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Abstract

We study the nonlinear wave equation with a sign-changing potential in any space dimension.
If the potential is small and rapidly decaying, then the existence of small-amplitude solutions
is driven by the nonlinear term. If the potential induces growth in the linearized problem,
however, solutions that start out small may blow-up in finite time.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the nonlinear wave equation with potential

{6?u—Au+V(x) cu = F(u) in R" x (0, 00), (1.1)

ulx,0) = px); Gu(x,0)=ykx) inR",

where V(x) is some known function and F'(u) behaves like |u|” for some p > 1.
When it comes to the special case V(x) = 0, this equation has been extensively
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studied since Fritz John’s seminal work [8]. For that case, in particular, the existence
of small-amplitude solutions is known to depend on both the exact value of p and the
decay rate of the initial data. In this paper, we address the more general case (1.1)
when the potential V (x) is of arbitrary sign. Our aim is to show that the existence of
small-amplitude solutions may also be affected by two additional parameters, namely,
the amplitude and the decay rate of the potential V (x).

First, consider solutions to (1.1) when V(x) = 0 and the small initial data have
compact support. John’s classical result [8] in n = 3 space dimensions ensures their
global existence if p > 14+/2 and their blow-up if 1 < p < 1++/2. More generally, a
similar dichotomy holds in n>2 space dimensions, where the borderline case is given
by the positive root p, of the quadratic

(n—Dp2 =0+ Dp, +2; (1.2)

see [4,6-8,17,22,28,33]. As for the borderline case p = p, with n>2, the blow-up
of solutions persists [21,32]. Finally, when n = 1, blow-up occurs for any p > 1; see
[10].

Next, consider solutions to (1.1) when V(x) = 0 and the small initial data decay
slowly. In n = 2,3 space dimensions, their global existence is ensured as long as
p > p, and the initial data satisfy

Do 1o+ Y 1)l <s(l 4+ xh ! (1.3)

o] <3 o] <2

for some k>2/(p — 1) and some small ¢ > 0. On the other hand, blow-up may occur
for any p > 1 when the initial data are such that

Pp(x) =0, Y =e(l+xD* !  inR (1.4)

for some 0<k <2/(p—1) and ¢ > 0; see [1,2,15,29-31]. In n >4 space dimensions, the
same blow-up result holds, provided that ¢, are radially symmetric [26,27]. However,
the existence result is slightly modified as follows. Instead of (1.3), one assumes that

ST M de I+ Y ) oty <e (x)7F, (1.5)

lo <2 lof <1

where @,  are radially symmetric and (x) = 14 |x| for each x € R". When k>2/(p —
1) and ¢ > 0 is small, one then has global solutions in n >4 space dimensions as well
[12,14], although the case 2/(p — 1) # k > n/2 has only been treated as part of the
even-dimensional scattering results of [14].

In the remaining of this paper, we shall mostly focus on the radially symmetric
version of the nonlinear wave equation with potential (1.1). Thus, the equation of
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interest is

n—

1
o — ou — o =Fu)—V(r)-u in Qr =Ry x (0,T),

(1.6)
u(r,0) = @(r);  du(r,0) = y(r) in R,

Before we state our main results, however, let us first introduce some hypotheses. When
it comes to the nonlinear term F(u), we shall impose the conditions

FeC'(R); FO)=F©0)=0; |F(u)—F()<Aplu—v"" (1.7)

for some A > 0 and some p larger than the critical power p, (1.2). When it comes
to the potential term V (r), we require that

1
Do IvOmI< Vo i) (1.8)

i=0

for some Vp > 0 and / > 2. As for the initial data, our exact assumption depends on
the parity of n. In particular, setting

(n—3)/2 if n is odd,

= (1.9)
(n—2)/2 if n is even,
we shall consider initial data ¢, such that
2 1
Do e+ O <ert T gy (1.10)

i=0 i=0

for some ¢ > 0 and k>0. We remark that m>1 when n>4 and that (1.5) implies
(1.10) for each m>1.
The existence result of this paper can now be stated as follows.

Theorem 1.1. Let n>4 and define m by (1.9). Suppose ¢ € C*(Ry) and ¥ € C'(Ry)
are subject to (1.10) for some ¢ > 0 and k>0. Now, consider the nonlinear wave
equation with potential (1.6). Suppose the nonlinear term F(u) satisfies (1.7) for some

2
phn<p<l+—, (1.11)
m

where p, is the positive root of the quadratic (1.2). Also, assume the potential term
V (r) is subject to (1.8) for some Vo > 0 and | > 2. If Vy, ¢ are sufficiently small, then
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(1.6) admits a unique solution u € C'(Qr), where T = 400 for the supercritical case
k>=22/(p—1) and

T>Ce—(P=D/Ck(p=1) (1.12)

for the subcritical case 0<k < 2/(p — 1). Besides, C is independent of ¢.

Remark 1.2. When it comes to initial data of subcritical decay rate 0<k < 2/(p—1),
the lower bound (1.12) for the lifespan of solutions was obtained by Kubo [12], still
only for the special case V(r) = 0 with n odd. Due to a result of Takamura [27], such
a lower bound is known to be sharp when V(r) = 0, regardless of the parity of n. As
we shall prove later in this paper, it is actually sharp for any potential V(r) that is
merely non-positive at infinity; see Theorem 5.5.

Remark 1.3. When it comes to initial data of supercritical decay rate k=2/(p — 1),
the existence of global solutions persists in n = 3 space dimensions as well. In fact, a
result of Strauss and Tsutaya [25] yields global C? solutions under similar assumptions
that require more regularity, but not radial symmetry, of the initial data and V. As
we are going to show, however, our assumption (1.8) on the potential is not sufficient
when n =1, 2.

To complement our existence result, Theorem 1.1, we shall also show that blow-up
may occur for arbitrarily small data under less favorable assumptions on either the
initial data or the potential term.

In our first blow-up result, Theorem 5.5, blow-up occurs due to the slow decay rate
of the initial data. To merely focus on the behavior of the initial data at infinity, we
shall fix a constant R > 0 and introduce the assumption

o(r)=0, Y@r)=er ! on (R, 00) (1.13)

for some ¢ > 0 and 0<k < 2/(p — 1). For a potential V (r) that is non-positive on
(R, 00), we are then able to establish the blow-up of solutions to (1.6) when F(u) =
lu|? or |u|P~'u for some p > 1. Here, we also derive an upper bound for the lifespan
of local solutions which is similar to the lower bound (1.12).

When it comes to initial data of non-compact support (1.13), there is a standard
iteration method for proving blow-up [1,2,27]. The underlying idea, which goes back
to John [8], cannot be applied here directly, unless we further restrict our initial data
(1.13) on the remaining interval (0, R]. One way to get around this difficulty is provided
by Lemma 5.4, a refinement of Keller’s Comparison Theorem [11] that would allow
us to resort to the standard iteration method. Nevertheless, we use Lemma 5.4 to give
a new and simpler method of proof which is based on Glassey’s ODE approach [6]
for data of compact support.
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In our second and last blow-up result, blow-up occurs due to the potential term. Here,
we remove our assumption of radial symmetry and establish the following general

Theorem 1.4. Let n> 1. Suppose that V:R" — R is continuous and that —A+V has
a negative eigenvalue with a positive eigenfunction which decays exponentially fast.
Suppose @, =0 are continuous with \ # 0 and assume that (u,u;) € C(H'(R") x
L%(R"); [0, T))satisfies

Ou—Au+Vu=Aul”; ux, 0)=ek), dulx, 0)=yx) (1.14)

for some A > 0 and p > 1. Then the existence time T is necessarily finite.

Remark 1.5. Similar blow-up results appear in [25,32] but those require the potential
term to be of one sign and also of rapid decay at infinity.

Remark 1.6. In Section 6, we give precise conditions on V that ensure the applica-
bility of this theorem. Here, let us merely remark that the eigenfunction corresponding
to the first eigenvalue does have the desired properties under very mild conditions on
V. In particular, the main hypothesis in this theorem is the presence of a negative
eigenvalue. This hypothesis holds for all potentials which behave like —|x|~' at in-
finity for some / < 2. Thus, the decay assumption / > 2 in Theorem 1.1 is almost
necessary to ensure global solutions when n >3. When n = 1, 2, the situation is slightly
different because a negative eigenvalue may emerge even for potentials that are rapidly
decaying.

Remark 1.7. If V(x)<0 is a non-zero function of compact support, then —A + aV
has a negative eigenvalue for all large enough a. Thus, one does need the potential
term to be of small-amplitude in Theorem 1.1, as no sign condition is imposed there.
When n = 3, on the other hand, global solutions do exist for all non-negative potentials
of compact support [3].

Finally, let us remark that our methods in this paper do not allow us to treat potentials
which decay at the critical rate / = 2. For that particular case, we refer the reader to
[18].

The remaining of this paper is organized as follows. Sections 2—4 are devoted to the
proof of our existence result, Theorem 1.1. In Section 2, we review some facts about
the homogeneous wave equation and we introduce the weighted L space in which
solutions to (1.6) are to be constructed. Section 3 contains certain estimates regarding
our weight function which are needed in the proof of our existence result, while the
proof itself appears in Section 4. In Section 5, we prove blow-up for initial data of
subcritical decay, while Section 6 settles our second blow-up result, Theorem 1.4.
Finally, Section 7 lists some facts about the Riemann operator for the wave equation
which were obtained in our previous work [9].
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2. Preliminaries

In this section, we prepare a few basic lemmas that will be needed in the proof of
our existence theorem regarding the nonlinear wave equation with potential

n—1

Ol — 0u — u=Fu) — V@) -u in Qp =Ry x (0, T),

r 2.1
u(r,0) = @r);  Ou(r,0) = y(r) in Ry.

Some of these lemmas depend on the parity of n and, in particular, on the parameters

(1.25%) if nis odd,
(a,m) = (2.2)

1 n—2 : :
(5, T) if n is even

we shall frequently use in what follows. We remark that m >1 whenever n >4, while
the sum a +m = (n — 1)/2 is independent of the parity of n.

