + nh)).

Remark that (13) is a recurrence relation for the wy, = W‘ which is
20 X=Xy
[a(X) = Gpp1 — V@i = [a(x) + Vi — VI X1k, (16)
k=0,...,N,sothat(12) ensures the boundary conditions wy = wyy+1 = 0.
Proof.
fE) —flew) _ 2”: _ N wh®
Y (x) — o) — (p(x) — yk)(tlf(X) Vi) F(x, )
N
kaZ (X) U)k+1 — wk
= =X
ZYz(vk)(x—xk DX —x) Z(X)Z X=X
where W, = W and with wg = w1 = 0,
N / N /
wi[X1(X) + 2y, X2 ()] wi[X7 (%) + 2y, X2 (X)]
+ = - =-
T+ pw) Z X0 @® — )W ® — ) Z Fx. y})
_ i wi[X1(x) + 2y, X (%)] _ i Wi 1[X1 (%) + 2y} 1 X2 (0] — Wi [X1 (%) + 2y, X2 (%)]
—~ Y2(y,) (x — x;_) (X — X)) X — X, ’

therefore the rational functions a®Df and c(f(¢) + f(y)) differ by a polynomial if all the residues are equal:
a(X)Xo (X ) (Wi — i) = X)) (W1 [X1(X) + 2y 1 Xo ()] — wi[Xi (%) + 2y Xo(x)]) for k = 0,1,...,N. Or, as
X1(%) = =W + Vi 1)X2 (%), a(X)) (Wie1 — Wi) = ¢ (X)) Vjey 1 — Vi) (W1 + i), which is exactly (16). O

4. Interpolatory continued fraction expansion and Riccati equations

Let fo(x) = f(x) —f (yo) be expanded in an interpolatory continued fraction (R;-fraction [12,23-25], or contracted Thiele’s
continued fraction [1, Chap. 5])

X—JYo
fox) =
X + Bo — (xX=yD)(x=y2)

(x=yan—3)x—yon—2)
ap_x+Pp_o+ @ 1% FBn 1+

making clear that the nth approximant (stopped at, and including the «,_1x + B,_1 term) is the rational function of degree
n interpolating fo at x = yg, Y1, . - . » Yon-
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Let p, be the denominator of this nth approximant. If f is a Stieltjes transform, it is known [23,24] [25,26, Section 5] that
{Pn(®) /(X — y0)(x — ¥2) - - - (x — Y2n)} and {pm (X)/(x — y1)(X — ¥3) - - - (X — Yamy1)} are biorthogonal sequences of rational
functions.

From f,(x) = Py ﬂn_(z:i iﬁmf,.ﬂ(x)' anX + By is the polynomial interpolant of degree 1 to (x — y2,)/fn(X) at yony1 and

Yan+2, S0 we need f; (V2n+1) and f; (an42) in order to find o, and B,.

If f, satisfies a difference equation of first order F, (x, f,(¢ (X)), fu(¥ (x))) = 0, we find f; (y2,+1) from the equation at x,,,,
as @ (Xan) = Yan, ¥ (X2n) = Yan+1, and f(y2n) = 0. Next, the equation at x = Xp,,11 yields f, (Yan+2)-

As seen in Section 3 on the Pearson equation, a linear difference equation of first order easily involves a weight function
useful in orthogonality considerations. However, Riccati equations are better suited to continued fraction constructions
[2,27]. Of course, linear difference equations of first order are special cases of Riccati equations, that is why the coefficients
in (15) are written a(x), c(x), and d(x), whereas b(x) is the coefficient of the nonlinear part of a Riccati equation.

