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Abstract

In then-dimensional Freund–Rubin model with an antisymmetric tensor field of ranks − 1, the dimension of the extern
spacetime we live in must be min(s, n − s). This result is a generalization of the previous result in thed = 11 supergravity case
wheres = 4.
 2004 Elsevier B.V.
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The history of Kaluza–Klein models is almo
as long as that of General Relativity. The idea
dimensional reduction has been revived many tim
for example, in the context of nonabelian gauge the
extended supergravity, and most recently,M-theory or
brane cosmology.

Traditionally, it is assumed that in the Kaluza
Klein models, then-dimensional spacetime is a pro
uct of a s-dimensional manifoldMs and a(n − s)-
dimensional manifoldMn−s . Many studies have bee
done to show how to decomposeM into the product
of an internal and an external space in the class
framework. The key problem is to identify the extern
spacetime in which we are living. Many works appe
to the Anthropic Principle [1]: there may exist five
more dimensions, however, only in the 4-dimensio
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nearly flat spacetime we, the observers, would be
to exist.

In this Letter we shall argue that, in the framewo
of quantum cosmology, this problem can be solv
in some toy models without using the Anthrop
Principle.

The quantum state of the universe is described
its wave functionΨ . In the no-boundary universe [3
the wave function is defined by the path integral o
all compact manifolds with the argument of the wa
function as the only boundary. The main contribut
to the path integral comes from the instanton solut
This is the so-called WKB approximation. Therefo
the instanton can be thought as the seed of
universe.

Let us study the following Freund–Rubin toy mo
els [2]. The matter content of the universe is an
tisymmetric tensor fieldAα1...αs−1 of rank s − 1. Its
field strength is a completely antisymmetric ten
F α1...αs . If s = 2, then the matter field is Maxwell. Th
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Lorentzian action can be written as

ILorentz= 1

16π

∫
M

(
R − 2Λ − 8π

s
F 2

)

(1)+ 1

8π

∫
∂M

K,

whereΛ is the cosmological constant,R is the scalar
curvature of the spacetimeM andK is the extrinsic
curvature of its boundary∂M.

The Einstein equation is

(2)Rµν − 1

2
gµνR + Λgµν = 8πθµν,

where the energy–momentum tensorθµν is

θµν = Fα1...αs−1
µF α1...αs−1ν

(3)− 1

2s
Fα1...αs F

α1...αs gµν.

The field equation is

(4)g−1/2∂µ

(
g1/2F µα2...αs

) = 0.

We use indicesm, . . . for the manifoldMs and
m̄, . . . for Md−s , respectively. We assume thatMs

and(Md−s) are topologically spheres, and only com
ponents of the fieldF with all unbarred indices ca
be nonzero. From de Rham cohomology, there ex
unique harmonics inSs [4], i.e., the solution to the
field equation (4)

(5)F α1...αs = κεα1...αs (s!gs)
−1/2,

wheregs is the determinant of the metric ofMs , κ is
a charge constant. We setκ to be imaginary, for this
moment.

We first consider the caseΛ = 0. From above one
can derive the scalar curvature for each factor spa

(6)Rs = (n − s − 1)8πκ2

n − 2

and

(7)Rn−s = − (s − 1)(n − s)8πκ2

s(n − 2)
.

It appears that theF field behaves as a cosmologic
constant, which is anisotropic with respect to the fac
spaces.

The metrics of the factor spacetimes should be E
stein. The created universe would select the manif
with maximum symmetry. This point can be justifie
in quantum cosmology. As we shall show below,
the WKB level, the relative creation probability of th
universe is exponential to the negative of the Euc
ean action of the seed instanton. The action is pro
tional to the product of the volumes of the two fa
tor manifolds. Maximization of the volumes can
realized only by the manifolds with maximum sym
metries. Therefore, the instanton metric is a produc
Ss × Sn−s . The metric signature ofSs(Sn−s ) is nega-
tive (positive) definite. This is the instanton version
the Freund–Rubin solution [2].