Recall that we seek a global solution to (2.1) for initial data of decay rate k>2/(p —
1) and a local solution, otherwise. There is no loss of generality in decreasing this decay
rate as long as no lower bound on k is contradicted. In other words, we may take k
to be smaller than any quantity that exceeds 2/(p — 1). Now, our assumption (1.11)
ensures that

2 n—1

p—1 2

p—1l=(@+m)p—1,

as equality holds in the above inequality when p = p,. In particular, we may assume
that

k<(@a+mp—1 (2.3)
in what follows. Similarly, one can readily check that

4 . 2
n+1l a+m+1

pn—1>

and this allows us to additionally assume

n+1
2

k <

=a+m-+1. 2.4)

Finally, it is convenient to decrease the decay rate / > 2 of the potential V (r) so that
I <m+42. (2.5)

We can do this without loss of generality when m > 0, namely when n >4.
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Our plan is to construct a solution of (2.1) that is continuously differentiable and
belongs to the Banach space

X = {u(r, H e Q) : ull < oo}, Qr = R, x (0, 7). (2.6)
Here, the norm || - || is defined by
1 : . .
lull = > sup  [futr ) - ()T W ), 2.7)
j=0 (r,I)GQT

where the weight function Wy is of the form

([ + V) >_5k,m+a

Wi(r, t) = {(t +r)* {(t — 1)’ <1 +1In
(t—=r)

2.8)

with ¢ = min(k —m, a), v=max(k —m —a, 0) and dk m+, the usual Kronecker delta.
This weighted norm is partly dictated by our previous work [9] on the homogeneous
problem

n—1

~2

Oug — Orug — v =0 in R2 = (0, 00)2,

uo(r,0) = @(r); Guuo(r,0) =y(r) inRy.

(2.9)

Lemma 2.1. Let n>4 be an integer and define a, m by (2.2). Suppose that ¢ € C*(Ry)
and W € CY(Ry) are subject to (1.10) for some ¢ > 0 and some 0<k < (n + 1)/2.
Then the homogeneous equation (2.9) admits a unique solution ugy € Cl(Ri) which
satisfies

0] uol + 10)uol < Cok,n) - er'™ =) (¢ — 1) (1 + 1)/ W)™t (2.10)
when j =0, 1. In particular, uq is in the Banach space (2.6) and |ugll < Coe.

Proof. Decay estimates for the solution to the homogeneous wave equation (2.9) appear
in Theorem 1.1 of [9]. Although no restrictions were imposed there on the decay rate
k of the initial data, we shall only need to treat decay rates 0<k < (n+ 1)/2 here; see
(2.4). Under our assumption that n >4, such decay rates fall in the range 0<k <n—1.
According to Theorem 1.1 in [9] then, (2.9) has a unique solution ug € C 1(|R2+) which
satisfies (2.10). This also implies

107 ol < Cotk, ) - er' "7 (r)I =1 Wi (r, )7,

when j = 0, 1, so the definition (2.7) of our norm allows us to deduce that |jug|| < Coe.
O



266 P. Karageorgis / J. Differential Equations 219 (2005) 259-305

The main purpose of our previous work [9] was to study the Riemann operator L
for the wave equation in the radial case. Section 7 lists some of the estimates we
established there, as those are also useful in treating the nonlinear wave equation (2.1).
In fact, the standard Duhamel principle allows us to obtain the following

Lemma 2.2. Let L denote the Riemann operator of Lemma 7.1. Given a function G
of two variables, we define the Duhamel operator £ as

t
[ZG](r, 1) = / [LG(,D](r, t —1)dT. (2.11)
0

When G € C(Qr), one then has G € CY(Qr) and this function provides a solution
to

r

<a,2 _pon-l -a,) [LG1(r, 1) = G(r,t)  in Qp = Ry x (0, T)
r

when zero initial data are imposed.

Proof. Our assertions follow easily by means of Lemma 7.1 and a simple computation,
so we shall omit the details. [J

Proposition 2.3. Let n>4 be an integer and define a,m by (2.2). Suppose that G €
CY(Qr) satisfies the singularity condition

G(h1) =0 (ﬂv—z’"—w) as i — 0 (2.12)
for some fixed 6 > 0. With D = (0,, 0;) and )+ =t — T+ r, one then has

)m7j+1

Prg j=Bl—m—a
DPLeG) < Cr // i

j
Z 105G (2, 1)\ didt
s=0

. )2m j+1 Jj Y
s A8
/ / P _A)l_a'ZE)i 103G (4, v)| dhdr
5=

J—1

t . )
+ f |Ag|etm—it] Z 25105G (2, 1) dt

max (t—2r,0) =0 s
=/t

whenever || < j<1. Besides, the constant C is independent of r,t.
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Proof. Since the integrand in (2.11) vanishes when t = ¢, a direct differentiation gives

t
DPlyG) = / DPILG( , 01, t — 1) de
max (t—2r,0)

max (t—2r,0)
+f DPILG( . Ol(r. 1 — 1) dt
0
= A+ B. (2.13)

To treat the first integral A, we note that + — t<<2r within the region of integration.
This allows us to invoke Lemma 7.2 to find that

‘ e gmelBEl s
4 < Crfmfa/ / N SEGG. D ddr
max(i—2r,0) Jji_| (2 — A-)1=¢ g g
t—r A /12m+1 J s
+Cr_m_af f N8GO 1) dAdr
max(r—2r,0) JO lrf—‘rlﬁl ()\,7 — /l)l—a Ag:() §
t ! )
+Crma f U DIV ] dv
max (¢t —2r,0) §=0 J=|i |
=+
= A1+ Ay + A3

with /4 =t — 7 £ r. We merely concern ourselves with the middle term Aj, as the
other terms are easier to handle. Since A4 <3r within the region of integration, we get

t—r A ;2m [fl+1
A2<Cr""/ / Z 103G (2. 0| didt.

max(t—2r,0) JO A ; ()» —))1 a

Besides, A< A4+ <3r whenever t — 1<2r, so our assumption |f|<j implies

2m Jj+1 :
Ay < Cri-IA- m/ / Ry Z 165G (2, 0| didx.

In particular, the desired estimate is satisfied by the first integral in (2.13).
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Returning to (2.13), we now focus on the second integral B. Since ¢t — 7> 2r within
the region of integration, we may apply Lemma 7.3 to similarly get

=
N

i= |ﬁ‘ m—a )+ )m 1 4 s As
= / / (= i_)l-a Y F8G G, vl dAdr
. 2

/11+m+‘1 — ))l-a

-2r pi- S2m+1 J
+Crd I m/ / Y 183G 1) dhdr
5s=0
= B) + B».
It is clear that the first integral satisfies the desired estimate, so we need only worry

about the second. Since A =t — t — r is equivalent to A4 = t — 7 + r whenever
t —t>2r, we find

) t—r i )L2m—j+l J E
Bzécr’*‘ﬁ'*’"/ / P G = -Zif 105G (2, 1)|dAdr.
e s=0

This establishes the desired estimate for B, and also completes the proof. [l

Lemma 2.4. Suppose u belongs to the Banach space (2.6) and let p > 1. Assuming
(1.7) and (1.8), one then has

Jo

D 1O F (2, ) IS2Ap|ull? - AT () Wi, 1) P (2.14)
s=0

and also
j .
D (V) - ) <AVl - AT Wi (o (2.15)
s=0

whenever 0< j, jo<1 and (A, 7) € Qr.

Proof. Because of our assumption (1.7), the fundamental theorem of calculus ensures
that

[Fu)|<A-|ul”, |F ()| <Ap - lulP~".
In particular, it ensures that

|03 F (IS AP - (i DPP ™ - |0u( DF . s =0,1.
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Recalling the definition (2.7) of our norm, the last equation easily leads to
IS F ()| AP lul|? - AP~"P (J)S~P - Wy (4, ©) P, s=0,1.
In view of our assumptions that j <1 < p, this also implies
Jjo Jo
D NG F @, )< Aplull? - Y AT (YT Wi TP, jo =0, 1,
5=0 5=0

Since s — j < jo — j within the last sum, our first assertion (2.14) follows.
Our second assertion (2.15) is easier to establish, so we omit the details. [J

3. A priori estimates

Our main goal in this section is to establish the following

Theorem 3.1. Let n >4 be an integer and define a, m by (2.2). Suppose F(u) and V (r)
are subject to (1.7) and (1.8), respectively. Suppose the decay rates k,l are subject to
(2.3)—(2.5) and that the condition

2—mp+m>0 3.1
holds. Define the norm || - || as in (2.7) and the function ®y by the formula
Dy (t + 1) = (t + r)mxEk@=D.0) (3.2)

Let & be the Duhamel operator (2.11) and assume u belongs to the Banach space
(2.6). With D = (0,, 0;), one then has

IDPLL F @)1, 01 < Cllu))? - r ' 7= () B oW, )™ e + 1) (3.3)
and also
IDPLL(Vu)l(r, )] < CVollul - r == () PI=1 Wiy 1)) (3.4)

when || <1 and (r,t) € Qr. Besides, the constant C is independent of r,t.

Before we turn to the proof of this theorem, we first need to study certain integrals
which will arise in the course of the proof. Those involve our weight function (2.8) and
some other parameters we have introduced (2.2). Throughout this section, in particular,
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we assume
0<k<m+4a—+1; a>0; pu=mintk —m,a); v=maxtk —m — a,0). 3.5)
For future reference, let us remark that u+v =k —m and that 0<v < 1.

Lemma 3.2. Let b, y>0 be arbitrary. When | > 2 and v < 1, one then has

e[ (o0 t2)
b= +m2) ax<cm) -y (3.6)
0 (x)

as well as

y b
125/' x+ )Y <1+lng—;) dx<C(b,1,v) - (y)~". (3.7)

y

Proof. The given integrals are increasing in b, so we may assume that b is an integer.
Let us first focus on (3.6). Since ;0 = y and since an integration by parts gives

Y by -
Ilb:y+/ . 1+1n@ dxgy"i'bll,b*la
o 1+x (x)

the validity of (3.6) follows by induction.
Next, we turn to (3.7). Here, x 4+ y is equivalent to y for each —y/2<x <y and (x)
is equivalent to (y) for the remaining part —y<x < — y/2, so we get

b -y/2
b<cwﬂ4/y<m4(run%9 ax+C)” [,
y/2 -

X y

Recalling our assumption that / > 2, we then arrive at

lllzy )
h<CO>““'f/Jﬂ”dx+C@FV
-y

Since v < 1 by assumption, the desired estimate (3.7) now follows trivially. [J

Lemma 3.3. Let y>0 and p > 1. Assuming (2.3), (3.1) and (3.5), one has

p5k,m+a
J = /y (x + y)!=mptm )y (1 +1n @) dx
—y (x)

CDy(y) - (yyrrtm=k, (3.8)

N

where Oy (y) = (y)mXC=k(@=D.0) js aiven by (3.2) and C is independent of y.
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Proof. If it happens that 0< y <1, then we easily find
y
Jl gc\/‘ (.X + y)l—mp+m dxgcyZ—mp+m gc
-y

because 2 — mp +m > 0 by (3.1). This does imply (3.8) when y is bounded.
Assume now that y>1. Since x + y is equivalent to (y) for each —y/2<x <y and
(x) is equivalent to (y) for the remaining part —y<x << — y/2, we get