So, if f,, satisfies the Riccati equation

Sa( () — fale())

an(x) = by () fu (@ (¥ (%)) + cn () (fa(@ ) + fu(¥ (%)) + dn (%), (17)
Y — o)

one finds at x = X5, (X) = Yon, ¥ (X) = Yant1, and knowing that f; (y2,) = 0,

an o) P oY1) + ()

Yon+1 — Yon
yields
dn n
fn@2n+l) = an(Xon) (XZ )
Yone1—yam Ca(X2n)

and

_ Yon+1 — Yon _ an(x2n) - (y2n+l _yZn)Cn(XZn)

UnYon+1 + Pn = = ) (18)
oAt ﬁﬂ fn(y2n+l) dn (x2n)

and at

X = Xon+1,

Yon+2—Yon _ Y2n+1—Y2n
4, (Xans 1) anyant2+hn onyont1thn by (Xans1) Yont2 —Yon  Yont1 — Yon
+ +
Yon+2 — Yan+1 OnYon+2 + /311 OnYon+1 + /311
Yont2 — Yon Yoan+1 — Yon
+ ¢a(X2n11) + dn(X2n41),
et QnYant2 + Bn AnYant1 + Bn et

or

an(Xant1) (@nYan + Bn) = bn(Xant1) Want2 — Yan) Vane1 — Yan) + GXone ) [Vana2 — Yan) (@nYans1 + Bn)
+ V2n1 — Yon) (@nYong2 + Bu)] + dn(x2n+1)(any2n+1 + Bn) (@nY2nt2 + Bn). (19)

which shows how to extract o, and 8, from ay, . . . at xo, and Xp;41.
Remark also that at x = x,,,_1, knowing that f, (¥ (X2,_1)) = fa(y2n) = 0, (17) yields

an(Xan—1)
["" + cn<xZn1>]fn(yz"1) + dn(Xz0-1) = 0. (20)
Yon — Yan—1
And here is how the Riccati form is well suited to continued fraction progression:
4.1. Theorem
If f, satisfies the Riccati equation (17) with rational coefficients a,, by, c,, and d,,, and if f,(x) = XZVon then

; ) ) ) ] . e anx+Pn—X—Yyant+1)fnt1(X)’
fat1 satisfies an equation of same complexity (degree of the rational functions) of its coefficients.

(Actually, the degrees of a,, etc. will at most exceed the degrees at n = 0 by 3 units).

Proof. Let us start with (17) at n = 0 with polynomial coefficients ag, bg, cg, and dy. Suppose that, at the nth step, a,, etc.
are polynomials with b, and d,, containing the factors X, and x — x,,_1, and ¢, containing the factor X, (from (3a) and (4),
X, is a polynomial of degree < 2).

Of course, if the initial coefficients ag, etc. do not contain such factors, we may have to multiply the four coefficients of
(17) at n = 0 by one or several factors of (x — x_1)X;(x), that is why the degrees are liable to have to be augmented by up
to 3 units, but this operation has to be done only at n = 0.
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We suppose th~erefore that b, (x) = (x — x2,_-1)X> (X)Bn (%), cn(x) = Xo(X)Cp(x), and d, (x) = (X — X2n—_1)Xo (x)a,, (x)in (17),
where by, ¢,, and d, are polynomials, so that (17) is now

S (%) — fale(x)

an(x) = (x — Xon—1)X2 ()b (O fys (P (X)) fa (¥ (%))
Y (x) — p(x)
+ X () () (@) + fu(Y (X)) + (X — Xan—1)X2 (X)dn (x), (21)
in which we enter f,(x) = X Jon

anX+Pn—(X—Yan+ 1)fn+1(®)
After multiplication by (aq¢ + B — (@ — Yans Dfar1(@) (@a¥ + Bn — (¥ — Yonr D)1 (W)
a W = ya)lan@ + Bn — (@ — Yot )far1(@)] — (@ — ya)lon¥ + Bn — (W — Yont 1)far1(Y)]
! v —¢
Yan + Y1) (@ + V)
2

Jor1(¥) = far1(@)
V-9

=0y |:05nYZn + B + (Wﬁ -

Yont+1 — Yon ]

+ y2ny2n+1>

+ 2N G @)+ ()