To obtain the Lorentzian spacetime, one can be
with theSs metric

(8)ds2
s = −dt2 − sin2(Lst)

L2
s

(
dχ2 + sin2 χ dΩ2

s−2

)
,

whereLs is the radius of theSs anddΩ2
s−2 represents

the unit(s − 2)-sphere.
One can obtain thes-dimensional anti-de Sit

ter space by an analytic continuation at a(s − 1)-
dimensional surface where the metric is station
One can chooseχ = π/2 as the surface, setΩ = i(χ −
π
2 ) and obtain the metric with signature(−, . . . ,−,+)

(9)

ds2
s = −dt2 − sin2(Lst)

L2
s

(−dΩ2 + cosh2 Ω dΩ2
s−2

)
.

Then one can analytically continue the metric throu
the null surface att = 0 by redefiningρ = Ω + iπ

2 and
get thes-dimensional anti-de Sitter metric

(10)ds2
s = −dt2 + sin2(Lst)

L2
s

(
dρ2 + sinh2 ρ dΩ2

s−2

)
.

The obtained Lorentzian spacetime is the produc
thes-dimensional anti-de Sitter space, which we c
sider as the external spacetime, and aSn−s , which is
identified as the internal space. The apparent dim
sion of the spacetime iss [2].

From the sameSs one can also get as-dimensional
hyperboloid by settingΣ = i(t − π

2Ls
)

(11)

ds2
s = dΣ2 + cosh2(LsΣ)

L2
s

(
dρ2 + sinh2 ρ dΩ2

s−2

)
.

One can also obtain the(n− s)-dimensional de Sit
ter space through a simple analytic continuation fr
the factor spaceSn−s as in the 4-dimensional case [3
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and consider the positive definites-dimensional hyper
boloid as the internal space. Then the apparent dim
sion of the external spacetime becomesn − s [2].

One can appeal to quantum cosmology to discri
nate these two possibilities. The relative creation pr
ability of the universe is

(12)P = Ψ ∗Ψ ≈ exp(−I),

whereΨ is the wave function of the configuration
the quantum transition. The configuration is the me
and the matter field at the equator.I is the Euclidean
action of the instanton. It is worth emphasizing th
the instanton is constructed by joining its south he
sphere and its time reversal, its north hemisphere.

In the Lorentzian regime, the probability of
quantum state is independent of the representa
However, in the Euclidean regime this is not the ca
In quantum cosmology, the universe is created fr
nothing in imaginary time. In the Euclidean regim
the total relative probability of finding the univers
does not stay constant. In fact, formula (12) can o
be meaningful when one uses a right representa
for the wave function at the equator. This proble
was hidden in the earlier years of research of quan
cosmology. At that stage, only regular instantons w
considered as seeds of universe creations.

Now, it is well known that regular instantons a
too rare for the creation scenario of a more reali
cosmological model. One has to appeal to the c
strained instantons [5]. The right representation
be obtained through a canonical transform from
wrong representation. The wave function subjects
a Fourier transform in the Lorentzian regime. At t
WKB level, this corresponds to a Legendre transfo
the Legendre term at the equator will change the pr
ability value in Eq. (12). For a regular instanton, o
member of any pair of canonical conjugate variab
must vanish, so does the Legendre term.