1—mp+m Y —Vp (y> POkmta
J1 < C(y) / (x) 1+In— dx
—y/2 (x)

-y/2
+C (y)_”’/ (x + y)! =P gy,
-y

Moreover, 2 — mp + m is positive by (3.1), so this actually gives

y (y> pak,era
J1 < C(y)l_m”+m/ (x)7vP (1+ln —) dx
y/2

(x)
+C (y)2mptm=vp (3.9)
Recalling that y = min(k — m, a) and v = max(k — m — a, 0), we shall consider two

cases.
Case 1: When k<m + a, we have y =k —m and v =0, so (3.9) reads

y <y) Pék,eru
J1<C (y)lmmptm / (1 +1n (7) dx + C (y)>—mptm
-y/2

Once we now employ (3.6) to treat the integral, we find
JUSC ()27 = € (y)2 Ky pptm =k

since it =k —m for this case. In view of the definition of @y, (3.8) follows.
Case 2: When k > m 4+ a, we have y=a and v=k —m — a, so (3.9) reads

y
Jl <C <y)17mp+m/\ <x>7\’p dx +C <y>27mp+mf\1p .
—y/2

Moreover, v =k —m — a for this case, so we also have the identity

—vp=R—-k(p—D]+m+a)p—k—-2.
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In view of the definition of @y, the last two equations combine to give

y
JI SCDy(y) - (y)!—mptm / , (x)FOPR=2 gy 4 C O (y) - (y)r TR
i

Since (m +a)p —k — 1 > 0 by our assumption (2.3), we now get the estimate

JI<SCD(y) - (y)yertm=k,

In particular, we get the desired estimate (3.8) because p = a for this case. [

The proof of the following fact is almost identical to that of Lemma 3.6 in [29], so
we are going to omit it.

Lemma 34. Let (r,t) € Ri be arbitrary. Assuming that a > 0, one has

) Cr(t+r) if b > —a
t+r A7 dA
/ ¥< Cr“(t+r)_“<l+ln(t+r>> it b=—
| c )

t—r| (r—t+ )»)l_a (t—r
rat + )4t — r)eth if b<—a

for some constant C depending solely on a and b.

Lemma 3.5. Let Wy be the weight function (2.8) and | > 2. Assuming (3.5), one has

N RV L AV S a 1
IlE//l‘ Gy e Cr W

where /4 =t — 1+ r and the constant C is independent of r,t.

Proof. Let us recall the definition (2.8) of our weight function Wy and write

t—T+r l (A+1)H (+1) Ok.m+a
T A=)V 1+1 didr.
1= //|zrr|(r—t+f+7»)1“ (A—1) (—i—n(i_T)) Adt

Changing variables by x = 4 — 1t and y = 4+ 1, we then get

t+r <y>—,u y 1—] —v <y) 5k,m+a
11<C/t_rm/;y(x+y) (X> <1+lna) dxdy
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Once we now employ Lemma 3.2 to treat the inner integral, we arrive at

7 <c/t+r _ 0T c/w o dy
jt—r| (r =1+ y)l=e jt—r| (r =1+ )¢

because u+ v =k —m by (3.5). To finish the proof, it thus suffices to show

t+r <y>m—k
/ WdyéCr“Wk(r,t)_l.
lt—r] I — y

In other words, it suffices to show

t+r <y)m—k . » . {t +r) Ok,m+a
\/l;_rl(r—[——i—y)ladygcr (t—l—r) (t—r) <l+ln(t_r>>

with g = min(k — m,a), v = max(k — m — a,0) and Jk u+, the usual Kronecker
delta. Since this is precisely the estimate provided by the previous lemma, the proof
is complete. [J

Repeating the above proof but using Lemma 3.3 to treat the inner integral, one
similarly obtains

Lemma 3.6. Let Wy be as in (2.8) and let p > 1. Assuming (2.3), (3.1) and (3.5), one
has

At /11 mp+m. 2, p
f/ ;Cl( D dhde<Cr Wi ™ O+ 1),
_/L a

where Ay =t — 1+ r, O is given by (3.2) and C is independent of r,t.

The proof of the following fact is almost identical to that of Lemma 3.7 in [29], so
we are going to omit it.

Lemma 3.7. Given constants a > 0, b>0 and ¢ > —b — 1, one has

a ;Lb u')C a7 a+b ¢
/(‘) méc(l—r) =)

whenever t >r > 0. Besides, the constant C depends solely on a, b and c.
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Lemma 3.8. Define Wi by (2.8) and let | > 2. Assuming (2.5) and (3.5) with m >a,
one then has

At w7 1
I = dide< CWitr -\,
? /0 /o M8 (A — J)1-a 2at k(r, 1)

where /+ =t —txr and the constant C is independent of r,t.

Proof. Here, the factor iﬁ_ in the denominator has to be treated carefully, so we shall
need to divide our analysis into two cases. Before we do this, however, let us first note
that

) ) <C(/1~I—r)‘

A t—t—r  f—r

(3.10)

This holds if t>(t —r)/2 and 0< A<t — t — r, in which case A+ 7 is equivalent to
t —r, but it also holds if 0<t<(t —r)/2, in which case t —r — 7 is equivalent to 7 —r.
Case 1: When t <2r, the fact that Ay =t — 7+ r >r combines with (3.10) to give

t—r pt—t—r (1=l 9 m . —1
T, < __c / / (4) A+D)" - Wi (4, 1) dide.
ra(t —r)ym Jo 0 t—1—r—2)l-a

Recalling our definition (2.8), we change variables by x = A—1 and y = A4 71 to write

t—r m —u
7, < 9 / "y
rat—=ryJo  (t—r—y'h

5k,m+a
x/y x+ ) (l—Hn @> dx dy.

—y {x)

Once we now employ Lemma 3.2 to treat the inner integral, we find

C t—r m —uU—=v
< / ") dy. G.11)
0

Sra(t —rym (t—r—y)l-a
Since p<a and v < 1 by (3.5), our assumption a <m in this theorem gives
m—-—p—vza—p—vz —v>—l1.

As long as the last inequality holds, however, Lemma 3.7 provides the estimate

t—r m K=V
/ (ry = yi—a dy<C@t—r)"" (@t —r)=*". (3.12)
0 —r-y
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Combining this with (3.11), we may deduce the desired estimate once we show that
R (O N O R R (A S B (A B when t <2r. (3.13)
If t<2r and r <1, this is easy to see because ¢t — r <r and (¢t —r) is equivalent to
(t +r). If t<2r and r > 1, on the other hand, r is equivalent to (¢t + r) and we similarly
get

FA =t —=r)TFVLChU+ )T =RV C R e =)

because u<a by (3.5).
Case 2: When ¢ >2r, it is convenient to express the given integral as the sum of

20-1/3 pie gm =W 1))
I —/ / «m)a O — )= didr

and

- 1
- Wi(4, 1)~
Ty = didr.
== /2(1 r)/3/ Vi 7” (Je = )la

To treat Zp1, we proceed as in Case 1 with the inequality A =t —t+r>(t —r)/3
instead of our previous A4 >r. Analogously to (3.11), we now establish

C 1—r m< )—,u—v o
InS | s <l =)
C—ryia o G=r—w

because of (3.12). This does imply the desired estimate whenever ¢ >2r.
To treat 7, we use the inequality 4. > A_ to first obtain

am /1 1-1 W, /1 1
Izz\/ / ,<n+a k(4. 2)” didr.
2(t—r)/3 A VI

Here, each of t+ 1 is equivalent to t within the region of integration because

2020 =2(t —r —1)<1

whenever t>2(t — r)/3. In particular, each of 7+ / is equivalent to t — r and so

<T + /’{) )_5k.m+a

_ IV (= 5\
Wi(A, 1) = (t+ )W (x = 2) <1+ln —
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is equivalent to (¢ — r)**”. Keeping this in mind, we then trivially get

. /'\Ll
In<C(t— dldr.
22 r / / /lm—i-a() /1)1 a

Since our next lemma shows the last integral is finite, the result follows. [

Lemma 3.9. Let m>a > 0 and | > 2. Assuming (2.5), one has

1-1
u_/ / “’"+“(,1 )liad/ldrgC(a,l,m).

Proof. Let us change variables by y = A_ =t —r — 7 and write

Yo' dady 32yt didy
I —/ / e ioa / / P Iy + 0.
/2 ym+a (y /1) —a m+a (y — )) —a

For the former integral, the equivalence of A with y easily leads to

y t—r
v —2n"tdidy = Cf Wi-ay<c
0

t—r
U1<C/ y !
0 y/2

because a > 0 and [/ > 2. For the latter integral, the equivalence of y — 1 with y gives

t—r v/2
|]2<C/ y—m—I/ A dady.
0 0

Once we now consider the regions y>1 and y<1 separately, we find

t—r y/2
b <C / (! / 3y dady
0

min(z—r,1)

min(t—r,1) y/2
+c/ y*m*‘/ A d)dy
0 0

because m > 0. Using our assumption (2.5) that m +2 —[ > 0, we then arrive at

t—r min(z—r,1)
uzgc/ S dy—i—C/ dy.

min(z—r,1) 0

Since [ > 2, the integrals on the right-hand side are bounded, indeed. [
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Lemma 3.10. Let Wy be as in (2.8). Assume (2.3), (3.1) and (3.5) with m>a. In the
case that p > 1, one then has

t—r pi_ gl—mp+2m Wo () 0)P
S = f f - )8 () kf{)’li didT<CWi(r, 1)~ Dt + 1),
0 0 " (A —

where 1 =t — 1+ r, O is given by (3.2) and C is independent of r,t.