=x- X2n—1)X25n((/) —Ya) (U — Yan) + XoCul (¥ — Ya)len® + Bn — (@ — Yanr 1)fnr1(@)]
+ (@ — ya)lan¥y + Bn — (¥ — Yonr Dfnr1(¥)]]
+ (x — Xan-1)Xodn[0tn@ + B — (9 — Yonr Dfer1(@1lan¥r + Bn — (U — Yany )far1 ()]

which is the Riccati equation for fy.1, et ™Gt = brosfut (@feer (9) + Erir (et (9) + frsa (9)) + du, where
{n 1 etc. are symmetric functions of ¢ and v, so are rational functions thanks to (3b):

. V2n + Yani1) (@ + ) Yoni1 — Y -
apy1 = ((/)1// - 2 2”-;1 +y2ny2n+l an + %(IP - §0)2X2Cn
Wanty2n+1)X1
Xo + ===+ ymYan 1X2)
o + o 0 2 2n +
+ M(W - W)Z(X - XZn—l)XZdn = an
2 ] X,
+ ans1 — YanlCn + (@nY2nt1 + Bn) (X — Xan_1)dy X12 — 4XoX; (22a)
2 X2
b1 = (X — Xon_1)X28n (@ — Yans 1) (¥ — Yans1) = (X — Xon_1)dn(Xo + Yani1X1 ‘H/%nﬂxz) (22b)
« Yan + Y1) (@ + ) .
Crp1 = —anp1 — Yan)ln — («m/f - == 2“? + Yonyani1 ) Xabn
p+y o+ Y ~
- <an (‘ﬂlﬁ _y2n+1T> + ,311 ( 2 _y2n+1)> (X - XZn—])XZdn
V2n + Yant1)X .
= —ont1 —Ya)tn — | Xo + % + YanYan+1X2 | Cn
Xi X1 ~

— |an | Xo +y2n+1? — Bn > + Yony1 X2 ) ) (x — X2n—1)dp (22¢)
an+1 = —(any2n + B)an + (x — Xanl)XZEn((/) —Ya) (¥ — Yan) _

+ X[ (Y — yau) (0tn@ + Br) +~((/) —Yon) (¥ + B)] + (X — X20—1)Xody (atn@ + Bn) (atn¥ + Bn)

= — (Yo + Br)n + (X — Xon—1)by (Xo + y2uX1 + ¥3,X2) }
+ Calotn (2Xo + Y2nX1) — Bn(X1 + 2Y20X2)] + (X — Xon—1)dn(p Xo — anPuXi + BiX2). (22d)

The first coefficient a,,; is not a polynomial, but a rational function of denominator X,. We recover polynomials by
multiplying the four coefficients a1, Bn+1, Cnt1, and a,m by X,. Moreover, this already restores the factor X, in X25n+1,
XoCnt1, and Xod !

However, the degrees of the new coefficients are higher than before. The problem is settled by seeing that the four
polynomials X,@,, 1, Bn+1, Cne1,and an+1 vanish at x = x,,_1 and at x = x,,,. Then, we will simply divide the four of them by
(X — Xan—1) (X — X2p).

(1) The most obvious case is (22b): brp1(0) = (x — X 1)Ko (®) + Yan1X1(®) + Y3, %) = (X — 1)
dn()F (X, Yoni1) = (X — Xon—1)dn(X)Y2(Y2n41) (X — X2n) (X — X2n11), shows indeed the factors X — X1 and x — xay,
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as well as x — xap41, SO that
" bny1(x)
Bt () = s
(% — X2n—1) (X — X2n) (X — X2n4+1)
(2) Next, from (22d),

= Y2 (Van11)dn (x).

dnp1 (an—1) = (@nyan + B)[—An(Xan—1) — V20 — Y2n—1)Cn(Xon-1)] = 0
from (20), knowing that

dn(XZrL—l) =0,
an+1(x2n) = (onYan + B)[—an(X2n) + W21 — Y2n)Cn(Xan) + (@nYant1 + Bu)dn(X2n)]
an (XZn) dn (XZH)
= (any2n + Bn)WYant1 —Yan) |————— + talxon) + ——— | =0,
Yont+1 — Yon Faan+1)

as the last factor is the Riccati equation (17) at x = xy,, divided by f; (y2n+1) (see also (18)).