The criterion for the right representation in fo
mula (12) with a constrained instanton is that acr
the equator the arguments of the wave function m
be continuous. This problem was encountered in
problem of quantum creation of magnetic and elec
black holes [6]. If one considers the quantum creat
of a general charged and rotating black hole, this p
is even more critical. It becomes so acute that un
the right configuration is used, one cannot even fin
constrained instanton seed [7].
Now, the action (1) is given under the conditi
that at the boundary∂M the metric and the tenso
field Aα1...αs−1 are given. If we assume the extern
space is thes-dimensional anti-de Sitter space, th
the Euclidean action is

(13)I = 1

16π

∫
M

(
R − 2Λ − 8π

s
F 2

)
+ 1

8π

∫
∂M

K,

where all quantities are Euclidean and the path of
continuation from the Lorentzian action to the Eucl
ean action has been such that the sign in front oR

term should be positive. SinceR = Rn−s + Rs , the
negative value ofRs is crucial for the perturbation ca
culation around the background of the external spa
time. The right sign is necessary for the primord
fluctuations to take the minimum excitation states
lowed by the Heisenberg Uncertainty Principle [8].

The action of the instanton can be evaluated as

(14)I =
(

n − 2s

2s(n − 2)
− 1

2s

)
κ2VsVn−s ,

where the volumesVs andVn−s of Ss andSn−s are

2π(s+1)/2Ls
s

%((s + 1)/2)
and

2π(n−s+1)/2Ln−s
n−s

%((n − s + 1)/2)
,

respectively, andLn−s is the radius of theSn−s .
The action is invariant under the gauge transform

tion

(15)Aα1...αs−1 −→ Aα1...αs−1 + ∂[α1Λα2...αs−1].

One can select a gauge such that there is only
nonzero componentA2...s , where the index 1 assoc
ated with the time coordinate is excluded. There is
way to find a gauge in which the fieldA2...s is regu-
lar for the whole manifoldSs using single neighbor
hood. One can integrate (5) to obtain its value at
equator with the regular condition at the south po
The field for the north hemisphere can be obtain
from the south solution through time reversal an
sign change. This results in a discontinuity across
equator. When we calculate the wave function of
universe, we implicitly fixed the gauge and no fre
dom is left for the gauge transform. On the other ha
the field strengthF α1...αs or the canonical momentum
P 2...s is well defined and continuous. Therefore, t
field strength is the right representation.



Z.C. Wu / Physics Letters B 585 (2004) 6–10 9

the

ed
dre

ator
ove

r at
the
ked

lyti-

e-

nta-
t,
ent
lar-
ti-
We
on-
ara-
es

on-
dre

ua-
ld
ould

il-
an
-
l

is
on

e

al
rnal

tz,

sion

e-
er–
n-

f the

b-
rge,
-
the
or

-
eg-
ore
ined
ero.
the
far
One can Fourier-transform the wave functionΨ

(hij ,A2...s) to get the wave functionΨ (hij ,P 2...s )

(16)Ψ
(
hij ,P 2...s

) = 1

2π

∞∫
−∞

eiA2...sP
2...s

Ψ (hij ,A2...s ),

wherehij is the metric of the equator. HereA2...s is the
only degree of freedom of the matter content under
minisuperspace ansatz.P 2...s is defined as

(17)P 2...s = −
∫
Σ

(s − 1)!F 1...s ,

whereΣ denotes the equator.
At the WKB level, the Fourier transform is reduc

into a Legendre transform for the action. The Legen
transform introduces an extra term−2A2...sP

2...s to
the Euclidean actionI , whereA2...s is evaluated at the
south side of the equator. The two sides of the equ
is taken account by the factor 2 here. The ab
calculation is carried out for the equatort = π/2Ls .
However, the true quantum transition should occu
χ = π/2. Since these two equators are congruent,
result should be the same. This has also been chec

It turns out the extra term is

(18)ILegendre= 1

s
VsVn−sκ

2.

Then the total action becomes

(19)Is =
(

n − 2s

2s(n − 2)
+ 1

2s

)
κ2VsVn−s .

Now if one uses the same instanton, and ana
cally continues from the factor spaceSn−s at its equa-
tor to obtain an(n − s)-dimensional de Sitter spac
time, and the internal space is ans-dimensional hy-
perboloid. Then one still encounters the represe
tion problem ofA2...s . In the context of our argumen
it has been implicitly assumed that for the argum
of the wave function the gauge is fixed. The singu
ity or discontinuity is not avoidable. This is compa
ble with the fact that the instanton is constrained.
know regular instantons are either discrete or of c
stant action [5]. The action does depend on the p
meterκ (see (20) below), therefore the instanton do
not qualify as a regular instanton. However, the can
ical momentum is zero here, and so is the Legen
term.
.