Proof. Let us first invoke our estimate (3.10) to get

C t—r i G+om. l=mp+m
S—— - Wi (4, 1) P dAdr.
P /0 /0 Ao —pia Mo f

Case 1: When r<2r, we use the fact that Ay >r within the region of integration.
Recalling our definition (2.8), we change variables by x = A—1 and y = A+t to find

C [y
A e A

y (y> pak,m+a
x/ (x + y)l=mpHm ()= (1 +1In —> dxdy.
-y (x)

Once we now employ Lemma 3.3 to treat the inner integral, we obtain

CO(t+r) (177 y" ()" * dy
rat —rm Jo o (@t —r—yt-e
CO(t+r) (7 y"(y)™*Vdy

- rat—rym Jo o (t—r—yl-a 3.14)

since i+ v =k —m. In view of (3.12) and (3.13), the desired estimate follows when
t<2r.
Case 2: When ¢ >2r, it is convenient to express the given integral as the sum of

2(t—r)/3 pi }vlfmp+2m Wi (). 7)"P
T =/ / ~ma« it 1? didt
0 0 /L_)L+ (A — A)la

and

t—r Je pl=mp+2m- Wi(2, 7)"P
Jn = / / — ‘ didr.
2(-r)/3 Jo MG (e = )1e
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To treat J>1, we proceed as in Case 1 using the inequality 14 > (¢t —r)/3 instead of
our previous A4 >r. Analogously to (3.14), we now establish

CO(t+r) [0 Y™ () H "V dy

s —— . — p\THY
([—}")m+a 0 (t—r—y)l—a <C(Dk(t+r) ([ V)

J21 <

because of (3.12). This does imply the desired estimate whenever 7 >2r.
To treat Jp2, we use the inequality Ay >A_ to first obtain

1 —mp—+2m W, j. 0)~P
Jn< / / e a - )" 4,
2(t—r)/3 Mre (A — A)l-a

As in Lemma 3.8, 1+ 4 and t — r are all equivalent here and this makes Wi(4, 1)

equivalent to (r — r)**" = (t — r)*™ within the region of integration. In particular,
' - 1 —mp+2m
rymp—kp )
TJn<C(t / / m+a P )l—a didrt

and our next lemma allows us to conclude that
T <C (1 = r)0m = ¢ (1 — p)2 0D gy — pynk

Recalling the definition of @y, the desired estimate now follows. [

Lemma 3.11. Let m>a > 0 and p > 1. Assuming (3.1), one has

t—r pi_ 1-mp+2m 7,
J= d DT g pypomen,
ARG~ Jyl=a

where A_ =t —r — t and the constant C depends solely on a, m and p.

Proof. Since m is positive, we clearly have

J]<'/t—r /i /ll—mp—l-m d)dr
Sl o G =Wl

and the change of variables y = A_ = —r — 7 allows us to write

J]</ /y )1 mp-+m dAdy /- /-y/z il mp-+m d dy .
w2 YAy — Al Yy =)l
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Here, / is equivalent to y within the former integral and y — 4 is equivalent to y within
the latter, so we find that

t—r y
J < C/ yl—mp+m—a/ (y — )v)a_ld)ndy
0 v/2

t—r y/2
+C/ y~! / A=merm g dy.
0 0

Since a > 0 by assumption and since 2 —mp +m > 0 by (3.1), we then obtain
t—r
J SC/ ylfmerm dy< C (l _ r)meerm )
0

This establishes the desired estimate and also completes the proof. [J

Lemma 3.12. Let Wy be as in (2.8) and | > 2. Assuming (3.5), one has

t
Ty = / el Q)™ Wi (2e], 7 dT<Crowi(r, )7, (3.15)

max (r—2r,0)
where i+ =t —txr and the constant C is independent of r,t.

Proof. Before we turn to the given integrals, let us first check that
Pel® (Ax| + 1) H <Cr* (t +7)" when max(t — 2r, 0) <t <1, (3.16)

Case 1: If either t>2r or r<1, then each of (|Ay|+ 1) is equivalent to (¢ + r)
because

t—r=0—1—r)+1<|le| +1<t+7
are all equivalent when ¢ >2r and all bounded when 7 <2r <2. Once we now note that
el =t —1E£r|*<Br)?

whenever 1>t — 2r and a > 0, our assertion (3.16) follows.
Case 2: Suppose now that t <2r and r > 1. Since a > 0 and u<a by (3.5), we have

|21 (Al + 1) 7H < (Al + D H < (e + )71,

Moreover, r and (f +r) are equivalent when r > max(z/2, 1), so this also implies
(3.16).
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Next, we focus on the integrals (3.15). Employing our estimate (3.16), we find

t
I, < ¢ <r+r>*“-f Gl (] + 1) - Wiie], 0 de
0

Cra(t+r) " 14 (3.17)

Since A+ =t +r — 1 by definition, one clearly has

max (¢4r,0) f+ Skmta
Ui</ ttr—0'"" g tr—207" 1+ln# dt
0 (£r—21)

2 —t (5k.m+a
g) .

t
+(t—r)_"/ (r—t+r)l_l<1+ln T

max(t—r,0)

Besides, the substitution x = ¢ £ r — 2t allows us to write the former integral as

1 t4r t+ 1-1 t+ Ok, m+a
_/ <x—+ r> .<x)—V<1 +n r>> dx.
2 J (t+r) 2 (x)

Once we now treat this integral using Lemma 3.2 with y =t +r, we arrive at

o < C{txr)™

t B 6,ma
e [ et (1 BT
(t—r)

max(t—r,0)

Here, 0<2t —t 4+ r <t + r within the region of integration and [ > 2, so we find

<t + r> )5k,m+tz

. <C(£r)"+C—r)"(1+
(t—r)

Since v>0 by (3.5), this also implies

(l‘ + r> >5k,m+u

.<C{t—r)""1+1
+ (t—r) <+n(t—r)

Combining the last equation with (3.17), we deduce the desired estimate. [J
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Lemma 3.13. Let Wy be as in (2.8). Assume (2.3), (3.1) and (3.5). When p > 1, one
then has

t
7= [ Ll (T Wi 2], 0P d
max (t—2r,0)
< Criw(r, ™" Dyt + 1),
where 1 =t —txr, O is given by (3.2) and C is independent of r,t.

Proof. In view of (3.16), the desired estimate will follow once we show that each of

13
b= [ 12 )T sl 4 0 Wellial, P d
0
satisfies an inequality of the form
Je<Ct—r)™V - Dt +r). (3.18)

Let us then proceed as in the previous lemma. Since A+ = £+ r — 1, we clearly have

b < max (t=%r,0) }lfmp+m , p .
+ < |+ (dx + )" Wi (Ag, D) P dr
0

t
+/ (—a)lmmptm o VTl — A W (=, 1) P de
max (t—r,0)

= J,+J0" (3.19)

and we shall first focus on J'.. Explicitly, this term is given by

max(t+£r,0) _ t+ POkm+a
Vo =(t+ r)“_’”’/ AT G — 7 (1410 drEn) dr.
0 (ix — 1)

Using the substitution x = A1 — 1t =1 £ r — 27, we may thus write it as

ttr

Jp=C(t= r)'“_“pf
—(t£r)

(t:l:r) POk.m+a
o) ) dx.

(x + t £ p)l7mpm (= (1 +1In

Once we now employ Lemma 3.3 with y =¢ £ r, we find

Uy < Chprxr) -t £r)M"* = Chdpr+r)- (1 £7)7"
< Chp(t+7r)-(t —r)7"

because u+ v =k —m and v>=0 by (3.5). Thus, the desired (3.18) is satisfied by J',.
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To treat the remaining term J”, we change variables by ¢ = —A_ =t —1¢ +r and
write
.
J' = / TP (T Qe+t — ) Wi(o, 0+ 1 — r) P do. (3.20)
max (r—t,0)

Recall the definition (2.8) of our weight function, according to which

_ [75 m+a
M) bt (3.21)

Wi(o, 6+t —r) P =R+t —r)*({t—r)"7 <1 +1In T
—r

with 4 = min(k —m, a) and v = max(k —m — a, 0) for some a > 0.
Case 1: When k<m, we have ¢ =k —m <0 and v = 0, while equation (3.20) reads

Vo= fr o= gy 26 + 1 — r)THPTD do

max (r—t,0)

Since 0<20 +t — r <t 4 r within the region of integration, this trivially implies

t+r
I < (t+r>*“<P*1>/ gt dg
0

because —u(p — 1) >0 here. Using our assumption (3.1) that 2 —mp +m > 0, we then
get

ILLC (4 )y HP=DF2mmptm — (4 2K <yt + 1)

because u = k —m here. This is precisely the desired (3.18), as v = 0 for this case.
Case 2: When k > m, we have p > 0 and it is convenient to introduce the constant

5 — {min(,u(p— 1),1/2) if k<m+a } (3.22)

0 if k>m+4a
Since 0, is positive when k = m + a, we may then estimate (3.21) as
Wi(o,04+1—1) " < CQRa+1—r) % H (1 — )P
< CQRo+1t—r)H(t—p)™"

because vp>v>0 by (3.5). Inserting this fact in (3.20), we thus arrive at

,
J<Cit—r" / o=t (6) T (20 + 1 — )P dg,

max (r—t,0)
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Here, 20 + t — r > ¢ within the region of integration, so we easily get
r N
J <C(t — r)—v/ al—mp—i—m <J)b*—ll([7—l)—1 do
0

because d, <p(p — 1) by our choice (3.22). In particular, we get

min(r,1) r .
V' LClit—r)" / gl-mptm da—i—/ (g) 0+t =1) g |
0 min(r,1)
To deduce the desired estimate (3.18), it thus suffices to show that

min(r,1) r
/ gl—mp+m da—l—/ (6>5*—(m+#)(p—1) do<CO(t + 7).
0

min(r, 1)

According to (3.1), the former integral is finite, so it certainly satisfies the last inequality.
Let us then worry about the latter integral and seek an estimate of the form

K E/ ()0~ g6 < CO(t + ). (3.23)
0

Subcase 2a: When k<m + a, we have p =k —m and we easily get
r r
IK:/ ()0 k(p—1) da<C®k(r+r)/ (0)* 2 do < CO(t +7)
0 0

because d, < 1 by our choice (3.22).
Subcase 2b: When k > m + a, we have u =a and 6, = 0 so that

K — /r (o)~ +O(P=D) g
0

In view of our assumption (2.3) that k < (m + a)p — 1, however, we also have
m+ayp—1)>k+1—m—-—a>1
for this subcase, so the last integral is finite and the desired (3.23) follows. [
We are finally in a position to give the

Proof of Theorem 3.1. To establish our two assertions, we apply Proposition 2.3.
Given a function G € C!(Qr) that satisfies the singularity condition

G, 1) =0 M2 a5 150 (3.24)
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for some fixed 6 > 0, the proposition ensures that

Jm= Jj+1

IDPLzG)| < cpilfimm=a f / T Z,m G, )| dhdt

/L

t—r pi_ /"LZm—j—H Z]: .
+r“/ / T TR — Y _X10;G (2, 1)|dAdx
0 0 /L)L+ (A —A)l—a =

j—1

t .
+/ | Ay |@tm—it] Zmaic(z,m dt}  (3.25)

max (t—2r,0) =0
= A=|2x|

whenever |f]<j<1.
First, we apply this fact to G(4, 1) = F(u(4, 7)). By Lemma 2.4 with j = jo =0,
we have

Fu(i,1) = 0Py = O ()72’"—“51) as /. — 0,

where 0; = 2 — mp + 2m is positive by (3.1). In particular, our estimate (3.25) does
hold for the special case G = F(u). Besides, the sums that appear in the right-hand
side are those of Lemma 2.4, according to which

Jo
DA N0F (i ) S2Aplull? - 277" R TT Wi (2, 1) 7P
s=0

for jo = j, j — 1. Inserting this estimate in (3.25), we thus obtain an estimate of the
form

IDPLZFal<Cllull? - P/ P=m=0 (7 4 19 + Ta),

where J1, J» and J4 are as in Lemmas 3.6, 3.10 and 3.13, respectively. The assump-
tions we imposed in these lemmas are not different from the ones imposed in this
theorem, except for the inequality a <m that appears in Lemma 3.10. Nevertheless, our
definition (2.2) shows that a <1<m whenever n>4, so we may employ Lemmas 3.6,
3.10 and 3.13 to arrive at

IDPLLF@)<Cllull? - r/ = Wi, )™ - O +7),  IBI< <. (3.26)

We now claim that this also implies our first assertion (3.3), namely that

IDPLLF@1<Cllull? - r' == () P=1 Wi )71 @0 4 1), IBISIL
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Indeed, if r <1, one may obtain the last inequality through the special case j = 1 of
(3.26). If r >1, on the other hand, one may obtain it through the special case j = |f].