an+1(x2n+1) = —(onYan + Bu)an(X2nt1) + bn(X2n41) W2nr1 — Yan) V2ns2 — Yan)
+ G (onr D[ Vant2 — Yan) (@nY2ns1 + Br)
+ Vang1 — Yan) (@nYons2 + Bu)] + dn(Xont1) (nYant1 + Ba) (@nYans2 + Br) =0,

from (19).
(3) In order to show that @, and ¢, both vanish at x = x,,_; and x,,,, we consider
an an+1 (%) A
+c,: + Cn
V=g T Yty W
= (¢(X) — Yant1) [(1//()0 — Y2n) (ﬂ - Cn(X)> — (o (%) + ,Bn)dn(x):|
Y(x) — ek)

vanishes at x = Xy, as the big factor is a, (X2n) — V2n+1—Y2n) Cn (X2n) — (@nYant1+ Bn)dn(x2n) = 0from (18). Atx = xan_1,
we already encountered the condition a,(xX2,—1) + (V2n — Y2n—1)Cn(X2n—1) = 0 from (20) and d,, (x2,—1) = 0.

The obvious vanishing of the first factor at x = x,,1 will allow the same condition at Xop41: @nr1(X2n+1) + Yons2 —
Yan+1)Cnt+1(X2n+-1) = 0, and this will imply f;,+1(Y2n42) = 0 at the next step.

Qny1(x) an(X)
Y (x) — @) Y (x) — @)
obviously vanishes now at x = X,,,; at X = x»,_1, the big factor is —a,(X2,—1) — (V2n — Yan—1)Cn(X2n—1) = 0 as already
encountered (in (20), together with d,,(x2,_1) = 0).

— Crp1 () = (Y (X) — Yant1) [(w(X) — Yon) < +Cn (x)) + (an () + Bn)dy (X)]

Xp (0)dns1(x) b1 (0) = X2 (9)bnt1 () X2 (®)Cnt1(x) dpi1(®) =
n - n -

We proceed therefore with dn1(®) = &=, “Sa—- Goan G 10 = G g

X2 (X1 (%)
(x—x2p—1) (x—x2p) *
A very interesting identity is @2, ; — (¥ — )?¢2 1 = (@ — Y20) (¥ — Yo (@ — Yons ) (¥ — Yans1) (@ — (¥ — @)c2) —
W — ¢)2bn+1[dn+1 — (@ = Y20) (¥ — yan)by], or aﬁﬂ - - (P)Z(E,%H —bny1dni1) = (@ = Y2) (¥ — Yau) (@ — Yo 1) (W —
Vo) (@ — (¥ — 9)*(c; — bydy))

2 (%) — bp(x)dn (%) 2 X
TP(X) a,(x) =G, X—

_ Y202n—1Y2(an—3)--Y2 (1)
where G = 4, 5o Va0an_aT00) 314 P from (7).

O

— Xon—1 [cé (x) — bo(x)do (x)

2
X2 x) P(x) ao(x)] ) (23)

5. Classical elliptic biorthogonal rational functions

The smallest possible degree for a,, b,, c,, and d, according to the theory above, happens to be three. Then, b, (x) =
En(x — Xan—1)X2(x) and d,(x) = &n(X — Xop—1)X2(x) are already known, up to a single constant each. The equations (22a)
and (22c¢) should care for the evolution of a, and c, with n, but (23) yields directly the values of aﬁ(x) at the four zeros of
P = X12 — 4XoX,. Equation (22a) also provides a simple relation between @, (x) (therefore, a,,1(x)), and a,(x) at each of
these four zeros, which is enough for a full determination of the third degree polynomials a,.

I hope to recover in this way the results of Spiridonov and Zhedanov [28,29], obtained through elliptic hypergeometric
identities [30-34].

Note however that Theorem 4.1 also makes room for coefficients of degree > 3, therefore to new families of biorthogonal
functions.
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