By the same argument as earlier for the contin
tion of the factor spaceSs , the Euclidean action shou
take an extra negative sign, and the total action sh
be the negative of that in (14),

(20)In−s = −
(

n − 2s

2s(n − 2)
− 1

2s

)
κ2VsVn−s .

From (12), we know the relative creation probab
ity is the exponential to the negative of the Euclide
action, therefore if 2s− n < 0, then the creation prob
ability of the universe with thes-dimensional externa
space exponentially dominates that with the(n − s)-
dimensional one, that is the apparent dimension
most likely to bes. Otherwise the apparent dimensi
should ben − s. If 2s = n, then the two possibilities
of creations are equally likely.

One may also discuss the case with a realκ . For
the case 2s − n < 0, the universe is a product of ans-
dimensional de Sitter space and a(n − s)-dimensional
hyperboloid. For the case 2s− n > 0, the universe is a
product of a(n − s)-dimensional anti-de Sitter spac
and ans-dimensional sphere.

It is noted that the dimension of the extern
spacetime can never be higher than that of the inte
space.

In thed = 11 supergravity, under a special ansa
one can derive the Freund–Rubin model withn = 11,
s = 4. It has been shown that the apparent dimen
must be 4 [9].

At this moment, it is instructive to recall the repr
sentation problem in quantum creation of a Reissn
Nordström–de Sitter black hole. In the “regular” i
stanton case, the space is the productS2 × S2. The
situation can be considered as a special case o
Freund–Rubin toy models withn = 4, s = 2. If the
Maxwell field lives in the internal space, then we o
tain a magnetic black hole. For this case the cha
or κ , is real. If the Maxwell field lives in the ex
terior space (or 2-dimensional de Sitter space in
Lorentzian regime), then the black hole is electric. F
this case, the charge, orκ , is imaginary. As we men
tioned, the electric or magnetic instanton is not a r
ular instanton, it is a constrained instanton, theref
one has to use a right representation as we expla
above. In the magnetic case the Legendre term is z
After the Legendre transform, the duality between
electric and magnetic black holes is recovered, as
as the creation probability is concerned [6,7].



10 Z.C. Wu / Physics Letters B 585 (2004) 6–10

ew

13.
21.

21.
References

[1] S.W. Hawking, The Universe in a Nutshell, Bantam Books, N
York, 2001, Chapter 3.

[2] J.B. Hartle, S.W. Hawking, Phys. Rev. D 28 (1983) 2960.
[3] G.O. Freund, M.A. Rubin, Phys. Lett. B 97 (1980) 233.
[4] T. Eguchi, P.B. Gilkey, A.J. Hanson, Phys. Rep. 66 (1980) 2
[5] Z.C. Wu, Gen. Relativ. Gravit. 30 (1998) 1639, hep-th/98031
[6] S.W. Hawking, S.F. Ross, Phys. Rev. D 52 (1995) 5865;
R.B. Mann, S.F. Ross, Phys. Rev. D 52 (1995) 2254.

[7] Z.C. Wu, Int. J. Mod. Phys. D 6 (1997) 199, gr-qc/9801020;
Z.C. Wu, Phys. Lett. B 445 (1999) 274, gr-qc/9810012.

[8] J.J. Halliwell, S.W. Hawking, Phys. Rev. D 31 (1985) 346.
[9] Z.C. Wu, Phys. Rev. D 31 (1985) 3079;

Z.C. Wu, Gen. Relativ. Gravit. 34 (2002) 1121, hep-th/01050


	Dimensionality in the Freund-Rubin cosmology
	References