The proof of our assertion (3.4) regarding the potential term is similar, so we only
give a sketch of the proof. In this case, it suffices to show that

DL (Vi1 <CVolull - r P w7, B < L (3.27)

We now apply (3.25) with G(4,7) = V(1) - u(4, 7). Using Lemma 2.4 with j = 0,
one easily checks that the singularity condition (3.24) holds, and this validates our
estimate (3.25) for the special case G = Vu. To treat all three sums that appear in the
right-hand side, we use the inequality provided by Lemma 2.4, thus arriving at

IDPLL(V)|<CVollu|l - rI~PI=m=a (T 4+ 19T + T).

Here, 71, 7, and Z4 are given by Lemmas 3.5, 3.8 and 3.12, respectively. These
lemmas are all applicable, as before, so we may invoke them to deduce the desired
estimate (3.27). O

4. Existence of solutions

In this section, we give the proof of our existence result, Theorem 1.1. Our first step
is to refine the a priori estimates of the previous section, treating the radial derivatives
of the Riemann operator in a more efficient manner. Since the time derivatives do not
appear in our norm (2.7), those are not as important. We shall merely need to control
them in order to prove uniqueness of solutions using a standard energy argument.

Lemma 4.1 (Radial derivatives). Fix an integer n >4 and let L be the Riemann oper-
ator of Lemma 7.1. Suppose that f € C'(Ry). When r >2t > 0, one then has

. . r+t
OPILAIr )] < Cri / f ()] di
r—t
_ Jo
+joC - sup M [E 1O @.1)

r—t <A+ g
for jo = 0,1 and some constant C that is independent of r,t.
Proof. We merely concern ourselves with the case that n is even, as the argument

becomes much simpler when n is odd. Since r >2¢, the Riemann operator (7.3) takes
the form

1 r+t
LA = s [ ARG UnGlr ) 2 42)

—t
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where U, is given by (7.4) and z(4, r, t) is the rational function (7.1). One may easily
check that 0<z(4,r, 1) <1 whenever 0<r — t<A<r + 1t and that z(r £ ¢,r,¢t) = 1.
Within the region of integration, in particular, we may express the function of (7.4) as

IR N U
U’”(Z)‘sz s i
V2 ! 1 T (0)

Y2 - d 43
T Jo Bd—w Jiio (43)

by means of the substitution ¢ = z 4+ v(1 — z). Since z(r £1t,r,t) = 1, we get

1
Unier £ 1,11 = Y2 I ()

: dv = Ty(1). 44
o Fa—w vz T o

Using this fact, we now differentiate (4.2) to find that

-1
T 4rmtD/2

r+t
Or[Lf] = f 2D £ () U (2, 7, 1)) d
r—t

1 r+t a
+2r(n—l)/2 f 2002 £y 0, Up(z(Ay 1, 1)) d)
r—t
T (1) _ B
MECEE [(V +0 "2 G+ — =)V - t)].

Estimating the last equation and (4.2) at the same time, we thus obtain

. Jjo ) r+t
BPILFI < Y Crtiom (/2 / KDY F )] 18,Un (22, 1, 1)) d
—0 r—t
+joCr— =072, ‘(r + 02 e 40— ="V 2 fr —1)
= A+ A
for jo=0, 1.

When it comes to the boundary terms A;, the mean value theorem yields

1
Ar<joC - tr~ =2 gy Z [/1(;1—1)/2—1“ |f(s)(/~b)|:| )

r—t<ASr+t
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Since r >2t by assumption, each r — t<A<r +t is equivalent to r, so the desired

(4.1) does hold for these terms. When it comes to the integral term A;, we similarly
have

e Jo
Ay <Cr*f°/ FD D210, Un (2 (s v 1))
r—t s=0
so the desired (4.1) will follow once we know that
1
S BN UnGG r )ISC, r—t<ASr +1. 4.5)

s=0

Now, a direct differentiation of (4.3) allows us to write

1
aiUm(Z(/la r, t)) — é 1 3 as ( TT(—E)U> dva

T Jo vali—v

where 0 = z+v(l —z) and z = z(/, r, t). Since 0<z<1 whenever 0<r — 1t <A<r +1,
it is clear that 0 <o <1 within the region of integration. Thus, one easily finds

10 U (22 7, )| < C|022(2, 7, 1), r—t<A<r +1. (4.6)
Here, the rational function z(Z, r, t) is defined by (7.1) and satisfies

2 4,2 2 2_ 924 42
A 4re—t . re— A"+t
z(Z,r, 1) = B Orz(Ayr 1) = o2

Since r >2¢t by assumption, we also have A, r,r<2r and a rather crude estimate gives

1—s

10,2(A, 1, )| <

s=0,1.

As A and r are equivalent by above, we may combine this with (4.6) to finally deduce
the desired (4.5). O

Corollary 4.2. Under the assumptions of Theorem 3.1, one actually has
[LF@<Crllull? - O(T), 1L Vu) | <CiVollull

for some constant Cy that is independent of u.
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Proof. In view of the definition (2.7) of our norm, we have to show that

0 LLF NS Cllull? - r =07 ()0~ Wi (r, )7 - O(T) 4.7
for jo =0, 1 and each (r, 1) € Qr, as well as

0P LL VN <CVllul - =07 ()P~ Wi ™! jo =0, 1.

Since the latter inequality is a special case of Theorem 3.1, we need only worry about
the former. As another special case of Theorem 3.1, we do have the estimate

P [LF@KCllull? - r1 =07 ()0~ Wi, ™ (e + 1),
which implies (4.7) when @y (¢t 4+ r) < CDy(¢), hence when either r <2f or r<2. In
what follows, we may thus focus on the case r > max(2¢,2). When it comes to

. t
HNNLF W, 1) = / OPILF u(-, )], 1 — 1) dx,
0

we have r >2(t — 1) within the region of integration, so Lemma 4.1 applies to give
r+t—1t

. t
0P [LFw)] < Crh / f |F(u(4, 7)) didx
0 Jr—t+t

‘ Jo
worh [a—n s S [iGFwG o]

r—t+T<ASrH =T g
According to Lemma 2.4 with j = jo, we also have

Jo
D IO F (A, DI<2Aplull? - T Wi (2, 7P, jo=0,1
s=0

so we may combine the last two equations to arrive at
r+t—1t

. . [ .
PLLFGI < Cllull? - /0 [ w. i
r—t+t

t .
+Cllull? ~r_-’0/ t—1) sup QTP W (A, 1) P dr.
0

r—t+t<A<r+t—1

Due to our assumption that r >2¢, one has A>r —t 4+ 1>t + t>2t within the region
of integration, whence Wy (4, 7) is equivalent to (i)kfm. In addition,

3r
gr—t+r<i<r+t—1<7

SR
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so (/) is equivalent to r itself and we get

. . t pr+t—t
|OP1LF )] < Cllull? -r_m/ / plo=mp mp=kp 45 dr
0 Jr—t+t

+Cllu||? - r—0 /Ot(t — 1) - plo=mp pmp=kp g
Since k(p — 1) >0 by assumption, the last equation easily leads to
0P LLF@SCull? - r 7 (1) <Cllu)l? - r 7 - (> 7+
when r > max(2¢, 2). Besides, r, (r) and (r & ¢) are all equivalent here, hence
O LLF@N<Cllull” - r ™ - Ou() <Cllull? - r " Wi, )" - Or(0)

by the definition of ®j. This does imply the desired (4.7) whenever r >2. [

Following Kubo [12], we shall now introduce the auxiliary norm

lulll = sup |u(r, )| - r" Wi(r, 1). (4.8)
(r,t)eQr

Since r < (r), a comparison with our previous norm (2.7) gives [llulll < [|u].

Lemma 4.3. Let p > 1 and X be the Banach space (2.6). With u,v € X arbitrary,
set

M, v) = llu — vlll- (||u||1’—1 T ||v||1’—1) (4.9)

and

N@,v) = lu—vl| - (||u||"—l + ||v||f’—1) + Ml — wllP~T (||u|| + ||v||). (4.10)
Assuming that (1.7) holds, one then has
|F(u(Z, 1) — FA, )ISCMu,v) - 27" - Wi (4, 1)~ " (4.11)

and also
Jo ‘ o
Z 25 |6§[F(u()v, ) — Fo(d, D KCN@,v) - 27" ()07 WA, 1)"P (4.12)
s=0

whenever 0< j, jo<1 and (A, 1) € Qr. Besides, C is independent of A, 1.
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Proof. Let us first focus on the derivation of (4.11). Since

Fu)—FWw) = (u— v)'/.o1 F'(Ou+ (1 - 0)v)do,
our assumption (1.7) on F easily leads to
[F) = FOI<Clu — vl - (lal"~" 4+ [ol77). (4.13)
Using the norm (4.8) for u — v and the norm (2.7) for the other factor, we then get
|F(u) — F)|<Cllu —vll- 227172 ()P Wy (A, o) 7P (||u||l’*l + ||v||P*‘).

In view of the definition (4.9) of M (u, v), this does imply (4.11) whenever p > 1.
Next, we turn to (4.12). To treat the summand for the index s = 0, we have to show
that

|F(u(2, 1) — F(v(A, 0)|<CN @, v) - 227" ()07 - Wi (A, 1) 7P (4.14)

whenever 0<j, jo<1 and (4,7) € Qr. Using the norm (2.7) to now estimate both
factors in the right-hand side of (4.13), we find

F@) = FOISC llu = vl - 277 ()77 Wi 077 (Jull ™+ ol ).
Moreover, we have j<1 < p by assumption, so the definition (4.10) of N(u, v) gives
|F(u) — F(0)| <CN(u,v) - 277" ()~ - Wi (A, 1) 7.

This also implies the desired estimate (4.14) because jo>0.
To finish the proof of (4.12), it remains to treat the summand for the index s = 1.
Since this summand is only present when jp = 1, it suffices to show that

MOIF W) — FOQ NISCN @, v) - 277" () Wi (2, 1) P 4.15)
whenever j = 0,1 and (4, 7) € Qr. Now, one clearly has
|0;[F () = FONI<IF'(w) — F'(v)] - 10u] +10;(u — v)| - |F'(v)]
by the triangle inequality, so our assumption (1.7) on F leads to

10,[F (u) — FO)<Ap lu —v[P™" - [0u] 4+ 10, — v)| - Ap [v|P~".
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Using the norm (4.8) for u — v and the norm (2.7) for all the other factors, we then
get

10,[F ) — F)1| < Apllu — ollP~" - ]l - 27™P - Wye(A, 1) P
+Ap lu — vl - o) P71 2P VP W (4, )P

In view of the definition (4.10) of N (u, v), this actually implies
J0;[F(u) — F)]|<Ap - N(u,v) - (A‘*’"P + AP (A)‘*P) Wi (4, 7)7P.
Since we also have j<1 < p by assumption, we may thus conclude that
A0 LF (u) = F)|<2Ap - N, v) - 277" ()T Wi (A, )P

This is precisely the desired estimate (4.15), so the proof is complete. [

Corollary 4.4. Let u,v € X. Define M(u,v) and N (u,v) by (4.9) and (4.10), respec-
tively. Under the assumptions of Theorem 3.1, one then has

1L (Fu) — FQ)l < CaN(u,v) - O (T), (4.162)
1L (Vu - Vo) < C2Vollu — vl (4.16b)
as well as
L (Fw) — F)ll < CoM(u,v) - Oy(T), (4.17a)
Il L(Vu— Vo)l < C,Vylllu — vlll. (4.17b)

Besides, the constant C; is independent of u, v.

Proof. Except for constant factors, our first two assertions (4.16a) and (4.16b) are
the exact analogues of Corollary 4.2. In fact, (4.16b) does follow from Corollary 4.2,
according to which

[£Vu = Vo)l =[ZVu—-v)<CiVollu —v].

As for (4.16a), our previous approach applies almost verbatim. More precisely, the
estimate that Lemma 2.4 provided before was

Jo
D IS F (A )| <2Ap ul? - AT ()07 Wi (A1) 7P
s=0
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for 0<J, jo<1 and each (4, 7) € Q. In this case, an analogous estimate (4.12) is
provided by Lemma 4.3, so one may establish (4.16a) exactly as before.

Our last two assertions (4.17a) and (4.17b) follow in a similar fashion as well, so
we only give a sketch of their proof. Here, we apply Proposition 2.3 with j = || = 0.
Given a function G € C!(Qr) that satisfies the singularity condition (2.12) for some
fixed 6 > 0, the lemma ensures that

m+l
LG 1) < Cr™ a:/ f T 16 nldids

A- )2m+1
! |G, v)ldAdTy, (418
fO fo M8 (e — 2)1-a |G(Z, v)|dAdty, (4.18)

where A4 =t — 1% 7.

First, we take G(4,7) = F(u(4, 7)) — F(v(4, 7)) and use (4.11) to see that the
singularity condition (2.12) holds in this case. Once we now estimate G(4,t) using
(4.11), we get

p m+1—mp
| L(F@) ~ Fo)| < CM(u,v) -7~ {/ /” ) AW;““"') didv
‘ - —

t—r pA_ l2m+l—mp  We( —p
a f f WD e
0 0 /L_)L+ (- —A)

= CM@u,v) - r " . (1 +r*J),

where 71 and 7> are as in Lemmas 3.6 and 3.10, respectively. Thus, we find
| L(F(u) — F)|<CM@u,v) - r~™  Wi(r, 1) ™" - Ot + ).

In view of the definition (4.8) of our auxiliary norm, this already implies the de-
sired (4.17a) when @ (t + r) <C®i(¢), hence when either r <2t or r<2. When
r > max(2¢,2), on the other hand, we may apply Lemma 4.1 with jo = 0 to find
that

r+t—1

| L (F(u) — F(v))|<C// |Fu(l, 1)) — F(v(4, 1) dAdx.

t+7

As in the proof of Corollary 4.2, A, A4+ 1, r £ ¢ and r are all equivalent here, so one
may easily employ (4.11) to deduce (4.17a).
Since the derivation of (4.17b) is more straightforward, we shall omit it. O
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We are finally in a position to give the
Proof of Theorem 1.1. Our iteration argument is quite similar to that of [12], so we
only give a sketch of the proof. As we have already noted, one may decrease the
decay rates k,! to ensure that (2.3)—(2.5) hold without loss of generality. Let Cy, C

and C, be the constants that appear in Lemma 2.1, Corollary 4.2 and Corollary 4.4,
respectively. In order to proceed, we assume that Vj, & are so small that

2Coe < 1, (4.19)
4C; Vo +4C; - 2Coe)? ™ dp(1) <1, i=1,2. (4.20)

Recall that @y (r) = (1)™>*C*P=D.0) 1y the supercritical case k>2/(p — 1), this
function is identically equal to 1, so one has

4C3Vy +4C3 - (2Coe)P~ L D (T) <1, C3 = max(Cy, C3) 4.21)

for any 7 > 0 by above. In the subcritical case, on the other hand, the last inequality
does hold with equality for some 7 > 1. For this case, in particular, we take 7" > 1
such that

4C3Vo 4 4C5 - (2Coe)P~ 1 (T2 k=D —
Due to the equivalence of (7') with 7, we thus obtain the lower bound

T>Ce(P=D/Q=k(p=1)

that (1.12) asserts for the subcritical case k <2/(p — 1).
The Banach space X of interest was introduced in (2.6) and we shall henceforth
focus on its subset X5 consisting of all u € X with |u| < J, where

1—4 1/(p—1)
5=min (1, (L2240 . (4.22)
4C3D(T)

For this particular choice of 6, Lemma 2.1 easily leads to the estimate ||ug|| < Coe <3/2
because of (4.19) and (4.21). This means that uo € X;s. Let us then recursively define

uiv1 =ug+ LFwui) — LVu;) (4.23)

for each i >0. Using Corollary 4.2 and our choice (4.22) of J, one easily finds that
uij+1 € X5 whenever u; € Xs. In particular, the whole sequence {u;} lies in X5 by
induction.
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Next, we employ Corollary 4.4. Using its second conclusion (4.17a) and (4.17b), we
are able to establish the contraction estimate

L @) — Fopll+ 1LV — vU)mg% e =l v e Xy, @.24)

Using repeated applications of this fact and the first conclusion (4.16a) and (4.16b) of
Corollary 4.4, we deduce that {u;} is a Cauchy sequence in Xy, hence also convergent.
Let u € X5 be the limit of this sequence. By (4.23), u satisfies the integral equation

u=uyg+ LFwu)—LVu). (4.25)

By Lemmas 2.2 and 7.1, it also satisfies the nonlinear wave equation (2.1).
Finally, we prove the uniqueness assertion of our theorem. By Lemma 2.1 and
Theorem 3.1, our solution (4.25) to (2.1) is such that u € C'(Qr) N X and

10,ul + |Ou| = O™y = O~ "=D/2Hay a5 0 (4.26)
with @ > 0 as in (2.2). Given some other solution v with the same properties,
w=v—YLFuw)+ ZVv)

satisfies the homogeneous wave equation (2.9). In view of Lemma 2.1 and Theorem
3.1, w is also subject to (4.26), so the uniqueness assertion of Lemma 3.2 in [13]
implies that w = ug. In other words, v € X satisfies the integral equation (4.25).
Since that equation has at most one solution in X5 by our contraction estimate (4.24),
we may conclude that v =u. [

5. Blow-up due to the initial data

In this section, we establish our blow-up result for initial data of subcritical decay
rates. To merely focus on the behavior of the initial data at infinity, we shall fix
a constant R > 0 and introduce assumptions for the initial data only when |x| > R.
Before we can deal with such data, however, we shall need to refine a result of Glassey
[5] regarding the positivity of the Riemann operator in any space dimension n > 1; see
also [19,27].

Lemma 5.1. Let L, % denote the Riemann and Duhamel operators of Lemmas 7.1
and 2.2, respectively. Given any R > 0, the following properties then hold for some
constant 8, > 1 that only depends on n.

(a) Assuming f:(R,o0) — R is non-negative and continuous, one has

[Lf1(r,t) >0 whenever r > max(f,t,t + R) and t>0.
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(b) Assuming g: R? — R is continuous, let r > max(f,t,t + R) and t >0 be now
fixed. If g(4,7) >0 whenever . > max(f,7, T+ R) and 0<t<t, then

[ZLgl(r, 1) >0.

Proof. We merely concern ourselves with the case that n is even, as the argument
becomes simpler when n is odd. First, we focus on part (a) and take r >t + R to be
arbitrary. The Riemann operator (7.3) is then of the form

1 r+t
(L1 0 = 5= f KD EQ) U 0) d (5.1)

r—t

where U, is given by (7.4) and z(4, r, t) is the rational function (7.1). Since A>r—t >
R within the region of integration, we have f(1)>0 by assumption. To establish part
(a), it thus suffices to find a constant f3,, > 1 such that

Un(z(A,7,t)) >0 whenever r > f,t and r +t>A>r —t. (5.2)

Now, our computation (4.4) shows that U, (1) = T,,(1), where T, is the mth Tcheby-
shev polynomial. Using the fact that 7,,(1) = 1, we may then choose some constant
0 < oy, < 1 such that Uy, is positive on [ay,, 1]. Setting

/))m = :

_1—acm

> 1, (5.3)

it thus suffices to show
z(A, 1, t) € [y, 11 whenever r > f,,tand r +t>1>r —t. 5.4)

It is easy to check that the rational function z(4, r, t) of (7.1) satisfies

2 42— 2 U—r+0)A—r—1)
o) —1= —1= <0
24 1) 2ri 2ri

whenever r +t>A>r —t. Assuming that r > ¢ as well, we now get

P42 =22 O4r+n0—t —t
P Gdrdne=n rot

A = >
24, 0) 2r A 2r r

because r —t > o, when r > f5,,t. This proves (5.4), so part (a) follows.
Next, we focus on part (b). Suppose r > max(f,,t,t+ R) and ¢ >0. In view of (5.1),
we may then express the Duhamel operator (2.11) in the form

1 t r+t—1 B .
(L8l ) =5 / / KD (2, 1) U (2, 1t — 1) dddr.
r 0 Jr—t+t
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Since r > f3,,t, the rightmost factor in the integrand is positive by (5.2). To finish the
proof using our positivity assumption on g, it remains to note that

zr —t+1>max((f, — Dt, R) + t= max(f,t, R+ 1)

within the region of integration, as r > max(f,,t,t + R) by above and f,, > 1 by
(5.3). 0O

Lemma 5.2 (Uniqueness). Let R, T > 0 be arbitrary and define the region
Or={(rnneR: : r>t+R, 0<t<T). (5.5)

Suppose g:(R,00) x R — R is a c! Sfunction with g(r,0) = 0 on (R, 00) and that
Y: (R, 00) — R is continuous. Then the equation

—1
5,214 — ﬁfu 1 -0ru = g(r,u) in Of, (5.6)

u(r,0) =0; ﬁigu(r, 0) =y() in (R, 00)

has at most one solution u which is continuous, locally bounded and of locally finite
energy in O, namely, such that u € LIO(O)C(®T) and r"=V/2(|lu| + |0,u| + |0ul) €

2
Lloc(®T)'

Proof. If u;, u; are two solutions having the desired properties, then their difference
w = uj — uy satisfies

2 2 n—
Oyw — dyw —

'6rw:g(r’u1)_g(rsu2) in G‘)T

and vanishes on (R, c0) x {t = 0}. Using a quite standard computation, one also finds

d Rt 2 1 2 1
i . (wy +w;)-r""Hdr = —[(wr — w1 ]r:RO_t

_[(wr + wt)2 : ”n_l]
r=R+t

Ry—t
+2/ we - Lg(rouy) — g(run)] - "~V dr,
R+t

where w, = J,w, wy, = J;w and Ry > O is arbitrary. This gives the local energy
inequality

Ry—1t
(wf—i—wlz)-r"_ldrSC/ lwewl| - "~ dr
R+t

d Ro—t

dt JRi:t
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because g € C! and since uy,us are locally bounded in ®7. Using Hoélder’s and
Gronwall’s inequalities, we deduce that w = 0 in ®7. In particular, we deduce that
u; =uy in 7. 0O

Lemma 5.3 (Existence). Let R > 0 be arbitrary and let g,y be as in the previous
lemma. Then there exists some T > 0 and a unique solution u to (5.6) which is
continuous, locally bounded and of locally finite energy in Or.

Proof. We merely concern ourselves with the case that n is even, as the argument
becomes simpler when n is odd. Since r > ¢t within @7, the Riemann operator (7.3)
takes the form

1 r+
L0100 = 5t [ 20 Ut ) d 57)

where U, is given by (7.4) and z(4, r, t) is the rational function (7.1). One may easily
check that 0<z(A, r, ) <1 whenever 0<r — r <A<r +1, so the function (7.4) is such
that

Tn (o)

1—o2

|Unm ()| = do

0g—2Z

C(m)/ «/_ de—C(m)

Estimating (5.7) rather crudely, we deduce that

r+t
[[Ly](r, t)|<C(m)/ (D) da. (5.8)
r—t

In view of (5.7) and (5.8) then, up = Ly is both continuous and locally bounded in
Or.

With ¢ the Duhamel operator of Lemma 2.2, we now recursively define a sequence
{u;} by setting u;+1 = up + Lg(r,u;) for each i >0. Using (5.7) and (5.8), one easily
checks that each u; is continuous and locally bounded in @7, while

r+t—7t
i1, £) — i, z>|<c<m>/ / lg(h u) — g( wi_)| didr.
47

Given a fixed but arbitrary Ry > 0, we thus arrive at

2
sup fujr1 —ui|<C(m, Ro) - T sup |u; —uj_ql.
r+t < Ry r+t < Ry
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Iterating the last inequality and choosing 7 to be sufficiently small, we find that u;

converges uniformly to a function # which is continuous and locally bounded in ®7.
As in the proof of Theorem 1.1, one easily checks that u also satisfies (5.6). Our

assertion that u is of locally finite energy follows similarly from (5.7), so we shall

omit the details. As for our uniqueness assertion, this has already been established in

our previous lemma. [

Lemma 5.4 (Comparison lemma). Using the notation and assumptions of the previous

two lemmas, assume also that 0,g(r, u) =0 on (R, 00) x [0, 00). When /, y: (R, 00) —
R are such that > >0, the corresponding solutions u, U to (5.6) are then such that

uzu>0 in O ={(r1) € R%_ :r>max(f,t, 1+ R), 0<t < T}. (5.9
Here, f3, denotes the constant of Lemma 5.1 and T denotes the lifespan of u.
Proof. According to part (a) of Lemma 5.1, ug = Ly and iy = LJ are related by
ug=up=0 in @lT
Suppose that we know u; >u; >0 in @7 for some i >0. Due to our assumption on
g in this lemma and since g(r,0) = 0, we must then have g(r,u;)>g(r,;)>0 in
©’.. Next, we apply part (b) of Lemma 5.1 to find Lg(r, u;)>Lg(r,u;)>0 in OF.

Proceeding with the iteration argument of the previous lemma, we are thus able to
establish the inequality

Uip1 = ug + Lg(r,u;) =g+ Lg(r, u;) =uj11 =0 in OF.

Since this holds for any i >0 by induction, we find that ¥ >u%>0 in @’T. O

Theorem 5.5. Fix some R > 0. Suppose F:R — R is a C' function with F(0) = 0
and

F'(u)>0, Fu)>Au? on [0, 00) (5.10)

for some A >0 and p > 1. Suppose also that V: (R, 00) — R is C' and non-positive.
Let : (R, 00) — R be a continuous function with

Y(ry=er*1 on (R, 00) (5.11)

for some ¢ > 0 and some 0<k <2/(p —1). With g(r,u) = F(u) — V(r) - u, consider
now the unique solution u to (5.6) provided by Lemma 5.3. If T denotes the lifespan
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r+t="Ts r=t+R

R T r

. . . . . ,
Fig. 1. Our comparison lemma applies only in the shaded region @7.

of u, then
T < Ce~(P=D/@—k(p=1) (5.12)

for some constant C that is independent of €.

Proof. First of all, note that we may decrease the value of ¢ without loss of generality.
Thus, we may assume ¢ is so small that ¢ ~(P~1D/C=k(p=D)> R This trivially gives the
desired (5.12) in the case T <R, so we now focus on the case T > R.

Step 1: We choose a smooth cut-off function { € C.(R) and look at the solution %
of (5.6) with y replaced by (. The idea is to choose { in such a way that

u(r,t)>u(r,t)>0 when (r,1) € O (5.13)
as well as
u(r,t)y=0 when (r,7) ¢ ©} and 0<r < T. (5.14)

The region ©, which is defined by (5.9), corresponds to the shaded region in Fig. 1.
To ensure the inequality (5.13), we use our Comparison Lemma 5.4. In our case,

Oug(ryu) = F'(u) — V(r)=0 if (r,u) € (R, 00) x [0, 00)

by assumption, so the lemma is applicable. As long as 0<{<1, we have Yy >y(>0
on (R,00), whence (5.13) follows. To ensure the equality (5.14), we
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require that

0 if r < Ty
{r)y=4{ 1if 2T, <r <37, ¢, T.=max((f,+2)7T,2T + R). (5.15)
0if r>4T,

Given any (r, 1) ¢ ©® with 0<s < T, we then have
r+t<max(f,t,t + R) + T <T.

Since {(r) =0 for r < T, we thus have u(r, 1) = 0 by finite speed of propagation.

Step 2: We show that & becomes infinite before time T, unless the estimate (5.12)
holds. In view of (5.13) and (5.14), this automatically implies the exact same result
for u.

As we have already noted, i vanishes when r + t <T, namely to the left of the
dashed line in Fig. 1. Although Lemma 5.3 does not define u in the unshaded region
to the left of this line, we may extend i to be identically zero there. Thus, we obtain
a non-negative solution # to the nonlinear problem

r

u(r,0)=0; u(r,0) =y(r)l(r) in Ry.

—1
{ - T -" 0= F@ - V()T in O, (5.16)

By (5.15) and finite speed of propagation, one has #(r, t) = 0, unless Ty, —t <r <4Ty+1.
Now, consider the function

00 AT+t
f(t):/ (r, ) - ! dr:/ A1) - r"ldr. (5.17)
0

Te—t

This function is non-negative on [0, 7)) and can be easily seen to satisfy

AL+t AT+t
rn = / FG@(r.0)-r" " dr - / V() -G - dr

T, —t T, —t
Since T, >2T + R by (5.15), one has r > T, — t > R within the region of integration,

so the potential term V (r) is non-positive by assumption. Using our assumption on F
together with Holder’s inequality, one then easily finds

1 ()=Cn, p)- AT, + T)™"P=D . f(1)P. (5.18)

This makes f(¢) convex, while our initial conditions (5.16) give

4T,
1O =0, £ = [ twwe
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Recalling the definition (5.15) of { and our assumption (5.11) on , we find

3T
ft)>t W) - r"tdr>Cn, k) - et 5L (5.19)
2T,

As we mentioned in the beginning of the proof, we need only treat the case 7> R.
For this case, the constant 7, = max((f, + 2)7T,2T + R) of (5.15) is equivalent to
T itself, so the analysis simplifies to some extent. Since f(0) = 0, an integration of
(5.18) leads to

f@z=CT= =R P2, (5.20)
Further integrating on [7/2, T) and using the fact that p > 1, we arrive at

f(T/2)*<P*1)/2 . CTlfn(pfl)/2> lim f(t)*<P*‘)/2,
t—T

If the left-hand side happens to be negative, then f(t) — oo as t — T. Otherwise, we
get

fa@p<er ey

and we also have f(7/2)>CeT" ¥ by (5.19), so we find that e <CT*2/(P=D_ Since
k <2/(p — 1) by assumption, the desired (5.12) follows trivially. [J

6. Blow-up due to the potential
Our main goal in this section is to give the
Proof of Theorem 1.4. We are given a positive and exponentially decaying function

y(x) which satisfies (—A + V)y = —A1y for some A > 0, as well as a finite-energy
solution u to the equation

U+ (—A+ Vyu = Alul?

for some A > 0 and p > 1. Using a standard limiting argument, we then get

d? /
— Xudx—/l/ xudx:A/ ylu|? dx.
d[z n R" R"

Since we also have

—(p—1)
/ ylulP dx > (/ de) .
n Rll

p

/ yudx




302 P. Karageorgis / J. Differential Equations 219 (2005) 259-305

by Holder’s inequality, we may combine the last two equations to arrive at

0= O>CA L 1FOF, f0 = [ s ©.)

Our positivity assumptions on the initial data (1.14) are merely imposed to ensure

f(0) :/ pydx =0, f/(O):/ Yydx > 0.
RVI Rll

Let [0, Tp) be the maximal interval on which f’ > 0. Since f(¢)> f(0)>0 on this
interval, one also has f”(t) >0 by (6.1). This implies f'(Ty) > f'(0) > 0, whence f’
cannot really vanish at Ty. In other words, f’ remains positive as long as it exists, and
the same is also true for f. An immediate consequence of (6.1) is then

f O =Cfnr.

Since p > 1, this ordinary differential inequality implies that f(¢) becomes infinite in
finite time. Given any 1<¢g <oo, however, we also have

f@) = A;{n xux, ) dx < |lul-, Ol a@ey - N2l Lara-o we

by Hélder’s inequality, whence [lu(-, )|l q(rr) becomes infinite in finite time as well.
0

Example 6.1. Let n>1 and suppose V:R" — R is continuous with
V@< = Vol Tt x> R (6:2)

for some fixed positive constants Vo, R and 0. Then —A+V has a negative eigenvalue.
See, for instance, p. 87 in [20].

Example 6.2. Let n = 2 and suppose both |V(x)|1+5 and |V (x)| (1 + |x|)5 are inte-
grable for some § > 0. Then —A +aV has a negative eigenvalue for all small positive
a if and only if the condition f V(x)dx < 0 holds. Thus, a negative eigenvalue may
emerge even for rapidly decaying potentials. In fact, a similar result is true when n = 1
as well; see [23].

Example 6.3. Let n>3 and suppose V € L"/?(R") + L>®°(R") vanishes at infinity. If
the operator —A+V has a negative eigenvalue, then there exists a least such eigenvalue
which comes with a positive eigenfunction. See chapter 11 in [16] for more details
and the similar hypotheses that one needs when n = 1, 2.
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As for the exponential decay of eigenfunctions, we refer the reader to the survey
[24].
7. The Riemann operator in the radial case
The proofs of the following three lemmas can be found in [9].

Lemma 7.1 (The Riemann operator). Letting z(4,r,t) be the rational function

zwnn=—7%r—, (7.1)

we define the Riemann operator L as follows. When n is odd, we set

1 t+r
(LA = S5 / KDREGY - Po(e(ar. 1) di, (7.2)

|t —r]

where m = (n — 3)/2 and Py, is the mth Legendre polynomial. When n is even, we set

1 t+r .
(L0 D = 573 /| lﬂf”*””fu)-Um(zu,r,t))dz
t—r

1 max(t—r,0) 5
‘o | PG U ), (13)
where
V2 ! 1 T (o)
Un(z) = —/ . do (7.4)
" T Jmax(z,—1) V0 —2Z 1 — a2

with m = (n — 2)/2 and T,, the mth Tchebyshev polynomial. A solution to the homo-
geneous wave equation (2.9) is then provided by the formula

uo(r, 1) = [Ly](r, 1) + o[ L](r, 1), (7.5)
and this solution belongs to Cl(Ri) whenever € C'(Ry) and ¢ € C*(Ry).

Lemma 7.2. Let n>4 be an integer and define a, m by (2.2). Suppose that f € C'(Ry)
satisfies the singularity condition

ﬂm=004W”§ as A — 0
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for some fixed 6 > 0. When D = (0,,0;) and t<2r, the Riemann operator is then
such that

t+r sm=Ipl J
) Zis-ﬁ—l |f(S)(/l)| di

IDPILF]| < Ci(n) - r~" ¢ /
s=0

|t—r| (r —t+ }v)l_a

Co(n) -r—m=a max(r—r,0) 42m J . .
— fo YOG i
s=0

(t — rym+If] (t—r—2)t-a
i1
L —m—a m+a—|f|+s+1 (s)
+Ci(n) -7 Zo[ﬂ 0D
§=

Jor each || < j<1. Moreover, one has Co(n) =0 when n is odd.

Lemma 7.3. When t >2r, the assumptions of the previous lemma imply

)vm—j J
: Z P FO ) da

i t+r
IDPILFY < C)n) - i~ IA-m=a /
s=0

t—r (r_t+/1)l_a

J
Y RO da

Cé(n) . pi—IBl=m /tr 52m
O =

(t —r)jtmta t—r—J)l-a

for each || < j<1. Moreover, one has Cé(n) =0 when n is odd.

Acknowledgments

The author would like to express his gratitude to Walter A. Strauss, under whose
direction this research was conducted as part of the author’s doctoral dissertation at
Brown University.

References

[1] R. Agemi, H. Takamura, The lifespan of classical solutions to nonlinear wave equations in two space
dimensions, Hokkaido Math. J. 21 (3) (1992) 517-542.

[2] F. Asakura, Existence of a global solution to a semilinear wave equation with slowly decreasing
initial data in three space dimensions, Comm. Partial Differential Equations 11 (13) (1986) 1459—
1487.

[3] V. Georgiev, C. Heiming, H. Kubo, Supercritical semilinear wave equation with non-negative potential,
Comm. Partial Differential Equations 26 (11-12) (2001) 2267-2303.

[4] V. Georgiev, H. Lindblad, C.D. Sogge, Weighted Strichartz estimates and global existence for
semilinear wave equations, Amer. J. Math. 119 (6) (1997) 1291-1319.

[5] R.T. Glassey, Blow-up theorems for nonlinear wave equations, Math. Z. 132 (1973) 183-203.

[6] R.T. Glassey, Finite-time blow-up for solutions of nonlinear wave equations, Math. Z. 177 (3) (1981)
323-340.



P. Karageorgis / J. Differential Equations 219 (2005) 259-305 305

[7]1 H. Jiao, Z. Zhou, An elementary proof of the blow-up for semilinear wave equation in high space
dimensions, J. Differential Equations 189 (2) (2003) 355-365.

[8] F. John, Blow-up of solutions of nonlinear wave equations in three space dimensions, Manuscripta
Math. 28 (1-3) (1979) 235-268.

[9] P. Karageorgis, Weighted decay estimates for the wave equation with radially symmetric data,
math.AP/0503744, preprint 2005.

[10] T. Kato, Blow-up of solutions of some nonlinear hyperbolic equations, Comm. Pure Appl. Math. 33
(4) (1980) 501-505.

[11] J.B. Keller, On solutions of nonlinear wave equations, Comm. Pure Appl. Math. 10 (1957) 523-530.

[12] H. Kubo, On the critical decay and power for semilinear wave equations in odd space dimensions,
Discrete Contin. Dynam. Systems 2 (2) (1996) 173-190.

[13] H. Kubo, K. Kubota, Asymptotic behaviors of radially symmetric solutions of [u = |u|P for super
critical values p in odd space dimensions, Hokkaido Math. J. 24 (2) (1995) 287-336.

[14] H. Kubo, K. Kubota, Asymptotic behaviors of radially symmetric solutions of [Ju = |u|P for super
critical values p in even space dimensions, Japan. J. Math. (N.S.) 24 (2) (1998) 191-256.

[15] K. Kubota, Existence of a global solution to a semi-linear wave equation with initial data of
noncompact support in low space dimensions, Hokkaido Math. J. 22 (2) (1993) 123-180.

[16] E.H. Lieb, M. Loss, Analysis, second ed., vol. 14 of Graduate Studies in Mathematics, American
Mathematical Society, Providence, RI, 2001.

[17] H. Lindblad, C.D. Sogge, Long-time existence for small amplitude semilinear wave equations, Amer.
J. Math. 118 (5) (1996) 1047-1135.

[18] E. Planchon, J. Stalker, A.S. Tahvildar-Zadeh, L? estimates for the wave equation with the inverse-
square potential, Discrete Contin. Dynam. Systems 9 (2) (2003) 427-442.

[19] M. Rammaha, Finite-time blow-up for nonlinear wave equations in high dimensions, Comm. Partial
Differential Equations 12 (6) (1987) 677-700.

[20] M. Reed, B. Simon, Methods of modern mathematical physics. IV. Analysis of Operators, Academic
Press, New York, London, 1978.

[21] J. Schaeffer, The equation u;; — Au = |u|P for the critical value of p, Proc. Roy. Soc. Edinburgh
Sect. A 101 (1-2) (1985) 31-44.

[22] T.C. Sideris, Nonexistence of global solutions to semilinear wave equations in high dimensions,
J. Differential Equations 52 (3) (1984) 378-406.

[23] B. Simon, The bound state of weakly coupled Schrodinger operators in one and two dimensions,
Ann. Phys. 97 (2) (1976) 279-288.

[24] B. Simon, Schrodinger semigroups, Bull. Amer. Math. Soc. (N.S.) 7 (3) (1982) 447-526.

[25] W.A. Strauss, K. Tsutaya, Existence and blow up of small amplitude nonlinear waves with a negative
potential, Discrete Contin. Dynam. Systems 3 (2) (1997) 175-188.

[26] H. Takamura, Blow-up for semilinear wave equations in four or five space dimensions, Nonlinear
Anal. 24 (3) (1995) 375-384.

[27] H. Takamura, Blow-up for semilinear wave equations with slowly decaying data in high dimensions,
Differential Integral Equations 8 (3) (1995) 647-661.

[28] D. Tataru, Strichartz estimates in the hyperbolic space and global existence for the semilinear wave
equation, Trans. Amer. Math. Soc. 353 (2) (2001) 795-807.

[29] K. Tsutaya, A global existence theorem for semilinear wave equations with data of noncompact
support in two space dimensions, Comm. Partial Differential Equations 17 (11-12) (1992)
1925-1954.

[30] K. Tsutaya, Global existence theorem for semilinear wave equations with noncompact data in two
space dimensions, J. Differential Equations 104 (2) (1993) 332-360.

[31] K. Tsutaya, Global existence and the life span of solutions of semilinear wave equations with data
of noncompact support in three space dimensions, Funkcial. Ekvac. 37 (1) (1994) 1-18.

[32] B. Yordanov, Q. S. Zhang, Finite time blow up for critical wave equations in high dimensions,
math.AP/0404055, preprint 2004.

[33] B. Yordanov, Q. S. Zhang, Finite time blow up for wave equations with a potential, SIAM J. Math.
Anal., to appear.



